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Abstract

We report recent results on the extraction of the rapidity evolution kernel for Sudakov
processes from experimental measurements of Drell-Yan (DY) transverse momentum
distributions. We discuss the role of high-precision Large Hadron Collider (LHC) data,
and illustrate the interplay of this analysis with transverse momentum dependent and
collinear parton density functions.
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The experimental program of high-precision measurements in DY lepton-pair production
at the LHC influences determinations of the rapidity evolution kernel for Sudakov processes
in QCD, complementing the information which may be obtained from lower-energy DY exper-
iments as well as semi-inclusive deep inelastic scattering. The kernel can be extracted from
precise measurements of the DY transverse momentum distribution in the region of low trans-
verse momenta. In this article we discuss recent results on this based on our work [1].

The rapidity evolution kernel was introduced by Collins and Soper [2, 3] in the context
of transverse momentum dependent (TMD) factorization [4] for the DY differential cross sec-
tion at low transverse momenta [5–7]. It controls the evolution in rapidity of partonic TMD
distribution functions [8] as a function of mass µ and transverse coordinate bT . Rapidity di-
vergences are treated by cut-off methods [2,4] or by subtraction methods [9–12]. The kernel’s
rate of change with mass is given by the perturbatively-calculable cusp anomalous dimension
(currently known numerically to four loops [13,14]). For large transverse distances bT ∼>Λ

−1
QCD

the kernel is non-perturbative.
Information on the non-perturbative rapidity evolution kernel may be obtained by lattice

QCD methods. Studies in this direction have recently started [15–20]. Alternatively, it may be
obtained by comparison of theory with experimental measurements. This has a long history,
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Figure 1: Rapidity evolution kernel [1] as a function of bT for different values of
mass, µ = 5 GeV (left) and µ = MZ (right), obtained from fits to LHC DY experi-
mental data. The different curves correspond to the scenarios described in the text
(see [1] for further details).

from the pioneering ‘ResBos’ fits [21–24] of Tevatron data to the recent ‘artemide’ [25] and
‘NangaParbat’ [26] global fits to LHC, Tevatron, RHIC and fixed-target data.

The large-distance behavior of the rapidity evolution kernel, currently subject of active in-
vestigation, has traditionally been modeled as a quadratic behavior∝ b2

T . The fits [21–24], for
instance, depend on such model. The analysis [1], emphasizing the bias due to this assump-
tion, examines alternative scenarios. One of these scenarios has the perturbative quadratic
behavior ∝ b2

T at small bT but a constant behavior ∝ b0
T at large bT , fulfilling the asymp-

totic condition ∂D/∂ ln b2
T = 0 for the kernel D, in a similar spirit to parton saturation in the

s-channel picture [27, 28] for partonic distribution functions. Another scenario, intermediate
between the ‘traditional’ and the ‘saturating’ ones, has a linear behavior ∝ b1

T at large bT .
We discuss below the results of fits based on these three different scenarios with, respectively,
quadratic, linear or constant asymptotic large-bT behaviors.

The determination of the rapidity evolution kernel is intertwined with the determination
of the non-perturbative TMD parton distributions. While the evolution in mass of TMD dis-
tributions is controlled by perturbatively-calculable kernels, the TMD distributions at a fixed
(low) mass scale are non-perturbative and may be determined from fits to experiment. This is
analogous to the case of ordinary, collinear parton density functions (PDF) and for this reason,
similarly to the PDF case, libraries of TMDs such as [29,30], obtained from parameterizations
and fits to data, are a necessary tool for phenomenology. The non-perturbative TMDs at low
mass scales provide information about the ‘intrinsic transverse momentum kT ’ in the hadron
and ‘3-dimensional’ (3D) imaging of hadron structure. We discuss below the results of simul-
taneous fits of the non-perturbative rapidity evolution kernel and TMD distributions. In this
respect, it is also interesting to ask how the determination of the rapidity evolution kernel is
affected if the 3D structure is disregarded, that is, if the non-perturbative TMD distribution is
simply taken to be a δ-function in kT . Thus, besides the simultaneous fits, we also consider
the alternative scenario of fitting the kernel while assuming δ-function TMD distributions.

Fig. 1 presents the results of the analysis [1] for the rapidity evolution kernel D. The
analysis is based on next-to-next-to-leading-logarithmic (NNLL) order predictions from the
‘artemide’ code [1, 25], fitted to experimental data for the DY transverse momentum qT dis-
tribution from the LHC [31–37] in the low transverse momentum region specified by the cut
qT/Q ≤ κ, where Q is the DY invariant mass and κ is taken to be 0.2.1 The odd-numbered

1We have varied the cut κ on the data set in the range from 0.1 to 0.25 and verified that the results for the non-
perturbative D and TMD parameters are stable in this range. The calculation cannot be used for κ near 1 as it does
not include the matching of TMD-factorized contributions with next-to-leading and higher order contributions to
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curves (dashed lines) in Fig. 1 correspond to fits performed in the three scenarios for the large-
bT asymptotics described above (1: quadratic; 3: linear; 5: constant) with δ-function TMDs,
while the even-numbered curves (solid lines) correspond to simultaneous D and TMD fits in
the three asymptotics scenarios (2: quadratic; 4: linear; 6: constant).

We see from Fig. 1 that while the kernel D is rather well determined for bT ∼< 2 GeV−1

using LHC DY qT data, the sensitivity of current LHC measurements to the long-distance region
of higher bT is limited, which results into sizeable uncertainty bands for bT ∼> 2 - 3 GeV−1. It
is shown in [1] that the scenarios with simultaneous D and TMD fits (even-numbered cases in
Fig. 1) all give good χ2, with comparable χ2 values, while the corresponding results for D in
Fig. 1 differ significantly.

We also see from Fig. 1 that the correlation between the kernel D and the non-perturbative
TMD is significant at large bT . This is measured by the difference between each of the even-
numbered curves and its odd-numbered counterpart which has the same large-bT asymptotic
behavior but starts with a δ-distribution in kT before TMD evolution sets in. The difference
is especially large for the quadratic case in Fig. 1 (left) for µ = 5 GeV, even exceeding the
uncertainty bands. It is observed in [1] that it is possible to obtain good fits to LHC DY data with
some of the δ-distribution scenarios, but inducing significant biases in the D determination.

Figure 2: Correlations of D (BN P , c0) and TMD (λi) fit parameters [1] for different
PDF sets. In the axes 1 = BN P , 2 = c0, (3, 4,5, 6,7) = λ1,2,3,4,5. Light colors indicate
low correlations; dark colors indicate high correlations. Shades of blue denote neg-
ative correlations; shades of brown denote positive correlations. (Diagonal entries
are trivial.)

To improve the uncertainties seen at large bT , one possibility is to use data from lower-
energy DY experiments [42–50]. The sensitivity to large bT here increases compared to LHC
data, but the precision decreases. In [1] a global TMD fit is presented to DY data from LHC and
lower-energy experiments. Useful constraints also come from low-energy semi-inclusive deep
inelastic scattering (SIDIS) measurements [25].2 A determination of the rapidity evolution

hard scattering matrix elements. See e.g. [38–40] for recent discussions of DY measurements with qT ∼ Q in the
context of analytic [4] and Monte Carlo [41] matching.

2This is however at the price of additional non-perturbative parameters from TMD fragmentation. See e.g.
discussions in [51,52] in the context of future lepton-hadron collider programs.
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kernel from combined LHC + low-energy data, obtained by D and TMD fits and assuming
linear large-bT behavior, is found [1] to be lower than its LHC-only analogue, curve 4 in Fig. 1,
and close to curve 6 within uncertainties. Another possibility is for future LHC experiments
to extend the kinematic reach to regions of low DY masses in which the non-perturbative
sensitivity increases, that is, measure the DY qT , for low qT �Q and with fine binning ∼<1 GeV,
in the so far unexplored region Q < 40 GeV by lowering lepton pT thresholds.

At the same time, improving our knowledge of the rapidity evolution kernel will require
that theoretical systematic uncertainties be under control. On one hand, these include pertur-
bative uncertainties related to the expansions in the coupling αs and the all-order logarithmic
resummation. These can be evaluated by examining the dependence of the results on re-
summation scales as well as renormalization and factorization scales. On the other hand,
uncertainties from PDFs, i.e., nonperturbative contributions of collinear origin, constitute a
significant source of theoretical systematics as well. Fig. 2 illustrates the correlations among
TMD parameters in the analysis [1] for different PDF sets [53–57]. We see for instance that the
correlation between the parameters c0 (controlling the long-distance behavior of the rapidity
evolution kernel) and λ1 (controlling the intrinsic transverse momentum distribution) is fairly
low in the case of the HERAPDF set, but it increases in the NNPDF3.1 case, and is higher still
in the CT14 and MMHT14 cases. Therefore, taking into account the role of collinear PDFs and
their uncertainties systematically in TMD fits is one of the essential inputs to advances in the
determination of the rapidity evolution kernel for Sudakov processes.
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