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Abstract

Extending many-body numerical techniques which are powerful in the context
of simple model calculations to the realm of realistic material simulations can
be a challenging task. Realistic systems often involve multiple active orbitals,
which increases the complexity and numerical cost because of the large local
Hilbert space and the large number of interaction terms or sign-changing off-
diagonal Green’s functions. The two-particle self-consistent approach (TPSC)
is one such many-body numerical technique, for which multi-orbital extensions
have proven to be involved due to the substantially more complex structure
of the local interaction tensor. In this paper we extend earlier multi-orbital
generalizations of TPSC by setting up two different variants of a fully self-
consistent theory for TPSC in multi-orbital systems. We first investigate the
strengths and limitations of the approach analytically and then benchmark
both variants against dynamical mean-field theory (DMFT) and D-TRILEX
results. We find that the exact behavior of the system can be faithfully re-
produced in the weak-coupling regime, while at stronger couplings the perfor-
mance of the two TPSC variants strongly depends on details of the system.
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1 Introduction

Solving the many-body problem of interacting electrons remains a central challenge in
condensed matter physics. Analytical solutions can only be found in rare cases [1},2], ne-
cessitating the development of advanced numerical methods such as Density Functional
Theory [3,/4], Quantum Monte Carlo (QMC) [5-10], DMRG and other Tensor network
approaches [11-13], Dynamical Mean-Field Theory and its extensions [14-19], variational
(neural) quantum states [10},20-25] or various diagrammatic methods [26-31]. With the
use of these approaches the community gained insights into correlated electron physics,
e.g. by developing an understanding of Mott physics [32H35], (unconventional) supercon-
ductivity [36-40], the pseudogap phase [41,/42], magnetismand-, spin liquids [43-45] and
charge ordered states [46-48|. In recent years, a coherent picture has emerged for some
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single-orbital models, with a variety of numerical approaches producing consistent results
for ground state energies, mass renormalizations, etc. [49-51], which shifts the frontiers of
method development to more complex models and setups.

Going beyond single orbital models, it is natural to consider multi-orbital extensions
which are relevant for real materials. In such multi-orbital models, the complexity of the
orbital structure introduces new competing energy scales, as exemplified by the Hund’s
metals [52H56] which turn out to be relevant for a large variety of materials including iron-
based superconductors [54}(57H60], ruthenates [61,/62] and molybdates [63], to mention
a few. This more intricate local structure of the interaction tensor has profound conse-
quences for a number of numerical approaches, e.g. leading to a sign problem in some
QMC variants [64] and, in general, to a larger numerical cost. Thus, extending numerical
techniques to multi-orbital systems poses often not only an analytical but also a computa-
tional challenge which has to be overcome. Furthermore, approximations known to work
well in the single orbital case are not guaranteed to be equally adequate for multi-orbital
systems.

Numerical studies can provide guiding principles and insights into the microscopic
mechanisms behind emergent phenomena. However, in cases where the employed nu-
merical approach fails qualitatively or quantitatively, as for example in the case of some
iron-based superconductors where neither DFT nor DFT+DMFT predict correct Fermi
surfaces [65H67], it is important to extend the techniques and improve their accuracy. A
promising route for the study of correlated materials is to extend the formalism beyond
DMFT, which is a dynamical but local approach, by combining it with another numerical
approach which captures the effects of spatial and temporal fluctuations [14]. For this, two
different strategies have been considered in recent years. One idea is to include finite dis-
tance correlations in the DMFT itself, at the cost of a more complicated impurity problem,
as in the case of cellular DMFT [68-70] and the dynamical cluster approximation [71,72].
Alternatively, one can extend the locality-approximation of DMFT from the self-energy
to some vertex-functions, as done for example in TRILEX [18] and D-TRILEX [73,[74],
the dynamical-vertex approximation [17,|75] and other schemes [14}|76-78]. These ap-
proaches however typically require the calculation of local vertex functions, which is a
time consuming and challenging task for complicated models |79).

One very successful numerical method for systems with weak to intermediate cor-
relations is the two particle self-consistent (TPSC) approach [80-82], which was first
formulated for the single-band Hubbard model [83,84], and subsequently extended to
multi-site [8586], non-SU(2) [87,88], multi-orbital [66,89-91] and non-equilibrium [92,93]
problems. Furthermore, it has been combined with DMFT to extend its range of va-
lidity [94-96]. TPSC has been applied extensively to single orbital models [80,97-104],
for which it yields remarkably accurate results [50] at a comparably low numerical cost.
Its combination with DMFT does not require the calculation of a vertex, but only the
two-particle density matrix, which can be evaluated at much lower numerical cost. If
this methodology works reliably in multi-orbital systems, TPSC and TPSC+DMFT will
become prime contenders for the study of complex correlated materials.

Motivated by these prospects, we present and benchmark in this paper two different
variants of a fully self-consistent multi-orbital TPSC approach by establishing sum rules
taking into account the SU(2) symmetry of the system. This allows us to determine
all required two-particle expectation values (TPEV) from exact sum rules, overcoming
approximations that had to be applied in earlier formulations [89,90].

The paper is structured as follows: In Sectlon l we derlve the central equatlons of
multi-orbital TPSC from scratchand-analytie: tad-s : 5. In Sec-
tion we analyze a density-density interaction-only model analytically within TPSC,
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and point out potential pitfalls. In Section [3.2we analyze the effects of a strong Hunds-couplingHunds
coupling. Next, in Section we benchmark the accuracy of the self-consistently deter-

mined two-particle expectation values, by comparing the TPSC results to exaet-diagenalization
{EB)and-DMFT calculations. In addition, we compare the self-energy, spin and charge
susceptibilities to D-TRILEX and discuss the implications of these results for the
applicability of our TPSC formulations to realistic multi-orbitals models.

2 Multi-orbital TPSC

In this chapter we present two variants of the multi-orbital TPSC formalism. The deriva-
tion follows closely analogous derivations for the single orbital case . In the following
we will consider a general tight-binding Hamiltonian with local and instantaneous inter-
actions

H = to, 0, (1} - rg>c23, o (T5)coy 5 (T1) (1)

+ %11//:22’/;3%/0844/ 6231 Sg/ (7"/)61;4/ 84/ (TI)COQI,SQI (r,)col/,sll (r/)y

where {%WMannihﬂates (creates) an electron at orbital o; with spin s; at
the lattice position 7. t 71 — 73) is the hopping matrix element between two orbitals

at distance r1 — r3 and V51525354 ig the local interaction matrix element. All primed vari-
ables are summed over. As-For the rest of the paper we will work in the Baym-Kadanoff

formalism, thus the operators c r) acquire a dependence on the imaginairy time

C . We introduce the four vector 7 = (r, 1) as a short hand fer—al}ﬂerbeaepherﬂy
our notation, Furthermore, we define the anti-symmetrized interaction tensor

Volonouos = *P(fofff;’ff) (2)
where P is the anti-symmetrization o erator. From now on, we will work with the
antisymmetrized interation. In A we perform the analogous derivations startin

from a Hubbard-Kanamori type 1n5tead of a general anti-symmetrical interaction tensor

which leads to an equivalent set of self-consistency equations. We will restrict ourselves to
the case of an SU(2) symmetric model. To reduce the complexity, we rewrite the Hubbard

W@Wm terms of its even and odd SU(2)-transforming

components |1

51528384 __
V01020304 - U01020304581,53582,S4 - U010204035817845S2,53 : (3)

Lastly, we restrict ourselves to inter-orbital-bilinear type interactions [106] (still allowing
for intra-orbital interactions within this bilinear form), thus the spin independent interac-

tion tensor is-stmplified+to-simplifies to
U010203O4 = D01704501,03 602704 + 001703501704502703 + P01703501,02 503,043 (4)

where each of the contributions €

typeinteractionsare-givenby-is native to a dlﬁerent dla ram t D ﬁp}ﬂ-ﬁrp&n%er&eﬁerm
by-has the form of a resummation in the direct particle-hole channel C' and pair-hopping

proeessesby-has the form of a crossed particle-hole one and a particle-particle resummation
leads to terms of the form of P. TPSC can also be formulated without this restriction,
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however restricting the interaction allows for an easier understanding of the equations and
processes involved. < OEHS ts-si ified-fornt

The central equation on which TPSC is built #pen—is the equation of motion [80],
linking the product of the single particle self-energy and the Green’s function to the tensor
contraction of the two-particle interaction with a two-particle expectation value (TPEV);
whieh-ean—. The TPEV can then be re-expressed in terms of a generalized susceptibility.
For a derivation of the equation of motion, see Appendix [Al up to Eq. (79). With the
assumption of an SU(2)-symmetric inter-orbital bilinear-type interaction, the equation of
motion simplifies to

Sorol (71, TGl o (T, T3) = (5)

1
5 oi%l,bsjl,f;’//,il <TTCZ3, \S37 (Tl)COQ/ Sor (T1)004, ,S4/ (Tl )023,53 (T3>>

1
= 5Uou.0y.05.01 (Trch,, o0 (T1)Coys1 (T1)Coy s, (T1)Ch, 4 (73)) (6)
1
- 5U04/,02/,o1703/ <TTCI13/,54/ (Tl)cogl M (T1)604/,81 (Tl)clg,s;), (T3)>
= U04/ ,y09/,03/,01 <TTC(TJ3/,84/ (Tl)Co2, S1 (T1)004/ »Sy! (Tl)clg,sg (T3)> (7)
(Do 2 (Tchy o (71)6or (71 (P2)chy o (7) 0

N

+ COl ;037 Z <T7'CLS/ ySy! (Tl)CO;g/Sl (T1)001754/ (Tl)cl3,83 (T3)>

EN
+ P02/701 Z <T7'Cj)1,s4/ (Tl)coglsl (T1)002/754/ (Tl)clg,S'g, (T3)> > .
Syt
where-we-introdueed-d-as-ashort-handfor+—&—The factor of 2 eaneelling-canceling the

1/2 stems from applying the remaining crossing symmetry (exchanging in-going and out-
going indices at the same time), then swapping two operators and renaming summation

indices. The-operator-swap-resultsinthe1+—46—Furthermore, in the P channel the onl
contribution to the spin sum which is non-zero is s s’ due to the Pauli-princi

The equation of motion relates single-partiele-te-tweo-partielesingle-particle to two-particle
properties, which in turn are linked to three-partiele-three-particle properties. Therefore,
the set of equations is not amenable to an exact solution due to this hierarchical structure
of the equations.

Instead, we proceed by approximating the two-particle expectation values on the right-
hand side by their Hartree-Fock decoupling. However, to improve over Hartree-Fock, in
TPSC one introduces parameters for the prefactors which are chosen such that the local
and static limit of the two-particle expectation values are-exaetly—reeoveredfulfill exact
local susceptibility sumrules [80]. In the multi-orbital case this means that we consider

the limit 71 = 73, 01 = 03 and s; = s3. Technically, the choice of the Ansétze is completel

arbitrary, here we restrict ourselves to the cases in which the different interaction terms
do not mix. The Hartree-Fock decoupling reads-with the Ansitze introduced then reads

Soey (T TGO (T 7o) ®)
~ (ﬁijﬁjii(Giiijiii (T1371) G5 (T1573) — Goylol (T13T1) Golylon (T15T3))
+ GOy (Gotay (ris TGy, (T ma) = GOyl (T TGl (113 73)
+ P (GEL (T T GELSS (115 m3) — GELSL (11 1) GaL s, (715 7'3))) ;
where § = —s.
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One important thing to keep in mind is that TPSC will partially inherit shortcomings
of this underlying Hartree-Fock decoupling (we will discuss this in more detail in Sec .

On the other hand, from Eq. (8]) we find in the local and static limit
Soroy (T1,71)Golroy (T1,71) = (10)

(D04/701 Z <TTC‘|O‘4/,S4/ (7'1)004, »Sq/ (Tl)CZLSl (Tl)colysl (T1)>

Syt

- Col ,03/ Z <TTC;‘;3/,S4/ (Tl)cog/sl (Tl)cll,sl (T1)601,54/ (T1)>

G

- POQ/,Ol <T col 51 (Tl)coz/sl (Tl)cj;hsl (Tl)coghgl (T1)>> .

By combining Eq. (| . (110)) we obtain the explicit form of the Ansétze. It should be
noted that there is an ambiguity in the way we define the prefactors: we can either define

them as spin-dependent-orspin-independent-quantities—in-thelatber-objects depending
on one or on two spin indices. In the former case, we end up with three independent
vertices, while in the fermer-latter case, we end up with five. Inthefollowingwewillrefer
te-these—two—variants—as—(The ansatz proportional to P always depends only on a single

spin.) The origin of this ambiguity is the freedom of pulling the sum over the internal
spin in Eq. (8)) into the Ansatz (leading

(8 g_to TPSC3and-) or performing the Ansatz inside
the sum (leading to TPSCb;—respeetively). Whether both of these choices are valid in
the sense that no artificial SU(2) symmetry breaking is introduced has to be checked by
deriving the interaction vertex induced by them. Again we stress that there is technically
a much larger group of possible Ansétze due to the freedom of shifting contributions to
different interaction terms.

The spin-independent-single spin dependent TPSC3 Ansétze are defined as (fixing the
external spin to sT==%)s; =1)

D - <ng4n£1> + <n21n$4> (11)
04,00 — Hog,01
S, (noh) (ndy) — (nh7a,) (3ddy)

~ <n23 nj;l ) + <ng3¢,n£>

Co ,03 — Co ,0. ) (12)
o VS ) () — (0 o) (ndy0r)
P _ P <ng\2L01 ni/l:ol) (13)
01,02 — 401,02 3
<nt¢7’2¢,01> <n£2T,01> - <ng2,01> (nzz,01>

where we dropped the dependence on the single spin as the SU(2) symmetry of

all quantities on the right hand side implies XT = X+ (where X stands for an arbitrar
ansatz). In the TPSC5 case the explieitlyspin-two-spin dependent Ansitze read

- (ngingy)

D34751 — D 4" 701 14
ovor = Do ToZy ) — oy (moien) -

<n31733n33,51>
0511533 = C’01703 51,83 Sa,gf = Ss1 ) (15)

(105" (no7™") — (153 03) (NGH,01)

81,51, 51,51

P}l o, = Posor {fogtn Moo (16)

(oyor) (neyior) — (ohor) (Moor)

where-we-introdueed-theIn these equations, we introduced a short hand notation #s6:—=—¢6553 B oTaT
the-seecond-index—is—dropped—whenever—two—indices—are—identiealwhich allows us to dro

redundant arguments, i.e. nSl'52 = ¢l o (1.7)c 7.7) and
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M&MW@M In principle, the two approaches should yield compat-

ible results as long as the underlying assumptions of the approach are valid. Furthermore,
it should be noted that if the initial model contains no inter-orbial hopping between or-
bitals which are interacting, the renormalizations of P for both TPSC3 and TPSC5 as well
as CT¥ in TPSC5 are singular and thus the local and static limits cannot be captured in the
standard fashion. Therefore, the question arises on how to renormalize these components
in such a case. The first option is to stay at the level of plain Hartree-Fock {which does
not renormalize these couplings leading to an overestimation of their contribution}. The
second option is to use the freedom of the Ansatz and te-use-employ the same rescaling as
we use for the other components. In principle, as long as the trace consistency check (the
loeal-and-statie limit-of equivalence of left and right hand side in Eq. {8)(10) is fulfilled,
both variants are reasonable;—hewever-. However the former is expected to break down
rapidly at stronger coupling, while the latter maintains the Kanamori-Briickner-like scal-
ingofFPSE [80]. We will maintain the first variant for easier comparability with earlier
multi-orbital TPSC approaches

As is usual for TPSC, the unknown local and static TPEVs are determined
self-consistently. Specifically, the TPEVs are calculated from sum—rulessusceptibility
sum-rules, for which one requires the susceptibility, which we determine utiizing-using
the Bethe-Salpeter equation. The interaction which is put into the Bethe-Salpeter equa-
tion is derived as the functional derivative from the Ansatz equation — thus closing the
self-consistency. In order to obtain the wertextwo-particle interaction, see Eq. in
Appendix [A] one reformulates the equation of motion into an explicit equation for the
self-energy, as shown here for the case of TPSC5 (the equations for TPSC3 are obtained
by using the symmetries between the different components y:—of the Ansétze):

~ o / ! ~
$1,83 . _ 84551 54,84 . __ J)S3,51 (81,83 .
E017,03 (Tlv 7'3) = 57‘1,7'3 (DOZL,Ol Goﬁl,oﬁl (Tlv 7-1)581,83 601,03 D037’01 Golzo;; (7-17 Tl) (17)

~ / / / ~
81,53 53,53 . 81,83 £¥51,53 .
+ 001,03 G01:03 (Tla 7-1)551,53 - Col ,705 Goéiog (7_17 71)501,03

03,01 03,01 03,01 03,01

P GE R (T T80,y — PR GoLE (1137105100 ).

It should be noted that the self-energy we arrive at is purely spin-diagonal (due to the

Green’s function being spin diagonal) and X7 = S+t holds due to the symmetry of the

Hamiltonian which is inherited by the Ansatz.
The irreducible vertex in the direct particle-hole channel is defined as the functional

derivative of the self-energy w.r.t the Green’s function

00104 (T1,T4)

[S1525354
53,52 :
5G03 ;02 (7-37 7-2)

01020304(7-1’7-2’7-3374) = (18>
Therefore, the vertex contains functional derivatives of the Ansétze themselves which are
a priori unknown. The way to circumvent this-their appearance is to calculate the vertex
in the Pauli matrix basis , transforming spin into n = S°, §* = S', §¥ = S? and
5% = 3. The transformation between the Pauli (I'°° %’ ) and diagrammatic (I'51:5253:54)
spin space is defined by the Pauli-matrices—
o 1 . .
Sts7 »52,83,
F010203O4 (Tl? T27 T37 T4) = 5 Z 021,841121;220;3484 (Tl? T2’ T37 74)0%2,53 ° (19)
$1,52,53,54

Thus the irreducible vertex in physical spin space in—the—erossed—particle-hole—channel

3
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0%01%04 (T1,T4)

81,8 83,82 $2,83
b 45G03:02(T3772) ’

’ 1 . .
T ogon (T1, 72,73, T4) = 3 Z oy 0% 5, - (20)

$1,52,53,54

mm%%mm&mme Ansatze—Thus

pfep&g&tef—lewrw—\wﬂ%mteractlon from the self-ener iven in A here we
only show the final results of this calculation. For TPSC5 we ﬁnd that the 1nteraction is
determined by

§388 <1,
I_‘01020304 (Tl? T1,T1, Tl) = (501104 502703 <Dj)\3¢01 D23T01> + 601103 602704 DI4T01 (21)
+ 001,03002,04 (Cifozl - 021T04) + 001,04 002,03 Cg{To;;
+ 501,02 503704 Png’,iol .

In the case of TPSC3 this equation is further simplified to

5353 5 ~ ~
r (Tlv T1,T1, Tl) = P03701 501702503704 + C'01703502,03501704 + DO4,01504,026017037 (22)

01020304

which is again the standard form of the inter-orbital bilinear vertex. Notably, in-for TPSC5

we = bserve that D' and C'" do not appear independently in an
of the equations, meaning that we technically do not have five but only four independent

vertex components. We observe that both Ansétze fall into the required form of an SU(2

symmetric interaction, justifying a posteriori that we kept both possibilities. While for
the other diagonal spin components, the identical result is found, in the charge channel,

no cancellation of the functional derivatives of the Ansétze exists;-and-henee-, Hence this
vertex cannot be calculated frem—these—and-directly. Therefore, we have to resort to a
two-step procedure . The procedure is as follows: first one obtains the TPEV from
the self-consistent solution of the spin channel, while in a next step one fits the charge
channel vertex such that the sum rules derived below are fulfilled.

For the next step we need the susceptibilities. In an SU(2) symmetric system, the
Bethe-Salpeter equations decouple, enabling a separate evaluation of charge and spin sus-
ceptibilities, which substantially reduces the numerical effort . We obtain the spin
susceptibility as

5359 0,533 1
X01,03,02,04 (q) Xol ;03,097,041 (q) ( 1 FS3S3 0:53.93 > (q) ’ (23)
- X 0410,47,02,04

where we shuffeled index 2, 3 and 4 compared to the Appendix[Clto obtain an equation in
the form of a matrix-matrix product. The susceptibilities are then used to calculate the
required TPEVs, which read

(T T> (ninT>, (N ¢T> (nT nt ), <N ntt ). (24)

04 01 04 01 04,01 701,04 02 01 702,01

These are then—calculated by utilizing the orbitally-resolved sum rules of the susceptibility
given by

ZX01030204 Xo{€30204 - <T70413,324> - <0413> <524> . (25)
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Here, oo and 3 are either spin operators or density operators. For spin operators in a-an
SU(2) symmetric system (a13) has to be zero, so that we can drop the single particle
contribution in the following.

First, we rewrite the sum rule for the spin-z susceptibility

5353 G
01,03,02,04 = Z Noi03 0204 - 71310377,3204) (26)
=2 <n1103n2204 - nllogn\olf204> . (27)

by-By differentiating cases with pairwise identical indices :—we arrive at the following set
of equations

1=3=2=4 = 35 ., =20)—2]n), (28)
1=34£2=4 — S o = 2(nb nd —nl nb), (29)
1=4#3=2 = 3 =l (1-n)) =2l b)), (30)
1=24£3=4  =— S oros =2} f@nom) (31)

where we utilized the Pauli principle in the special case where all indices are identical.
However, these equations are not sufficient to fix all unknowns. To do so, we use the fact

that the susceptibility is SU(2) symmetric, i.e. Xslsl = XSQSQ = XS353. This allows us to

obtain more sum rules by evaluating the expression for the other components (note that
S1/2 means S! for the upper sign and S2 for the lower sign):

S1/2g1/2
Xor,03.00,00 = T ( I; 31 Co1T + Clﬁcow)( Z4¢COQT + CZ4TCOZ~L)> (32)

— & (el orteh, Cont) + (ehgorichyrcont) (33)
+ {c Z3¢001TCZ4TCO2¢> + <CZ3T001¢CZ4¢CO2T>> )

which, analogously to the spin-z susceptibility, are inspected for pair-wise identical indices:

1/2q1/2

1 - 3 7é 2 = 4 - thof?'oz,oz = 2 (:l:< \(l;llr \OL2> <nﬁ201n1102>) ’ (34)
1/2g1/2

1=4#£3=2 = X§1,02?02101 = (10,) +2 (:F< ﬁ ﬁD (n iQ Zl>) ’ (35)
Sl/2g1/2

1=2 7é 3=4 = Xo1,09,01,00 — 2< LN 0277%102) : <36)

Due to SU(2) symmetry, all expectation values with a 4 in front have to be zero. Thereby,
we have a system with four unknowns and six equations, which at first glance seems to
be overdetermined. However, one realizes that the limit 1 = 2 # 3 = 4 gives the same
sum rule irrespective of the spin-channel, thus leaving us with four equations for three
unknowns:

1=342=4 = 35—l nl —nlnt)=—2(m nl, ), (37

01,01,02,02 01 02 0201 70102
1=443=2 = x5 =2} (1-n )> 2(nd nb ) (38)

01,02,02,01 0102 0201
— Lt )
<n02> 2 < 02 01 .

These equations are not independent — as long as we fulfill three of the equations, the
fourth one is automatically fulfilled. Hence, the system is not over-determined and the
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TPEVs can be calculated as

S353

/”L —_—

<ni,2n'£1> _ < 02> >;017027027017 (39)
S$3.53
X ) ) )

(nb,nl,) = (nb,nh, ) + Sonosezes, (40)

S$353

T 1 _ X01,01,O2102 41
<n0102n0201> - 2 ) ( )
5383
X ) ) )

<nl%,02n£1,02> = 2 O; 2 ° (42)

In summary, the self-consistency loop consists of the Ansatz equations for TPSC3 (Eq. )
or TPSC5 (Eq. (14]15[16)), from which the vertex follows in the form of Eq. or

Eq. . The vertex in turn determines the susceptibility, calculated according to Eq. ,

from which the TPEVs can be extracted utilizing the sum rules (Eq. (39 42])). This

loop can be solved in various ways — in its core it is a minimization or multidimensional root
finding problem. Once a minimum is found, the TPEVs are used to determine the charge
vertex by fitting to the sum rules in the charge sector. These are derived analogously to

the spin sum rules and read for pair-wise identical indices:

(
(

Tl + nl n} > - <TL01> <n02> ) (43>

01'%09 01'%09

L (L =nl)) +2(nl0,n8,,,) (44)

0102"'Y0201
= (Mo102) (Noz01) 5

1=2 7& 3=4 = XnojogNojog — -2 <nT\L n$T > - <n0102> <n0102> . (45)

0102770102

1=3#2=4 = Xnyoynuye, = 2(n
1=4#3=2 = Xnyoynoye = 2(n

Since we have only three equations irrespective of the type of Ansatz we picked, this part
of the calculation is identical for both TPSC3 and TPSC5, as long as we fit a charge vertex
parameterized in the inter-orbital bilinear form.

In the following we analyze this approach both numerically and analytically and discuss
its strengths and shortcomings.

2.1 Differences to earlier approaches

Multi-orbital TPSC formalisms were already presented in Ref. [89] and Ref. [90]. Here, we
briefly discuss the differences between the proposed approach and these earlier attempts of
generalizing TPSC to a multi-orbital setting. First and foremost, the proposed procedure
here is fully self-consistent, i.e. no additional symmetry constraints have to be enforced
beyond the structure of the bare vertex. The self-consistent double occupancies seem to
cure the issue of negative components of the charge vertex - thus the internal consistency
check is fulfilled as long as both minimizations converge to a solution. However, utilizing
more sum rules complicates the numerical root search, so that the computational cost
of the present approach is higher. We include both the particle-hole symmetrized (see
App. [D) and the usual version of the Ansitze in our implementation. However, in this
paper, we only consider half-filled systems, so that the results between the particle-hole
symmetry enforcing and the usual Ansatz do not differ. Apart from these differences,
the sum rules utilized in Ref. [89] and Ref. [90] are a subset of the sum—rules-sum-rules
employed here, see App. [BI] and we checked that by constraining the equations we can
reproduce the previous results.
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U

Figure 1: Pictorial view of the prototypical two-orbital Hubbard model considered
in this work.

3 Benchmarking

Before benchmarking the appreaches-variants numerically, we will try to provide an ana-
lytical understanding of when the approach is suitable and when it it-is not. The model
models utilized in these benchmarks are variations of a multi-orbital Hubbard model,
where each site contains two orbitals, see Fig. [l The Hamiltonian of this model reads

H= " tc, conj+Hpx, (46)
S7<i7j>7o

where 7, 7 are lattice sites and o labels the orbitals at each site. Here we introduced a
Hubbard-Kanamori interaction, which has the following form

Unoll 0q/ + Z ( - 2J j; / 0 / (U 3J) Aill A§2/ (47)

01/7502/
AT 4 AToa AT AT 2 A
*Jcoll,TCONJCOQ/JCOQHT + Jcoll,TColl,¢602/7¢002/7T) .

We again stress that primed variables are implicitly summed over, here we made one of
these sum _explicit to catch the special case of equal orbitals. To extract the form of the
vertex components P, C and D, one first determines U, ;.05.00 Dy fixing a specific spin
configuration, e.g. TJ1), in the full interaction tensor Vo 'ziilor. In a second step we

utilize the Kronecker deltas in Eq. (4)) to decompose U into the components. The on-site
interaction is put into D. The three components read

D01704 =U — (1 — (501704)2J , (48)
C’01,03 - (1 - 601,03)J ) (49)
P01703 = (1 - 501,03)’] . (50)

If not mentioned otherwise, the two orbitals are not kinetically coupledand-, we set
= 1 and give all other quantities relative to ¢t. Furthermore;—the-The orbitals have
a coupling on the two-particle level due to the Hubbard-Kanamori interaction, which is
parameterized by the on-site interaction U and the Hunds coupling J. Such a model
and its variations have been studied extensively in former works , to which we
will compare our results. To analyze this model analytically, we consider two extreme
limiting cases, the one in which no Hunds coupling is present and the case in which the
Hunds-coupling is U/3.

3.1 Model with pure density-density interactions

First, let us consider the ease—ef-a—multi-orbital model described above with density-
density interactions only. FFor-the kinetie part-of the Hamiltonian-we considera-two-orbital

10
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W&%&fﬁhefmef&mrpgmassume half- ﬁlhng ie. =0.5 such that we have
one particle per orbital. Due to the absence of inter- orbltal hoppings the non-interacting

susceptibility has a block diagonal form:

X81,02,03,04(qa w) = G01O4(k’ V)G0203 (k —q,V — w) = 501,04502,03X0(q7w) ) (51)

where xX¢;w)x"(g,w)_is the susceptibility of the single-band-model—Inthis-medel-we

assume-respective single-band model, g is the momentum and w the Matsubara frequenc
Furthermore, we consider a pure density-density type interaction vmmmmtm—

(meaning-U) and inter-orbital (U’) Hubbard interaction (zero Hund’s coupling J):
Hint = Z Uni,ol,sni,og,E =+ (1 - 50102)Uni701,5ni,02,s . (52)

1,01,02,8

This interaction in combination with the kinetic term leads to a Vanishing Y0 so-that-we
i it i . Since J =0

there is no spin selectivity and we thus expect (ngnD (n0n1> Fﬁf&h&m since
U = U, there is no energy difference in-for double occupying the same or different orbitals,

and hence (ngnb = <ngn$> This also implies that the double occupancy <n0n0) should

decrease less rapidly with U than fer-in the case with U’ = 0 (which then is equivalent to
the single orbital Hubbard model). With this in mind we now turn to TPSC.

For a pure density-density interaction, the only non-zero Ansatz (TPSC3 and TPSC5
are giving identical results in this specific case, so we discuss TPSC3 here) is the one for
D:

- 2 (53101)

DO4,01 - D04,01 84 S1 S$184,,5481 °
234 NosMoy — Moj04M0s01

(53)

As we are at half-filling and have no inter-orbital coupling, the Hamiltonian is diagonal in
orbital space, i.e. (ch «,c = 0.500, .0295,.50-_Lherefore the denominator simplifies to

D ngingt — nisinsist = 0.5 — 0.256,, 0, - (54)

04'%01 010470401

The numerator is obtained via the Ansatz equations and thereby via the interacting sus-
ceptibility. Inserting the explicit form of the vertex derived from the Ansatz, as well as
the non-interacting susceptibility, we arrive at

1
Xo1,02,03,04 (@ W) = Z 501,03/501/,03X0(q7w) (A:> ) (55)
) 01/,02,03/ 04

017,03/

- DXO(q,W

where the fraction i

\
%d%d#ﬁ%f@%fbeﬂ%@%ﬂ% Q@%lmatmvwedto

invert reads in index notation

(i o DXO (q’ w)> = 501,03 502,04 - 601,03 502/,04/ D01702/X0 (q’ w)602/704502:04’ ’ (56)

01,02,03,04

which has a block diagonal structure. Utilizing that the inverse matrix of a block diagonal
matrix is again block diagonal, we arrive at

1
Xo01,03,02,04 (‘Lw) = 501,04602,03X0(q7w)m . (57)

11
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We note that the interacting susceptibility is identical to the one of a single orbital
model with the same renormalized interaction value. The only non-zero components of
the susceptibility are x1111 and x1221. Thus, from Eq. and Eq. it immediately

follows that (ngnD = (ngnb = (ngn$> as we expected from the arguments above. fa

Inserting these findings into the Ansatz equations yvields

B o) (1= doy0) + (n5,15,)
04,01

0.5 — 0.2505, 0,

= 4U (n) n} ) . (58)

Due to the symmetries we found, the right hand side is orbitally independent and gives the
same equation for the renormalized interactions as the sing i . This

@gwwmwmw&uw&uwm
considered model.

Therefore, in contrast to our expectations, the specific form of the susceptibility implies
that the converged TPSC loop will result in the same double occupancy as the one for
the one-orbital model. In other words, adding an inter-orbital interaction of the same
strength as the bare interaction does not make a difference for the double occupation
predicted by the method. This is in contrast to the physically expected result discussed
above — in the single orbital model in the strong coupling limit, we would expect zero
double occupancy. However in this-two-orbital model, different states in which no orbital
is doubly occupied and states in which a&%e%bf%als—&fegg\evggblv%@ doubly occupled are
degenerate in energykso the double occupancy should decay ;

To pinpoint what TPSC is missing in this case ;we-eensider-we go back one step and
consider a molecular system., Here, multi-orbital TPSC is essentially amounting to a small
correction with respect to the underlying Hartree-Fock treatment, meaning we essentially
benchmark the validity of the Hartree-Fock decoupling. The simplest such system we can

write down are two coupled dimers{2-site)forshich—ve-, visualized for a four dimer case
without Hund’s coupling J. The hopping ¢ again is set to 1 and U is varied. We

compare the results between ED and TPSC, or better said Hartree-Fock. The behavior
described above is reproducedas—expeeted, see Fig. [Zh. Further, since the susceptibility
does not gain any strong 7 dependence, implying that the frequency dependence also does
not change drastically, as shown in Fig. M@, we expect the vertex to be still
reasonably well described by the static limit. The questions therefore are, first, where does
the deviation stem from and second, why does this issue occur here but not in the single
erbital-single-orbital model?

Let us first answer the second question. In the single-orbital case we fix the local and

static expectation value-values to be the exact eneones as determined by the sum rules.
Crucially, the single site contains no further internal structure meaning that the exact
local expectation value is always proportional to the non-interacting one. Thus repre-
senting this expectation value locally by a renormalized Hartree-Fock expectation value
works, i.e., we can always get the correct value of the double occupancy by multiplying
the non-interacting double occupancy with a single number. Multi-orbital systems have
additional degrees of freedom, which enter the local and static contribution. We still ap-
proximate the TPEVs in Eg. (8) by a Hartree-Fock fashion—thus-as-decoupling. In other
m@ww%a single Slater-determinantwhieh-intrinsieally
is-conneeted-to-the non-interacting imit—Impertantly, However, the local Hilbert-space is

now spanned by more than a single wave-function and all of these states contribute to the
expectation value. Thus 1ntroduc1ng 1nteract10ns can fundamentally alter the structure
of the eige , wie-TPEV’s such
@m can dev1ate from a behav10r n\%mwrepresentable by the nen-interacting

12
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a) —— TPSC3 TPSC5 ==+ ED b) « SO * MO
0.24 1 0244 N 0.24 ~ 0.221 /\
S
022 1 e, 0.22 1 | 022+ R S 0211
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Figure 2: (a) Comparison between TPSC and ED at § =2 for different U at
J = 0. We observe the same phenomenology as expected from our analytical
analysis. (b) Time dependence of the density-density correlator for a single (SO
and a two-orbital (MO) two-site Hubbard model. No enhancement of the time
dependence is visible, and hence this cannot explain the larger deviation to DMFET
in the multi-orbital case.

onesingle Slater determinant from Hartree-Fock, which explains the issue we described in

the first question posed above. As an ﬂkusﬁ%&ﬁe&wplglm let us considering—a
dimer—consider a single di i ig. [1) at half- ﬁlhng with a Hubbard—

Kanamori 1nteract10n f= = xS

TPEV s—InTPSC-For simplicit let us call the two orbitals a and b The Hamlltoman
then contains only interaction terms and reads

H=Y Ul b+ ((U —2J)alid + (U — 3J)ns iy (59)
i€{a,b}

—Jéh sl ey + T éZ,TéZ,ﬁb,@m) :

This we can readily diagonalize in the subspace containing two electrons ([Ta.la): [Tatb)s

wda)s 1 Tas . Tulp)). We find three different groups of eigenstates: The first
one is three-fold degenerate with eigenvalue U — 3J and spanned by [T4,35). [{a.ds) and
(Fasded = [Tos da)) /2. These three states form the S =1 sector. Next. we do have two
W%WMMWWWMWW

lastly, a single eigenstate with eigenvalue U + .J 5

Therefore, in the absence of J all six eigenvalues are degenerate in the local problem. In

Hartree-Fock (and by inheritance in TPSC) only one of these threesix states is represented
by the Hartree-Foek-decoupling and the others are missed entirely (thus behaving like the

single orbital model in the absence of J). Thereby, the basic idea of TPSC, which relies
on ﬁxmg the local and static expectatlon values ﬁ@ﬂl@%ﬂ@@m breaks down

i ‘ due to the inadequateness
of Hartree-Fock. Furthermore, since this issue seems to be inherited from the Hartree-Fock
decoupling, which is central to TPSCand-thus—, there is no fix+te-simple repair for this
problem without fundamentally altering the structure of the method.

3.2 Analysis of the model with J =U/3

If J = U/3, the same-spin density-density interaction becomes exactly zero. This choice
is interesting, as it is the limiting case where the approach in Ref. and FPSGresulted
in-TPSCH show the best agreement compared to DMFT, as-is-shown-in-see Fig. |3} What
is the origin of this apparent improvement?

13
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First, we should note that this is not a magic value at which the appreachsuddenly
worksresults suddenly agree, but there appears to be a steady improvement with increasing
J. Second, we observe that for J = U/3 the same-spin interaction is exactly 0 and stays
at that value throughout the calculation in TPSC5. In TPSC3 this interaction will gain a
nonzero value, leadlng to the 1nstab1hty we observe in Fig. 3

Slnce we

%ke%eheéﬂfrll}g«ﬂ}—}ﬂ%hﬁtefmeéel»found in the last sectlon that the problems arisin
mthe Wﬁm%sm%gmw

degenerate-pair-at-U—F and-asingle-eigenvalue-with- U uestion arises whether we can
again understand the improvement as an inherited effect. To test this, we again consider

the half-filled dimer described above. The three groups of eigenvalues we found above split
with increasing J. Thus, while the point U = 3J is not special, the separation between the

excited state and the ground state sectors grows linearly with J. Furthermore, the S =1

subspace is kind-ef-special, as two states only contribute to a single TPEV ((ngnD) and
the other state essentially behaves like in-the single orbital model. Therefore, one should
be able to approximate the TPEV’s by a scaling in all components but the <ngn1) one,
which is incorrectly estimated because of the missing degenerate states. This is exactly
what is observed for both TPSC5 and in Ref. . Thus we conclude that in the end this
improvement is related to the structure and number of states determining the local and

static expectation values. Furthermore, the improved performance is entirely explained

by the improved performance of the Hartree-Fock ansatz.
From these observations, we can extract a guiding principle of when to expect TPSC

to work reliably in a multi-orbital setting and when not—: If there is a gap in the local
spectrum between the ground state and the excited states, TPSC should perform better
than when-if the states are close in energy. FurtherFurthermore, when analyzing the nature
of the states, we can extract which TPEV is expected to deviate strongly and which not.
This alse-indieates-that-thisspeetfie-part-of FTPSG-performs-betteratlower-temperatures
{sinee—it—is-basieallyis intrinsically tied to Hartree-Fock being essentially a ground state

targeting approach }—heweverwhich performs better at lower temperatures. However
the local and static approximation of the vertex becomes more and more inappropriate at

lower temperatures which is why TPSC typically fails at low temperatures.

In summary, the regimes in which multi-orbital TPSC is guaranteed to work well are
the weak coupling limit and a small region in which excited states do not contribute
to the local TPEVs (controlled by temperature and the gap), while the vertex still is
approximately local and static. The former criterion is accessible by inspection, while
the latter one is not clear a priori and requires other numerical simulations to be fully
gauged. Notably, the issue described above is partially resolved when starting from DMFT
TPEVs 95|, since fixing the double occupancies through an external source prevents

the negative feedback from a wrong starting point.

3.3 Numerical benchmarks

Keeping the above described shortcomings in mind, we are now exploring the range of
applicability of multi-orbital TPSC by testing the reliability of TPSC3 and TPSC5 through

14
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comparison to more accurate numerical approaches. In a first step, we exclusively aim at
validating the quality of the predicted TPEVs, as these form the basis for the TPSC
approach. For this we compare to both Eb-and-DMEF——

mwwm%wmmmwf
the approaches are exact, both methods have proven to be suitable for the considered

3.3.1 Comparison to DMFT - TPEV’s

As-a—next-stepFirst, we compare the results from TPSC to DMFT. For this, we consider
the same model as Ref. Whef&t%ki%ﬁ*edﬁné%h& which we already introduced

above, see Eq. ([46). The inverse temperature is set to 8 = 2, thus no sharp features
in_momentum_space appear. We run_the simulations on a 24 x 24 momentum mesh
and utilize the sparse-ir [110H112] to compress the single particle Green’s function with
winax = 30 and a tolerance of 107" for the singular values. For completeness, we also
include the results from the implementation proposed in Ref. (here named TPSC).
The DMFT calculations are performed using w2dynamics .

This-The considered model can be seen as a worst-case scenario as in the absence of
inter-orbital hopping the off-diagonal occupations are guaranteed to be zero. Hence, the P-
channel as well as the opposite spin C-channel (in the case of TPSC5) Ansatz equations
are ill-defined, making a renormalization of the corresponding vertices impossible. In
other words, the corresponding Hartree-Fock decouplings always result-results in a net-
zero contribution of these terms to the self-energy. Interestingly, even though the Ansatz
equations might break down, the derivation remains valid — we can still renormalize these
components, albeit in a less controlled fashion. We found that fixing the renormalization
of the channels to that of the one channel in which the Ansatz is not ill-defined works for
a wide range of parameters.

Both proposed TPSC approaches show promising results in the weak-coupling regime,
but the deviation from DMFT rapidly increases with stronger interactions. Assuming-that
the DMET results-are-aceurate;the- The error is largest in the absence of Hund’s coupling
and becomes smaller for larger J, as expected from our discussion above. In general TPSC5
seems to outperform TPSC3, even though both fulfill the internal consistency check in the
small to intermediate coupling region. Notably, there is no significant improvement in the
case of large Hund’s couplings when compared to the approach put forward in Ref. .
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Figure 3: Comparison between density-density correlations obtained with TPSC3
(green), TPSC5 (red), TPSC from Ref. (blue) and DMFT (pink dots) for
the two-orbital Hubbard model defined in Eq. at g = 2, for different U and
J values.
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Figure 4: Comparison of different self-energy components at the first Matsubara
frequency between TPSC3 (blue), TPSC5 (orange), TPSC from Ref. [90] (green

and D-TRILEX (purple) at different U indicated by different background colors
and J = 0.25U. The inverse temperature is fixed to 8 = 2.
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Figure 5: Comparison of the charge (upper row) and spin (lower row
susceptibility between TPSC3 (blue), TPSC5 (orange), TPSC from Ref.
reen) and D-TRILEX (purple) at different U and J = 0.25U at 8 = 2.

3.3.1 Comparison to D-TRILEX - self-energy and susceptibilities

In addition to the quality of the TPEV’s we can also test-the-asses the quality of interacting
charge and spin susceptibilities as well as the self-energy. In the following we will compare

our results to D-TRILEX «@—&g&m%e%results rov1ded by the authors of Ref [19]. For

this, we consider a model of the form of Fig. [1
where an additional hopping imbalance is 1ntroduced between the red and blue orbltals

H=— Z tac:;,s,z'ca,&j + Hpyk , (60)
a?<i7j>7s

with treq = 1 and tpye = 0.75. U and-Jfare-is in the following given in units of ¢,.q, while
J is fixed to 0.25U. To obtain smooth curves along the irreducible path without the need

for interpolation we enlarge the momentum mesh to 120 x 120. Furthermore, we compare
uantities obtained without analytical continuation to rule it out as a source of error.

We-find-that-both-TPSC-algorithms-everfunderestimate—thespinfehargeFirst, let us
consider the self-energy at the lowest Matsubara frequency (Fig. {4)). Qualitatively, all
TPSC variants agree with D-TRILEX at both interactions values considered. Quantitatively,
the TPSC results are not fully agreeing with each other which is some what expected from
the different formulations. We note that TPSC3 appears to be furthest away from the
D-TRILEX self-energy for this specific model, while TPSC5 and Ref. [66] appear to be

better agreeing,
A similar picture emerges for the susceptibility: all TPSC variants over(under)-estimate

the spin(charge) susceptibility in comparison to D-TRILEX, svhich-was-alse-foundinRefin

agreement with what was reported in Ref. . However, the overestimation is weaker for
TPSC5 and stronger for TPSC3. Most notably, the charge susceptibility is even strenger

more strongly suppressed than in prior TPSC formulations. This disagreement between
the TPSC variants is a consequence of the vertex having a different from. see App.
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which leads to problems in the absence of J, see Ref. [90] but better agreement to the
reference data at large J, see Fig. B

4 Gonelusion Conclusions and Outlook

In this paper we introduced two variants of a fully self-consistent multi-orbital TPSC ap-
proach dubbed TPSC3 and TPSC5. We analyzed the structure of the equations and
showed analytically that in the limit of vanishing Hund’s coupling the Ansatz equa-
tions result in the same TPEVs as for the single orbital model, which is unphysieal:
Furtherunphysical. Furthermore, we provided an explanation for this behavior in terms
of the equivalence between the Hatree-Fock decomposition and a minimization in terms
of single Slater determinants, highlighting that representing-the influences from many lew

energy-low-energy states onto the TPEVs-arenot-fullyreprodueible-local TPEVs cannot

be fully reproduced by a single state with modified prefactors. Furthermere—byBy con-
sidering the local Hilbert space we also provided an understanding of why the approach

performs better at larger J/U. Notably, this understanding allows to assess the expected
quality of the results from TPSC by inspecting the local spectrum. On a qualitative level,
we found that the TPEVs from TPSC5 outperform the ones from TPSC3 when compared
to DMFT. Fuarthermore—in—In the limiting case of J = U/3 the new variants do not
outperform the conceptually simpler but approximate approach suggested in Ref. [90].

While TPSC itself cannot be improved much without fundamentally modifying the
basic approach, the recently proposed combination of TPSC and DMFT [91}95] reselves
partiatlynot only partially resolves the issue of wrong TPEVs due to the Hartree-Fock
decoupling but also ensures the correct handling of correlations at the zeroth-order level.
Thus, in multi-orbital systems, the application of TPSC in combination with DMFT
appears as the most promising route to correct for the flaws uncovered in the present work
and in Ref. [91]. A major advantage of TPSC in this formulation is that no vertex needs
to be extracted from the DMFT simulation, which offers a numerically much cheaper
alternative to D-TRILEX and related approaches [14}19].
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A Kadanoff-Baym Formalism

In the following we derive the central equations for the multi-orbital TPSC approach,

following Ref. [80,90]. We will only consider objects with the same number of in- and
out-going legs. Therefore, we will stick to the definition that the first half of the indices
are always in-going legs, while the second half are outgoing legs. Furthermore, to keep the
equations more managable we will use numbers as a short hand for a collection of quantum
numbers 1 = (05,53, 71,71). A kronecker-delta in numbers is defined as the product of the
Kronecker deltas/Delta-distributions of the individual quantum numbers.

Our starting point is the Green’s function generating functional [113]

indieeswhere the expectation value over the sources is calculated with regard to the action
of the full system S. Primed variables are summed over. The external source field ¢ has
been introduced as a mathematical trick and at the end of the ealulation-it-ean-calculation

it_should be set to 0. The single-particle-single-particle Green’s function is obtained as
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the functional derivative of G with respect to ¢,

09[¢)  _ (TrS[@lcors (T1)chiss (T3)) (62)

i) =

0b0y 10 (T3,T1) Z¢|
= - <T7001,S1(7'1)Clg,53 (7'3)>¢ .

The subscript ¢ indicates that the expectation value is to be calculated with the source
fields added. With this, we perform a Legendre transformation givingus-resulting in the

vertex generatmg functional or Luttlnger Ward functlonal @[G]Whes&ﬁfs%deﬂﬁav&ﬁ

%eepﬂbih%y;(b G is the self-ener

51,8 09[G]
Zorlogi6(T1:T8) = G (T3, T1) (63)
03,01; )

which—is—+the—general form—of-In the next step, we derive the equation of motion and
through that obtain the Dyson equation relating the dressed Green’s function and the

deﬂveﬂfc—hef&fer—arbelf energy. Our startin omt is a general Hamlltonlan Wlth local and
static %We-eleeﬁeﬂﬁe%&eﬁeﬁs—qgw

H =155 (r1,m3)chy o (73)Cor 0 (1) + 5 SUgszassiel (r)ed, o, (1) (r)oy o (r) . (64)

01,02,03,04 703,53 04,54

In this case, the Heisenberg equation of motion reads-(in imaginary time) reads

37-5005,55 (T5, T5) = [H7 Cos,s5 (’l“5, 7_5)] (65)
- tiii ig// (T17 7"3) |:C23/ S/ (Tg)collasll (7'/1), 005755 (TS)] H (66)
QU [ehy s 0)6h () (7)o (), on o (75)]
= —tiiiiii’,i (r4:75) ({ehy sy (75): Con55(75) Yoy, (7)) (67)
U§11/l 522/, gg’/ gi// ([013/,83/ (7’/)024/ Syt (r/)7 005735 (T5)]602/,52/ (r/)colusll (rl)) H
- tii;’fgll (T17 T3)coll,81/ (7“/1, 7—5)603/ ,05 683/,85 51"3,1‘5 (68)

L r7S11,801,83/,541 t / T /
- 2U01':02’703/ 04/ ((003/,53/ (T )504/,05 584/75557",7‘5 - 503/,05583/785 57‘/,7‘5004/,54/ (T )

002/ Sor (r/)COll Sq/ (r/))H
- tzi; f)g (T‘ly 'r5)001/ N (’rh 7—5) (69)

817,891,83/,85 817/,891,85,83/ -|-
(UOI/ 047,031,05 UOI/ 097, 05,03/) 603’783’ (T’5, 7-5)002/82/ (T5, 7—5)001/,81/ (’I°5, T5) ’

_1°17>%2/:53/>%5
017,097,037,05

where we exploited-the-eressing symmetry-ofused that _the Hamiltonian commutes with
itself at any time to pull the time evolution operator out of the commutator. The
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time evolution operators are indicated by the subscript H on the respective outermost
commutator or bracket. Furthermore, we remark that in the case of an antl symmetrized
interaction U « '
have I' = U, where the prefactor o depends on the exact definition of the anti-symmetrization.

we

In the next step, we derive the equation of motion fer—of the Green’s functionasBy
comparing-with-the-Sehwinger Dyson-equation—we-extraet-, where we first have to perform

a partial time ordering such that the derivative commutes with the time ordering operator
for brevity, we will use numbers as a shorthand for a collection of all quantum numbers
whenever they all do share the same index, i.e. 1 = (01,81,71, T
~Z400,Grs = Or, ((TrS[lerc)) O(ry = 73) = (T Slleler) O(ms — ) (70)
= (0, T7-S[plerch) O(ry — 73) — (0, Tr-S[dlcher) O(r3 — 1) (71)
+ (Tr(ere] + cher) S[el) o(m1 — 73).
=61,3Z[¢]

m%ﬂwmwm@@%mmm
exponential and creation/annihilation operators partially, leaving out the time orderin
w.r.tA-which-wonldresult-in- the argument of the annihilation operator of the exponential.
We perform this fist for the first contribution

_ B d i _rm i1
<671T S[d)]Clc > - <T7'87'1e I T3/cs¢1/;3/cllcle Jo dTSC3I¢1/;3ICl/Cg> (72)
_rB d t _rm T
_ <T7-€ le 7'3/(:3(;31/;3/(31/ (87-1 Cl) e fO d7'303,¢1/;3101/ C§> (73)
_ B T T i
d . — !
+ <T7-€ le T3/CS’¢1/,3/81/ 57-é’7—1 |:C§/¢1/;3’Cl/, Cl] e fo d7'303,¢1/;3/61/c£>

= (T:508] (One1) ) — (T-S[elvacudh) (74)

The second contribution follows analogously and both of them can be recombined b
utilizing the time ordering. From this we directly find

1
Or,G13 = ~Z (T+-S[¢] (0r, 1) 03> d11G1r 3 — 013 (75)

Now, let us insert the equation of motion for the annihilation operator
S11,So1,831,S
0r, G = =Tl o2 o (Tech, o, (T1)Coyrsyy (T1)Coy sy, (T1)613,53(7’3)>¢ (76)
—tr10y G g — d11Gr 3 — 013 (77)

By setting the interaction and the sources to zero, we identify the non-interacting Green’s
function as

(G4 = (=0r,013 — t1,307, 7). (78)

Furthermore, we identify the self-energy as
Sovoy (T1, 1) Gob oy (71, 73) (79)

= T04 02 o on ATreh, o0 (T1)Copsyy (T1)Coy 5, (T1)Ch, 4, (73)) o
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such that we arrive at the following Dyson equation for the interacting Green’s function:
Gri=(G) 15— ¢31— 3. (80)

Note that due to the definition of the source-field term, there is an index swap in this
equation compared to all other quantities appearing on the right hand side of the equation.

to the generalized two-particle susceptibility, which is defined as te second functional
derivative of G[d]:

0G0y o3(T173)

E]
= <T7'Cj)3,83 (T3)CZ4,S4 (74)002752 (T2)001 381 (T1)>¢

- <T7001751 (T1)023,53 (7-3)>¢ <TTCOQ,S2 (TQ)CZ4,S4 (7-4)>¢ )

Xorog (T1..T4) =

(81)

while the two-particle vertex is given b

5221’84(7'1 T4)
D518 (g 7y) = ot =1 =~ 82
(71-74) = 5555 (3. 7) (82)

01..04

FurthermoreWith these definitions we obtain the Bethe-Salpeter equation connecting the
interacting and non-interacting susceptibilities:

5(G7LGy 5
o= CGrsCr) (83)
dp2 4
—1;0
_ 190Gy s) n oGz — b3 — 21’3/)G3/ ) (34)
L3 o 4 02,4 ’
1) ¢3/ 1+ 21/ 3/
& X1,2,34 = G117 ( ’5¢24 ’ )G3/73 (85)
02 3
=G14Ga3+ Gy ~Gy 3 (86)
02,4
(521/ 3/ 5G2/ 4/
= G14G Gy : : / 87
1,4G23+ G G 4 Ons 3.3 (87)
= G14G23+ G1,1/G3 301 30 47,2/ X2r 2,47 4 (88)
= Xl234 + X130 v 302X 204 (89)
=X 234+ X1330 T3 402X 0.4 4 - (90)

For numerical purposes it is often beneficial to reorder the indices such that the equations

can be written as a matrix-matrix product.
In an SU(2) symmetric system, we can utilizethat—thefurthermore use that all

occurring quantities are diagonal in physical spin-space, thus resulting in spin-channel-specific
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equations which read (pulling out spin indices from the numbers

.7 v
SUST 0 0 i j
Xio54 = (X284 X133 113 02 X2 2,40,4) 0%, 5,00, 4, (91)
57,87 _ 0,8%,8% 0;S%,8% 15%,5% 57,57
< X1234 = X1.234 T X1,3',3,1'F1',3',4/,2'X2/,2,4/,4 (92)
5089  0;80,50 0;5°,5° 150,50 50,50
S X1234 = X1234 — Xz 31l v 3w Xy 244 (93)

where S, S,. S, S, and S.S, are related by SU(2) symmetry and S° indicates the case in

which o' = 09, 5, = 0550

A.1  Self-energy
In the following we will derive the equations required for the level-1 self-energy and-Green’s

A o AW A o o
OlTar— PEAY P P acp C Od O O », G G

evaluation. For the following calculations, we assume an anti-symmetrized interaction
tensor

Eﬁi’,iﬁ (Tla T3) = gf/l:g;//:tfg/l:gi <T‘Fcl3/,33/ (71)021575/5 (7/5)002/32/ (71)004,,54/ (Tl)>¢ (94)
_1\5k,8
X (@) (74, 7s)
= Ul o2 0% or (Xobyod o or (T1,T1,T1, Tsr) (95)
!
—Go e (11, m1)Ge2 % (11, 75)) (Gil)zzzzz (15, 73)

047,051,037,01 \ X047,0.1,03/,041 (7-17 Ty Tl Ta’) (96)
zﬂ if)z,/:i‘g/:iz// (Ta’a T Td, Tb’)ngi :igj (7'17 Td’)(sob/,og 5sb/,53 5Tb/ T3
+ 504/ ,03 554/,53 67'1,7'3 Giii’,igll (Tb Tl) - Ggi; :f)zll (T17 7-1)5021703 552/,53 57'1,7'3)
= Usyylon o o1 (97)

( S47+8¢1,831,S g7 SalyScl ySql +S3 Sol Syt

_ 841,891,531 ,51 ( Sgl3Sel 383158

d
Xo4/,oc/,o3/,oa/ (le Ty T1, Ta’) 047,015,041 ,03 (Ta’a TesTdy T3) 091,041 (Tla Td’)

So/l,S3/
+ 26, o 0 GoZoy (T1,T1) ) -
) k) K )
041,039541,83071, 73T 09/ 03/( 1, 1)

y : | - bl : b  TPSC whichis il |

‘4 A ” [l e . . P}
: Sing s—in—Here, the pairwise

[ (e

eonsisteney—cheek—is-the—equivalencebetweenTPSC3and-FPSCElatter term corresponds
to the Hartree-Fock selfener while the former corresponds to the Schwinger-Dyson
equation.

A.2 Zeroth order Self-energy
Within TPSC the Luttinger Ward functional for an SU(2) symmetric model with local

initial interactions is approximated as

1

(I)[G] = 5G03/,01/ (7'/17 7/1)(2F01/02103/04/ - F01/o2/o4103/)G04/,02/ (7-/17 Tll) . (98)

For a diagrammatic representation of the Luttinger-Ward functional within the TPSC
approximation we refer the reader to Ref. [80] as such a representation is identical between
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single and multi-orbital. As discussed elsewhere {8096} [801/90,/91] such a form of the

Luttinger-Ward functional induces a local and static self-energy, which has to be accounted
for in our calculations. We recall the definition of the self energy

0D[G]
Yor,05(T1,T3) = m = (2F01,02/703704/ - F01,02/7O4/703)G04/,02/ (7'/1,7'/1)571,73 .

(99)

a—Notably, for general Hubbard-
Kanamori parameters, the shifts induced by such a self-energy term are nontrivial and
cannot be absorbed into the chemical potential, in contrast to the single band case. Fhis
Thus, the zeroth order self-energy corrects the non-interacting Greens-funetion-Green’s
function and needs to be included fertheeorreet-behaviorinecomparisontoED—in our

calculations.

B CemparisiontoED
B Alternative derivation starting from Hubbard-Kanamori

In this Appendix, we derive the central equations for TPSC assuming that the bare
Hamiltonian contains a Hubbard-Kanamori interaction and is SU(2) invariant. In this

special case, we start from a simplified equation of motion derived by Zantout et al.

see Eq. (5.323

S

Coroy (T1,T3)Go0 oy (T3, 73) = — Z Uoior (1104,5(T1)Co1,s(T1)ch, o(T3)) (100)

- Z os01 = Jos1) (T04,5(T1)Cos(T1)ch o(73))

04701

+ 3 o ({6 s (1) Cons (P10 s(T1) el o (7)) )

04701

+ Z ‘]04701 < 01 s(Tl)CO4 5(71)004 5(7'1) 13 S(T3)>> .

04701

In the derivation in the main text, the first two terms are encompassed in D, the third
one in C and the fourth one in P. We proceed again by performing a Hartree-Fock
decompsition:

S (T1 TH)GES  (Th T3) (101)

01,07/ 017,03

+ Z U04,01 Gol; 04 (Tla Tl)GLS)’ls,o?, (Tla T3)

+ Z 04,01 04701) (GZ4SO4 (Tl? Tl)GglsO:), (T17 T3) Gzlso4 (T17 Tl)GijoS (Tla 7-3))

04701
§ : S,5 S,8
=+ J04701 G01,O4 (Tl? Tl)GO4 03 (Tl? T3)
04701
S S
=+ § : J04701 04 01 Tl? Tl)GO4 03 (Tl? 73)

04701

!
. . S,S
where we introduced the Green’s function as GS°,.(T1,73) = (¢ (T Co;.s(71)). The

next step is to introduce Anséitze such that the equal-time, equal-position limit is exactl
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recovered (o1 = 09 and 71 = 79). Here we have the freedom to regroup terms for the
Anséatze either such that the Green’s-functions do match (which is the form written
above), or such that the prefactors do match. The former corresponds to TPSC5, the

latter corresponds to TPSC3. As a reminder, we use the same short hand notation for

. . . . . . S1,S
redundant indices we introduced in the main text, i.e. ngl'p2 = CI) T,7)C 7,.7r) and
51 51731 T
n’l = n, =c T,T)C T

case, we introduce

In the first

B8 (11, TH)GES (5, To) ~ (102)

01,07/ 017,02

- Z d04,01 GOZL7O4 (T17 Tl)Gzlsog (T17 T2)

- Z 504701 ( 04 04 (Tla Tl)Gcsn 02 (Tlv 7-2) G21504 (Tlv Tl)Ggll 09 (T17 7-2))

04701

+ Z ’?04,01 Giﬁm; (7-17 Tl)GgiOQ (T17 T2)

04701

+ Z 504,01G§f,01 (Tl’ Tl)Gf)f,OQ (Tla 7-2)7

04701

where the Ansitze are defined as

(104,5(T1)10, 5(T1))
71345704”01,01
(N04,5(T1)N0, 5(T1))
/804,01 = ( 04,01 J04,01)ns,s 04;5 Olsss 5,8 (104)

04’04n01701 n01704no4’01

; (103)

Qo4,00 = UO4,01

T T
C T C T C T C T
’3/04701 JO4701< 04, s( 1) 04,5 ( 1) 01,8 ( 1) 01,8 ( 1)>7 (105)

nol ,04 n04 ;01

f t
= Coy 5(T1)Cos,s(T1)Co, 5(T1)C00,s(T
504701 _ JO4’01< o1, s( 1) 04, s(ssl) 08485( 1) 02,8 ( 2)> (106)

Noy,01Mox,01

Here, we identify the Ansitze from TPSC5 by comparing the equations, i.e. D =
DTi—CTi—B C™ =3 and P = 6.

For the second type of Ansatze, we first regroup all terms with U as prefactor together
and two of the J terms such that we arrive at

Soroy (T1, T5)GEY 4, (5, T2) & (107)

01,011 041,02

- Z €04,01 (Z - 501,045 )Gg4804G(8)’15,02 (Tla 7-2) - (1 - 501,04)G§1504G34502 (7'17 7'2)>

Sl

+ Z X04701 (Z Golso4 Tlle)Ggioz(ThTQ) - Gcs)4 04(T1371)G(s7ﬁoz(7-1a7-2)>

04701

+ Z ¢04701Gg5,01 (Tla Tl)Ggf,oz (Tlv TQ)a

04701
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where the Ansitze are defined as

(1 = do1,04) (104,5(T1)N01,5(T1)) + (N0y,5(T1)M0,,5(T1))

€04,01 = Uo4,01 S’,S’ 5,8 5,8 5,8 ) (108)
Zs/ Toy,04M01,01 — No1,04T004,01
s g Aneus(m)nens(T1) + (b, s(T1)eous (T1)cor,s(T1) by (7))
Xoa,01 =(1- 01,04) 04,01 95 s 55 58 )
Zsl No1,04M04,01 — Noy,04M01,01
(109)

T |
- C,, 5(T1)cC T1)Cou5(T1)C T
Voso = JO4,01< 01,8( 1) 04,5(551) 24;5( 1) 02,3( 2)> (110)

b
Noy,01M04,01

Here we can identify the Ansatze from TPSC3 b

reproduce their Ansatz equations, we have to take the equations deried for TPSC5 and fix

both CT+ and P to the non-renormalized Hund’s coupling. Furthermore, the interaction
has to be constrained to_

TSt = Sonondonos (Do, = DIy + €] (111)

01020304 04,01 04,01 04501)

11 ~
+ 001,03603702 501704 + P03701 501,02 503,04 ’

i.e., we need to neglect the contribution of the same spin terms to the orbital combination

903,02901.04:
Comparing

Hund’s coupling terms is introduced. Thus again we have to constrain the interaction
accordingly. In both cases, the utilized sum rules are a subset of the ones we employ.

C Derivation of the interaction from functional derivatives

In the following, we will derive the interaction vertices directly from the functional derivative
of the self-energy. Since TPSC3 is formally a special case of TPSC5, we will stick with

the spin dependent vertices and evaluate the special case in the end. Before starting, we
note that formally, we can rewrite the Ansétze in equilibrium utilizing SU(2)-invariance

Dot = e ol i)
7 ((nog) + (o3))((n61) + (n61)) — ((Noros) + (Morl0s)) ({Toslo1) + (Moglor))
o e b sl L e —
T (™) 4 (o)) (o™ ) + (o)) — (Mo ,04) + (101,04)) ((M03,01) + (M0 ,01))

81,81, 51,51
(Noyor Moglo1)

ngingt) + (nging1))

ps1  — P _ 0 .
Lo I LY (R3La) — (ndh o) (NSh0r)

By rewriting the Ansétze like this, we make it transparent that they are symmetric
functional of G° under the exchange of GT and GY. Thereby, we explicitly find that

§X77 X
6Go—// - 5G6./l

(112)
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holds in the limit of zero external field, which is the limit we are ultimately interested in.
This we will use later to argue that all terms proportional to functional derivatives of the
Ansitze do cancel.

The starting point for the derivation is the definition of the self-energy in terms of the
Ansétze

rones (7'1;7'3) = (57'1 T3 <D84781GS4784 (7-177'1)531,53501,03 D53781G51783 (Tl;Tl) (113)

01,03 04,01 04 o 03,01 ~ 01,03

S1 83 83 83 51,83 51,83
001:03 G01i03 (Tlv 7_1)651783 - Col 703 Go ’o (Tla T1)501,03

03,01 03,01 03,01 03,01

S1,5 51,5 . S1,5 S1,8 .
P 1,51 (151, 1(7’1,7’1)551753 P 1,51 (351, 1(7’177'1)(551’53).
The vertex in Pauli-matrix spin space is given as

i 1 ; Ieloh T1,T1) 4
Potmosor (T1 T2 T T) = 5 Y o oroi(T171) (114)

51,8 53,52 52,83 °
1, 4(5G03:02(T3,T2) ;83
$1,52,53,54

Before the explicit calculation, we recapitulate that all Ansatze obey the following symmetries:

xb = xbband X+ = x (115)

Furthermore, they are Hermitian (Xt = X) and real. These properties further imply that
the self-energy obeys »51%2 = ¥§ . Therefore, we have only two distinct cases defined

by different spin alignments in the denominator and numerator. First, let us focus on the
case S' = §7 = §3 for which we have to evaluate

(71,72, 74, 71) = 0104(71’T1)— ciod(T1,71) (116)

FSZS]
6GH oy (T3, 72) 0G0y (13, 72)

01020304

To make the derivation more manageable, we perform it term by term, thus leaving us
with six contributions from Eq. . The first contribution reads

6 (D3 ot (i) 5 (D3 G (T
— Yo1,04 - - + 501,04 = L (117)
6G03 02 (7-37 7-2) 5G03 02 (TSa 7-2)
Syt NN 34/7\L
= —Goy.00 fo’j“ (T1;71) 5D04’ 2 - TiD 24,01 (118)
v 5G03702 (7-37 7-2) 5Goé,og (7-37 7-2)

5G84’S4 (7’17 T1)
5G03 09 (7-37 7-2)

= 0r1,75071,74001,04002,03 (ng,ol - DgéT,ol) . (119)

Here the first term in the second line vanishes due to SU(2) symmetry. Note that if we

would have spin-orbit coupling the time-reversal s mmetr Would not lead to a cancellation
of this contribution, in contrast to the sing . The second contribution

™ 84/,T Syt J,
- <D04/701 - D04/ o1
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reads

6 (Dl Glloi(rism)) 8 (Dbt Glifos(r1i70))

— (120)
5G£’3T,02 (13,7T2) 5GZ§T02(T3, T2)
= 001,03902,04071 72 571,T4DIQT,01 (121)
+ GZ;TO4 (Tl; Tl) T me - 1T o

6Goé,02 (7-37 7-2) 5Goé702 (TS, T2)

= 6‘1’177'26T17T4601703602704DIZ;T,01 . (122)
The first terms proportional to C reads
6 (Comaasy (rim)) o0 (CRHGHEY (rim) -
. + 123
5GHToy (T3,T2) 5GHToy (T3,T2)
= _501,03502,04571,7'2571,7'4(Cg{Tm; - Cgﬁo;;) (124)
o 0C318, 0C518,
— Y01,04 (7-177-1) 1 - s .

5Go§;,02 (7-37 TQ) 6Goé,02 (7-37 7-2)

= 0ry,75071,74001,05002,04 (Cg'iTOAL - 0211,4) ) (125)
the second term
5 d (égﬁog/ GZ;T,OS/ (71 7'1)) d (C%{%os, Gg’;,oS, (71 7’1)) (126)
+ 01,0. — VYo1,0 126
o SGI oy (T3, 72) o 8G Y oy (T3, 72)

= +501704 50270357'1,7‘2 67'1,7'4 Cl\{Tog, (127)

sCit,, 5C5Yon,

+ 01,00GE Y o (T15T1) 3 - S

P00 SGh oy (73, 72)  6GHT oy (73, 72)

= 57'1,7'2 57'1,7'4501,04 502703 égfosv ) (128)

while for the terms proportional to the P Ansatz we find (for this the second term drops
out due to the spin off-diagonal component of the Green’s function being 0

BT )
- <5GT§P(4’T31 ) 5GZ§ZO(4:;, Tz)) (Gl (miim) = Gl trir) - (129
B <5G£f,ol (ti;71)  Goloy(T1571) ) prd (130)
6GZ§T02 (13,7T2) 5GE;IOQ (13,7T2) onot
= Or1,72071,74001,00005,00 P, - (131)
Putting everything together we find
Fgfogso;3,504(7'1,7'2,7'1,7'4) = 6251%3 (71, 71) - 52%71%3(7-177-1) (132)
0Goy0y(T3,T2) 0G0y 00 (T3, T2)

= Oryiradrirs (onoidonon (Dlifor = Dllor) +dovonbonon Diloy (133)

+ 601,0300,01 (Calloy = Ch1o,) + 0o1,04000,0,C1 (134)
+Gor,02003.01 Pty ) (135)
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To get the vertex for TPSC3 we have to set DT = D™ and O = O™ = C. Here, we
have to keep in mind that only DTV contains contributions for equal orbitals.
3 Q3. ~
Ffuioﬁm; (Tla T2,T1, T4) = 5"’1,7'25‘1'1,7'4 (501704602,03D03701 (136)
P,

+ 601704502703001703 —"_ 501102603704 03701> N (137)

D Particle-hole symmetric Ansatze

In the following, we will explicitly derive the particle-hole symmetrized Ansatz equation.
To this end we recapitulate the ansatz equations from TPSC5H

Disi=D i) (138)

’ =

ovon = Dovon Tty ) — (mavn) (o)

~ (nf)}l’s“nf,‘i’sl)

Corss = 139
oot = o T ) — (o) (] 1
DS1 _ <ngzllbsll ngzll32> (140)

01,04 P01704 S1,51 51,51 51 S1 :
(Nosor ) (Nosor ) — <n04,01> <n04701>

The symmetric version of the Ansatz equations of TPSC3 is obtained by performing the
sum over sy in both the enumerator and the denominator.

To obtain a particle-hole symmetric set of Ansétze, we explicitly average the usual
Ansatz with their particle-hole transformed counterpart ¢! — ¢ and vice versa. This results

n_

~ D (nSinst)
Dist = 2 (o e ()
2 (no) (noy) (no104) <n04701>
) (1= ng2)(1 — ) )
(1 —mnoy) (1 —mngy) — <581,84501,04 - nziiﬂ <581784501704 - nf)i’,ii) ’
6‘181784 — C'01704 < — S<n§411’84ng§781> (142)
Lo 2 \(nos™") (noy™") — (not,04) (Moh01)
+ <(5s1,54 B ng}i’84>(551784 B ng§,81)> )
<531,54 - ”3411754> (551734 - nf{f’sl> - <601,04 - ng§,04> <501,O4 - ng}1701> ’
Ps1 — P01704 ( _ gnzi;fllnzzlli‘;b (143)
oo 2 \(nogor ) (nogor ) — (Moy.01) (Nok,01)
N (noto!noyior)
<ng4115911> <n2z1170811> - <501,04 - ngzll,m) <501,O4 - ng}lﬂl) 7

These modified Ansatz equations should be used whenever one studies a particle-hole
symmetric system.

E Comparison to ED

In this appendix, we compare the results from TPSC with ED. Due to the restriction
to finite-size systems in ED, this is essentially a comparison of Hartree-Fock with ED
since the fixing of the local double occupancies only gives minor corrections on top of
Hartree-Fock. This comparison is complementary to the analytical considerations in
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Sec. B.Il There, we traced back the breakdown of TPSC to the incorrect description

of the local thermal expectation values by Hartree-Fock. To emphasize this, we show data

at lewer-temperatures—which-two temperatures S = 0.5¢,2t. These results demonstrate
that the results improve at lower temperatures since the Hartree-Fock approximation be-

comes more reliable, see Fig. 276l Furthermore, by reducing the filling we also find better
agreement with ED in the dimer case, see Fig. [7h, while adding an-a kinetic inter-orbital
coupling at half filling does not improve the results, see Fig. [7p.

The model we study is again akin to Fig. [I] and its Hamiltonian is given b

H= Z t(cg,s’CLS' + CJ{,S’CO,S') + HE ) (144)

(o

where we use the same Hubbard-Kanamori interaction as in the main text, see Eq. .

As in the main text U and J are measured in units of ¢, which is set to 1. We consider the

weak coupling limit in which TPSC Hartree—Fock should ive the correct leading order

The results for all three methods as a fnctlon of U and J are lotted in Fi .

3 s 3 s
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Figure 6: Comparison between TPSG-TPSC3 (blue), TPSC5 (yellow) and ED
red) for the model defined in Eq. (144) at #=-25 = 0.5 on the left and
on the right, for different U &E%—G—&t—q&&%er—ﬁﬂfﬂg—épaﬂe}—a%and W&f&h

an—inter-orbital-couplingof unit-strength—{panel-b}J combinations. Fer—these
eomparisons-we-We include the zeroth order self-energy eerreetionin both TPSC

variants.

Both TPSC3 and TPSC5H show indeed the correct leading order behavior for all TPEVs
irrespective of the ratio of U and J. Furthermore, we observe that TPSC5 performs

significantly worse when .J becomes unphysically large, while TPSC3 stays much closer to
the ED result. The TPEV do match well between TPSC3 and ED throughout the whole
range of examined parameters. In general, the deviation is strongest in the pair-hopping
we_stay in the weak-coupling regime, these benchmarks have no direct implications for

applications in the strongly correlated regime.
To complement the results presented in Fig. 2l we show the same comparison of ED

and the TPSC variants at lower filline (upper panel) and with additional inter-orbital

kinetic coupling introduced in Fig. [l The results do qualitatively agree with Fig. As
expected, the TPEV are closer to ED at lower filling.
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a)
— TPSC3
0.06 A 0.06 A
0.05 1 0.05 1
0.04 1 (no. 170, 1) 0.04 1
0 1
u
b) = TPSC3
0.25 0.25
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......... 0.150 1
0231 0231 -
’ 0.125
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Figure 7: Comparison between TPSC and ED at 8 = 2, for different U at J =0

at quarter filling (panel a) and Jeombinationswith a kinetic inter-orbital couplin
of unit strength (panel b). For these comparisons we include the zeroth order
self-energy correction.
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