
Anharmonicity and third-order elastic 
constants in silicon



A  finite Grüneisen parameter implies asymmetry between atomic displacements at the crest (expansion) 
and trough (compression) of a longitudinal lattice vibration. 

Fundamentally , this is a consequence of the anharmonicity of the interatomic (Lennard-Jones) potential.

crest

trough

Interatomic potential

Atomic displacement

Harmonic
Anharmonic



One way to quantify anharmonicity is to look 
at higher order elastic constants
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Harmonic and anharmonic cases
Harmonic

𝜂𝑐𝑟𝑒𝑠𝑡 = 𝜂𝑡𝑟𝑜𝑢𝑔ℎ = 𝜂𝑎𝑣𝑒𝑟𝑎𝑔𝑒

Anharmonic

(𝜂𝑐𝑟𝑒𝑠𝑡−𝜂𝑡𝑟𝑜𝑢𝑔ℎ)/𝜂𝑎𝑣𝑒𝑟𝑎𝑔𝑒 ≈
𝐶𝑖𝑗𝐾

3 𝐶𝑖𝑗

The ratio of third-order to second-order elastic constants is a measure of anharmonicity!



Elastic constants of silicon in GPa
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Average:338 GPa 

Average:103 GPa 
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How anharmonic is silicon?

(𝜂𝑐𝑟𝑒𝑠𝑡−𝜂𝑡𝑟𝑜𝑢𝑔ℎ)/𝜂𝑎𝑣𝑒𝑟𝑎𝑔𝑒 ≈
𝐶𝑖𝑗𝐾

3 𝐶𝑖𝑗
≈ 1.1



How anharmonic is silicon?

Its Grüneisen parameter is of the order of unity! 𝛾𝑖 =
𝜕𝑙𝑛𝜔𝑖

𝑙𝑛𝑉
≈ ~1
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