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Abstract
We discuss a practical approach to compute master integrals entering physical quantities
which depend on one parameter. As an example we consider four-loop QCD corrections
to the relation between a heavy quark mass defined in the MS and on-shell scheme in
the presence of a second heavy quark.
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Introduction

At this conference a large number of very impressive and complicated calculations to multiloop and multi-leg processes have been presented. With increasing number of scales and loops
analytic results are more and more difficult to obtain. It is thus often necessary to rely on
numerical approaches. As an intermediate step we present in this contribution a semi-analytic
method, which we discuss for a problem which depends on one parameter, x, usually the ratio
of two kinematic invariants. Semi-analytic means that we construct numerical approximations
for the master integrals whereas all other steps of the calculation are analytic.
In contrast to many other methods on the market which have a similar aim (see, e.g.,
Refs. [1–6]) our approach is tailored to practical applications as has been demonstrated in
Ref. [7] where four-loop contributions to the MS-on-shell relation with two mass scales have
been computed. We can treat systems which involve O(100) master integrals and obtain a precision of the final result which is sufficient for phenomenological applications. At the moment
our approach is formulated for problems which depend only on one parameter. Furthermore,
we do not aim for a precision of hundreds of digits.
In these proceedings we review the findings of Ref. [7] and provide further details on the
calculation. In particular we discuss results for one non-trivial four-loop master integral.
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The method

The basic idea of our method is very simple: For a given set of master integrals we establish
the system of differential equations. Then we compute the master integrals for a convenient
value of x = x 0 , which is not necessarily physical, and use these results as boundary conditions
to construct a power-log expansion. Up to this point the calculation is in general analytic. Let
us assume we want to compute the master integrals at the point x = x 1 . This is achieved
with the help of a power-log expansion around x = x 1 , which is again constructed with the
help of the differential equations. The boundary conditions are obtained at a suitable value
of x = x 01 between x 0 and x 1 , where both expansions converge, by evaluating numerically
the first expansion around x = x 0 . We call this step numerical matching. This step can be
repeated, if necessary several times, in order to arrive at any desired value of x.
There are only few requirements, which have to be fulfilled to apply this method. In
particular, it is not necessary to derive a system of differential equations in Fuchsian or even
canonical form. One only has to avoid that 1/ε poles are present on the diagonal of the matrix
obtained from the differential equations. Furthermore, it is not necessary that the set of master
integrals is minimal. It is advantageous that the boundary conditions at x = x 0 are analytic,
however, in principle even they be can available in numeric form. The major part of the CPU
time is needed for deriving the linear system of equations fulfilled by the series coefficients
of the master integrals, solving such linear system and performing the numerical matching.
In case one only has to deal with a simple Taylor expansion it only takes several hours even
in case a few dozens of expansion terms are considered. On the other hand, in case one has
a power-log expansion the complexity increases significantly, in particular if two powers of
logarithms appear for each new order of ε.
In the next Section we discuss eight colour factors for the MS-on-shell relation. We consider
four-loop two-scale integrals with x = m2 /m1 where for the external momentum q we have
q2 = m21 . The mass m2 appears in closed fermion loops. In the limit m2  m1 an analytic
evaluation is possible since one ends up with tadpole integrals up to four loops and on-shell
integral up to three loops. For these kind of one-scale integrals both the reduction to master
integrals and analytic expressions of the latter are well known. We compute 50 terms for the
power-log expansion around 1/x = 0, which shows good convergence properties, even down
to x ≈ 1.5. At this point we match to the Taylor expansion around x = 1. The expansion
around x = 0 is again a power-log expansion which we match at x = 0.5 to the x = 1
expansion.
For our application it is indeed sufficient to construct only three expansions. In general it
might be that the differential equations contain poles which limit the radius of convergence.
In these cases on has to introduce further matching points. In case these poles are spurious a
simple Taylor expansion is in general sufficient. For the cases where the poles have a physical
origin it might be that a power-log expansion is necessary.

3

Mass relation

The quark mass relation, which is considered in this section, involves renormalized heavy
quarks in the most important renormalization schemes: the on-shell and the MS scheme. In
Ref. [8, 9] it has been computed to four-loop order assuming that all lighter quarks have mass
zero. Analytic results for the contributions involving two different masses are only known at
three loops from Refs. [10, 11]. At four loops such corrections have been considered for the

041.2

SciPost Phys. Proc. 7, 041 (2022)

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 1: Sample Feynman diagrams contributing to relation between the MS and
on-shell mass. Straight and curly lines represent quarks and gluons, respectively.
Dashed and double lines represent massless fermions and fermions with mass m2 ,
respectively.

Figure 2: Graphical representation of the master integral in Eq. (2). Dashed, solid
and double lines represent scalar propagators of mass 0, m1 and m2 .
first time in Ref. [7]. Results for the eight colour factors1
C F TF3 nm n2l ,

C F TF3 nm nl nh ,

C F TF3 n2m nh ,

C F TF3 n3m ,

C F TF3 nm n2h ,

C F2 TF2 nm nl ,

C F TF3 n2m nl ,

C F CA TF2 nm nl ,

(1)

have been obtained using the method described in the previous Section. They all either contain
three closed fermion loops or two closed fermion loops where one of them has the mass m2
and the other is massless. Sample Feynman diagrams are shown in Fig. 1. The numerical
results, which are available for any value of x = m2 /m1 , have been compared to the analytic
expressions, which have also been obtained in [7].
For our calculation we have to consider 339 master integrals. In the following we discuss
in detail the seven-line master integral (see Fig. 2)
J(x) = d4L456[1, 0, 0, 1, 1, 1, 1, 0, 0, 1, 1, 0, 0, 0] ,

(2)

which starts at order 1/ε4 . In our calculation it is needed including the O(ε) terms. In Ref. [7]
the expansion around x = 0, 1 and ∞ have been computed using the approach discussed in
the previous Section. Furthermore, the analytic result could be obtained. Note, however, that
the O(ε) term of J(x) contains cyclotomic harmonic polylogarithms up to weight 6, which
cancel in the proper sum for the quark mass relation. It is both a non-trivial task to compute
1

There are 16 colour factors in total.
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Figure 3: O(ε) term of the integral J. The solid red, green and blue curves correspond to the expansions in x, 1 − x and 1/x. For the dashed orange curve the
expansion parameter 1 − 1/x has been used.
them numerically and to perform an analytic expansion. However, it is straightforward to
obtain its value at x = 0:
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For this reason we perform in the following the comparison with the exact results only for
x = 0. Note that our starting point is the x → ∞ limit.
In Fig. 3 we show results for the O(ε) term of J(x) for 0 ≤ x ≤ 4 where the red, green and
blue solid curves correspond to the expansions in x, 1 − x and 1/x, including 50 expansion
terms. They are the immediate results of our method and perfectly cover the whole x range.
The dashed orange curve corresponds to the expansion in 1 − 1/x which is obtained from
the 1 − x expansion. It is interesting to note that the green curve leads to better results for
x < 1 whereas (1 − 1/x) is the better choice for the expansion parameter for x > 1. In fact,
in the plot there is no visible difference between the blue and orange curve. Even for x=8 the
deviation is still below 10%.
Let us next discuss the numerical accuracy. We remark that we can reproduce the analytic
result for x = 0 in Eq. (3) with a relative precision of 10−13 for the O(ε) term. The lower ε
terms are even more precise; for example, the O(ε0 ) term has a precision of 10−17 . Remember
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Figure 4: Difference of expansions. The number of digits on the y axis is given by
“− log10 (difference)”.
that J(0) is obtained from analytic calculations at x → ∞ and numerical matching for x = 0.5
and x = 1.5. In order to quantify the quality of the approximations we consider in Fig. 4
differences of expansions of the O(ε) term. The interesting regions are around the matching
points x = 0.5 and x = 1.5 where we observe differences of order 10−12 to 10−13 . Taking
into account that the O(ε) term itself is of order 102 − 103 (cf. Fig. 3) we can claim a relative
precision of more than 14 digits. Away from the matching points the respective expansion
provides even better results.
In Fig. 4 we show two versions of the expansion around x = 1. The cyan and red curves
use (1 − x) as expansion parameter and the pink and blue curves use (1 − 1/x). As already
observed in Fig. 3 we again deduce that (1 − 1/x) is a better choice for x > 1 whereas (1 − x)
is better suited from x < 1.
In Ref. [7] expansions for all 339 master integrals have been obtained and then the mass
relations for the eight colour factors of Eq. (1) have been constructed. In Ref. [7] also (exact)
analytic results for all 339 master integrals have been computed. This allows for a comparison of the final physical quantity. We could show that the agreement between the exact and
approximated results is at least 10 significant digits for the bare four-loop quantity. For most
colour factors this is also true for the renormalized quantities. Due to logarithmic divergences
(e.g., the colour structure C F2 nl nh for x → 0) one observes strong cancellations in some regions
of the parameters space. However, we still have 5 significant digits in the final expression. For
more details we refer to Ref. [7]. This is promising for the remaining eight colour factors
where most likely no analytic results in terms of iterated integrals can be obtained.
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Conclusion

In this contribution we have described a method which can be used to obtain semi-analytic
results for multi-loop problems which depend on one parameter x. As an example four-loop
corrections to the heavy quark mass relation with two mass scales, m1 and m2 , have been
considered. Using analytic results for m2  m1 it is possible to use the differential equations for the master integrals to transfer the information to x = 0. The comparison to the
known analytic result shows that a precision between 5 and 10 digits can be obtained. Using deeper expansions and/or further intermediate matching points even a higher accuracy
can be achieved. Detailed result for one of the master integrals has been presented in this
contribution. For the results of the mass relation we refer to Ref. [7].
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