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Abstract

We present a lattice method for determining scattering phase shifts and mixing angles for
the case of an arbitrary number of coupled channels. The proposed method combines a
spherical wall boundary condition and a channel-mixing auxiliary potential to extract the
full-rank S-matrix from the radial wave functions. We consider the scattering problem of
two spin-1 bosons interacting with a test potential involving up to four coupled channels.
For this benchmark system, the phase shifts and mixing angles are shown to agree on the
lattice and in the continuum. Our method should allow to extend previous two-channel
nuclear lattice EFT simulations to mixing of more than two partial waves.
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1 Introduction

In nuclear and particle physics, lattice simulations can be applied to many-body problems for
which continuum methods would be computationally too expensive. For example, they allow
to calculate the hadron spectrum in the non-perturbative domain of QCD [1]. Scattering pro-
cesses involving few hadrons can also be considered in the lattice QCD framework by relating
the infinite-volume S-matrix to the finite-volume energy spectrum. This can be achieved us-
ing Lüscher’s method [2–4], which has already been generalized to an arbitrary number of
coupled scattering channels [5–9].

Simulating many-nucleon systems with lattice QCD is not yet possible due to the large
computational costs. Instead, it is more efficient to employ a lattice version of chiral effective
field theory (EFT) for such systems. This lattice EFT has been used to calculate bound states
of several light and medium-mass nuclei in Refs. [10–14]. Moreover, it has also been applied
to nucleon-nucleon, nucleon-nucleus and nucleus-nucleus scattering [10,15–18].
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Unfortunately, Lüscher’s method is not suitable for scattering of heavier nuclei because
the finite-volume scattering energies for these nuclei are very small and thus cannot be de-
termined with the required accuracy in Monte Carlo simulations [19]. In order to solve this
problem, the adiabatic projection method [20] has been used in Refs. [15,16] to compute an
effective nucleus-nucleus Hamiltonian called the adiabatic Hamiltonian. Since the adiabatic
Hamiltonian only depends on the distance between the two nuclear clusters, one can extract
phase shifts from this Hamiltonian using spherical wall boundary conditions [21,22].

So far, the spherical wall method has only been applied to at most two coupled scattering
channels. Because three or more coupled partial waves often appear in nuclear reactions,
we develop the (non-trivial) generalization of the two-channel method from Ref. [19] to an
arbitrary number of coupled channels in this article.

2 Benchmark system

As a concrete example, we consider scattering of two spin-1 bosons with the approximate
deuteron mass m1 = m2 = 2mN where mN = 938.92 MeV:

H =
p2

1

2m1
+

p2
2

2m2
+ V (~r1 − ~r2). (1)

Here, p1 and p2 denote the momenta of the two particles, and the potential V only depends on
the difference between their positions ~r1 and ~r2. For spin-1/2 fermions, a toy-model potential
already exists in Refs. [19,22]:

Vfermion(~r) = C

�

1+
3(~r · ~σ1)(~r · ~σ2)− (~σ1 · ~σ2)r2

r2
0

�

e−r2/(2r2
0 ). (2)

Since the tensor term 3(~r · ~σ1)(~r · ~σ2) − (~σ1 · ~σ2)r2 also appears in the one-pion exchange
potential in chiral EFT, one can qualitatively interpret Eq. (2) as a nucleon-nucleon interaction
and choose the parameters

C = −2 MeV, r0 = 3.95 fm (3)

motivated by typical scales of nuclear systems. On the other hand, Eq. (2) is also similar to a
dipole-dipole interaction like

Vdipole(~r)∝−
1

4πr3

�

3(r̂ · ~µ1)(r̂ · ~µ2)− (~µ1 · ~µ2)
�

(4)

in atomic or molecular physics [22]. Moreover, Eq. (2) can be transformed into a test potential
for spin-1 bosons if the Pauli matrices ~σ1, ~σ2 for the two particles are replaced by the spin-1
matrices ~s1, ~s2:

V (~r) = C

�

1+
3(~r · ~s1)(~r · ~s2)− (~s1 · ~s2)r2

r2
0

�

e−r2/(2r2
0 ). (5)

Projecting the potential in Eq. (5) onto partial waves yields up to four coupled scattering
channels.
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3 Lattice method

3.1 Calculational setup

We introduce a cubic lattice with the spacing a = 1.97 fm and the length L = 35a, and define
orthonormal lattice states |~r〉 with

r1, r2, r3 = 0, . . . , (L − 1)a = 0, . . . , (L − 1) l.u., (6)

where “l.u.” denotes dimensionless lattice units, which are used throughout this section. Quan-
tities in lattice units must be multiplied by an appropriate power of the lattice spacing a to
obtain their physical values. Moreover, we impose periodic boundary conditions in each di-
rection:

|~r〉= |~r + Lê1〉= |~r + Lê2〉= |~r + Lê3〉 . (7)

In the center-of-mass system (CMS), the Hamiltonian can be written as

H |~r〉=
49

12µ
|~r〉 −

3
4µ

3
∑

i=1

(|~r + êi〉+ |~r − êi〉) +
3

40µ

3
∑

i=1

(|~r + 2êi〉+ |~r − 2êi〉)

−
1

180µ

3
∑

i=1

(|~r + 3êi〉+ |~r − 3êi〉) + V (~r) |~r〉 , (8)

with the reduced mass µ = m1m2/(m1 + m2). The derivative in the free term has been dis-
cretized using the O(a4)-improved lattice dispersion relation [22].

3.2 Projection onto partial waves

Following Ref. [19], we define radial states for a partial wave 2s+1l j:

|R〉s,l, j =
∑

~r

∑

lz ,sz

∑

s1,z

∑

s2,z

C j,l,s
0,lz ,sz

C s,1,1
sz ,s1,z ,s2,z

Yl,lz (r̂)δr,R |~r〉 ⊗
�

�s1,z , s2,z

�

, (9)

where the first sum runs over all lattice sites with a certain radial position (due to δr,R). The

Clebsch-Gordan coefficients for the spin-orbit and spin-spin couplings are given by C j,l,s
0,lz ,sz

and

C s,1,1
sz ,s1,z ,s2,z

, respectively, and Yl,lz denotes the spherical harmonics. For n coupled channels with

|R〉α := |R〉sα,lα, jα , (10)

for α= 1, . . . , n, the Hamiltonian can be projected onto the normalized radial states like

[HR(R1, R2)]αβ =
n
∑

α′,β ′=1

[N−1/2(R1)]αα′ 〈R1|H |R2〉α′ β ′ [N
−1/2(R2)]β ′β , (11)

where N−1/2 is the inverse square root of the norm matrix

[N(R)]αα′ = 〈R|R〉α α′ . (12)

By computing the eigenvectors |ψ〉 of the radial Hamiltonian HR, one can then obtain the wave
function

ψα(R) =
n
∑

α′=1

[N−1/2(R)]αα′ 〈R|ψ〉α′ (13)

in the α-th scattering channel.
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3.3 Auxiliary potentials

In order to yield accurate results on the lattice, two additional potential terms have to be
introduced. The first of these auxiliary potentials is the spherical wall potential that avoids
artifacts caused by the periodic boundary conditions. It can be added by replacing

V (~r)→ V (~r) +Λθ (r − RW ), (14)

where θ denotes the Heaviside function, RW is the wall radius and Λ has a large positive
value [22]. The second auxiliary potential is the so-called mixing potential, which will be
necessary to obtain the full-rank S-matrix [19]. For constructing the n-channel S-matrix, one
needs n linearly independent solutions of the Schrödinger equation in each channel. This
corresponds to a wave function vector with n2 components:

ψ′(r) =
�

ψ′1(r), . . . ,ψ′n(r),
︸ ︷︷ ︸

channel 1

ψ′n+1(r), . . . ,ψ′2n(r),
︸ ︷︷ ︸

channel 2

. . . ,ψ′(n−1)n+1(r), . . . ,ψ′n2(r)
︸ ︷︷ ︸

channel n

�T
. (15)

Accordingly, the radial Hamiltonian must be extended to an n2 × n2 matrix:

[H ′R]α′+(α−1)n,β ′+(β−1)n = [HR]α,βδα′,β ′ , (16)

for α,α′,β ,β ′ = 1, . . . , n. Now the mixing potential can be added to change the boundary
conditions for the different solutions:

H ′R→ H ′R + U0δr,RM
UM , (17)

where U0 is a real coefficient and UM is a channel-mixing matrix. The shape of the mixing
potential is a δ-peak located close to the spherical wall (RM ® RW ) and outside the range of
the test potential. As explained in Ref. [23], the matrix UM can be chosen as

[UM ]α′+(α−1)n,β ′+(β−1)n = (1−δα,β)(1−δα′,β ′ − 2δα,α′δβ ,β ′), (18)

or explicitly in the case of n= 3,

UM =





























0 0 0 0 −1 1 0 1 −1
0 0 0 1 0 1 1 0 1
0 0 0 1 1 0 1 1 0
0 1 1 0 0 0 0 1 1
−1 0 1 0 0 0 1 0 −1

1 1 0 0 0 0 1 1 0
0 1 1 0 1 1 0 0 0
1 0 1 1 0 1 0 0 0
−1 1 0 1 −1 0 0 0 0





























. (19)

3.4 Determination of S-matrix

In an interval [RI , RO] outside the range of the potential, the wave function has the form

ψ′
β+(α−1)n(r) = Aαβh−lα(pr) + Bαβh+lα(pr), (20)

with the spherical Hankel functions h±l (pr) depending on the CMS momentum p. After de-
termining the coefficients Aαβ and Bαβ from a fit to the wave function in this interval, the
S-matrix can be constructed as

S =





B11 · · · B1n
...

. . .
...

Bn1 · · · Bnn









A11 · · · A1n
...

. . .
...

An1 · · · Ann





−1

. (21)
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Without the mixing potential, the second matrix in this equation would have zero determinant
and could not be inverted. For plotting, the S-matrix is decomposed according to the Blatt-
Biedenharn parametrization [24]

S = O−1 diag(e2iδ1 , . . . , e2iδn)O, OT = O−1, (22)

into the n phase shifts δ1, . . . ,δn and the n(n− 1)/2 mixing angles

εαβ = tan−1 Oαβ , (23)

for α,β = 1, . . . , n and β > α.

4 Computational results

We consider the coupled 1D2/
5SDG2-wave for the test potential in Eq. (5) as a representative

example. The lattice parameters used here have been partly adopted from Ref. [19]:

a = 1.97 fm, L = 35a, RI = 9.02a, RO = 12.02a,

RW = 15.02a, Λ= 108 MeV, U0 = 5 MeV. (24)

Fig. 1 shows the obtained phase shifts and mixing angles as functions of the CMS momentum
p. Obviously, the lattice results agree with a continuum calculation performed for comparison
up to p = 120 MeV. (More precisely, the phase shifts and mixing angles on the lattice deviate
from the continuum data by less than 0.5 deg in the considered momentum interval.)

5 Conclusion

In this article, the lattice method from Ref. [19] has been generalized to an arbitrary number of
coupled scattering channels. The generalized method has been benchmarked using the system
of two spin-1 bosons interacting with a toy-model potential, for which the lattice and contin-
uum results agree up to CMS momenta well below the lattice cutoff Λlatt ∼ π/a ' 314 MeV
employed here. However, the presented technique can also be applied to particles with dif-
ferent spin combinations by modifying the radial states on the lattice. Moreover, it can be
combined with the adiabatic projection method in order to consider scattering of particle clus-
ters. Together with the chiral EFT interactions, this should allow to compute n-channel nuclear
reactions on the lattice (e.g. deuteron-deuteron or deuteron-alpha scattering).
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Figure 1: Phase shifts and mixing angles for the 1D2/
5SDG2-wave (black solid line:

continuum; red points: lattice).
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