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Abstract

We show transverse-momentum-dependent parton distribution functions (TMDs) for spin-
1 hadrons including twist-3 and 4 functions by taking the decomposition of a quark cor-
relation function in the Lorentz-invariant way with the conditions of Hermiticity and
parity invariance. We found 30 new TMDs in the tensor-polarized spin-1 hadron at
twists 3 and 4 in addition to 10 TMDs at twist 2. Since time-reversal-odd terms of
the collinear correlation function should vanish after integrals over the partonic trans-
verse momentum, we obtained new sum rules for the time-reversal-odd structure func-
tions,
∫

d2kT gLT =
∫

d2kT hLL =
∫

d2kT h3LL = 0, at twists 3 and 4. We also indicated
that transverse-momentum-dependent fragmentation functions exist in tensor-polarized
spin-1 hadrons. The TMDs can probe color degrees of freedom, so that they are valuable
in providing unique opportunities for creating interdisciplinary physics fields such as
gluon condensate, color Aharonov-Bohm effect, and color entanglement. We also found
three new collinear PDFs at twists 3 and 4, and a twist-2 relation and a sum rule were
derived in analogy to the Wandzura-Wilczek relation and the Burkhardt-Cottingham sum
rule on the structure function g2.
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1 Introduction

The field of transverse-momentum-dependent parton distribution functions (TMDs) is one of
rapidly-developing fields in hadron physics. It is interesting because the explicit color degrees
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of freedom can be probed by the TMDs. Depending on the color flow in hadrons, the TMDs
have opposite signs, for example, in semi-inclusive deep inelastic scattering and Drell-Yan pro-
cesses. The TMD physics is related to fundamental aspects of quantum physics, such as color
Aharonov-Bohm effect and color entanglement, and the TMDs are also valuable for under-
standing the color glass condensate. The color is confined in hadrons and it does not appear
easily in experimental observables. The TMDs provide a unique opportunity to shed light on
new hadron phenomena involving the color.

The TMDs have been investigated so far for the spin-1/2 nucleons. On the collinear struc-
ture function b1 of the spin-1 deuteron, there was a measurement by the HERMES collabora-
tion in 2005 [1]. In future, there are experimental projects to investigate structure functions
of spin-1 hadrons, especially the spin-1 deuteron, at the Jefferson laboratory (JLab) [2, 3],
Fermilab [4], and Nuclotron-based Ion Collider fAcility (NICA) [5], and electron-ion collid-
ers in US and China. We also have been investigating structure functions of spin-1 hadrons
theoretically by considering these experimental projects [6–16]. Therefore, it is a good oppor-
tunity and timely to investigate TMDs also for the spin-1 hadrons. However, only the twist-2
theoretical formalism was available [17]. The twist-3 and 4 parts were investigated recently
in Ref. [15], where new structure functions and sum rules were proposed at twists 3 and 4.
In addition, a twist-2 relation and a sum rule were derived for the twist-3 collinear structure
function fLT [16]. We explain these works in this paper.

2 Correlation functions and polarizations for spin-1 hadrons

The TMDs and collinear parton distribution functions (PDFs) are defined from the correlation
function given by the matrix element as

Φ
[c]
i j (k, P, T |n) =

∫

d4ξ

(2π)4
eik·ξ〈 P, T

�

� ψ̄ j(0)W
[c](0,ξ)ψi(ξ)

�

� P, T 〉. (1)

Here, k and P are quark and hadron momenta, T indicates the tensor polarization of the
hadron, ξ is the space-time coordinate of the quark, ψ is the quark field, W [c](0,ξ) is the
gauge link, c indicates the integral path, and n is the lighcone vector nµ = (1, 0,0,−1)/

p
2.

Since only the tensor polarization is considered in this work, the vector polarization S is not
explicitly written. The TMD and collinear correlation functions are defined by integrating the
quark transverse momenta as

Φ[c](x , kT , P, T ) =

∫

dk+dk−Φ[c](k, P, T |n)δ(k+− x P+), (2)

Φ(x , P, T ) =

∫

d2kT Φ
[c](x , kT , P, T ). (3)

The covariant form of the tensor polarization Tµν of a spin-1 hadron is expressed by the
tensor-polarization parameters S x

T , S y
T , SL , SLL , S x x

T T , S x y
T T , S x

LT , and S y
LT as

Tµν =
1
2

�

4
3

SLL
(P+)2

M2
n̄µn̄ν −

2
3

SLL(n̄
{µnν} − gµνT )

+
1
3

SLL
M2

(P+)2
nµnν +

P+

M
n̄{µSν}LT −

M
2P+

n{µSν}LT + SµνT T

�

. (4)

Here, a{µbν} indicates the symmetrized combination a{µbν} = aµbν + aνbµ, M is the hadron
mass, and P+ is the lightcone momentum given by P+ = (P0 + P3)/

p
2. Using this tensor to-

gether with available Lorentz vectors P, k, and n, we wrote the general form of the correlation
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function by considering the condition of Hermiticity and parity invariance as [15]

Φ(k, P, T |n) =
A13

M
Tkk +

A14

M2
Tkk/P + · · ·+

A20

M2
εµνPkγµγ5Tνk

+
B21M
P · n

Tkn +
B22M3

(P · n)2
Tnn + · · ·+

B52M
P · n

σµkTµn, (5)

where the notation Xµk ≡ Xµνkν is used for the contraction of the tensor Xµν with kν. The
important point of this expression is that the terms with the lightcone vector n are included for
finding the twist-3 and 4 structure functions, as investigated in finding twist-3 and 4 structure
functions in the spin-1/2 nucleons [18,19]. Integrating this expression as given in Eq. (2), we
obtained possible tensor-polarized structure functions up to twist 4.

3 TMDs and PDFs of spin-1 hadrons up to twist 4

TMDs for tensor-polarized spin-1 hadrons
Table 1: Twist-2 TMDs.

T-even T-odd T-even T-odd T-even T-odd

U f1 [h1]

L g1L [h1L]

T f1T g1T [h1], [h1T]

LL f1LL [h1LL]

LT f1LT g1LT [h1LT], [h1LT]

TT f1TT g1TT [h1TT], [h1TT]

Quark

Hadron

⊥ ⊥

⊥

⊥

⊥

⊥

⊥

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

Table 2: Twist-3 TMDs.

T-even T-odd T-even T-odd T-even T-odd

U f  
[e] g [h]

L fL
[eL] gL [hL]

T fT, fT
[eT, eT] gT, gT [hT], [hT]

LL fLL
[eLL] gLL [hLL]

LT fLT, fLT
[eLT, eLT] gLT, gLT [hLT], [hLT]

TT fTT, fTT
[eTT, eTT] gTT, gTT [hTT], [hTT]

Quark

Hadron

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

⊥

γ i ,  1,  iγ 5 γ iγ 5 σ ij ,  σ −+

⊥

⊥

⊥

⊥

Table 3: Twist-4 TMDs.

T-even T-odd T-even T-odd T-even T-odd

U f3 [h3]

L g3L [h3L]

T f3T g3T [h3T], [h3T]

LL f3LL [h3LL]

LT f3LT g3LT [h3LT], [h3LT]

TT f3TT g3TT [h3TT], [h3TT]

Quark

Hadron

⊥

⊥

⊥

⊥ ⊥

⊥

⊥

γ − γ −γ 5 σ i−

The TMDs are defined from the correlation func-
tions of Eqs. (2) and (5) by taking traces with various
γ matrices as Φ[Γ ](x , kT , T ) ≡ 1

2 Tr [Φ(x , kT , T )Γ ] ,
and possible TMDs are listed in Tables 1, 2, and 3.
The upper half sections (unpolarized U, longitudi-
nally polarized L, transversely polarized T) of these
tables are the same as the ones of the spin-1/2 nu-
cleons. In this work, the tensor-polarized sections
(LL, LT, TT) are studied. The square brackets [ ]
indicate chiral-odd distributions and the others are
chiral-even ones. The T-even (T: time reversal) and
T-odd distributions are separately written. The twist-
2 part was studied in Ref. [17] by calculating Φ[γ

+],
Φ[γ

+γ5], and Φ[iσ
i+γ5] (Φ[σ

i+]). Our new results were
for the twist-3 and twist-4 functions in Tables 2 and
3 [15].

Since the full expressions are lengthy, we explain
the outline by taking an example on the correlation
function Φ[γ

i] and related twist-3 TMDs. The twist-3
TMDs were obtained by calculating Φ[γ

i], Φ[1], Φ[iγ5]

Φ[γ
iγ5] Φ[σ

i j], and Φ[σ
−+]. Among them, Φ[γ

i] is ex-
pressed by the polarization parameters and TMDs as

Φ[γ
i](x , kT , T ) =

M
P+

�

f ⊥LL(x , k 2
T )SLL

ki
T

M
+ f ′LT (x , k 2

T )S
i
LT

− f ⊥LT (x , k 2
T )

ki
T SLT · kT

M2
− f ′T T (x , k 2

T )
S i j

T T kT j

M

+ f ⊥T T (x , k 2
T )

kT · ST T · kT

M2

ki
T

M

�

, (6)

where the TMDs f ⊥LL , · · · , f ⊥T T are expressed by the expansion coefficients Ai and Bi of Eq. (5).
The guideline for assigning the TMD names f ⊥LL , · · · , f ⊥T T is explained in Ref. [15] depending
on polarizations and transverse-momentum factors. In this way, we obtained five TMDs in
Φ[γ

i] and they are listed in Table 2. In listing the TMDs in the tables, we redefined the TMDs
by F(x , k 2

T ) ≡ F ′(x , k 2
T )− (k

2
T/(2M2)) F⊥(x , k 2

T ) where k 2
T = −~k

2
T , and the functions without
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′ are shown in the tables. The other twist-3 TMDs are also listed in Table 2. In the same way,
the twist-4 TMDs are obtained by calculating Φ[γ

−], Φ[γ
−γ5], and Φ[σ

i−] and they are listed in
Table 3. There are 40 TMDs in the tensor-polarized spin-1 hadron as shown in Tables 1, 2,
and 3. Among them, we found that 30 new TMDs exist at twist-3 and 4 as

Twist-3 TMD: f ⊥LL , eLL , fLT , f ⊥LT , e1T , e⊥1T , fT T , f ⊥T T , eT T , e⊥T T , g⊥LL , gLT , g⊥LT ,

gT T , g⊥T T , h1L , hLT , h⊥LT , hT T , h⊥T T ,

Twist-4 TMD: f3LL , f3LT , f3T T , g3LT , g3T T , h⊥3LL , h3LT , h⊥3LT , h3T T , h⊥3T T . (7)

They are classified by the time-reversal and chirality properties. Since the T-odd collinear PDFs
should vanish f (x)T-odd = 0 due to the time-reversal invariance, we have the following sum
rules at twist-3 and 4

∫

d2kT gLT (x , k 2
T ) =

∫

d2kT hLL(x , k 2
T ) =

∫

d2kT h3LT (x , k 2
T ) = 0. (8)

TMD fragmentation functions of spin-1 hadrons
New TMD fragmentation functions also exist for the spin-1 hadrons [15], and they are

obtained simply by changing the kinematical variables and function names as

Kinematical variables: x , kT , S, T, M , n,γ+,σi+⇒ z, kT , Sh, Th, Mh, n̄,γ−,σi−,

Distribution functions: f , g, h, e ⇒ Fragmentation functions: D, G, H, E. (9)

Table 4: Twist-2 PDFs.

T-even T-odd T-even T-odd T-even T-odd

U f1

L g1L (g1)   

T [h1]

LL f1LL (b1)

LT *1

TT

Quark

Hadron

U (γ + ) L (γ +γ 5 ) T (iσ i+γ 5 /σ i+ )

Table 5: Twist-3 PDFs.

T-even T-odd T-even T-odd T-even T-odd

U [e]

L [hL]

T gT

LL [eLL] *3

LT fLT *2

TT

Quark

Hadron

γ i ,  1,  iγ 5 γ iγ 5 σ ij ,  σ −+

Table 6: Twist-4 PDFs.

T-even T-odd T-even T-odd T-even T-odd

U f3

L g3L

T [h3T]

LL f3LL

LT *4

TT

Quark

Hadron

γ − γ −γ 5 σ i−

PDFs for tensor-polarized spin-1 hadrons
The collinear PDFs of the tensor-polarized hadrons

[20, 21] are obtained by integrating the TMDs over the
transverse momentum as f (x) =

∫

d2kT f (x , k 2
T ). Many

functions vanish by this integral and the remaining PDFs
are shown in Tables 4, 5, and 6. Therefore, the new
twist-3 and 4 functions, which we found, are [15]

Twist-3 PDF: eLL , fLT , Twist-4 PDF: f3LL . (10)

The asterisks ∗1, ∗2, ∗3, ∗4 indicate the collinear PDFs
h1LT (x), gLT (x), hLL(x), h3LT (x) vanish, respectively,
because of the time-reversal invariance. However, since
the time-reversal invariance cannot be imposed in the
fragmentation functions, the corresponding fragmenta-
tion functions H1LT (z), GLT (z), HLL(z), H3LT (z), as indi-
cated by the replacements of Eq. (9), should exist as
collinear fragmentation functions [15,22].

Twist-2 relation and sum rule for fLT

Since we obtained the new PDFs for spin-1 hadrons,
it is possible to investigate useful relations for them in
the similar way to the Wandzura-Wilczek (WW) relation
and the Burkhardt-Cottingham (BC) sum rule. For find-
ing twist-2 relations, it is important to specify higher-
twist effects. Twist-3 effects are investigated by the non-
local operator ψ̄(0)

�

∂ µγα − ∂ αγµ
�

ψ(ξ), whose matrix
element between tensor-polarized spin-1 hadron states
is expressed by f1LL and fLT up to twist 3. For the tensor-
polarized spin-1 hadron, twist-3 multiparton distribution functions
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FLT (x , y), GLT (x , y), H⊥LL(x , y), HT T (x , y), (11)

exist in general [16]. The twist-3 matrix element is expressed by FG,LT and GG,LT defined with
the gluon field tensor Gµν. Specifying the twist-3 terms, we obtained [16]

fLT (x) =
3
2

∫ ε(x)

x
d y

f1LL(y)
y

+

∫ ε(x)

x
d y

f (HT )
LT (y)

y
, (12)

where the higher-twist function f (HT )
LT (x) is expressed by the integral of FG,LT and GG,LT . Here,

ε(x) = 1 (−1) for x > 0 (x < 0). In the positive (negative) x region, f (x) is a quark (anti-
quark) distribution. We define f + distribution by f +(x) ≡ f (x) + f̄ (x) = f (x)− f (−x) for
f = f1LL , fLT , f (HT )

LT at x > 0, the relation becomes f +LT (x) =
3
2

∫ 1
x d y f +1LL(y)/y if the higher-

twist terms are neglected. Furthermore, if the function f2LT is defined by f2LT (x)≡ (2/3) fLT (x)
− f1LL(x), this integral relation becomes

f +2LT (x) = − f +1LL(x) +

∫ 1

x

d y
y

f +1LL(y). (13)

We obtain a sum rule by integrating this twist-2 relation over x as
∫ 1

0

d x f +2LT (x) = 0. (14)

These are analogous equations to the WW relation and BC sum rule. The function f1LL is given
by the tensor-polarized structure function b1 as −(3/2) f +1LL = bq

1 + bq̄
1. If the tensor-polarized

antiquark distributions vanish, the parton-model sum rule
∫

d x b1 = 0 exists [6]. Then, there

is a sum rule for the fLT itself as
∫ 1

0 d x f +LT (x) = 0.

4 Conclusion
We proposed new TMD structure functions at twist 3 and 4 by decomposing the TMD correla-
tion function in the Lorentz invariant way with constraints of Hermiticity and parity invariance.
There are 40 TMDs for the tensor-polarized spin-1 hadron up to twist 4, and we found new 30
TMDs at twist 3 and 4. Then, we showed sum rules for the time-reversal-odd TMDs. There exist
also corrensponing fragmentation functions simply changing kinematical variables and func-
tion names. Integrating the TMDs over the transverse momentum, we obtained new collinear
PDFs eLL , fLT , and f3LL at twist 3 and 4, in addition to the twist-2 function f1LL (b1). We also
indicated the twist-2 relation and the sum rule for fLT in analogy to the Wandzura-Wilczek
relation and the Burkhardt-Cottingham sum rule.
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