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Abstract

The leading order single inclusive soft gluon production in high energy proton-nucleus
(pA) collisions has been studied by various approaches for more than two decades. The
first correction due to the gluon saturation in proton was analytically attempted recently
through a diagrammatic approach in which only partial results were obtained. An im-
portant feature of the first saturation correction is that it includes both initial state and
final state interactions. In this paper, we present the complete result derived from the
Color Glass Condensate framework. Our approach is to analytically solve the classical
Yang-Mills equations in the dilute-dense regime and then use the Lehmann-Symanzik-
Zimmermann (LSZ) reduction formula to obtain gluon production from classical gluon
fields.
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1 Introduction

Single inclusive gluon production in high energy pA collisions plays an important role in un-
derstanding the vast amount of experimental data from RHIC and LHC. These include charged
particle transverse momentum spectrum as well as multiple particle angular correlation pat-
terns. The leading order result has been studied for more than two decades [1–4]. It treats the
proton as a perturbative object while resumming all the multiple interactions with the nucleus
eikonally. There are several limitations regarding the leading order result. First, it is symmet-
ric with respect to momentum change k↔−k and thus, in contrary to experimental findings,
always leads to vanishing triangular flow. Second, it assumes no final state interaction after
scatterings, which might not be a good approximation for describing high multiplicity events.
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Figure 1: Diagrams illustrating the first saturation correction to single inclusive gluon
production. Each horizontal line represents color charge density of proton at differ-
ent transverse positions. The solid rectanglular bar indicates the Lorentz contracted
nucleus. There are tens of diagrams at order g3ρ2

P and g5ρ3
P , only two representative

diagrams are shown here.

Motivated by these considerations, next to leading order corrections, specifically correc-
tions due to gluon saturation effect in proton are studied. The saturation correction is differ-
ent from general perturbative corrections which are usually organized in powers of coupling
constant g. Figure 1 shows some representative diagrams corresponding to the first saturation
correction which, at fixed order of g, only capture terms that are enhanced by the color charge
density of the proton ρa

P(x). For example, at order g3 we only consider diagrams enhanced by
g3ρ2

P and discard diagrams merely enhanced by g3ρP .
Formally one can write the single gluon production amplitude as

M=M(1) +M(3) +M(5) + . . . (1)

Here M(1) corresponds to diagrams at order gρP while M(3) and M(5) representing diagrams
at order g3ρ2

P and g5ρ3
P , respectively. Both M(3) and M(5) contribute to the first saturation

correction. Previous studies wre only able to compute M(3) [5–7]. For the first time, we have
obtained M(5) [8,9]. The amplitude squared is

|M|2 = |M(1)|2 +M∗
(1)M(3) +M(1)M∗

(3) + |M(3)|2 +M∗
(1)M(5) +M(1)M∗

(5) + . . . (2)

The leading order result comes from |M(1)|2. The next two terms M∗
(1)M(3)+ c.c vanish upon

ensemble averaging over the color charge density configurations of the proton using Gaussian
like models such as the McLerran-Venugopalan model. It does not contribute to single gluon
production but will contribute to double and multiple gluon productions. The first saturation
correction therefore is

dN
d2k

�

�

�

FSC
= |M(3)|2 +M∗

(1)M(5) +M(1)M∗
(5) . (3)

It is proportional to g6ρ4
P as compared to leading order result g2ρ2

P .
How do we compute the single gluon production amplitude? We work in the Color Glass

Condensate (CGC) framework. First, we obtain the classical gluon fields produced in high
energy pA collisions by solving the classical Yang-Mills equations in the dilute-dense regime.
Second, using the LSZ reduction formula, we define the asypmtotic gluon creation operators
for the two independent polarization modes as

âa†
η (k) =− iτ

s

π

4

�

H(2)1 (k⊥τ)
←→
∂τ β̃

a(τ,k)
�
�

�

�

τ=+∞
,

âa†
⊥ (k) =− iτ

s

π

4

�

H(2)0 (k⊥τ)
←→
∂τ β

a
⊥(τ,k)

�
�

�

�

τ=+∞
.

(4)
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Here β̃a(τ,p) and βa
⊥(τ,p) are the two independent scalar modes of classical gluon fields in

momentum space. Their expressions will be given in the next section. The H(2)0 (x) and H(2)1 (x)

are Hankel functions. The derivative is defined as f1(τ)
←→
∂τ f2(τ) = f1(τ)∂τ f2(τ)−∂τ f1(τ) f2(τ).

The single gluon production thus can be computed by

dN
d2k

=
1

(2π)2
�

âa†
η (k)â

a
η(k) + âa†

⊥ (k)â
a
⊥(k)

�

. (5)

To compute the first saturation correction eq. (3), it turns out we only need the next to leading
order solutions of classical Yang-Mills equations β̃(3)(τ,x) and β⊥(3)(τ,x).

2 Classical Gluon Fields at Next to Leading Order

To obtain the classical gluon fields produced in high energy pA collisions, one solves the clas-
sical Yang-Mills equations in the forward light cone. We work in the Fock-Schwinger gauge
x−A+ + x+A− = 0 so that one can parameterize the solutions as A+ = x+β , A− = −x−β and
Ai = β i . We also assume boost invariance and the solutions are independent of spatial rapidity
η. The Yang-Mills equations

DµFµν = 0 (6)

are supplemented with the initial conditions

β(τ= 0,x) =
i g
2

�

β i
P(x),β

i
T (x)

�

, β i(τ= 0,x) = β i
P(x) + β

i
T (x). (7)

Here β i
P(x) and β i

T (x) are the Weizsacker-Williams gluon fields of the proton and the nucleus
before the collisions, respectively. In the dilute-dense regime, we treat the proton as pertur-
bative and solve the equations perturbatively

β(τ,x) =
∞
∑

n=0

gnβ (n)(τ,x), βi(τ,x) =
∞
∑

n=0

gnβ
(n)
i (τ,x). (8)

Note that both the equations and the initial conditions are to be expanded and solved order
by order. One will need the method of variation of parameters to solve inhomogeneous Bessel
equations. Furthermore, a critical mathematical trick needed is Graf’s formula that expresses
a product of two Bessel functions in terms of angular integral of one Bessel function. The final
next to leading order solutions are

β (3)(τ,k) =2β (3)(τ= 0,k)
J1(k⊥τ)

k⊥τ
− i

∫

d2p
(2π)

�

b⊥(p), bη(k− p)
� k× p

p2
⊥|k− p|2

×
∫ π

−π

dφ
2π

�

1+
2k · (k− p)

w2
⊥ − k2

⊥

�

�

J1(w⊥τ)
w⊥τ

−
J1(k⊥τ)

k⊥τ

�

,

(9)

β
(3)
⊥ (τ,k) =β (3)⊥ (τ= 0,k)J0(k⊥τ) +

i
k⊥

∫

d2p
(2π)2

�

bη(p), bη(k− p)
� k× p

2p2
⊥|k− p|2

×
∫ π

−π

dφ
2π

�

1+
2p · (k− p)

w2
⊥ − k2

⊥

�

(J0(w⊥τ)− J0(k⊥τ))−
i

k⊥

∫

d2p
(2π)2

�

b⊥(p), b⊥(k− p)
�

×
(k× p)(−p · k+ p2

⊥ + k2
⊥)

p2
⊥|k− p|2

∫ π

−π

dφ
2π

1

w2
⊥ − k2

⊥
(J0(w⊥τ)− J0(k⊥τ)) ,

(10)
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Λ(3)(τ,k) =−
i

k2
⊥

∫

d2p
(2π)2

�

bη(p), bη(k− p)
� k · (k− 2p)

4p2
⊥|k− p|2

∫ π

−π

dφ
2π

�

1−
p2
⊥ + |k− p|2

w2
⊥

�

(1− J0(w⊥τ))

−
i

k2
⊥

∫

d2p
(2π)2

�

b⊥(p), b⊥(k− p)
�k · (k− 2p)p · (k− p)

2p2
⊥|k− p|2

∫ π

−π

dφ
2π

1

w2
⊥
(1− J0(w⊥τ)).

(11)

We have made the decomposition βi(τ,k) =
−iεi jk j

k⊥
β⊥(τ,k)− ikiΛ(τ,k) in which Λ(τ,k) is a

non-dynamical field. The b⊥(p) = −iεi jpiβ
(1)
j (τ = 0,p) and bη(p) = 2β (1)(τ = 0,p) are re-

lated to the leading order initial condition. In addition, here
w⊥ =

q

p2
⊥ + |k− p|2 − 2p⊥|k− p| cosφ. In the above solutions, terms containing commu-

tators represent final state interactions due to three gluon vertices. Initial state interactions
are included in higher order initial conditions β (3)(τ = 0,k) and β (3)⊥ (τ = 0,k). Another
important property of the solutions is that the color structure and the time dependence are
factorized. These solutions can also be used to compute other physical quantities of interest
such as energy-momentum tensor and angular-momentum tensor.

3 Results: First Saturation Correction to Single Gluon Production

Using the next to leading order solutions for gluon fields eqs. (9), (10), one can apply the LSZ
reduction formula to compute the first saturation correction to single gluon production, the
final results are

|M(3)(k)|2

=−
1
π

∫

p,p1,q,q1

H1(p,p1,q,q1,k)ρb1
P (p− p1)T

b
b1 b2
ρ

b2
P (p1)ρ

d1
P (q− q1)T

d
d1d2
ρ

d2
P (q1)

×
�

U(k− p)U T (−k− q)
�bd

−
1
π

∫

p,p1,p2,q,q1

H2(p,p1,p2,q,q1,k)ρb1
P (p1)ρ

b2
P (p2)ρ

d1
P (q− q1)T

d
d1d2
ρ

d2
P (q1)

×
�

U(k− p− p1)T
aU T (p− p2)

�b1 b2
Uda(−k− q) + c.c.

−
1
π

∫

p,p1,p2,q,q1,q2

H3(p,p1,p2,q,q1,q2,k)ρb1
P (p1)ρ

b2
P (p2)ρ

d1
P (q1)ρ

d2
P (q2)

×
�

U(k− p− p1)T
aU T (p− p2)]

b1 b2
�

U(−k− q− q1)T
aU T (q− q2)

�d1d2
.

(12)

162.4

https://scipost.org
https://scipost.org/SciPostPhysProc.8.162


SciPost Phys. Proc. 8, 162 (2022)

and

M∗
(1)(k)M(5)(k) +M(1)(k)M∗

(5)(k)

=−
1
π

∫

p,q,p1,p4

F1(p,q,p1,p4,k)ρb1
P (p1)T

a
b1 b2
ρ

b2
P (p− p1)ρ

b3
P (q− p)ρb4

P (p4)

×
�

T aU(k− q)U T (−k− p4)
�b3 b4

−
1
π

∫

p,q,p1,p3,p4

F2(p,q,p1,p3,p4,k)ρb1
P (p− p1)T

b
b1 b2
ρ

b2
P (p1)ρ

b3
P (p3)ρ

b4
P (p4)

× U ba(q− p)
�

U(k− q− p3)T
aU T (−k− p4)

�b3 b4

−
1
π

∫

q,p,p1,p2,p3,p4

F3(p,q,p1,p2,p3,p4,k)ρb1
P (p1)ρ

b2
P (p2)ρ

b3
P (p3)ρ

b4
P (p4)

×
�

U(p− p1)T
aU T (q− p− p2)

�b1 b2
�

U(k− q− p3)T
aU T (−k− p4)

�b3 b4

+ c.c.

(13)

They are expressed as functionals of the proton color charge density ρa
P(p) and nucleus color

charge density ρa
T (p) (through the adjoint Wilson line U cd(p)). The explicit expressions for the

kinematic factors H1,2,3 and F1,2,3 are given in [9]. They are functions of transverse momenta

independent of ρa
P(p) and U cd(p). We also used the shorthand notation

∫

p =
∫ d2p
(2π)2 .

4 Conclusion

We have obtained the first saturation correction to single inclusive soft gluon production in high
energy pA collisions. It incorporates both initial state interactions and final state interactions
within the proton. The functional form eqs. (12) and (13) in terms of color charge densities
could be directly used to compute double and multiple gluon productions. Further evaluations
of the saturation correction require ensemble averaging over products of Wilson lines. These
can be done either under some appropriate approximations (such as dipole approximation,
large Nc approximation, glasma graph approximation) or through numerical simulations. On
the other hand, further analysis of the the first saturation correction might provide insights on
how to compute and resum higher order saturation corrections, which is ultimately related to
the unsolved problem of computing single gluon production in high energy nucleus-nucleus
collisions.
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