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Abstract

We consider the two-loop renormalization of high-dimensional operators in QCD and the
relevant Higgs EFT amplitudes. Efficient unitarity-IBP strategy is used to compute the
two-loop minimal form factors of length-3 operators up to dimension sixteen. From the
ultraviolet divergences of form factor results, we extract the renormalization matrices
and compute anomalous dimensions. We also obtain the analytic finite remainder func-
tions which exhibit several universal transcendentality structures. The form factors we
compute are equivalent to Higgs plus three-gluon amplitudes which capture high-order
top mass corrections in Higgs effective field theory.
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1 Introduction

Gauge invariant operators play important roles in QFT. For example, they correspond to color-
singlet states in QCD and also appear as effective interaction vertices in effective field theories
(EFT). At classical level, an important problem is to find a set of independent basis for the
operators of a certain canonical dimension. At quantum level, the operators receive quantum
loop corrections and it is important to perform renormalization and study the operator mixing
effects. Further problems include computing scattering amplitudes in EFTs where the high-
dimensional operators need to be taken into account as well.

In this report, we will address all these problems by considering gauge invariant local
operators which are composed of field strength F,, and covariant derivatives D,,. The field
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strength carries a color index as F,, = FsvT @ where T¢ are the generators of gauge group
and satisfy

[T%, TP]=if*T". M
The covariant derivative acts in the standard way as

Dy » =0, »—ig[A,,*],  [Dy,D,] »=—ig[F,,*]. (2)

A gauge invariant Lorentz scalar operator can be written in the following general form:

"'(Dunl"'DunmnFVnpn)an(x): (3

a1

O(x) ~ c(ay, ..., an)X(n)(DM11 '“Dmml Fvlpl)

where c(ay, ..., a,) are color factors (e.g. given in terms of tr(T%...T%)). All Lorentz indices
{ui, vi, p;} are contracted in pairs by metric n*” contained in the function X(n); here we
consider only parity-even operators. These operators form composite color-singlet states in
QCD, and they are also related to the Higgs EFT, which is obtained in the gluon fusion process
by integrating out the heavy top quark [1-4].

To study the aforementioned problems associated to these operators, a useful observable
to consider is the form factor defined as (see e.g. [5] for an introduction):

Fonl,...,n5q) = f dPxe™ 0% (p; ... p,|O(x)]0), 4)

where p; are momenta for external on-shell states and ¢ = Y. p; is an off-shell momentum
associated to the operator. The form factors allow to apply modern on-shell amplitude tech-
niques to study “off-shell" operators, for both constructing (classical) operator bases and for
computing quantum loop corrections. In the remaining sections, we would like to report some
recent progress on these problems, mainly based on [6, 7].

2 Operator basis

The operators at a given canonical dimension are in general not independent with each other,
because they can be related to each other through equations of motion (EoM) or Bianchi
identities (BD):

EoM: D,F"" =0, Bl: D,F,,+D,F,,+D,F,,=0, (5)

where we focus only on the pure YM sector in QCD. Our goal in this section is to find a set of
independent operators such that there are no above relations among the operators.

For simplicity, we will focus on length-2 and length-3 operators, in which there are only
2 and 3 F,, fields in the operators, plus arbitrary insertion of covariant derivatives. Two
operators will be set equivalent if their difference can be written in terms of high length op-
erators. For example, one can show that tr(D,,,, ,Fs3 D"*"PF 92) and %alztr(DvupF%D VP Fa,)
are equivalent up to length-3 operators. Given this criterion, there is only one independent
length-2 operator at each even dimension Ay: (3)20~*tr(F*F,,).

To construct the basis of length-3 operators, one can first introduce two primitive operators:

1
O™ = tr(DFp3D4F3F14) = Efabc(D1F23)G(D4F23)b(F14)C ,
6
OPZ —_ F F F _ 1 abc Fa Fb FC ( )
= tr(F12Fq3 23)—§f (FioF 5 23)’

where for short notations, we use integer numbers to represent Lorentz indices and also often

abbreviate D;D;.... as D;; , for example, F*1¥2D, D, F¥s#4D, D*F, , — F13D15F34Do5F 3.
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Table 1: Dictionary between operators and form factors in both D and 4 dimensions.
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(a) D-dimensional dictionary

F,,

Pu€y —PrEy

(b) Four-dimensional dictionary

Dda fa/S fa'
Kada | rakp | ks

operator | D,

Py

operator

kinematics spinor

The “primitive" is in the following sense that: higher dimensional operators can be constructed
by inserting pairs of covariant derivatives {D",D,} in the primitive operators. (Note that for
the length-2 case there is a single primitive operator tr(F*"F,,).)

As a concrete example, let us consider the operators of dimension-10, which will serve as
major examples in the following discussion. One can construct basis operators by inserting
DD pair in the primitive operators (6). There are five inequivalent ways of adding DD pairs
which provide 5 independent length-3 operators:

Example: Dim-10 basis (Form I)

Oy = tr(D12F34D15F34F3s), Oy = tr(D15F34D5F34D1 Fy5), O

10:3 = (D3 F34D15F34D1 Fys),

Of4.4 = tt(D12F34D1 F35DyFys), Of.s = tr(D13F34D15F35F45), (7)
where 7, to O, are obtained by adding a single DD pair to O"', and Of,, Ofy.; are

obtained by inserting two DD pairs to OF2,

For the convenience of loop computations, it is important to further simplify the operator
basis such that they manifest certain symmetry properties. This can be achieved by considering
the so-called minimal tree-level form factors, for which the number of external gluons is equal
to the length of the operator. In particular, one can establish a dictionary from an operator to
its tree-level minimal form factor [8-10]:

OL Sd fOL,L(]-)"',L)’ (8)

where each D and F in the operator are mapped to the kinematics in form factor via Table 1.
With the help of minimal form factors, we can decompose operators according to the color
structure and helicity structure. There are two color factors for length-3 minimal form factors:
Fabc __ aqbgc aqcob Jabc __ apbgc apcob
Fbe = (TOTPT) —ee(TOTCT?),  d%° = t(TOTPT®) + er(TOTETY), 9)
and the corresponding operators associated to these two factors will be said in f-sector and
d-sector respectively. Furthermore, the minimal form factors can be divided into two helicity
sectors:

a-sector : Fg)’min # 0 only for (—,—,+), (+,+,-), (10)
B-sector : .F((Q())’mm # 0 only for (—,—,—), (+,+,+),

where + indicates the helicity of external gluons. We summarize the operators in different
sectors according the form factor structure as
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Operator | FO(— — +) | FO(— — —) | color factor
Oy o< A 0 fabe
Ouud o< A 0 dabe (11)
Op.¢ 0 o< A, fabe
Oﬁ;d 0 o< A2 dabc
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where the two helicity sectors are associated to two spinor factors:

A, =(12)°[13][23], A, = (12)(13)(23). (12)

Let us consider again the dim-10 case to illustrate how to choose operators in these sectors.
First, by properly (anti)symmetrizing the basis (7), one can write the operators in f and d color
sectors as

Example: Dim-10 basis (Form II)

1
/10;1 = Efabc(D12F34)a(D15F34)b(Fzs)c, 10;2 = f(DyF34)*(DsF34)" (D1 Fys)",
Ol = d*P(Dy5F34)*(DsF34)°(D; Fys )", (13)
1 1
(9/10;4 = Efabc(D12F34)a(D1F35)b(D2F45)c, /10;5 = Efabc(D12F34)a(D12F35)b(F45)C-
Next, by investigating the spinor factors of minimal form factors, one can construct operators
in different helicity sectors via certain linear combinations. We summarize the final dimension-
10 length-3 basis operators that will be used for loop computation as

Example: Dim-10 basis (Form III)

Basis operator FO(— —4) FO(—,— ) color factor
Olo;a;f;l = %aZOpl - 11_284OP2 %5123A1 0 fabC

Q1005752 = 0/10;1 — 030;5 %SIZAI 0 faore (14)
Olo;a;d;l = 010;3 %(513 —S93)A1 0 de*

O105:31 = 1_128401’2 0 %3%23‘42 fFebe

Oro,p;752 = 030;5 0 %(5%2 +555 53504, fobe

3 Loop computation via unitarity-IBP

To compute the loop form factors of basis operators, we apply the “unitarity-IBP" strategy that
combines unitarity cut [11-13] and integration by parts (IBP) methods [14,15] (using public
packages e.g. [16-19]). The work flow of our strategy can be illustrated as follows:

IBP with cuts
0] — — ; .
F ‘cut = | |(Tree blocks) = Cut integrand ——— Ei ¢ (I (15)

i’cut)'

This strategy has been used to study form factors and Higgs amplitudes in [6,7,20,21] and for
pure gluon amplitudes in [22,23]. Similar strategy has been used in the numerical unitarity
approach [24,25], and the idea of applying cuts to simplify IBP has also been used in [26-29].

The complete set of two-loop master integrals for minimal length-3 form factors are given
in Fig. 1. The two-loop color-ordered form factors, associated with color factor tr(T% T T %)
via color decomposition, can be written as a sum of master integrals I; as

F((DZ) :[Clll + CZIZ + C313 + C4I4 + (C515 + C6I6) + (C7I7 + CBIS) + CgIg] + cyc.perm., (16)

where master integrals I; correspond to the topology and labeling given in Fig. 1. The main
goal is to compute the master coefficients c;. The spanning set of unitarity cuts to fix all coef-
ficients are given in Fig. 2. Note that the two-loop minimal form factors of length-3 operators
have no sub-leading-color contribution, thus the set of planar cuts are enough to fix the full
results. More details can be found in [6].
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Figure 2: Complete set of unitarity cuts for the planar two-loop form factors.

4 Results and analysis

The master integrals in Fig. 1 are known in terms of 2d harmonic polylogarithms [30, 31].
Together with master coefficients, the form factors can be written in explicit functional form,
from which one can extract the wanted physical information. The bare form factors contain
divergences and can be schematically expanded as:

Loop form factor = (Universal IR div.) + (UV div.) + (Finite part), a7

where the infrared (IR) divergences depend only on the configuration of external on-shell
states, while the UV divergences are related to the operator and coupling renormalization.

Operator renormalization

In dimensional regularization, both IR and UV divergences are regularized by € = (4 —D)/2,
and it may seem non-trivial to disentangle the two divergences. Fortunately, this problem can
be easily solved, thanks to the universal structure of IR divergences. In particular, the two-loop
IR can be obtained by the Catani form [32], which is determined by the one-loop form factor
together with some universal functions (independent of operators).

After subtracting IR divergences, the remaining UV divergences can be eliminated by per-
forming operator renormalization. The renormalization constant Z in general takes a matrix
form as (the subscripts R or B indicates renormalized or bare operators):

OR,i :ZiJOB’j, (18)
since different basis operators generally mix with each other under renormalization. From the
renormalization constant, one can further define the dilation operator as

]D:_dlogZ ' (19)
dlogu

Finally, the eigenvalues of the dilatation operator give the anomalous dimensions.
Below we present the results for the dimension-10 operators in (14). Separated in f and
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d sectors, the renormalization matrices at one loop are

210 oo o
o]l Z olo o
N 6 N.13
Z(]) — Ve O _§ 71 0 0 , Z(l) — - s (20)
O e 5 30 : O1054 e 6
0|0 0|3 O
0|0 o0]|-1 ¥

where we have included the length-2 operator in the f-sector and the basis is chosen as
{3°tr(F?), O10,05£:1> Q1037320 Or0:8:£:1> O10;p: 52} - For the two-loop renormalization matrices,
the 1/€2 part is determined by one-loop results, and the intrinsic new information is contained
in the 1/€e part, given as

=2 0 ol o o
1 269 5
2 -3 72 0 5 0 2
7(2) _ JL _ 209 | _ 5579 712 | 1493 5 7(2) — 575 IL
Ouos | 1-part. 6 900 18000 125 | 1200 36 * “Owal|lpart. 144 €
-1 0 0 5 0
_19 139 499 | _ 143 2195
36 2400 800 288 288

(21)
From them it is straightforward to compute the dilation operator as well as anomalous dimen-
sions, see [6] for more detail and further results up to dimension 16. (See also some previous
one-loop results on high dimensional operators in [33-37].)

Finite remainder

The finite remainder parts of the form factors capture important information for the Higgs-
plus-three-gluon amplitudes. The two-loop form factor with the leading operator tr(F,,F"")
was computed in [38], and the results with high dimension operators correspond to Higgs
amplitudes with high order of top mass corrections [6,7] can be used to improved the precision
for the cross section of Higgs plus a jet production. Below we discuss interesting features about
their analytic structure.

One can decompose the two-loop remainder functions according to their trancendentality

degree as:
4
RY =>"RY
n=0

where the maximal transcendentality degree is 4 at two loops. Here “transcendental degree”
is a mathematical notation characterizing the algebraic complexity of functions and numbers.
For example, the degree of rational functions is zero, 7 or log(x) has degree 1, and the Rie-
mann zeta value {,, or polylogrithm Li,(x) has degree n.

The maximally transcendental part turns out to be universally given by the function (see
also [20,21,39-41]):

(22)

)
deg-n

Rg) degs =— %Li4(u) + %Li4 (—%) - % log(w) [Li3 (—%) + Li; (—5)}
+ log;z(u) [logz(u) + logz(v) + logz(w) —4log(v) log(w)]
+ %2 [510g2()~2log()logw)] — 1yt permsCuvw),  (23)
where
u:sﬁ, v=sﬁ, Wzsﬁ. (24)
S123 S123 S123

036.6


https://scipost.org
https://scipost.org/SciPostPhysProc.7.036

SCIl SciPost Phys. Proc. 7, 036 (2022)

This suggests that the two-loop minimal form factors of general high-dimensional length-3
operators obey the maximal transcendentality principle [42-44].

Moreover, lower transcendentality degree parts also present universal structures. The
degree-3 part is determined by the function T5(u, v, w) given as

b () st

2
) - % log(u)log(1 —u)log ( 1“: u)

1._. 1 1
+ §L13 (—%) + B log(u)log(v)log(w) + D) logg(w) +(ue— v)]
+ Li3(1 —v)—Lig(u) + 1 logz(v)log (—1 —V ) —{5 log(ﬂ) , (25)
2 u w

plus simple 72 x log and {5 terms. Building blocks of degree-2 part are T,(u, v):
To(u,v) :=Liy(1 —u) + Liy(1 —v) +log(u) log(v) — {5, (26)

together with log x log and 72 terms. When expanding the remainders in these deg-3 and
deg-2 building blocks, the coefficients in front of them are just rational functions of u, v, w.
Similar transcendental functions also appeared in the N = 4 form factors [39, 45, 46].

5 Conclusion

We construct the operator basis for high-dimensional YM operators. The efficient on-shell
unitarity-IBP method is applied to compute the loop form factors associated with these oper-
ators, which are also related to Higgs EFT amplitudes. The two-loop renormalization is per-
formed for operators up to dimension 16, and the finite remainder functions are also obtained.
We can summarize the main steps and results in the following graph:

uv
Operators | EoM | Operator basis | Unitarity-IBP Loop renormalization
in YM BI in D-dim form factors

Remainders

Although our discussion has mostly focused on the length-3 operators, we would like to stress
that similar methods can be generalized to deal with more general higher length operators.
Since our method works in full D dimensions in dimensional regularization, the strategy can be
also used to study the so-called evanescent operators which will be discussed elsewhere [47].
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