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Three-loop soft anomalous dimensions for top-quark processes
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Abstract

I present results for soft anomalous dimensions through three loops for several processes
involving the production of top quarks. In particular, I discuss single-top and top-pair
production. I also present some numerical results for double-differential distributions
in t t̄ production through approximate N3LO.
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1 Introduction

The inclusion of soft-gluon corrections in theoretical predictions for top-quark processes is
required for better accuracy, and it involves calculations of soft anomalous dimensions. The
first calculations at one loop were done in the mid 90’s [1], but two-loop calculations appeared
much later. The current state-of-the-art has been extended to three loops for some processes.

For partonic processes f1(p1) + f2 (p2) → t(pt) + X , we define a kinematical threshold
variable s4 = s + t + u −

∑

i m2
i where s = (p1 + p2)2, t = (p1 − pt)2, and u = (p2 − pt)2.

At partonic threshold s4 → 0, and the soft-gluon corrections involve logarithms of the form
[lnk(s4/m

2
t )/s4]+ with k ≤ 2n− 1 at perturbative order αn

s .
We define transforms of the partonic cross section as σ̂(N) =

∫

(ds4/s) e−Ns4/sσ̂(s4), with
transform variable N . The factorized expression for the cross section is [1]

σ f1 f2→tX (N) = H f1 f2→tX S f1 f2→tX
�

mt

NµF

�

ψ1 (N1,µF ) ψ2 (N2,µF )
∏

i

Ji (N ,µF ) , (1)

where H f1 f2→tX is an N -independent hard function, S f1 f2→tX is a soft function [1], while the
ψi and Ji describe collinear emission from initial- and final-state particles [2].

The soft function S f1 f2→tX satisfies the renormalization group equation
�

µR
∂

∂ µR
+ β(gs)

∂

∂ gs

�

S f1 f2→tX = −Γ † f1 f2→tX
S S f1 f2→tX − S f1 f2→tX Γ

f1 f2→tX
S , (2)
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where the soft anomalous dimension Γ f1 f2→tX
S controls the evolution of S f1 f2→tX , which gives

the exponentiation of logarithms of N in the resummed cross section. The resummation of
these soft corrections at NNLL accuracy requires knowledge of two-loop soft anomalous dimen-
sions while at N3LL accuracy it requires three-loop soft anomalous dimensions. The resummed
cross sections may be expanded at finite order and produce, upon inversion to momentum
space, physical predictions.

A recent review of calculations of cusp and soft anomalous dimensions for many processes
can be found in Ref. [3] (see also [4–6] for the cusp, [7–11] for single top, and [1,12] for t t̄).

2 Cusp anomalous dimension

The cusp anomalous dimension, Γcusp, involves two eikonal lines, and it is a basic ingredient in
calculations of soft anomalous dimensions for partonic processes. For two lines with momenta
pi and p j , the cusp angle is θ = cosh−1(pi · p j/

Ç

p2
i p2

j ), and we write the perturbative series

Γcusp =
∑∞

n=1

�αs
π

�n
Γ (n)cusp. At one loop, Γ (1)cusp = CF (θ cothθ−1). In the case of two heavy quarks,

this can be written in terms of the speed β = tanh(θ/2) as

Γ (1)βcusp = −CF

�

(1+ β2)
2β

ln
(1− β)
(1+ β)

+ 1

�

. (3)

At two loops, we have [4]

Γ (2)cusp = K2 Γ
(1)
cusp +

1
2

CF CA

�

1+ ζ2 + θ
2 − cothθ

�

ζ2θ + θ
2 +
θ3

3
+ Li2

�

1− e−2θ
�

�

+ coth2 θ

�

−ζ3 + ζ2θ +
θ3

3
+ θ Li2

�

e−2θ
�

+ Li3
�

e−2θ
�

��

, (4)

where K2 = CA

�

67
36 −

ζ2
2

�

− 5
18 n f . This can be written in terms of β and denoted as Γ (2)βcusp .

The three-loop result [5,6] can be written as [3,6]

Γ (3)cusp = K3Γ
(1)
cusp + 2 K2

�

Γ (2)cusp − K2 Γ
(1)
cusp

�

+ C (3) , (5)

where K(3) and C (3) have long expressions. Again, the result can be expressed in terms of β .
If eikonal line i represents a massive quark, with mass mi , and eikonal line j a massless

quark, then we find simpler expressions. At one loop, Γ (1)mi
cusp = CF [ln(2pi · p j/(mi

p
s))− 1/2].

At two loops [9,11], Γ (2)mi
cusp = K2 Γ

(1)mi
cusp + CF CA(1− ζ3)/4. At three loops [11],

Γ (3)mi
cusp = K3 Γ

(1)mi
cusp +

1
2

K2CF CA(1− ζ3) + CF C2
A

�

−
1
4
+

3
8
ζ2 −

ζ3

8
−

3
8
ζ2ζ3 +

9
16
ζ5

�

. (6)

If both eikonal lines are massless, then Γmassless
cusp = CF ln(2pi · p j/s)

∑∞
n=1(αs/π)nKn.

3 Single-top production

Next, we discuss various single-top production processes [7–11].
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3.1 Single-top t-channel production

The soft anomalous dimension for t-channel single-top production, Γ bq→tq′

S , is a 2× 2 matrix
in color space. We use a t-channel singlet-octet color basis. The one-loop [7, 10, 11] and
two-loop [10,11] results are well known.

At three loops, we have

Γ
(3)bq→tq′

S 11 = K3 Γ
(1)bq→tq′

S 11 +
1
2

K2CF CA(1− ζ3) + CF C2
A

�

−
1
4
+

3
8
ζ2 −

ζ3

8
−

3
8
ζ2ζ3 +

9
16
ζ5

�

Γ
(3)bq→tq′

S 12 = K3 Γ
(1)bq→tq′

S 12 + X (3)bq→tq′

S 12 , Γ
(3)bq→tq′

S 21 = K3 Γ
(1)bq→tq′

S 21 + X (3)bq→tq′

S 21

Γ
(3)bq→tq′

S 22 = K3 Γ
(1)bq→tq′

S 22 +
1
2

K2CF CA(1− ζ3)

+ CF C2
A

�

−
1
4
+

3
8
ζ2 −

ζ3

8
−

3
8
ζ2ζ3 +

9
16
ζ5

�

+ X (3)bq→tq′

S 22 . (7)

The first element, i.e. the "11" element, of the matrix at three loops was calculated in [11].
Due to the relatively simple color structure of the hard matrix for this process, it is the only
three-loop element that contributes to the N3LO soft-gluon corrections. Here we have also
provided three-loop results for the other three matrix elements up to unknown terms from
four-parton correlations, which are denoted as X (3)bq→tq′

S in the above equation.

3.2 Single-top s-channel production

We continue with results for the s-channel, for which Γ qq̄′→t b̄
S is a 2 × 2 matrix, and we use

an s-channel singlet-octet color basis. The one-loop [7,8,11] and two-loop [8,11] results are,
again, well known.

At three loops, we have

Γ
(3)qq̄′→t b̄
S 11 = K3 Γ

(1)qq̄′→t b̄
S 11 +

1
2

K2CF CA(1− ζ3) + CF C2
A

�

−
1
4
+

3
8
ζ2 −

ζ3

8
−

3
8
ζ2ζ3 +

9
16
ζ5

�

Γ
(3)qq̄′→t b̄
S 12 = K3 Γ

(1)qq̄′→t b̄
S 12 + X (3)qq̄′→t b̄

S 12 , Γ
(3)qq̄′→t b̄
S 21 = K3 Γ

(1)qq̄′→t b̄
S 21 + X (3)qq̄′→t b̄

S 21

Γ
(3)qq̄′→t b̄
S 22 = K3 Γ

(1)qq̄′→t b̄
S 22 +

1
2

K2CF CA(1− ζ3)

+ CF C2
A

�

−
1
4
+

3
8
ζ2 −

ζ3

8
−

3
8
ζ2ζ3 +

9
16
ζ5

�

+ X (3)qq̄′→t b̄
S 22 . (8)

Again, the "11" element of the matrix at three loops was calculated in [11] and is the only
three-loop element to contribute to the N3LO soft-gluon corrections. We have also provided
in the above equation three-loop results for the other three matrix elements up to unknown

terms from four-parton correlations, which are denoted as X (3)qq̄′→t b̄
S .

3.3 Associated tW production

The soft anomalous dimension for tW production has only one element (not a matrix). It is
known at one loop [7,9], two-loops [9], and three loops [11]. The three-loop result is [11]

Γ
(3)bg→tW
S = K3 Γ

(1)bg→tW
S +

1
2

K2CF CA(1− ζ3) + CF C2
A

�

−
1
4
+

3
8
ζ2 −

ζ3

8
−

3
8
ζ2ζ3 +

9
16
ζ5

�

.

(9)
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4 Top-antitop pair production

We continue with top-antitop pair production which can proceed via the qq̄ → t t̄ and the
g g → t t̄ channels.

In the qq̄ → t t̄ channel, Γ qq̄→t t̄
S is a 2 × 2 matrix, and we use an s-channel singlet-octet

color basis. Here we will concentrate on the "22" matrix element which at one-loop contributes
already to the soft-gluon corrections at NLO. At one loop, this element is [1,12]

Γ
(1)qq̄→t t̄
22 =

�

1−
CA

2CF

�

Γ (1)βcusp + 4CF ln

�

t −m2
t

u−m2
t

�

−
CA

2

�

1+ ln

�

sm2
t (t −m2

t )
2

(u−m2
t )4

��

, (10)

while at two loops it is [3,12]

Γ
(2)qq̄→t t̄
22 = K2Γ

(1)qq̄→t t̄
22 +

�

1−
CA

2CF

�

�

Γ (2)βcusp − K2Γ
(1)β
cusp

�

+
C2

A

4
(1− ζ3) . (11)

At three loops, we find the following expression:

Γ
(3)qq̄→t t̄
S 22 = K3 Γ

(1)qq̄→t t̄
S 22 +

�

1−
CA

2CF

�

�

Γ (3)βcusp − K3Γ
(1)β
cusp

�

+
K2

2
C2

A(1− ζ3)

+ C3
A

�

−
1
4
+

3
8
ζ2 −

ζ3

8
−

3
8
ζ2ζ3 +

9
16
ζ5

�

+ X (3)qq̄→t t̄
S 22 , (12)

where X (3)qq̄→t t̄
S 22 denotes unknown three-loop contributions from four-parton correlations. The

other three-loop matrix elements are not fully known either but have analogous structure to
that at two loops (see also [3]).

In the g g → t t̄ channel, Γ g g→t t̄
S 22 is a 3× 3 matrix, and we use the color basis c1 = δabδ12,

c2 = dabc T c
12, c3 = i f abc T c

12. At one loop for g g → t t̄, the "22" matrix element is [1,12]

Γ
(1)g g→t t̄
S 22 =

�

1−
CA

2CF

�

Γ (1)βcusp +
CA

2

�

ln

�

(t −m2
t )(u−m2

t )

s m2
t

�

− 1

�

, (13)

while at two loops it is [3,12]

Γ
(2)g g→t t̄
S 22 = K2 Γ

(1)g g→t t̄
S 22 +

�

1−
CA

2CF

�

�

Γ (2)βcusp − K2Γ
(1)β
cusp

�

+
C2

A

4
(1− ζ3) . (14)

At three loops, we find the expression

Γ
(3)g g→t t̄
S 22 = K3 Γ

(1)g g→t t̄
S 22 +

�

1−
CA

2CF

�

�

Γ (3)βcusp − K3Γ
(1)β
cusp

�

+
K2

2
C2

A(1− ζ3)

+ C3
A

�

−
1
4
+

3
8
ζ2 −

ζ3

8
−

3
8
ζ2ζ3 +

9
16
ζ5

�

+ X (3)g g→t t̄
S 22 , (15)

where X (3)g g→t t̄
S 22 denotes unknown three-loop contributions from four-parton correlations.

As an application of the soft-gluon formalism at NNLL accuracy, in Figure 1 we show top-
quark double-differential distributions in pT and rapidity with soft-gluon corrections through
approximate N3LO [13]. The theoretical predictions describe very well the CMS data at 13
TeV [14].

5 Conclusion

I have presented results for soft anomalous dimensions at one, two, and three loops. The cusp
anomalous dimension was discussed first followed by results for the soft anomalous dimen-
sions in single-top production and in top-antitop pair production.
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Figure 1: Top-quark double-differential distributions.

Funding information This material is based upon work supported by the National Science
Foundation under Grant No. PHY 1820795.

References

[1] N. Kidonakis and G. Sterman, Resummation for QCD hard scattering, Nucl. Phys. B 505,
321 (1997), doi:10.1016/S0550-3213(97)00506-3.

[2] G. Sterman, Summation of large corrections to short-distance hadronic cross sections, Nucl.
Phys. B 281, 310 (1987), doi:10.1016/0550-3213(87)90258-6.

[3] N. Kidonakis, Soft Anomalous Dimensions and Resummation in QCD, Universe 6, 165
(2020), doi:10.3390/universe6100165.

[4] N. Kidonakis, Two-Loop Soft Anomalous Dimensions and Next-to-Next-to-Leading-
Logarithm Resummation for Heavy Quark Production, Phys. Rev. Lett. 102, 232003
(2009), doi:10.1103/PhysRevLett.102.232003.

[5] A. Grozin, J. M. Henn, G. P. Korchemsky and P. Marquard, Three Loop
Cusp Anomalous Dimension in QCD, Phys. Rev. Lett. 114, 062006 (2015),
doi:10.1103/PhysRevLett.114.062006.

[6] N. Kidonakis, Three-loop cusp anomalous dimension and a conjecture for n loops, Int. J.
Mod. Phys. A 31, 1650076 (2016), doi:10.1142/S0217751X16500767.

[7] N. Kidonakis, Single top quark production at the Fermilab Tevatron: Threshold re-
summation and finite-order soft gluon corrections, Phys. Rev. D 74, 114012 (2006),
doi:10.1103/PhysRevD.74.114012.

[8] N. Kidonakis, Next-to-next-to-leading logarithm resummation for s-channel single top quark
production, Phys. Rev. D 81, 054028 (2010), doi:10.1103/PhysRevD.81.054028.

[9] N. Kidonakis, Two-loop soft anomalous dimensions for single top quark as-
sociated production with a W− or H−, Phys. Rev. D 82, 054018 (2010),
doi:10.1103/PhysRevD.82.054018.

[10] N. Kidonakis, Next-to-next-to-leading-order collinear and soft gluon corrections
for t-channel single top quark production, Phys. Rev. D 83, 091503 (2011),
doi:10.1103/PhysRevD.83.091503.

104.5

https://scipost.org
https://scipost.org/SciPostPhysProc.8.104
https://doi.org/10.1016/S0550-3213(97)00506-3
https://doi.org/10.1016/0550-3213(87)90258-6
https://doi.org/10.3390/universe6100165
https://doi.org/10.1103/PhysRevLett.102.232003
https://doi.org/10.1103/PhysRevLett.114.062006
https://doi.org/10.1142/S0217751X16500767
https://doi.org/10.1103/PhysRevD.74.114012
https://doi.org/10.1103/PhysRevD.81.054028
https://doi.org/10.1103/PhysRevD.82.054018
https://doi.org/10.1103/PhysRevD.83.091503


SciPost Phys. Proc. 8, 104 (2022)

[11] N. Kidonakis, Soft anomalous dimensions for single-top production at three loops, Phys.
Rev. D 99, 074024 (2019), doi:10.1103/PhysRevD.99.074024.

[12] N. Kidonakis, Next-to-next-to-leading soft-gluon corrections for the top quark cross
section and transverse momentum distribution, Phys. Rev. D 82, 114030 (2010),
doi:10.1103/PhysRevD.82.114030.

[13] N. Kidonakis, Top-quark double-differential distributions at approximate N3LO, Phys. Rev.
D 101, 074006 (2020), doi:10.1103/PhysRevD.101.074006.

[14] CMS Collaboration, Measurement of differential cross sections for the production of top
quark pairs and of additional jets in lepton+jets events from pp collisions at

p
s = 13 TeV,

Phys. Rev. D 97, 112003 (2018), doi:10.1103/PhysRevD.97.112003.

104.6

https://scipost.org
https://scipost.org/SciPostPhysProc.8.104
https://doi.org/10.1103/PhysRevD.99.074024
https://doi.org/10.1103/PhysRevD.82.114030
https://doi.org/10.1103/PhysRevD.101.074006
https://doi.org/10.1103/PhysRevD.97.112003

	Introduction
	Cusp anomalous dimension
	Single-top production
	Single-top t-channel production
	Single-top s-channel production
	Associated tW production

	Top-antitop pair production
	Conclusion
	References

