
Responses to Referee 2 

We thank the referee for the report and supporting the manuscript for publication after some minor 

changes. Below, we respond to the comments and suggestions from the referee.  

1. The referee compactly summarized our key results, giving us confidence regarding the 

clarity of the presentation. We cite Phys. Rev. B 99, 081103(R) (2019) as Ref. 63.  

 

2. Indeed, the original SSH model is captured by the form proposed by the referee. However, 

the form of the SSH model we have discussed in Sec. 3.1 is unitarily equivalent to its 

original version. Hence, these two representations describe the same model and lead to 

the same topology. We clarify this issue in the revised manuscript.  

  

3. There was a minor error in Fig. 2(a), which gave the impression that the spectrum is not 

particle-hole symmetric, as spotted by the referee. The x-axis did not encompass all the 

eigenvalue indices (n), causing this confusion, which we now fix. 

  

4. At no point, did we claim that we are proposing NH topological models that are devoid of 

any NH skin effect for real, imaginary, and complex eigenvalues. Our goal is to find a class 

of NH topological model Hamiltonians that are devoid of NH skin effect. And we 

successfully accomplished this goal, as exemplified by many cases. In the “Discussion & 

outlook” section, we now mention that in the future it will be worthwhile extending the 

present discussion to include NH topological models that possess complex eigenvalue 

spectrum but are still free from NH skin effects.   

Changes in the revised manuscript (shown in BLUE):  

1. We now cite Phys. Rev. B 99, 081103(R) (2019) as Ref. 63. 

  

2. We state the unitary equivalence between our chosen form of the SSH model and the 

original one available in the literature (Refs. 82-84). 

  

3. We replace Fig. 2(a) such that the eigenspectrum is particle-hole symmetrical.  

 

4. In “Discussion & outlook” section, we propose an extension of the current work to include 

NH topological models without the NH skin effect as a future direction.  

Responses to Referee 1 

We thank the referee for the report summarizing our key findings, thus giving us confidence 

regarding the clarity of the presentation. Below, we respond to the comments/criticisms from the 

“Strengths”, “Weaknesses” and “Requested changes” section of the report.  

1. In response to the comment “Have addressed … greater than 1”, we want to point out that 

we have addressed the issue in one dimension as well. See Sec. 3.1.  

 

2. We strongly disagree with comment no. 1 from “Weaknesses”. All Altland-Zirnbauer 

topological phases are described by a massive Dirac Hamiltonian. Upon adding discrete 

symmetry-breaking Wilson-Dirac masses to it, we realize the higher-order topological 



(HOT) phases. For all these cases, our proposed “general” principle of construction yields 

their NH incarnations, devoid of NH skin effects (NHSE). 

 

3. Whether NHSE is a novel phenomenon or not is a matter of perception (comment no. 2 

from “weakness”). But it always masks standard bulk-boundary correspondence. Hence, 

finding NHSE-free NH topological operators, featuring conventional bulk-boundary 

correspondence, is a subject of pressing importance, which is the motivation of the current 

work, as stated categorically in the Introduction. 

  

4. In response to comment no. 3 from “weaknesses”, we expand Appendix C on the 

discussion of a topological invariant. We add a couple of sentences on the future research 

related to NH superconductors free of NHSE “Discussion & outlook”. 

      

5. We staunchly disagree with the comment “… have not provided any general principle or 

formalism of construction” from the “Requested changes” section. Instead of repeating our 

arguments once more, we request the referee to consult our response no. 2 above, which 

clearly shows that our work presents a general principle of constructing NHSE-free 

topological models for any Altland-Zirnbauer symmetry class.   

 

The generic absence of NHSE in all our models rests on a simple principle. Either they do 

not break any crystallographic symmetry (for first-order topological phases) or do not 

break any new spatial symmetry that was not already broken at the Hermitian level (for 

HOT phases). Then, in Appendix B, we present an example where due to the lack of 

spatial symmetry NHSE shows up, to strengthen our claims even further. But tabulating 

the broken spatial symmetry and the nature of the resulting NHSE in different dimensions 

have never been the goal or motivation of this work, and it goes far beyond the goal and 

scope of the present work. This is the subject of a separate investigation. 

       

6. The statement “Typically, NH operators display skin effect …” is self-justified considering 

the references appearing at the end of this sentence (Refs. 52-79), as almost all the 

models from those papers show NHSE, following the textbook definition of the word 

“typical”. We strengthen the statement by mentioning that this statement is true in the 

context of NH topological phases of matter. 

  

7. We agree that NH operators without NHSE were studied in various contexts before NHSE 

was discussed in the context of topological phases. However, to the best of our 

knowledge, prior to our work there was no general principle of constructing NHSE-free 

model NH operator for topological phases of matter. We nonetheless include the 

references of the papers that the referee pointed out, discussing NHSE-free NH operators 

discussed in the context of optics, photonics, and electronics, as Refs. 80 and 81. 

 

8. Although non-reciprocity is a necessary condition for NHSE, it is not sufficient. Notice that 

some spatial symmetry must be broken to observe NHSE, as exemplified in Appendix C 

with a specific example. By contrast, our model NH operators for topological phases of 

matter possess nonreciprocity, but do not display NHSE.  

 



The paper by Halder et. al. PRB 109, 115407 (2024) appeared on arXiv on November 25, 

2023, two months after our preprint appeared on arXiv (September 23, 2023). As a matter 

of fact, their construction of NHSE-free two-orbital model from Sec. C agrees with our 

general principle of constructing NHSE-free topological model operators, when applied to 

one dimension. In the revised manuscript, we cite this work as Ref. 94.  

 

In the literature there are many claims on the suppression of NHSE based on reciprocity, 

pseudo-Hermicity, and PT symmetry. It is impossible for us to review all of them in a 

research article and comply our constructions with those claims. We presented an 

unprecedented general principle of constructing NH topological model operators that by 

virtue of preserving all spatial symmetries or by not breaking any additional symmetry 

beyond what was already broken at the Hermitian systems, are NHSE free. So, our 

construction and discussion on NHSE-free topological models are self-contained.  

 

In Appendix C, from an explicit example we have shown that some spatial symmetry must 

be broken to observe NHSE. As mentioned previously, general symmetry-based criteria 

for the presence of NHSE in every dimension must be reserved as a subject for a separate 

investigation and is beyond the goal of the present work.  

 

Although comparing the spectrum and wave-function amplitudes with PBC and OBC gives 

a good idea regarding the presence or absence of NHSE, it can be more quantitatively 

established from the inverse participation ratio (IPR), which we now discuss in a new 

section of the revised manuscript Sec. 4. This analysis shows that even in the presence 

of NHSE, it is conceivable for some states to be localized and some states to be extended 

considering the example we discussed in Appendix C.  

 

We fail to appreciate the importance of a “non-Bloch analysis in 3D models to 

mathematically show the non-existence of NHSE”, given that we have proposed a general 

symmetry-based construction of NH operators in any dimension that are devoid of NHSE, 

which we confirm by computing the amplitudes of the wave-functions and now IPR. It is 

our sincerest opinion that all the claims in the manuscript have been supported and 

justified by convincing symmetry-based arguments and extensive numerical analysis.  

 

9. All the states are not localized at the boundary in Fig. 1(c), please check the scale of 

variation, it varies from 1.98 to 2.04. The spikes near the endpoints of the 1D chain are 

solely due to the topological endpoint modes that are shown in Fig. 1(b). With the new 

analysis of IPR, detailed in Sec. 4, the absence of NHSE is beyond any doubt. 

 

10. The insets of Figs. 1(c) and 1(d) are for two different parameter values, as the respective 

corresponding main panels. We fail to see the source of the confusion.   

 

11. The grayscale color code in Fig. 2 and Fig. 3 has been used to facilitate the color-blind 

readers as much as possible. We request the referee not to micromanage and to spare 

us from changing it to a light color as the alignment of figures takes a huge amount of time 

and effort. It is a minor issue with no impact at all.          

 

12. We rewrote the flagged sentence from the caption of Fig. 4. 



 

13. Fig. 5 shows the existence of topological boundary modes in NH topological semimetals 

as  has been previously observed in Hermitian systems, which is one of the main 

outcomes of this work that in our construction the NH topological phases show the same 

bulk-boundary correspondence as those in Hermitian systems.  

 

14. The “as anticipated” is based on the general principle of constructing NH topological 

operators which, by construction, are expected to be devoid of NHSE, which we have 

discussed in great detail at the beginning of Sec. 3, and then exemplified in Sec. 3.1, 3.2, 

3.3, and 3.4 in d=1,2, and 3.  We expand the sentence to clarify “as anticipated”. 

 

15. The referee has complicated the statement on the requirement of a small amount of 

disorder to ensure bi-orthonormality conditions. It has nothing to do with the exceptional 

points. It is a limitation of Python-based numerical packages for NH systems. When the 

eigenvalues are too close, the bi-orthonormality condition is not always satisfied 

numerically. And to ensure this condition we add a small amount of disorder, which we 

now clarify.   

 

16. In Appendixes B and C, we define the Pauli matrices in terms of Gamma matrices.  

The final comment from the referee “motivation is unclear to me” left us completely perplexed. 

The Title and the Introduction of the paper clearly motivate the present work to find a general 

principle of constructing NHSE-free operators for both first-and higher-order topological phases. 

Such construction has never been accomplished (to the best of our knowledge). Admittedly, NH 

operators without NHSE have been discussed in other fields, such as optics, photonics, and 

electronics and in the revised manuscript we cite the relevant papers with due credit. But those 

examples are of no use to construct generic NH topological models without NHSE.    

Changes in the revised manuscript (shown in BLUE):   

1. We expand Appendix C on the discussion related to the topological invariants for the NH 

topological models devoid of NHSE that we introduced in this work.  

 

2. We expand the discussion on the future research direction related to NH topological 

superconductors, devoid of NHSE and add new references as Refs. 98-104. 

  

3. At the end of Appendix B, we state that future work will identify different broken spatial 

symmetries leading to different types of NHSE.  

 

4. Second paragraph of Introduction: In the sentence starting with “Typically, NH operators 

display skin effect …” we clarify that this is the case for NH topological models. 

 

5. Second paragraph of Introduction: We state that although NHSE-free model NH operators 

were studied in various other contexts, such as optics, photonics, and electronics and cite 

the papers the referee mentioned as Refs. 80 and 81, so far there was no such 

construction for topological phases, which motivates the current work.  

   



6. Discussion & outlook section: We cite the work by Halder et. al. PRB 109, 115407 (2024) 

as Ref. 94 and compare their construction with ours. 

  

7. We add a new section on the inverse participation ratio (IPR) as Sec. 4 and Fig. 6 to 

establish the absence of NHSE in our construction. We have also expanded the discussion 

from Appendix C with an analysis of the IPR to establish the presence of NHSE and 

existence of both extended and localized modes in the presence of NHSE. See Figs. 8 

and 9.  

 

8. We rewrite the flagged sentence from the caption of Fig. 4 appropriately. 

  

9. We expand the caption of Fig. 5 to clarify its purpose.  

 

10. We further expand the sentence ending with “as anticipated” in Sec. 3.1 to justify the use 

of this phrase. 

  

11. We clarify the necessity of adding a small amount of disorder to ensure the bi-

orthonormality condition while using the Python-based numerical packages for NH 

systems. 

  

12. In Appendixes B and C, we define the Pauli matrices in terms of the Gamma matrices. 

Responses to the Editor-in-charge 

The comments from Editor-in-charge largely echoed those from Referee 1, to which we have 

responded in detail and made appropriate changes in the revised manuscript. Still, here we repeat 

some of those responses for the sake of completeness, but briefly. 

1. The spike in the local density of states in Fig. 1(c) at the two ends of the 1D chain results 

from two endpoint topological modes, shown in Fig. 1(b). Also note the scale of variation 

ranging from 1.98 to 2.04, which is not the typical scale of NHSE.  

 

2. Admittedly, NHSE-free models have been studied in optics, photonics, electronics, which 

we have now cited. But, to the best of our knowledge, prior to our work there were no 

concrete and general prescriptions to construct NHSE-free topological models. Hence, the 

statement “Typically, NH operators display the NH skin effect” holds in the context of 

topological models, which we now clarify. 

  

3. Our two-fold goal is to establish (1) conventional bulk-boundary correspondence in terms 

of either the left or right eigenvectors of near zero-energy topological modes in (2) NHSE-

free systems. And we have accomplished both.  

 

4. We thank the editor-in-charge for the suggestion to compute the inverse participation ratio 

(IPR) to unambiguously demonstrate the absence of NHSE. We have performed this 

analysis, which is detailed in Sec. 4 and Figs. 6. We also compute the IPR for the model 

from Appendix C to show the presence of NHSE therein, see Figs. 8 and 9.     

 



5. As far as the symmetry-based criterion for the absence/presence of NHSE is concerned, 

we have developed our own criterion which we have substantiated with extensive 

numerical analysis. We do not need to borrow any arguments from the literature, and in 

that respect our symmetry-based criterion in terms of the spatial/crystallographic 

symmetry bears no resemblance to existing literature and hence it is novel.  


