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Abstract

I present results for soft anomalous dimensions through three loops for several processes
involving the production of top quarks. In particular, I discuss single-top and top-pair
production. I also present some numerical results for double-differential distributions
in tf production through approximate N°LO.
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1 Introduction

The inclusion of soft-gluon corrections in theoretical predictions for top-quark processes is
required for better accuracy, and it involves calculations of soft anomalous dimensions. The
first calculations at one loop were done in the mid 90’s [ 1], but two-loop calculations appeared
much later. The current state-of-the-art has been extended to three loops for some processes.

For partonic processes f1(p1) + fo(p2) — t(p,) + X, we define a kinematical threshold
variable s, =s+t+u—,, ml.2 where s = (p; + py)?, t = (p1 —p.)? and u = (p, — p,)%
At partonic threshold s, — 0, and the soft-gluon corrections involve logarithms of the form
[In*(s,/m?)/s4], with k < 2n—1 at perturbative order a".

We define transforms of the partonic cross section as §(N) = f(ds4 /s) e7N%4/35(s,), with
transform variable N. The factorized expression for the cross section is [1]

d d — m
ohif2=tX(N) = ghfotX gfifemtX (ﬁ) Y1 (N, up) Yo (Ny, up) l_[Ji (N,up), @
F i

where H122tX is an N-independent hard function, $/1/27X is a soft function [1], while the
y; and J; describe collinear emission from initial- and final-state particles [2].
The soft function $/1/22tX satisfies the renormalization group equation

(g +Bladg ) S =M it g gl
R S
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where the soft anomalous dimension Fg 17222 ontrols the evolution of §/1£27tX , which gives

the exponentiation of logarithms of N in the resummed cross section. The resummation of
these soft corrections at NNLL accuracy requires knowledge of two-loop soft anomalous dimen-
sions while at NLL accuracy it requires three-loop soft anomalous dimensions. The resummed
cross sections may be expanded at finite order and produce, upon inversion to momentum
space, physical predictions.

A recent review of calculations of cusp and soft anomalous dimensions for many processes
can be found in Ref. [3] (see also [4-6] for the cusp, [7-11] for single top, and [1,12] for tt).

2 Cusp anomalous dimension

The cusp anomalous dimension, I, involves two eikonal lines, and it is a basic ingredient in
calculations of soft anomalous dimensions for partonic processes. For two lines with momenta

p; and pj, the cusp angle is 6 = cosh™!(p; - p il pizp?), and we write the perturbative series

Teusp = Dan1 (a"‘) r'™ At one loop, F(l)p = Cp(6 coth 8 —1). In the case of two heavy quarks,

cusp cus
this can be written in terms of the speed 8 = tanh(6/2) as

Wp _ (1+/3) 1-p) ]
FCUSP - F|: 2/3 (1+ﬁ)+1 ’

(3)

At two loops, we have [4]

cusp cusp

0
1@ = g,r 4~ CFCA{1+§2+92—coth9[§29+92+?+Ll (1—e_29)]

+coth? 6 [—gg +8,0 + % +0Liy(e72%) + Lis (6_29)]} , @

where Ky = Cy (% — %) — %n ¢ This can be written in terms of § and denoted as r§§3p”

The three-loop result [5, 6] can be written as [3, 6]

@ =K,TQ +2K, (12 —Kk, T )+, (5)

cusp cusp cusp cusp

where K®) and ¢® have long expressions. Again, the result can be expressed in terms of f3.
If eikonal line i represents a massive quark, with mass m;, and eikonal line j a massless

quark, then we find simpler expressions. At one loop, F(f&s)pml CrlIn(2p; - pj/(m;+/s))—1/2].
At two loops [9,11], T = Ky s + CrCa(1— {5)/4. At three loops [11],
1 1 3 4 3 9
F(:(L?s)pml =K; ng)pml"'ZKZCFCA(1—€3)+CFC2( P 8§ 23 —g§2§3+E§5) . (6

If both eikonal lines are massless, then [™2%51€ss = ¢ In(2p; - pj/s) Z _1(as/m)"K,.

cusp

3 Single-top production

Next, we discuss various single-top production processes [7-11].
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3.1 Single-top t-channel production

The soft anomalous dimension for t-channel single-top production, FSb q%q/, is a 2 x 2 matrix
in color space. We use a t-channel singlet-octet color basis. The one-loop [7, 10, 11] and
two-loop [10, 11] results are well known.

At three loops, we have

3 {3 3 9
~2 gf2— g ~ghlst Egs)

(3)bg—tq" _ (1)bg—tq’ (3)bg—tq’ (3)bg—tq" _ (1bg—tq’ (3)bg—tq’
r‘s 12 =Kj r‘5 12 +XS 12 ’ lﬂ521 =Kj F521 +X521

3)bg—tq’ Dbg—tq |, 1 1
P = g ribam +§KZCFCA(1—(;3)+CFCj( ~+

3)bg—stq’ Dbgotqg 1
rsgz)zq “ =K31"()q “ +§K2CFCA(1_C3)

$22
1.3 s 3 9 ) (3)bg—tq’

+C Cz(——+— -=—= + = +Xo, T 7
rCa\ 73 852 3 8§2€3 16§5 $22 (7)
The first element, i.e. the "11" element, of the matrix at three loops was calculated in [11].

Due to the relatively simple color structure of the hard matrix for this process, it is the only

three-loop element that contributes to the N3LO soft-gluon corrections. Here we have also

provided three-loop results for the other three matrix elements up to unknown terms from

(3)bg—tq’
Xg

four-parton correlations, which are denoted as in the above equation.

3.2 Single-top s-channel production
We continue with results for the s-channel, for which I‘gq/_)tb is a 2 x 2 matrix, and we use
an s-channel singlet-octet color basis. The one-loop [7,8,11] and two-loop [8,11] results are,
again, well known.

At three loops, we have

3)q3’'—th 1)q3'—tb , 1 1 3 {3 3 9
=t - g, riea +EchFcA(1—(;3)+CFCj(—Z+§§2—§—§Czé“3+Eis

r3ed’'—tb _ K r(Daq'~tb | (3)aq'~tb

(3)qq’—>th _ (1)gg'—tb (3)qq'—th
¥ _K3 1—‘5'12 +X512 4 S21 S21 S21

S12
3)qq’—th Dgg’—th 1
Iﬂéz)zqq ‘ =K3F( -t +§K2CFCA(1_CS)

S22
1 3 s 3 9 (3)qq’—th
+C Cz(——+— -2 = +— )+X 1=t 8
F%A 4 8§2 8 82;24/3 1655 S22 ( )
Again, the "11" element of the matrix at three loops was calculated in [11] and is the only
three-loop element to contribute to the N°LO soft-gluon corrections. We have also provided

in the above equation three-loop results for the other three matrix elements up to unknown

. . 3)qq’ —tb
terms from four-parton correlations, which are denoted as X é Jag’'=tb,

3.3 Associated tW production

The soft anomalous dimension for tW production has only one element (not a matrix). It is
known at one loop [7,9], two-loops [9], and three loops [11]. The three-loop result is [11]

1 3 Zs
_+_ —_
8C2 8

3)bg—tW 1)bg—tw 1 > >
I_,S()g t =K3FS()g t +§K2CFCA(1—CB)+CFC/§(_4 —§4’2§’3+1—6C5).

9
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4 Top-antitop pair production

We continue with top-antitop pair production which can proceed via the qg — tt and the
gg — tt channels. )
In the q — tf channel, [77"" is a 2 x 2 matrix, and we use an s-channel singlet-octet
color basis. Here we will concentrate on the "22" matrix element which at one-loop contributes

already to the soft-gluon corrections at NLO. At one loop, this element is [1,12]

. C t —m?2 C sm2(t —m?)?
rz(;)qq “:(1——A)r§l}3ﬁ+4cpln Ll-2]1+mn f(—zf) ,  (10)
2Ck p u—m 2 (u—mg)4

t

while at two loops it is [3,12]

2
(2)qq—tt _ (1)qg—tt Ca 2 1 G
r = K,T 90 (1 - E) (r@f —k,r0P) + —1=05). 11)

At three loops, we find the following expression:

g—tt g—tt C K
r®ag—-ee K, rMag-tt (1 — _A) (F(S)ﬁ _Ksr(l)ﬁ) + ?263(1 —3)

522 522 2CF cusp cusp
1 3 s 3 9 (3)qg—ti
+C3(——+— == += )+X =t 12
A 4 8€2 ) SC’ZC?) 16C5 S22 ( )
where X ggz)gq_"f denotes unknown three-loop contributions from four-parton correlations. The

other three-loop matrix elements are not fully known either but have analogous structure to
that at two loops (see also [3]).
, [£2 7" is a 3 x 3 matrix, and we use the color basis ¢, = §9°5,,

Cy = dabCTlcz, c3 = if“bCTch. At one loop for gg — tt, the "22" matrix element is [1,12]

In the gg — tt channel

2 2
(1gg—tt _ Ca ) @p , Ca (t—=m)(u—m;)
T =(1——|T +—|In —-1], 13
522 ( ZCF cusp 2 s m% ( )
while at two loops it is [3,12]
2
F(Z)gg—>tf K F(l)gg—>tE +[1= Ca (F(z)ﬂ —K F(l)ﬂ) + %(1 —{3) (14)
$22 —N2522 20 cusp 2% cusp 4 3/
F
At three loops, we find the expression
(3)gg—tf  _ (gg—ti Ca \(+® @pY) . K2 2
Toon = Kslgy, + (1_ ZCF)(Fcuspﬂ _K3Fcuspﬁ)+ ?CA(1_53)
1 3 s 3 9 ) (3)gg—ti
+C ==+l — 22— 20+ — s |+ X5, 15
A( 4 8C2 ) 8§2§3 16C5 S22 ( )
where X §32)ég 8 denotes unknown three-loop contributions from four-parton correlations.

As an application of the soft-gluon formalism at NNLL accuracy, in Figure 1 we show top-
quark double-differential distributions in p; and rapidity with soft-gluon corrections through
approximate N°LO [13]. The theoretical predictions describe very well the CMS data at 13
TeV [14].

5 Conclusion

I have presented results for soft anomalous dimensions at one, two, and three loops. The cusp
anomalous dimension was discussed first followed by results for the soft anomalous dimen-
sions in single-top production and in top-antitop pair production.
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Figure 1: Top-quark double-differential distributions.
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