Dear editor,
The referee’s main complain is that equation (5) of our manuscript

Ea/\5§€a+E¢/\5§(p:dN,

does not follow from (2), (3) and (4). He/she acknowledges that (5) is correct, but
states that it follows from an entirely independent calculation that involves integration
by parts of the products of the equations of motion and the gauge transformations of
the fields and the use of the Noether identities.

Indeed, if one wants to find the explicit form of N, one has to follow exactly that
procedure: take the Lh.s. of that equation and integrate by parts all the terms involving
derivatives of the gauge parameters until one obtains an expression that involves terms
linear in the gauge parameters (and not involving their derivatives) plus a total deriva-
tive, dN. The term linear in the gauge parameters vanishes because of the Noether
identities and only the total derivative dN survives.

While in simple cases the Noether identities can be easy to check by hand, the
question is why there is always a Nother identity that cancels the term linear in the
gauge parameters in any gauge-invariant theory. Our derivation, which we are going
to explain in detail, is basically the derivation of the second Noether theorem that
proves (5) in general, although, indeed, one has to do the calculation outlined by the
referee in order to finf the actual value of N.

First of all, (2) is a general expression valid for general, arbitrary variations of the
tields and it should be clear that (4) follows from it by using the particular transforma-
tions Jz in it. (3) is the starting assumption that we have a g.c.t.-invariant action.

Now, the main observation is that the r.h.s.s of (3) and (4) are equal, because they
are both equal to JzS|e, ¢]. Thus, combining (3) and (4) we arrive at the identity

/ {EsNdze" +Ey Nz +d [O(e, ¢, 0z¢,0:¢) +1:L] } =0,
which is satisfied off-shell for any ¢ and, more importantly, independently of the inte-
gration domain, which leads to
Eo A dge® +Ep Az = d [—O(e, ¢, 0z¢,6:¢) —16L] .

This identity implies that, if we integrate by parts the Lh.s. as discussed before and we
rewrite it in the form

E, A oge” +Ep A Ozp = Npl® +dN,

the term linear in ¢ must vanish on its own, off-shell, for any ¢ because the whole
expression must only be a total derivative, as the r.h.s. indicates. This leads to the
¢-independent Noether identities



and to (5) in general.
Then one gets

AN = d [—O(e, ¢, bz¢,6:¢) —1¢L] ,

which implies that N and —©(e, ¢, dze, Og P) — 1zL differ by a total derivative which is,
precisely dQ[¢]. The difference between these two objects is what we call, by definition,
Noether current J[¢] and we have

JIE] = N+ O(e, ¢, 0ze, 6z ) +1:L = dQI[{] .

Thus, (5) follows from (2), (3) and (4) in general, guaranteeing the existence of N.
The procedure mentioned by the referee is necessary to obtain an explicit expression
for N.

We intend to explain better this point in the new version of the manuscript extend-
ing the discussion on the lines of this answer.

Yours, sincerely,

Matteo Zatti (corresponding author)



