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Nucleon and pion PDFs:
large-x asymptotics meets functional mimicry
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Abstract

We review strategies to unveil the primordial large-x structure of the nucleons as well
as the pion from hard-scattering experiments. Ideas are presented for learning about
the x → 1 limit of nonperturbative QCD dynamics at energy scales of order 1 GeV from
collider experiments at much higher scales. The behavior of parton distributions at x → 1
predicted by the quark counting rules and other low-energy theoretical approaches is
contrasted with phenomenological PDFs. Polynomial mimicry of PDF parametrizations
is one of many factors that influence the apparent power of the (1− x) falloff. We discuss
implications of the mimicry for the large-x falloff of the pion PDFs.
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1 Introduction

Recent analyses of the pion structure on the lattice and in nonperturbative QCD approaches
have drawn attention to the behavior of parton distribution functions (PDFs) at large mo-
mentum fractions x . Early QCD models [1–4] predict a fall-off of structure functions of
(1− x)2ns−1+2|λq−λA|, where ns is the number of quark spectators, and λq,A the helicity of the
active quark and parent hadron, respectively.

On the side of nucleon phenomenology, the asymptotic behavior of PDFs in the x → 1
limit is best known for unpolarized protons; the (1− x)3 fall-off of their valence PDFs has long
been consistent with PDF parametrizations found in global QCD analyses. Recent detailed
phenomenological studies [5,6] concluded that the scarcity of the observational data at large
x results in a large uncertainty about the proton’s falloff dependence. From the point of view
of low-energy models, the dynamics inside the proton is predominantly simulated by confining
models, few of which have considered the shape of the PDF at large x .
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On the other hand, the pion structure is understood to be dominated by chiral symmetry
breaking, which, together with pion’s two-body nature, allowed for first-principle and field-
theoretical predictions, such as in the Dyson-Schwinger formalism (e.g. [7,8]) and lattice QCD
(e.g. [9–11]). These suggest that manifestations of low-energy QCD dynamics may be seen in
the shape of pion PDFs at x > 0.5. Phenomenological parametrizations of pion PDFs, e.g.
[12,13], serve as a mediator between theoretical approaches and observations. Yet, evidence
for the predicted large-x falloff (1 − x)2 of the pion PDFs is ambiguous. The newest results
further stimulated discussions about the interpretation of QCD-based arguments in view of the
behavior of PDFs at large x [6,10,14].

In Ref. [6], we explored the applicability of the quark counting rules in modern global QCD
analyses. Conditions under which the counting rules hold deviate from those in phenomeno-
logically accessible observables for various reasons, including the difference between the DIS
structure functions – for which the counting rules were demonstrated – and MS PDFs, the
presence of threshold resummation at large x , or a non-minimally perturbed parent hadron.
Control of such factors is crucial for bridging the nonperturbative interpretation to the PDF
models based on scattering data. To these physical considerations must be added a mathe-
matical one: is it possible to deduce the exact power law for a PDF from the PDF’s polynomial
form fitted to the empirical data?

2 Polynomial mimicry

Whether it is based on experimental data or Mellin moment reconstructions, the determination
of PDFs beyond analytical results relies on polynomial parametrizations more often than not.
In such cases, discrete data can be compatible with more than just one functional form, i.e.
there is no unique form that proves that data demand a (1− x)A2 fall-off, where A2 would be
larger than 3 for a proton and 2 for a pion.
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Figure 1: Bézier polynomial for the reconstruction of the function
f (x) = 200x2(1 − x)2(1 − 2.9

p

x(1− x) + 2.3x(1 − x)) from 9 control points
spaced differently in x on each subplot. The dashed curves correspond to the
monomial expansions on the right-hand side in Eq. (1) truncated at n= N .

To demonstrate the latter statement, in Ref. [6] we have explored how the falloff exponent
of a model pion PDF depends on the assumed polynomial form that interpolates a set of discrete
data points at which the pion PDF is sampled. We used exact interpolations based on Bézier
curves, each rendering a unique polynomial solution for the chosen set of (n + 1) sampled
points. A strategy to determine the falloff of PDFs as x → 1 relies on the monomial expansion
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of the reconstructed Bézier curve

B(n)(x) =
n
∑

l=0

c̄l (1− x)l . (1)

For realistic functional forms, we observe a mixing of expansion coefficients, c̄l . In Fig. 1, it
can be appreciated that the lowest coefficients of the monomial expansion, notably the linear
N = 1 term, are spurious and depend on the range and spacing of the sampled data. It means
that, because of the mimicry, polynomial forms can and will contain solutions that might not
necessarily agree with the true power law, as the lowest powers of the expansion cannot be
meaningfully reconstructed.

For such pion PDFs, data at x ¦ 0.9 are necessary to minimize that mixing. In that sense,
it is worth mentioning the conceptual difference between the theoretical x → 1 limit and the
phenomenological definition at large x , see Sec. 3. Polynomial mimicry should translate into
an increase of the uncertainty based on the multiple choices for the functional forms in the
region x → 1.

As a consequence, due to mimicry, it becomes difficult to disentangle the manifestations
of nonperturbative dynamics from the functional-form uncertainties and other effects on the
shape of the PDFs found from realistic data.

3 Testing the large-x PDF falloff at colliders
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Figure 2: Left: The effective Aeff
2 (x) for a toy pion parametrization f (x)∝ (1− x)A2

with A2 = 2. Right: Ratio Aeff
2 [uV ]/Aeff

2 [dV ] for CT18NNLO valence PDFs at x = 0.7
as a function of the scale Q.

A more reliable strategy to access the (1 − x)-exponent is found by observing that, for
x → 1, most nonperturbative forms behave as

F(x ,Q2) = (1− x)A2 ×Φ(1− x) , (2)

where Φ(1 − x) is a relatively slow function. It is indeed the form used by several global
analyses, in particular CT18NNLO [15], and it will be used here below. We therefore advocate
to study the effective behavior of the large-x logarithmic derivative

Aeff
2

�

F(x ,Q2)
�

≡
∂ ln

�

F(x ,Q2)
�

∂ ln (1− x)
= A2 [F] + correction , (3)

from which we expect to recover Aeff
2 = A2 for x ∼ 1. The difference between the effective and

true exponents depends on x and can still be large for PDF parametrizations with concurring
dynamical effects, see an example for the pion PDF in the left Fig. 2.
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The effective exponents for the CT18 ensemble of NNLO proton PDFs [15] have been
studied in Ref. [6]. The DIS structure function F2(x ,Q2) was found to be compatible with the
quark counting rule expectation of Aeff

2 (F2) = 3 as x → 1, within error bands. As mentioned
above, multiple factors contribute to the PDF uncertainty [16], and the error bands are large
in the regions with scarce data, such as x → 1.
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Figure 3: Aeff
2 for the gluon against ū+ d̄, for various x values. The Q values, from left

to right, 1.3, 100, and 1000 GeV. The shaded area corresponds to regions unfavored
by quark counting rules.

The effective exponents of the PDFs evolve with Q2 in accordance with DGLAP evolution,
which is known very accurately to NNLO in αs. Knowledge of QCD evolution opens interesting
opportunities for testing Aeff

2 at nonperturbative Q ∼ 1 GeV by using large-x constraints at very
high Q from collider experiments, such as the ZEUS measurements [17] of DIS at Q ≈ 100 GeV.

Of particular interest for testing nonperturbative dynamics is the d/u ratio (see contribu-
tion from C. Keppel in these proceedings, as well as, e.g., Ref. [18]). As both the up and down
valence PDFs evolve according to the same non-singlet DGLAP evolution, the Q2 dependence of
their effective exponents cancels in a wide x range. Figure 2 shows the ratio Aeff

2,uV
(x)/Aeff

2,dV
(x)

for 363 trial parametrizations of CT18 NNLO PDFs versus Q. The CT18 parametrizations as-
sume the ratio A2,uV

/A2,dV
of the true exponents to be equal to 1 to ensure that the d/u remains

finite. The effective exponents at x < 1 deviate from the true ones. The ratio is nearly invari-
ant under DGLAP evolution, so it can be determined at ZEUS or LHC and provide accurate
insights about the flavor composition in the valence sector at Q ∼ 1 GeV.
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Figure 3 shows that the rate of the Q2 evolution for the poorly known gluon Aeff
2,g depends

only weakly on the PDF parametrization form. Here we show the clouds of Aeff
2,ū+d̄

vs. Aeff
2,g

for 363 trial CT18 NNLO parametrizations at the specified x and Q, in the same fashion as
in Ref. [6] but for Q extending to 1000 GeV. Constraints on Aeff

2,g in jet production at the LHC
could be evolved backward to low Q to provide insights about the nonperturbative dynamics.

4 Conclusion

In these proceedings, we have summarized our strategies for exploring the large-x behav-
ior of PDFs. Due to the polynomial mimicry, it is not possible to uniquely determine the exact
(1− x)-exponent given the present data. A similar conclusion has been reached in some lattice
studies [10, 14]. Our second strategy consists in studying the effective exponent, expressed
as a logarithmic derivative of the structure function or PDF. The effective falloff can be de-
termined from a combination of low-Q and high-Q data and confronted with its computation
in a nonperturbative QCD model. This approach bridges the first-principle predictions with
realistic observations.
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