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Geometry and causality for efficient multiloop representations
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Abstract

Multi-loop scattering amplitudes constitute a serious bottleneck in current high-energy
physics computations. Obtaining new integrand level representations with smooth be-
haviour is crucial for solving this issue, and surpassing the precision frontier. In this
talk, we describe a new technology to rewrite multi-loop Feynman integrands in such a
way that non-physical singularities are avoided. The method is inspired by the Loop-Tree
Duality (LTD) theorem, and uses geometrical concepts to derive the causal structure of
any multi-loop multi-leg scattering amplitude. This representation makes the integrand
much more stable, allowing faster numerical simulations, and opens the path for novel
re-interpretations of higher-order corrections in QFT.
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1 Introduction

Higher-order contributions involve dealing with vacuum quantum fluctuations which are en-
coded through complicated multi-loop multi-leg Feynman diagrams. They currently constitute
a bottleneck to break the precision frontier. Many techniques have been developed to calcu-
late these objects [1], including analytic and numeric approaches. The presence of singulari-
ties forces the introduction of regularization prescriptions, such as Dimensional Regularization
(DREG) [2–4], which prevents a straightforward numerical implementation. Several regular-
ization methods are available in the market [5,6], but still DREG is considered as the default
one for computing higher-order corrections for colliders.

Once the singularities are regularized, they can be removed and the resulting expression
can be numerically computed. The cancellation of singularities is achieved by the inclusion of
ultraviolet (UV) and infrared (IR) counter-terms. Whilst the first ones are obtained through
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the renormalization of the theory, the IR ones can be generated by studying the real emission
contributions, as well as the so-called initial state radiation (ISR). In any case, the traditional
framework involves a separate calculation of the ingredients, namely:

1. The virtual contributions, i.e. the diagrams containing loops defined over a Minkowski
integration space.

2. The real correction, determined by diagrams with extra real-radiation integrated over
the phase-space (i.e. an Euclidean integration space).

3. Ultraviolet and infrared counter-terms, which are proportional to the lower orders and
can be easily integrated analytically.

The singular structures of the different contributions perfectly match, and the sum of the in-
tegrated terms is free of divergences. So, in the standard framework, the cancellation of sin-
gularities takes place after integration.

With the purpose of simplifying the numerical implementation, we have been developing
a strategy that aims to achieve the cancellation of singularities before integration: this is the
so-called local cancellation. This approach is based on the Loop-Tree Duality (LTD) [7–13] to
re-write the loop amplitudes as dual contributions defined in an Euclidean space. In this way,
after introducing proper mappings, it is possible to relate the kinematics of the real and dual
components, leading to a unified description and a natural integrand-level cancellation of IR
singularities [14–18]. Moreover, the ISR and UV counter-terms can be also expressed as phase-
space integrals to locally cancel the corresponding singularities [19–23]. This constitutes the
Four-Dimensional Unsubtraction (FDU) approach, which allows to by-pass DREG and provides
a purely four-dimensional representation of physical observables that is totally free of IR and
UV singularities.

Regarding the treatment of the virtual contributions, we have recently shown that the
LTD framework leads to a manifestly causal representation of multi-loop multi-leg scatter-
ing amplitudes [24–28]. The causal structure of scattering amplitudes has been extensively
studied [29–33] since it leads to noticeable simplifications and the cancellation of spurious
unphysical singularities. Even if these singularities are integrable, they introduce serious nu-
merical instabilities: in consequence, causal representations turn out to be more suitable for
efficient numerical calculations. Also, causality provides a powerful tool to reconstruct scat-
tering amplitudes by using information about the physical threshold singularities and discon-
tinuities [34,35].

In this article, we comment on very recent developments concerning the description of
the causal structures inside multi-loop multi-leg scattering amplitudes. Using a geometrical
construction inspired by graph theory, we establish a set of rules that allows to compute all the
possible entangled thresholds contributing to the causal representation [36]. We rely on the
identification of binary connected partitions of diagrams (which strictly corresponds to the so-
called causal propagators) and compatible momenta orientations (usually called causal fluxes)
[37]. This geometrical approach is closely related to the all-order representations presented
in Refs. [38, 39] that directly reproduce the terms originated by the explicit nested residue
calculation [25,26,28,40].

2 Brief introduction to the Loop-Tree Duality

Let us consider a generic L-loop N -point scattering amplitude. We group the momenta of
the propagators according to their dependence on the integration variables, i.e. the primitive
loop momenta {`i}i=1,...,L . Given a set s, a generic propagator i ∈ s has momentum given
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by qi =
∑

j β
s
j` j + ki , with β s

j ∈ {−1, 0,1} and ki a linear combination of external momenta
{pr}r=1,...,N . With this convention, the scattering amplitude can be represented as

A(L)N =

∫

`1,...,`L

∑

j

N j

�

{`i}L ,
�

p j

	

N

�

× GF (1, . . . , n) , (1)

with GF (1, . . . , n) =
∏

i∈1∪···∪n (GF (qi))αi , the product of Feynman propagators associated to
the momenta set {1, . . . , n}. It is useful to write

GF (qi) =
1

q2
i,0 − (q

(+)
i,0 )

2
, (2)

where q(+)i,0 =
q

~qi
2 +m2

i − ı0 is the positive on-shell energy associated to qi .
As carefully explained in Ref. [25], the LTD representation of Eq. (1) is obtained by remov-

ing one d.o.f. per loop, making use of a recursive computation of nested residues. Explicitly,
if dA(L)N (1, . . . , n) denotes the integrand of Eq. (1), the first application of Cauchy’s residue
theorem leads to

dA(L)D (1; . . . , n) =
∑

i∈1

Res
�

dA(L)N , Im(qi,0)< 0
�

, (3)

where the semicolon is introduced to separate the sets with on-shell lines (left) from those
that remain off-shell (right). After the r-th iteration, we have

dA(L)D (1, . . . , r; r + 1, . . . , n) =
∑

i∈r

Res
�

dA(L)D (1, . . . , r − 1; r, . . . , n), Im(qi,0)< 0
�

. (4)

In order to obtain the LTD dual representation, we need to iterate the procedure L times.
After all the loops have been opened to trees by setting on-shell L lines, the dual expression is
written in terms of positive on-shell energies and products of external momenta.

Even if the technology of nested residues leads to explicit recursive relations and compact
formulae [26, 28, 40], further simplifications take place when adding all the dual contribu-
tions together. In that case, the final result only involves same-sign combinations of on-shell
energies, and we claim that [36,38,39]

A(L)N = (−1)k
∑

σ∈Σ

∫

~̀
1,··· ,~̀L

Nσ({q
(+)
r,0 }, {p j,0})

xn
×

k
∏

i=1

1
λσ(i)

+ (σ↔ σ̄) , (5)

fully describes the causal structure of any multi-loop multi-leg Feynman diagram or collection
of Feynman diagrams. The causal propagators, i.e.

λ±j ≡
∑

i∈X j

q(+)i,0 ± k j , (6)

codify the physical thresholds of the amplitude, whilst all the possible causal entangled thresh-
olds are inside the set Σ. Each combination in Σ contains products of k causal propagators,
being k the order of the diagram. It is possible to prove that the order is given by k = V − 1
and equals the number of off-shell lines in each allowed dual cut [25,36].

3 Geometry of loop amplitudes

Within perturbation theory, scattering amplitudes are described in terms of Feynman diagrams.
These diagrams are graphs built from edges and vertices: edges represent virtual particles
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propagating between interaction vertices. As explained in Refs. [36,39,40], when considering
the dual representation of any multi-loop multi-leg Feynman diagram, edges connecting the
same pair of vertices are equivalent to a single one. This new multi-edge is described by

qG,0 =
∑

i∈G

qi,0 , q(+)G,0 =
∑

i∈G

q(+)i,0 , (7)

where G = {i1, . . . , ig} are the lines being merged. By replacing edges by multi-edges, we
obtain the so-called reduced Feynman graph, which contain all the required information to
unveil the causal structure of the original diagram.

Once the reduced Feynman graph is obtained, we need to define a basis composed by
the multi-edges and the external momenta, namely Q = {Q1, . . . ,QM ; p1, . . . , pN−1}. Global
momentum conservation is implicitly used here by writing pN = −

∑

pi . At this point, we can
represent each interaction vertex using their coordinates in the basis Q: outgoing (incoming)
edges are positive (negative). Then, we can built the so-called vertex matrix, V , whose rows
are the representation of the vertices in the basis Q. This is the fundamental object in our
formalism, since we can extract all the required information by implementing operations on
this matrix. In the following, we will explain how to obtain all the possible causal propagators
and how to detect the allowed entangled causal configurations.

3.1 Causal propagators

Given a reduced Feynman graph, let us consider the set of all the vertices, V = {1, 2,3, . . .}.
Then, consider all the possible ways to split the graph into two parts, which is equivalent to
take binary partitions of V , i.e. PV = {{1}, {2}, . . . , {1, 2}, {1,3}, . . .}. In the definition ofPV we
only include the sets with the minimal number of vertices, since we can define the equivalence
relation r ≡ r c where r c = V/r. Also, given a partition p, we say that it is connected if for any
pair of vertices {vi , v j} ∈ p, there exists a path (i.e. a sequence of multi-edges) contained in p
from vi to v j . With this in mind, we define the set of connected binary partitions, PC

V , as the
subset of elements of p ∈ PV such that p and pc are connected.

It turns out that there is a correspondence between the elements of PC
V and the causal

propagators. Given a connected binary partition, we have a set of vertices p = {vp1
, . . . , vpr

}
and each of them is associated to a unique conservation equation (i.e. the momentum con-
servation imposed by Feynman rules). We define the conjugated causal propagator, λ̄p, as the
sum of the energy components of the momenta involved in the vertices {vp1

, . . . , vpr
}. Finally,

we can generate the causal propagators starting from λ̄p and applying the transformation

λ̄p→ λ±p =
∑

j

β j Q
(+)
j,0 ±

N−1
∑

i=1

γi pi,0 , (8)

where β j ,γi ∈ {1,0}. Notice that this definition involves the positive on-shell energies of the
corresponding multi-edges crossing the partition p. Also, it reproduces the alignment of their
on-shell modes, which codifies the causal flux of energy through the partition.

3.2 Selection rules

Each causal propagator is associated to one threshold singularity in the original Feynman di-
agram. Given a Feynman diagram of order k = V − 1, we know that its causal representation
involves products of k causal propagators [25,36,38]. In other words, each term in the causal
representation is associated to a compatible entanglement of k causal thresholds. To detect all
the possible combinations of k compatible causal entangled thresholds, we present the following
selection criteria [36]:
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1. All the lines are crossed: Since entangled thresholds are originated from the superposition
of cuts, and they describe a decomposition of the diagram in tree-level-like objects, all
the multi-edges must be cut.

2. Absence of threshold intersections: Two compatible causal propagators λp and λq must
fulfill that the associated connected sets of vertices are disjoint or totally included in the
biggest set.

3. Compatible causal flow of the multi-edges: If all the multi-edges contributing to the en-
tangled cuts appear with the same orientation, then they are compatible. This is equiv-
alent to have an acyclic directed graph dressed with a subset of causal propagators
{λi1 , . . . ,λik} [37].

4. Causal propagator orientation: Once criteria 1-3 were applied, it is necessary to deter-
mine the sign of the transformation in Eq. (8). If the external momenta and the oriented
multi-edges are both outgoing, then λ̄p→ λ+p . Otherwise, λ̄p→ λ−p .

The application of criteria 1-4 determines the set of all the allowed causal entangled thresh-
olds, Σ̄. Going back to Eq. (5) for scalar amplitudes (i.e. N = 1), we can use Σ = Σ̄ by
introducing symmetry factors. These symmetry factors account for a degeneration due to
global momentum conservation. In order to break the degeneration, we need to introduce
a fifth selection criteria, which implies adding extra multi-edges composed by external parti-
cles and applying criteria 1-4 [36]. It is worth appreciating that the application of criterion
3 implies consistently ordering 2M multi-edges. Since the computational complexity scales
exponentially with the number of multi-edges, this could be a potential bottleneck for multi-
leg multi-loop amplitudes. For this reason, novel strategies based on quantum algorithms are
starting to be explored [37,41].

4 Example: causal representation of a pentagon

As a practical example, we consider a scalar five-point one-loop function, i.e the pentagon
shown in Fig. 1. After constructing the vertex matrix, we proceed to detect all the possible
binary connected partitions. We obtain 10 conjugated causal propagators, i.e.

PC
V = {{1}, {2}, {3}, {4}, {5}, {1,2}, {1,5}, {2,3}, {3,4}, {4,5}} , (9)

described in terms of the vertices involved in the partition. By using the transformation defined
in Eq. (8), we can explicitly write the causal propagators as

λ±j = q(+)j,0 + q(+)j+1,0 ± p j,0 for j = {1,2, 3,4} ,

λ±5 = q(+)5,0 + q(+)1,0 ± (p1,0 + p2,0 + p3,0 + p4,0) ,

λ±6 = q(+)1,0 + q(+)3,0 ± (p1,0 + p2,0) , λ±7 = q(+)2,0 + q(+)5,0 ± (p2,0 + p3,0 + p4,0) ,

λ±8 = q(+)2,0 + q(+)4,0 ± (p2,0 + p3,0) , λ±9 = q(+)3,0 + q(+)5,0 ± (p3,0 + p4,0) ,

λ±10 = q(+)1,0 + q(+)4,0 ± (p1,0 + p2,0 + p3,0) . (10)

Once all the causal propagators are known, we apply the criteria 1-4 explained in Sec. 3.2 to
select the allowed causal entangled thresholds. Since we have 10 causal propagators and the
order of the diagram is k = 4, there are 210 combinations. However, criteria 1-2 reduce the
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possibilities to only 60. Imposing criteria 3-4, we obtain the following 55 combinations

Σ̄ = {{1,2, 3,4}, {1, 2,3, 5}, {1,2, 3,7}, {1,2, 3,9}, {1, 2,4, 5}, {1,2, 4,7}, {1,2, 4,8},
{1,2, 4,9}, {1, 2,4, 10}, {1,2, 5,8}, {1,2, 5,10}, {1, 2,7, 8}, {1, 3,4, 5}, {1,3, 4,6},
{1,3, 4,7}, {1, 3,4, 8}, {1,3, 4,10}, {1,3, 5,6}, {1, 3,5, 8}, {1,3, 5,9}, {1,3, 5,10},
{1,3, 6,9}, {1, 3,7, 8}, {1,3, 7,9}, {1, 4,5,6}, {1, 4,5, 9}, {1,4, 6,9}, {1, 4,6,10},
{1,4, 7,9}, {1, 5,6, 10}, {2,3, 4,5}, {2,3, 4,6}, {2, 3,4, 10}, {2, 3,5, 6}, {2,3, 5,7},
{2,3, 5,9}, {2, 3,5, 10}, {2,3, 6,9}, {2,4, 5,6}, {2, 4,5, 7}, {2,4, 5,8}, {2,4, 5,9},
{2,4, 6,9}, {2, 4,6, 10}, {2, 4,8, 10}, {2,5, 6,10}, {2,5, 7,8}, {2, 5,8, 10}, {3, 4,5, 7},
{3,4, 5,8}, {3, 4,8, 10}, {3, 5,7, 8}, {3,5, 7,9}, {3, 5,8, 10}, {4, 5,7, 9}} , (11)

where we use the short-hand notation i ≡ λi . Notice that the signature of each entangled
causal threshold, i.e. whether we should put λ+i or λ−i , is unambiguously by criterion 4.

Since the pentagon corresponds to a non-maximally connected topology, some elements of
Σ̄might be degenerated due to global momentum conservation. In fact, applying the criterion
5 as defined in Ref. [36] for the one-loop case, we obtain the reduced (minimal) set

Σ = {{1, 2,3, 4}, {1,2, 3,9}, {1,2, 4,7}, {1, 2,4, 8}, {1,2, 4,9}, {1,2, 7,8}, {1, 3,4, 6}, (12)

{1, 3,4, 8}, {1,3, 4,10}, {1,3, 5,9}, {1, 3,5, 10}, {1,3, 6,9}, {1,3, 7,8}, {1, 3,7, 9},
{1, 4,5, 6}, {1,4, 5,9}, {1, 4,6,9}, {1, 4,6, 10}, {1,4, 7,9}, {1,5, 6,10}, {2, 3,4, 6},
{2, 3,6, 9}, {2,4, 5,6}, {2, 4,5,7}, {2, 4,6, 9}, {2,4, 6,10}, {2,4, 8,10}, {2, 5,6, 10},
{2, 5,7, 8}, {2,5, 8,10}, {3,4, 8,10}, {3, 5,7, 8}, {3, 5,7, 9}, {3,5, 8,10}, {4, 5,7,9}},

which is composed by 35 elements and directly leads to a causal representation as defined in
Eq. (5) with Nσ = 1 for every σ ∈ Σ. In particular, it is worth noticing that the configurations

{{1, 2,3, 4}, {1,2, 3,5}, {1, 2,4,5}, {1, 3,4, 5}, {2,3, 4,5}} , (13)

are degenerated. They can be graphically interpreted as rotations of the causal entangled
threshold shown in Fig. 1 (right). Since we impose momentum conservation in the external
legs and replace p5 in terms of the other momenta, we implicitly marked v5 as a distinguished
vertex. The algorithm that we defined for criterion 5 uses this information, and this is the
reason why {1,2, 3,4} is kept in Σ whilst the others in Eq. (13) are eliminated.

a) b)

Figure 1: a) Feynman graph representing a pentagon, with the multi-edge and vertex
labelling used in the analysis presented in the text. b) Example of an allowed causal
entangled threshold contributing to the LTD causal representation.
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5 Conclusions

We describe a purely geometrical formalism to obtain a causal dual representation of any
multi-loop multi-leg Feynman diagram. By generating all the possible connected binary parti-
tions of a reduced Feynman graph, we manage to obtain the set of causal propagators which
codify the physical thresholds that are present in the original diagram. Then, by applying a
set of geometrical criteria, we identify all the possible causal entangled thresholds, Σ̄. This set
contains information about all the thresholds that might occur simultaneously.

It turns out that it is possible to conjecture a general formula to describe a manifestly causal
dual representation for any multi-loop multi-leg scattering amplitude. The master equation
presented in Eq. (5) is supported by the findings reported in Refs. [36,38,39]. In this article,
we present a concrete application that shows how to obtain a causal representation for the
pentagon, and compare the resulting structure with the conjectured formula. Deeper studies
are required to properly understand the degeneration introduced because of global momentum
conservation. This might hide important properties regarding the underlying structures of
scattering amplitudes and, ultimately, physical cross-sections in QFT.
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