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We present analytic expressions for the one-loop QCD helicity amplitudes contributing
to top-quark pair production in association with a photon or a jet at the Large Hadron
Collider (LHC), evaluated through O(€?) in the dimensional regularisation parameter, €.
These amplitudes are required to construct the two-loop hard functions that enter the
NNLO QCD computation. The helicity amplitudes are expressed as linear combinations
of algebraically independent components of the e-expanded master integrals—known
as pentagon function-with the corresponding rational coefficients written in terms of
momentum-twistor variables. We derive differential equations for the pentagon func-
tions and solve them numerically using the generalised power series expansion method.

Copyright attribution to authors.

This work is a submission to SciPost Physics.
License information to appear upon publication.
Publication information to appear upon publication.

Received Date
Accepted Date
Published Date

Contents

1

2

Introduction

Helicity amplitudes

2.1 ttj partial amplitudes

2.2 tty partial amplitudes

2.3 Helicity-amplitude computation

Feynman integrals

3.1 Definition of the integral families

3.2 Pentagon-function basis

3.3 Physical region

3.4 Numerical evaluation of the pentagon functions

Numerical benchmark results

N

[cole I S

13
14
15
18
18

21


mailto:souvik.bera@apctp.org
mailto:colomba.brancaccio@unito.it
mailto:dhimiter.canko2@unibo.it
mailto:bayu.hartanto@apctp.org

SciPost Physics Submission

5 Conclusions 24
A Renormalisation constants 25
B Independent square roots 25
References 26

1 Introduction

The top-quark sector of the Standard Model of particle physics (SM) has been extensively
studied at hadron collider experiments, providing stringent tests of the SM and offering a
window into the exploration of Beyond the Standard Model (BSM) mechanisms [1-4]. In
contrast to other strongly interacting particles in the SM, the top quark has the unique property
of decaying before forming an hadronic bound state, a consequence of its large mass and short
lifetime. As a result, its decay products not only provide direct access to the study of the top-
quark properties, but also retain information through spin correlations, which persist because
of the short decay time. Top-quark pair production in association with an additional particle,
such as a jet (tfj), a Higgs boson (ttH), or a vector boson (tfV, where V € {y, W*, Z}),
warrants a wide range of phenomenological investigations, due to the rich kinematics of 2 — 3
scattering processes.

In this article, we focus on processes involving top-quark pair production in association
with a massless particle, specifically pp — ttj and pp — tty. The tty production mechanism
provides direct access to measure the top-quark charge [5] and allows to probe the structure
of the top-photon vertex [6, 7] within the Standard Model Effective Field Theory (SMEFT)
framework. In particular, it enables us to constrain anomalous electric dipole moments of
the top quark, which are sensitive to physics beyond the SM [8-10]. On the other hand, ttj
production at the LHC is key to study additional jet activity in pp — tt +X events, since about
half of these events are produced in association with extra jets [11-15]. In addition, it has
been shown that, through ttj production, it is possible to extract the top-quark mass (m,), as
the normalized kinematic distribution constructed from the inverse ttj invariant mass is highly
sensitive to m, variations [16-18]. Furthermore, both t¢j and tty production processes are
also instrumental for investigating the top-quark charge asymmetry [19], and they serve as
important SM backgrounds in many searches for new physics at the LHC.

Theoretical predictions for pp — ttj and pp — tty processes are available up to next-
to-leading order (NLO) accuracy, including both QCD and EW corrections [20-35]. With
experimental measurements reaching unprecedented precision in current and upcoming LHC
runs, theoretical predictions must be provided at least at NNLO in QCD in order to match
the experimental precision. Achieving this level of accuracy for either the ttj or tty produc-
tion is a highly non-trivial task due to the algebraic and analytic complexity arising in the
computation of the two-loop 2 — 3 scattering amplitudes. Significant progress has recently
been made in evaluating two-loop 2 — 3 QCD scattering amplitudes involving massless in-
ternal particles [36-50]. This progress has been made possible thanks to the introduction of
finite-field methods [51, 52], which streamline computations by avoiding intermediate large
expressions. These also include those arising from the reduction of Feynman integrals via
integration-by-parts identities (IBPs) [53-55] into a minimal basis known as master integrals
(MIs). In addition, the efficient computation of the MIs via the differential equations method
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(DEs) [56-60] has been enabled by the use of the canonical form of DEs [61] and the con-
struction of bases of functions consisting of the independent components of the e-expanded
MlIs, commonly known in the literature as pentagon functions [62—-64]. Building upon these
developments, two-loop Feynman integral studies have been initiated for processes involving
top quarks such as ttj [65-67], ttH [68] and ttW [69] productions, and numerical results
for the two-loop amplitudes are now available for the leading colour ttj production in gluon
fusion [70] and for the N; part of the process q§ — ttH [71]. Moreover, in order to ob-
tain NNLO QCD predictions, it is necessary to subtract both ultraviolet (UV) and infrared (IR)
singularities from the two-loop scattering amplitudes and extract the finite remainder. This
subtraction procedure requires UV renormalisation counterterms and the knowledge of the
universal IR singularities, along with one-loop amplitudes expanded up to O(e?) in the di-
mensional regularisation parameter, €. While several automated packages are available to
perform a computation of one-loop amplitudes [72-76], they can only be used for calculating
up to the finite part, O(e®), and the inclusion of higher e terms will still require a dedicated
effort. In this context, the relevant one-loop amplitudes for 2 — 3 processes involving a top-
quark pair in the final state have been computed up to O(e?) for the production channels:
gg/qq — ttg [77], gg — ttH [78] and ud — ttW* [79].

The canonical DEs for the MIs associated to the pentagon topologies contributing to the
one-loop ttj amplitude, as well as to the tty one-loop amplitude, have been studied in ref. [ 77],
where the MIs have been evaluated by means of the generalised series expansion method [80,
81], as implemented in DIFFEXP [82]. In this work, we take a further step by expressing the
MIs in terms of pentagon functions. Expressing the amplitude in terms of pentagon functions
provides a natural framework for performing the Laurent expansion in the dimensional regula-
tor, which is essential for isolating UV and IR divergences and extracting the finite remainder
analytically. Another benefit of using a pentagon-function basis is that it usually leads to a
significant simplification of the final expressions. In order to perform numerical evaluations of
the amplitudes, we construct DEs for the pentagon-function basis and solve them numerically
via generalised power series expansions, utilizing the packages DIFFEXP and LINE [83]. We
compute analytically the rational coefficients multiplying the pentagon functions using finite-
field reconstruction techniques, which have been employed in numerous one- and two-loop
multi-scale amplitude calculations. These techniques allow us to handle the complexity of the
expressions at intermediate steps of the computation by replacing symbolic operations with
numerical ones. We apply this method by exploiting the FINITEFLOW framework [52, 84].
Furthermore, we consider the top quark on-shell and work in the helicity-amplitude represen-
tation, which provides a framework to efficiently include the top-quark decay process while
preserving the information on spin correlation.

This paper is organized as follows. In section 2, we describe the colour structure of the
one-loop amplitudes entering the t¢j and tty production computations, as well as the helicity-
amplitude computation starting from Feynman-diagram input. In section 3, we discuss the
construction of the pentagon-function basis, the derivation of DEs for this basis and their nu-
merical evaluation. In section 4, we provide numerical benchmark results of colour and helicity
summed one-loop squared matrix elements up to O(e2) for all possible channels appearing in
the pp — ttj and pp — tty scattering processes. Finally, we conclude in section 5 with a
summary of the results presented.
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2 Helicity amplitudes

We compute one-loop QCD helicity amplitudes for the following partonic scattering processes
entering the pp — ttj production

0 — t(p1) + t(p2) + g(p3) + g(p4) + g(ps), 1)
0 — t(p1) + t(p2) +q(ps) + q(p4) + g(ps) (2)

and the pp — tty production

0 — t(p1) + t(p2) + g(p3) + g(p4) + v(Ps) s (3)
0 — t(p1) + t(p2) + q(p3) + q(p4) + v(ps), 4

where q represents a generic massless quark species. Some representative Feynman diagrams
contributing to these processes are depicted in fig. 1.

All the external momenta, p;, which live in the 4-dimensional space-time, are taken to be
outgoing

p1tp2+p3+ps+ps=0, (5)
and fulfil the following on-shell conditions
pi=p3=m? and pi=pi=pi=0. (6)

We choose the following six scalar products and one pseudo-scalar invariant to describe the
kinematics of the processes in egs. (1) to (4),

% = (dy2, do3, daa, d45,d15,mf), (7

trs = 4i£uvpc7 P?P;ngg s (8)

where d;; = p; - p; and &, is the anti-symmetric Levi-Civita pseudo-tensor.

2.1 ttj partial amplitudes

The colour decomposition of the L-loop amplitude in terms of partial amplitudes for the
0 — ttggg scattering process is given by

L
M(L) (1[_‘) 2t73g;4g, Sg) == ﬁgf’[((‘_n)ee_eYEZ_s] X
T

{ Z (t%® tao(4)tacr(5))il;1 A((gL,i (1;,2t,0(3)g, o(4),, O'(S)g)

S

+ Y 8%t (%) 1 AL (15,2, 0(3),, 0(4), 0(5),)

/
OES,

4 Z 5i121tr(taa(3)taa(4)taa(s)) A;L;;(15,2Dg(g)g,g(4)g,g(5)g)},
o€s,

9
where g, is the strong coupling constant, t® are the SU(N,) generators in the fundamen-
tal representation normalised according to tr(t?t?) = §°/2, S4 = S3/Zy, S3 = S3/Z3 and
a, = gs2 /(4m). The sets of permutations entering eq. (9) are

SB = {(3’ 4’ 5)’ (3’ 5’ 4)) (4J 3) 5)’ (45 5) 3)) (5) 3, 4)1 (5) 4) 3)} b
Sé = {(3’ 4’ 5)) (3’ 5) 4)) (4J 5’ 3)} J
83 =1(3,4,5),(3,5,4)}.
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B (1 2,3,4,5) £ B (1,2,3,4,5), BY"(1,2,3,4,5)

(d) 0 — ttqqy

Figure 1: Sample Feynman diagrams contributing to one-loop pp — ttj and
pp — tty amplitudes, together with the partial amplitudes that they contribute
to. Black solid (dashed) lines represent top (massless) quarks associated with open
fermion lines. Moreover, wavy lines denote photons, and curly lines denote gluons.
Either massless quark (I € {u,d,c,s, b}), or top-quark (t) can circulate in the red
closed fermion loop, giving rise to n;-, n;,-, 11/21- and 1t /2t-type partial amplitudes.

Each partial amplitude, A(gL,l.), can further be decomposed according to their dependence on N,
as well as the number of massless (nf) and massive (ny) closed fermion loops. At one-loop
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level, this decomposition reads

1 DN, L (),1/n, (1),n 1),

Agg,)l = ]\fczﬁ(g’)1 + FA(g,)l / + ang;l f + TlhAfg;)lnh B (103)

C

(1) _ 4,1

Ag;z _Ag;Z > (10b)
D) _ 41 T, /Ne | T, (1),m4/N.

Ag3=A5 + N Ay s i Ay : (10c)

C C

In the case of 0 — ttgqg process, the L-loop colour decomposition is given by
o 1
MB)(13,2,,35,44,5;) = \/ng[(4n)ee_€” 4—5] X
i
i is (L)
{51.41 (£9);> Ay (17,2,3;,44,5)
i i 4(L)
+6,7 (6%, A (15,20, 33, 44, 5¢) (11)

1 _§ i (1)
+ 0, ()7 A (17,2¢,34,44,5)
C

1 % L)
+ 1751-43 (tas)izl Aq;4 (1;, 2, 3(1? 4q, Sg) ,
C
and the one-loop partial amplitude decomposition in terms of N, n¢ and nj, reads

1 (D,n
1) _ DN, .+ A(1),1/N, Mg 1),
AGY = NAQN + AN 4 npAgs™ + A, (12)
C
where z € {1,...,4}.
We derive analytic expressions for the gauge invariant mass-renormalised amplitude

AD = AD 4 570 40 (13)

mren mct ’

which is obtained by adding the tree-level amplitude with the one-loop mass counterterm
insertion (Afﬁgt) to the bare amplitude (AM). Furthermore, 5Zr(nl) is denoting the one-loop
top-quark mass-renormalisation constant. The fully UV-renormalised amplitude is obtained
by including the counterterms associated with the strong coupling constant, as well as the

renormalisation of the top-quark and gluon external wavefunctions,

ren mren

3 n
AL = 4D (SZt(l) + 5622) + 55221)) A©, (14)

where n, is the number of external gluons involved in the scattering process (n, = 3 for
0 — ttggg and n, = 1 for 0 — ttqqg). The expressions of the one-loop renormalisation

constants 5Zr(nl), 5Zt(1) and 62(2) are provided in the appendix A.

2.2 tty partial amplitudes

We now turn to the colour decomposition of the L-loop amplitudes contributing to the produc-
tion of tty final state in pp collisions. For the gluon channel, 0 — ttggy, the decomposition
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is given by

L
M(L) (1E? 2t>3g; 4g; 5)/) = '\/Ee gsz [(47‘[)66_6YE5_5} X
T

{(t“3t“4)il;1 B (15,2,,3, 44,5,

e (15)
i L
+(t%e%)1 B (16,2, 44, 34,5,)

i (L)
+6.16%% B (1,2,,34, 44, 5) } ,
where e is the magnitude of the electron charge. Similarly to the ttj amplitudes, the tty one-
loop partial amplitudes, B@B, are further decomposed into sub-amplitudes according to the
different types of closed fermion loops present:

1 N, | Qe ,(),1/N, (1),n 1), < (M1 D1
B =QNBUN + ﬁBé;l Mt QenpByy ™ +QmBy™ + @By +Q By, (16)
C
~ _(1),1/N, 1),1/N,
Bz(gl,; :Bél;;,l + QZB;;;I ! + QfB;;;t/ : (16b)

In the expressions above, Ql = Zl Q;, with Q, and Q; being the fractional charges of the

top quark and of the massless quark (I € {u,d,c,s, b}), respectively. In addition to the n-

and ny-type amplitudes, the 0 — ttggy colour decomposition contains contributions from

diagrams where the photon couples to the internal quark closed-loop instead of the top-quark

line (Bgi’ll, Bélitl s B‘(gl;;’ll/ NE, BS;? / NC), as shown in the rightmost Feynman diagram in fig. 1c.
For the 0 — ttgqy scattering amplitude, the L-loop colour decomposition is

L
(L) _ _ 2 _ &
M (1t:2t,3q,4q, SY)—\/EegS |:(471;)ee GYE4TC] %
gk (L) )
{5i415i23 I:Qt Bf;l (15’2“ 3‘_1’4Q’ 5)’) + Qq Bq;l (1E: 24, 351; 4q; 5)/) ]

1 - < L L
+ 175;21 51,:3[Qt 35;2) (12,2,35,44,5,) +Qq Bf;;z) (12,20,35, 44, sy)}} .
C
17)

In this case, the photon can be coupled either to the top quark or to the massless quark q,
such that the corresponding partial amplitude picks up either Q, or the fractional charge of
the massless quark Q,. Equivalently to the 0 — ttgqg case, the one-loop 0 — ttqqy partial
amplitudes can be decomposed into sub-amplitude according to the N, ny and ny, contribution,

@ _ n oW, 1 o, (D.ny (1),n
Bz;i = NCBZ;i + IVBZ;i + nfBz;i + nhBZ;i h 5 (18)
C

where z € {t,q} and i € {1,2}. We note that in 0 — ttgqy process, partial amplitudes where
the photon is coupled to the internal quark loop do not appear due to Furry’s theorem.
The mass-renormalised amplitude, which is gauge invariant, is given by

BL =04 5Zr(nl)8(0) (19)

mren mct >

while the fully renormalised tty amplitude is constructed by including the appropriate UV

counterterms,
BO=BY +(6z0+620 +n,52)BO. (20)

ren mren

Here, we have n, = 2 for 0 — ttggy, and n, = 0 for 0 — ttqqy.

7



SciPost Physics Submission

2.3 Helicity-amplitude computation

Our construction of helicity amplitudes for pp — ttj and pp — tty productions in the t Hooft-
Veltman scheme (tHV) starts with the decomposition of the partial amplitudes in terms of
independent 4-dimensional tensor structures [85, 86]

32
(L) _ (L)
A" = Z Ty ‘Fg,i ’
i=1
1 ) 2D
(L) _ (L
Aq - Z Tai ]:q,i ’

i=1

where A(gL) represents either 0 — ftggg or 0 — ftggy amplitudes, while AL stands for either
0 — ttqqg or 0 — ttqqy amplitudes. The tensor structures for the 0 — ttggg and 0 — ttggy
amplitudes are

Tg1.8= m? a(py)v(py) Ii1.85
Tgo..16 = M (p2)p3v(P1) T8

Torr.20 = e i(p2)P (1) Tyr.s .
Tg25..32 = u(p2)Ps P, v(P1) Ty 8
while for the 0 — ttgqg or 0 — ttqqy amplitudes they are
Tor.a=m2ua(p)v(p1) Ty 45
Tos..8 = m u(p2)psv(pi) Ty 45 23)

Tq9..12 =m u(p2)p,v(P1) g 1,45
Tq13..16 = U(p2)Psp,v(P1) Tg 1.4
In egs. (22) and (23) we have separated the top-quark spinor strings from the tensor structures

of the massless particles. The tensor structures involving three massless vector bosons are
given by

Io1=p1-€(ps) p1-€(p4a) p1-€(ps),
Iy o =p1-€(ps3) p1-€(p4) p2 - €(ps),
Iy 3 =p1-€(p3) p2-€(p4) p1 - €(ps),
lga=p2- e(p3) p1-€(p4) p1 - €(ps),

(24)
Tgs = p1-€(p3) p2 - €(p4) P2 - €(ps),
Tg6 = P2~ €(p3) p1- €(p4) P2 - (ps),
Le7=D2" €(p3) p2 - €(p4) p1 - €(ps),
Tgs = P2~ €(p3) p2 - €(p4) P2 - €(ps),
while those involving a massless quark pair and a massless vector boson are
Ty1 =ulpa)p,v(ps) p1-€(ps),
IL,=u % - € R
0,2 = (p4)p,v(ps) p2 - €(ps) 25)

Iys =ulpa)p,v(ps) p1-€(ps),
Ty4 =U(p4)p,v(p3) p2 - €(ps) -

In writing T, ; and I, ;, €(p;) - p; = 0 and &(p;) - q; = O (where g; is the reference momentum
associated with the polarisation vector ¢(p;)) have been enforced and we have chosen g5 = py,

8
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q4 = p3 and g5 = ps. This set of reference vectors is chosen arbitrarily, however, different
choice of such vectors will lead to different set of tensor structures. The form factor, .7-" (& ) , s
obtained by multiplying the partial amplitudes in eq. (21) with the conjugated tensor structure
7;/(1;1., summing over the polarisations of the external states, and inverting the resulting linear
system of equations, so that

n

-
(L) _ -1 (L)
‘Fg/q;i o le (Ag/Q)ij Ag/q;j > (26)
J:

where we have defined the so-called contracted partial amplitude

L) _ T (L)
Ag/q;i - Zl: Tg/q;iAg/q ’ 27)
po

while the linear system to be inverted is defined through the matrix

ADg/agiij Z g/q; 17;/(1] (28)

pol

In eq. (26), n+ is the number of tensor structures appearing in eqs. (22) and (23), i.e. n(g) =
and ny(q) = 16. We employ the following polarisation sum for the massless vector boson,
Piudiv + diyPiv

ZEZ(pqui)gv(pqui) =—8uvt g (29)
pol i "4

with g; being the massless reference momentum for the external polarisation vector.

The helicity amplitude is then obtained by specifying the helicity/spin states of the spinors
and polarisation vectors in the tensor structures in egs. (22) to (25). We follow the approach
of ref. [87] to specify the spin states of the massive spinors, where the massive spinor is de-
fined starting from the massless helicity spinor with the introduction of an arbitrary reference
direction n*

(nal(py +my) (P, —myiny)

b > v+(p15mt)= ) (30)
<n2p2>

ﬂ-F(p2’ mt) = (pbn1>
1

where we have used the following decomposition for the top quark and anti-top quark mo-
menta (p; and p,, respectively),
2
b m
= et G
p;-n
with ni2 =0, (p'l?)2 =0 and i = 1,2. Having this massive spinor prescription, we can express
the helicity amplitude in terms of massless momenta ( p'i, pg, D3, P4, Ps) in the basis of reference
vectors n, and n, as follows [77,88],

m, Phahahs
<1bn1> (2b”2>
+ (n,3)(ny4)[34] AR2N(1F 2F 35 4hs 5hs)
[3]4/5/3]

+ (n;3)(ny3)————

S34
[415]3]4]

$34

AB(1F, 27, 3hs 4ha 5s;n ) ny) =

t} t?

{ (n1ng)ssq A(L)’[l](l?, 2F,3M, 44 5hs)

L),[3 + o+ qh h h
A()[](lf>2w33:44’55)

+ (n14)(n,4) AR (1 F oF 3hs ghs, 5’15)} )

(32)
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nn

We only write down the "+" configuration for the massive spinor since the corresponding
configuration can be obtained by swapping the momenta n < p’ in eq. (30). In eq. (32), the
phase factors ® depend on the helicity configuration of the massless particles. They are chosen
in such a way that the sub-amplitudes A)[!] are free of spinor phase and dimensionless. For
the 0 — ttggg and 0 — ttggy scattering processes, the phase factors & are

35
T = _ 351 , (33a)
$34(34)(45)
_ _ (sI3[4I5)
= 3 g (33b)
55,(34)
- (41513[4)
= 2—2 5 (33C)
55,(35)
315|4|3
v = (BI413) 330
55,4(45)2
while for the 0 — ttgqg and 0 — ttgqy, they are given by
q>+—+ — (324>[35] , (343)
554(35)
q>—++ — (324) [45] ) (34b)
55,(45)

We computed the following helicity configurations for the massless particles: forthe 0 — ttggg
and 0 — ttggy processes, we considered the +++, ++—, +—+, and —++ configurations. For
the 0 — ttqqg and 0 — ttgqy processes, we only considered the + —+ and — + + configura-
tions. The remaining helicity configurations can be obtained by performing parity conjugation
on the existing helicity amplitudes. We emphasize that our treatment of external massive
spinor is not unique, and different representations can be employed [89], including the ones
where a specific massive spinor description in not required, but instead using a form factor
decomposotion only for massive spinor strings [78].

To derive the helicity sub-amplitudes (A1 in eq. (32)), we first evaluate the helicity
amplitude in eq. (32) at four different choices of reference vectors

AW(17, 27,3, 41, 555 py, ps)
AB(1T,2F,3M, 41 55s; p3, py)
AW(1F, 27,30, 41 555; py, ps)
A1}, 2F, 33, 41 5hs; py py)

Q[(L),hshﬂls — (35)

which we will refer to as projected helicity amplitudes in the following. By inserting the four
choices of n; and n, in eq. (32) and inverting the resulting system of equations, the helicity
sub-amplitudes can be written in terms of projected helicity amplitude 2(!)"sshs elements as

4
A(L),[i](l-g-, 22—,3h3’ g4hs shs) — Z a?jghms mgL),hshA;hs’ (36)
j=1

10
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where the non-zero entries of a?]?’h4h5 are
s _ gl 1 _ (1'3)(24) ,
m,®hshahs  53,(34) n1=P3,M3=P4
ayy " = 1 hah oz ’
m, ®hshals  55,(34) Nn1=p4,N2=P3 (37)

agzh4h5 - i hyh bz ’

m,®hshahs (4]5|3|4) M1=P4,y=Py4
a e = — i hah oz

m, ®hshahs (3]4(5[3) |, _,

The projected helicity amplitudes (213" are obtained from the contracted partial ampli-
tudes, AE;L/21~1 in eq. (27), through

ny
(L),hzhshs _ hshahs (A —1 A(L)
2 - _kZ:leg/q;ij (Ag/q)jkAg/q;k' (38)
J’ =

The helicity-dependent matrix © is built out of tensor structures in egs. (22) and (23), where
the spin/helicity states have been chosen such that

hshsh
ng/q;i - 7;"/_:1_;1'3 N S(nl)nZ): (39)

with the reference vectors (n;,n,) evaluated at four different values as in eq. (35),

+hahah ++hshyh
7;;(1;13 “*(ps>p3) - Tg/q;nBT4 *(ps> p3)
¥ +hahghs F+hahghs
Toer ( ) ( )
ofrtiti=| T PP T (40)
84 7-g/q;13 ! 5(p4’p3) 7;/_(1;,5;,4 5(P4,P3)
++hzhyh ++hzhyh
T paps) o TRy, py)
Finally, the helicity sub-amplitudes are derived from the contracted partial amplitudes A(gL/)q.i
as follows
5D hohihs hohh )
(L),[ilfq+ o+ ahs ,h hsy shahs shahs -1 A(L
A (1f ,2(,3%,47%,5%) = le klz; % Gg/q;jk (Ag/q)klAg/q;l ’ (41)
J: > =

Equipped with a prescription to construct helicity amplitudes for pp — ttj and pp — tty,
we now turn the discussion to the analytic computation framework. Our amplitude calcula-
tions follow the Feynman diagrammatic method, combined with finite-field arithmetic [51,52],
which has been successfully used for the analytic computation of various two-loop five-point
amplitudes (e.g., [37,42,49]). The calculation begins with the generation of Feynman dia-
grams using QGRAF [90], followed by the colour decomposition in order to extract partial am-
plitudes according to the structures discussed in section 2.1. For each partial amplitude, we
construct the one-loop contracted partial amplitude Ag/)qi
MATHEMATICA and FORM [91]. The one-loop contracted i)artial amplitudes are expressed as a
linear combination of scalar Feynman integrals, which are further reduced onto the set of MIs
introduced in ref. [77] by means of IBP reduction [53-55]. We make use of NEATIBP pack-
age [92] to generate an optimized system of IBP identities. The contracted partial amplitudes,

as well as the MIs, are then Laurent-expanded around e = 0, keeping terms up to order €.

using in-house scripts which utilise
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The components of the MIs in this expansion are written, order by order in €, as polynomials
in the pentagon-function basis, the construction of which is discussed in detail in section 3.
The series of algebraic operations discussed so far are executed numerically over finite
fields using the FINITEFLOW package [52, 84], starting with the contracted partial ampli-
tude Ag/)q;i, proceeding through the solution of the IBP identities, and ending with the de-

termination of the one-loop helicity sub-amplitudes AM[!] as given in eq. (41). This frame-
work allows us to evaluate numerically over finite fields the rational coefficients of the pen-
tagon functions appearing in the helicity sub-amplitudes, which we exploit to reconstruct the
corresponding analytic expressions. We employ several techniques to reduce the complex-
ity of the analytical reconstruction, such as finding linear relations among rational coeffi-
cients, guessing the denominator of the rational coefficients and on-the-fly univariate partial
fraction decomposition. For further details on the analytic reconstruction strategies that we
used, see refs. [42,44]. In addition, performing evaluations over finite fields requires a ratio-
nal parametrisation of the external kinematics, for which we employ the momentum-twistor
parametrisation [88,93,94] of ref. [77]. With this parametrisation, spinor products and Man-

. . . hhh
delstam invariants entering the as"4"s @g;q“ ®
L

partial amplitude A(g /)q in eq. (41) can be written as rational functions in the momentum-twistor

and A/, matrices together with the contracted

variables T = (s34, t12, t23, ts, t15, X1523) -
The resulting analytic expressions for the mass-renormalised one-loop pp — ttjand pp — tty
helicity sub-amplitudes are further post-processed to extract the finite remainders, which are
obtained including the UV and infrared (IR) counterterms according to
FOIL(1F, 2% 3l gha 5hs) = AL (1F o 3hs gha shs) 4 AL (1F oF 3hs gha shs)

mren ] t (42)
— A1+ 2F 3hs ghe sls),
The UV counterterms are given in egs. (14) and (20) for the ttj and tty processes, respectively.
The IR counterterms are known from the universal factorisation of the QCD amplitudes [95-
100]. For the ttj process the IR counterterms have been computed explicitly in [ 77] while for
the tty amplitude, the IR pole formula can be obtained from that of pp — tt production [101].
In extracting the finite remainder we have adopted the MS scheme [97], where at one-loop
level the finite remainder is essentially the UV renormalised amplitude with the 1/€2 and 1/e
poles removed. We stress that the analytic extraction of the finite remainder is made possible
thanks to the expansion of master integrals in terms of pentagon function basis. Analytic form
of the finite remainder, UV and IR counterterms for each helicity subamplitudes are provided
in the ancillary files accompanying this article [102] under the anc/amplitudes/ directory.
Before closing this section, we would like to briefly discuss some observations on the alge-
braic complexity of the rational coefficients appearing in the one-loop ttj and tty amplitudes
through O(e?). In table 1 we show the highest numerator degree of the rational coefficients of
the pentagon functions for the most complicated leading and subleading colour contributions
in0— ttggg and 0 — ttggy processes. We note that the denominators in the rational coeffi-
cients of the pentagon functions are fully known by matching them to the letters corresponding
to the master integrals. For both processes, we clearly observe an increase in the degrees go-
ing from leading- to subleading-colour terms. Multiple stages of optimisation in our analytic
reconstruction framework, particularly that of univariate partial fraction decomposition, have
proven to be highly effective in reducing the algebraic complexity of the expressions to be
reconstructed. In this work, we further perform multivariate partial fraction decomposition
on the reconstructed analytic expressions using MULTIVARIATEAPART package [103]. We find,

IWe refer to ref. [77] for the detailed discussion on the construction of the momentum twistor variables 7. In
our computation, we perform univariate partial fraction decomposition with respect to x;5,5 variable.
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Table 1: Maximal numerator degrees of the rational coefficients of the pentagon
function for the most complicated leading- and subleading- colour contributions in
0 — ttggg and 0 — ttggy processes. The degrees are given for the stages before
and after univariate partial fraction decomposition is performed.

however, that the resulting expressions are significantly larger than those prior to multivari-
ate partial fractioning, which subsequently leads to slower numerical evaluation. Hence, we
publish our analytic expressions as obtained directly from the analytic reconstruction without
performing any further partial fraction decomposition. Finally; it is worth noting that the two
processes, ttj and tty, are related to each other and some of the rational functions might
be shared between them. However, such relations can only be fully extracted at the level of
primitive amplitude [26]. Nevertheless, using analytic expressions provided in this work, we
can explore the connection between the two processes by searching for linear relations among
rational coefficients and see how many of the rational coefficients in ttj are contained in tty,
and vice versa. This study is, however, beyond the scope of the present paper.

3 Feynman integrals

In this section, we illustrate the Feynman integral families required for the computation of the
one-loop pp — tty and pp — ttj scattering amplitudes. We employ the uniform transcen-
dental basis of MIs introduced in ref. [66] to derive DEs [56-60] in canonical form [61]. We
use the method of pentagon functions [62—-64, 104], which has proven to be extremely useful
in the computation of 2-loop 5-point massless amplitudes and recently for the computation of
2-loop 5-point amplitudes with massive internal propagators [70,105]. The same approach
was applied also for the computation up to O(e?) of the 1-loop scattering amplitude of tfW
production [79]. In line with these results, we express the one-loop pp — tty and pp — ttj
scattering amplitudes up to O(e2) in terms of pentagon functions, derive their DEs, and solve
them numerically utilizing the generalized series expansion method [81].

In section 3.1, we introduce the notation and define the relevant integral families for the
present calculation. In section 3.2, we briefly review the pentagon functions method, and in
section 3.4, we discuss the numerical evaluation of the pentagon-function basis. This evalua-
tion is carried out both using the MATHEMATICA package DIFFEXP [82] and the newly available
C/C++ package LINE [83].
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3.1 Definition of the integral families

The integral families required for the computation of the one-loop pp — tty and pp — ttj
amplitudes can be collectively described by the formula

dik e€TE
19 s = | o , (43)
17M2M371415 imd/2 p™_p™2 p"s p"s p's

$,17¢,27¢,37¢,47 9,5

where d = 4 — 2¢ is the space-time dimension and ¢ € {P,, Pg, P, Pp}. The inverse propaga-
tors Dy, ; are defined according to the conventions in ref. [66], and are listed in table 2 for the
standard permutation oy = (1,2, 3,4, 5), where the standard permutation refers to the order-
ing of the external momenta shown in fig. 2. We recall that labels 1 and 2 refer to the top and
antitop quarks, respectively, while 3, 4, and 5 label the external massless particles. In fig. 2,
each topology relevant to this computation is illustrated for the standard permutation, oy.
However, to compute the squared amplitude, it is necessary to include contributions from the
same topologies with the external gluons permuted. In particular, the relevant permutations
are

o €{(3,4,5),(8,5,4),(4,3,5),(4,5,3),(5,3,4),(5,4,3)}, (44)
where the fixed pair (1, 2) is omitted for brevity.
Py Pg Pc Pp

Dy,1 ki K ki —mg K —m¢

Dy o (kq _Pl)z - mf (kq _Pl)2 - m% (kq _Pl)2 (kq _P1)2

Dy 3 (kq _p12)2 (kq —P13)2 - mf (kq —P13)2 (kq —Plz)z - m%

Dy 4 (k1 + pas)? (k1 + pas)? (ki +pas)* —m? | (ky + pys)® —m?

Dy s (ky + ps)? (ky + ps)? (ki +ps)* — mf (ky +ps)* — m%

Table 2: Inverse propagators Dy ; for the main permutation of the families contribut-
ing to the one-loop pp — tty and pp — ttj amplitudes. The shorthand notation
pi.j =Dpi+...+pj is used for convenience.

By employing LITERED [106] for the generation of IBP identities [53-55] and FINITE-
FLow [84] for solving them, we find for the integral families of type P,, P3, P, and Pp a
set of 15, 17, 19 and 21 MIs, respectively, in agreement with ref. [77]. Furthermore, by utiliz-
ing LITERED for obtaining mappings between the MIs of all families, including permutations,
we identified a minimal set of 130 MIs, in terms of which the one-loop pp — tty and pp — ttj
amplitudes can be expressed.

By using the bases of integrals provided in ref. [77], which are normalised to be free of
e-poles, we construct canonical DEs for the standard permutations, o, of all families, as well
as for all the relevant permutations, o. In particular, for the vector of uniform transcendental
MIs of each family, g, ,(X), we obtain DEs of the form

dgs (%) =€edAy (%) 8¢ (%), (45)
where the connection matrix, dAy ,(X), is written in dlog-form

283
dAy o(¥) =D al) dlogw;(%). (46)
i=1
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1 1
5 5
2 3
4 4
3 2
(a) Family P,. (b) Family Pg.
1 1
5 5
3 2
4 4
2 3
(c) Family Pe. (d) Family P,.

Figure 2: Graphical representation of the standard permutation of the four families
contributing to the one-loop pp — tty and pp — ttj amplitudes. Thin black lines
represent massless particles, while thick lines represent the top-quark.

We remind that X is the vector of kinematic invariants defined in eq. (7). In eq. (46), ag?o(f)
are matrices of rational numbers, W;(X) are algebraic functions of X, known as letters, and the
total set of letters is referred to as alphabet. To construct the alphabet across all families and
their permutations, we start from the set of letters associated with the standard permutation of
each family, as derived in [77]. We then generate all corresponding sets under the kinematic
permutations listed in eq. (44) and take their union obtaining an over-complete alphabet. We
then identify linear relations among the dlogs of the resulting letters to determine a minimal set
of letters. We find 283 independent letters, of which 88 are rational functions of the kinematics,
while the remaining ones are algebraic. The alphabet contains a total of 29 independent square
roots, which we list in appendix B.

3.2 Pentagon-function basis

In amplitude computations, the e-pole structure is compared with the UV renormalisation and
IR subtraction in order to obtain a consistency check as well as to extract the finite reminder.
This requires Laurent expanding the scattering amplitude in e, which consequently involves
Laurent expansion of the MIs contributing to it. In general, the components of the e-expansion
of the MIs are not linearly independent, while it is desirable to express the amplitude in terms
of a minimal set of algebraically independent components. The latter leads to significant sim-
plifications in the final expression of the amplitude, to the analytic subtraction of e-poles, and
improves the efficiency of the numerical evaluation. In this computation, we consider the
components of the e-expansion of the MIs up to €*, in order to retain all necessary informa-
tion for future computations of the two-loop finite remainder for the processes addressed. We
refer to the basis spanned by the independent components of the MIs as pentagon functions,
reflecting the method’s initial application to 2 — 3 scattering processes. However, we note
that the procedure can be generalized to amplitudes with any number of external particles,
e.g. [107-109].

To construct a pentagon-function basis related to a given set of MIs, one needs canonical
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DEs for the MIs and numerical boundary conditions for them. For the former, in section 3.1, we
discussed how we obtained the canonical DEs for all the relevant families ¢ and permutations
o. For the latter, in order to determine the numerical boundary values of the MIs, we evaluate
them at an arbitrary point of the physical phase space, x,,, using AMFLOW [110] interfaced to
LITERED and FINITEFLOW for the IBP reduction. The AMFLOW package utilizes the auxiliary
mass flow method [111] for the numerical evaluation of MIs. We evaluate the Mls at X
asking for 70-digit precision. This level of precision exceeds what is expected to be necessary
for future applications, but it is employed here since evaluating the MIs at a single point with
AMFlow does not constitute a computational bottleneck.

With the above input, the procedure for creating the pentagon-function basis is straight-
forward. In the following, we provide only a sketch of the procedure; more comprehensive
explanations can be found in refs. [37, 62-64, 79, 104]. First, we Laurent expand the MIs
around € = 0, so that

4
50X €)= D gL F)+ O(e%), 47)

w=0

where w is the order of the expansion, g’éwg(ic’) the components (of the expansion) of the MIs,

and terms of order higher than e* are neglected. Then, we iteratively integrate the canonical
DEs order by order in € along a path y : [0,1] — y(t) connecting the initial point X, to an
arbitrary point of the phase space X. The solution of the DEs can be written in terms of Chen
iterated integrals [112],

w 283
- (i) (—1) (i1) = >
gﬁ(ﬂ: Z Z aglag .. qbllggéwam( o) [ Wi, Wi, ..,Wiw,]y{o(x), (48)

@W'=01y,ig,miy=1

where

W-.

PR

W.

Ly

[MGN

L dlogWi,(1()
INGE f at = T W] ), (49)
0

with []z (¥) =1 for w = 0. In this case, the order of the expansion w also represents the tran-
scendental weight, which counts the number of iterated integrations. A very useful property
of Chen iterated integrals is that they form a shuffle algebra. This means that the product of
an iterated integral of weight w; with an iterated integral of weight w, can be expressed as a
sum of iterated integrals of weight w; + w, according to the equation

[Wapsooos We,, l?o (&) [ Wy, s W, ]YCO (%) = Z (WeoosWe ]XO (%), (50)

¢=dub
where @, b, ¢ are index vectors, and @ LI b denotes all possible ways to shuffle the indices of d
and b while preserving the order within each vector.

We proceed by identifying the relations among MIs at the symbol level [113-115]. These
relations can then be lifted to the iterated integrals based on the ansatz, proposed in ref. [104],
that only terms proportional to { need to be included. This procedure will be briefly reviewed
later in the section. For now, we start by finding relations at the symbol level for the 130
independent MIs, denoted by g. The MIs at symbol level can be written as

"(co) Z Z (i) qliwr—1) a(i1)§(w—w/)(5c’0)wil OW,®...0W, . (51)
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Weight 0o 1 2 3 4 all

pentagon functions || 1 15 53 111 101 || 281

Table 3: Number of pentagon functions at each weight used in the computation of
the full colour one-loop scattering amplitude up to O(e?) for the processes pp — tfy
and pp — ttj.

Next, we identify the algebraically independent components of the MIs, weight by weight. At
weight zero, we have only rational numbers, which can be written in terms of a single constant
that we define as F(© = 1, where F(¥) represents the pentagon function at weight zero. At
weight one, we can derive the Q-linear relations through the condition

130

> as[gP]=0. (52)

i=1

The procedure for higher weights is similar but not identical. More specifically, for weights
w > 2, we must also consider, in the ansatz of eq. (52), products of lower-weight pentagon
functions, which take the form

(w1) p(ws) (wp)
F VR LR, (53)

with w;+wy+...+wr=wand 1 < w; <wfori=1,...,kand 1 < k < w. The symbol of the
latter can be expressed in terms of weight «w symbols by exploiting shuffle algebra, eq. (50).

Subsequent to this step, the relations between the symbols of the ansatz can be found in
the same manner as was done for the weight one case. Since the choice of independent MI
components forming the pentagon function basis is arbitrary, we tune the ordering so that
products of lower-weight pentagon functions are preferred over higher-weight ones. This
helps minimize the number of higher-weight pentagon functions that appear in the basis. The
number of independent pentagon functions at each weight is summarized in table 3.

The last step consists of expressing the components of the MIs in terms of the constructed
basis of pentagon functions. To do so, products of lower weight pentagon functions and tran-
scendental constants with vanishing symbols need to be added in the ansatz defining the MI
components in terms of pentagon functions. Therefore g ¥)(%) are expressed as polynomials
in the basis of pentagon functions and the transcendental constants ¢, and {5, with rational
numbers as coefficients, as proposed in ref. [104]. For example, at weight two, we can make
the ansatz

g’(Z)()‘C’) :ZCiFi(z) +Zci’jFi(1)Fj(1) +E§2, (54)
L i1,]

where the rational numbers ¢! and ¢/ are already known from the symbol-level analysis. The
coefficient ¢ can be determined by ensuring consistency with the expression of the MI compo-
nents in terms of Chen iterated integrals, as outlined in eq. (48). More specifically, the right-
hand side of eq. (54) is set equal to the right-hand side of eq. (48) at weight two, where the pen-
tagon functions are expressed in terms of MI components and subsequently in terms of Chen
iterated integrals. By utilizing the linear independence of the iterated integrals, we obtain a
system of linear equations consisting of the boundary values {g ©(%,), 2 (%), 8 @(%,)} and
the undetermined coefficients. Given that the boundary values are already computed using
AMFLOwW, we can determine the coefficient ¢ only numerically, and then we rationilize their
values. To verify the correctness of this result, we evaluate the left-hand side of eq. (54), in-
cluding the contribution of the ¢ {, term, at a random point in the physical phase space using
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AMFLOW to obtain the values of the pentagon functions. We then compare this result with the
numerical evaluation of the corresponding MI components on the right-hand side of eq. (54),
also performed with AMFLOwW. This comparison is carried out at five different phase-space
points.

Proceeding in a similar way at each weight, we express all the MI components as polyno-
mials with rational coefficients in the algebraically independent MI components, denoted as

{F i(k)} and known as the pentagon function basis, including also the transcendental constants
{Z4,{3}. For example, the weight-two component of MI 36 is written as

2
E2@) ==+ 4PV — FVFY =3 (F) + FVED 4 2r PR (55)
+2FVFY —2rWFD + FD).
The analytic expressions of the MI components in terms of the pentagon functions are reported
in the ancillary file anc/specialfunc/SFbasis/MIs_to_SFs.m[102].

3.3 Physical region

We focus on the s34 scattering channel (34 — 125), since the other channels relevant to the
production processes pp — tty and pp — ttj can be derived by performing an appropriate
permutation of the external momenta. We will describe how to handle these permutations in
a next section. In the physical region, the momenta are required to be real and associated with
physical scattering angles and positive energies. For the s34 channel, this translates into the
following conditions

p}>0, p5>0, p3-ps>0, p;-py>0, p;-ps>0, py-ps>0,

(56)
p1-P3<0, p2-p3<0, p3-ps<0, p1-p4<0, p-p4<0, ps-ps<O0.
Additionally, the following Gram determinant constraints must be satisfied [116,117]
detG(p;,p;) <0,  detG(p;,pj,px) >0,  detG(p;,pj,pr,P1) <O, (57)

where {i,j,k,1} € {1,...,5}. We refer to appendix B for the definition of the Gram determi-
nant. These conditions, together with the previously stated constraints, impose a set of poly-
nomial relations on the kinematic invariants that define the boundary of our physical region.
These constrains can be found in the ancillary file anc/specialfunc/DiffExpRun/s34_-
channel.m [102]. We comment that for the square roots with negative argument, we choose
to have positive imaginary part.

3.4 Numerical evaluation of the pentagon functions

To enable analytic cancellation of the poles in the finite remainder, we have derived analytic
expressions in terms of logarithms for the weight-one pentagon functions, in order to express
the IR subtraction and UV factorisation terms in the same basis of functions as the amplitude.
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The analytic expressions are the following

2(dyg + dyz — dgs +m?
F{”=1og( (dya +da3 —dys ))

2
m;

2 d3q +dgs —dip—

log(m? d3q—djp—d
F(l)=¥+log( 34— G2~ dis —

3 —2log(2(dys —dos + dys))

log(m? dis—dys +d
F(1)=%+log( 15 —da3 T dys ) 2log 2(d34 dyp —dqs — m))+2m

log(m? dyy—d —d
Fg(rl) _ M—log( 34 —di12 —d15—
2

) —log (2 (dig+ mf)) +im,
dsy

F{) =log(2(dss — diy — dys —m?)) —log(m?) — i,

log(m? dyo + dog — dys + m?
Fél):MJrlog( 12 z 4 t)—Zlog(Z(d34—d12—dls_m?))'i‘ziﬂ',

dgs
log(m? dsy—diy—dis—m
FO g(m;) +log( 34 —d12—d1s

2
7 t)—2108(2(d12+d23—d45+m%)) ,

day

log(m? dys +dsy—d
Fél) = M +10g( 23 34 15 )_log(Zd]S) + lTC (58)
2(dyg +dys—dys +m
Fé”=—1og( S S t))—log(—zdzg),
t

1+r
Fﬂ)):log(— 24)’
1—rgy

F = log(m?) —log (2 (dys + d3s — di5)) — log (2 (dys — das + dss)) ,

1+r
) 1)
1—1‘25

Fg) = log(mf) —log (2 (d3g —dip—dis— m%)) —log(2d;s5) + 2im,

1+r
1 27 .
F§4)=10g(— )—m,

1+r
Fg):—log(— 4)+in,
1—ry

where all the logarithms are well defined in the s34 channel.

We do not derive explicit expressions for pentagon functions of higher weights. Instead,
we provide tailored procedures for their numerical evaluation. To achieve this, we construct
a system of linear DEs for evaluating the basis of pentagon functions [37]. The DEs take the
form

dG(®) =A(X)G(), (59)
with the connection matrix having the standard dlog-form
A®)="a;dlogW(%). (60)
i

Here, G(¥) represents the minimal set of pentagon functions necessary to construct the linear
DEs.

Let us now illustrate the procedure of finding the minimal basis G(¥) and creating the
aforementioned DEs. We begin by considering the weight-four pentagon functions, denoted
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as {F 1(4)}' We compute their derivatives with respect to the kinematic invariants, leveraging

the knowledge of DEs for the MIs. Indeed, the pentagon functions {Fl.(4)} are by definition
MIs components, i.e. ()(%), whose derivatives are given by the e-expansion of eq. (45). The
derivatives of the weight-four functions will only involve weight-three functions, including
products of lower-weight functions whose total weight is equal to three. To obtain a closed
system of DEs, we include these products in the set G(¥), along with the weight-three pentagon
functions {F l.(?’)}, and differentiate them accordingly. To ensure that we solve the DEs for a
minimal set of functions G(¥), we restrict the set of functions to only the independent linear
combinations of lower weight products that appear in the DEs. This process is repeated at
each weight until we reach weight zero. Upon completion, we obtain DEs for a total of 325
functions, which represents an extension of the original basis of pentagon functions {F l.(w)}.
The set of pentagon functions G(X) together with their DEs can be found in the ancillary file
anc/specialfunc/SFBasis/SF_DEs.m [102].

The boundary values for the set of pentagon functions G(¥) are determined using nu-
merical evaluations of the MIs performed with AMFLOW, requesting a precision of 70 dig-
its. We provide the values of G(X) in four different phase-space points in the ancillary files
anc/specialfunc/DiffExpRun/Bounds/AMF_X#.m [102], with #= 1,2,3,4. These points
are chosen to lie in the s34 channel, defined in section [?], and are randomly generated with
the only constraint being to avoid spurious singularities in the DEs. The boundary values pro-
vided have been used to solve the DEs. The propagation of the solution from one of these
benchmark points to another using the generalized series expansion [81], as implemented
in DIFFExpP [82], served as a cross-check of the DEs. In anc/specialfunc/DiffExpRun/
DiffExp_ttA.wl file [102] one can find our DIFFEXP setup. This setup can be employed to
evaluate the solution of the DEs for any target point connected to a boundary point by a path
that lies entirely within the s34 channel. The integration path may, in principle, extend beyond
the physical region; however, this would require crossing branch cuts associated with physical
singularities. In such cases, an appropriate analytic continuation prescription must be supplied
to the DE solver. To circumvent this complication, for target points not directly connected to
the available boundary conditions within the physical region, an intermediate point connected
to both a boundary point and the target can be introduced. The special functions evaluated
at this intermediate point then serve as boundary conditions for propagating the DEs solution
to the target point. Furthermore, we observe that starting from the four phase-space points
at which the special functions are provided in the ancillary files, our numerical implementa-
tion provides coverage of the entire physical region. This test has been perfomed for 100k
phase-space points generated with MadGraph5 [72] for pp — tty at LO.

Additionally to the DIFFEXP implementation for the solution of the pentagon-function DEs,
we provide also an implementation in terms of the newly available LINE package [83]. Since
LINE can only handle connection matrices with rational functions, it is necessary to rotate the
DEs to eliminate square roots from the connection matrices. We perform this rotation using
the transformation rule

G'(X)=NG(X) and ARXR)=NARXR)N'+dNN!, (61)

where the normalisation matrix N is chosen such that the connection matrix A’(¥) is square-
root free. In particular, we construct N so as to multiply the pentagon functions that are
associated with MIs containing square roots in their normalization by the corresponding square
roots. LINE is used for solving the DEs of G'(¥) and the solution of G(*¥) is obtained by using
the inverse transformation. A script to rotate the DEs and prepare inputs for running LINE is
provided in the ancillary file anc/specialfunc/LINErun/LINEinput_ttA.wl [102].

We emphasize that the basis for the pentagon functions has been constructed to include
all permutations of the three external massless particles in egs. (1) to (4). This ensures that
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all colour configurations, shown in eqs. (9), (11), (15) and (17), as well as all helicity config-
urations necessary for evaluating the squared amplitudes of all the channels relevant for ttj
and tty production in pp collisions are covered. Thanks to this construction, once the DEs are
solved, there is no need to re-evaluate the pentagon functions or perform any analytic contin-
uation when permuting external legs to obtain other helicity or colour configurations beyond
the independent ones. Everything is already embedded in the solution. To illustrate this, con-
sider the evaluation of the pentagon function Fél)()'c') at a phase-space point corresponding to
the permutation

0’ : (p1,P2,P3,P4,Ps) = (P1, P2, P35 Ps, Pa) - (62)

We can derive the relation

F(o'-2) =o' - FU@) =0’ g5} () =gl (&) =FP@)—2F @)+ F ).
(63)

This means that the evaluation of F. 2(1)(55) at the permuted kinematic point can be obtained from
a specific linear combination of pentagon functions evaluated at the original (non-permuted)
point, which we choose to lie in the s34 channel. In the file anc/specialfunc/SFbasis/SFs_-
perm_rule.m [102], we provide a list of permutation rules for the pentagon functions.

We further carried out performance studies for numerical evaluations using LINE and DIF-
FEXp. The timings were measured on 100 physical phase-space points,> and we found that,
on average, LINE is about twice as fast as DIFFEXP in propagating solutions of the DEs while
aiming for the same number of digits of accuracy in the results. Beyond speed, an additional
advantage of LINE over DIFFEXP for large-scale cluster evaluations is that it does not require
a MATHEMATICA license. Additionally, we also compared numerical evaluations based on the
generalized series expansion method between the master-integral and pentagon-function rep-
resentations. The system of DEs for the MIs associated with one of the families in ¢ at a
given permutation is significantly smaller, since it involves only a single permutation, whereas
the pentagon functions cover the full set of permutations and families. However, for a given
phase-space point, the numerical solutions for the MIs have to be computed multiple times
(once for each permutation), while in the pentagon-function representation they are evalu-
ated only once. We tested this using DIFFEXP on a few physical phase-space points and found
the timings to be comparable between the two approaches. We note, however, that the com-
putational advantage of the pentagon-function representation, in terms of evaluation speed,
typically arises when employing one-fold integral representations [63,64,118], which we leave
for future work.

4 Numerical benchmark results

In this section, we employ the analytic expressions of the helicity amplitudes, together with the
special function basis to obtain numerical results for colour- and helicity-summed UV renor-
malised squared amplitudes. For pp — ttj production, we consider the following partonic
scattering channels for the 0 — ttggg process,

gg —ttg: g(—p3)+g(—ps) — t(p1) + t(p2) + g(ps), (64)

2We restricted to points that can be connected to the boundary point by a path that does not cross singularities.
In the current version of LINE, crossing singularities requires manual tuning of the working precision for each run
by trial and error, which we chose not to pursue in this analysis.
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and for the 0 — ttgqg process we have

ua— ttg:  u(—p3)+u(—ps) — t(p1) + t(p2) + &(ps), (65a)
au—ttg: u(—p3)+u(—ps) — tlp1) + t(p2) + g(ps), (65b)
ug — ttu:  u(—p3)+g(—p4) = t(p1) + t(ps) + u(ps), (65¢)
ug — ttu:  u(—p3)+g(—ps) = t(p1) + t(ps) +ulps), (65d)
gu—ttu:  g(—ps)+u(—p4) = t(p1) + t(p2) + ulps), (65€)
gu—ttu: g(—ps)+u(—p4) = t(p1) + t(p2) + u(ps). (65f)

For pp — tty production, there is one partonic channel for 0 — ttggy process,

gg—tty: g(—ps)+g(—=ps) — tlp1) +t(p2) +v(ps), (66)

while there are four channels in the 0 — ttqqy process,

ua — tty:  u(—ps)+u(—p4) = t(p1) + t(p2) + v(ps), (67a)
dd — tty:  d(—ps)+d(—ps) = t(p1) + t(p2) + v(ps), (67b)
au—tty: U(—ps)+u(—p4) = t(p1) + t(p2) + v(ps), (67¢)
dd — tty: d(—ps)+d(—ps) = t(p1) + t(p2) + v(ps). (67d)

To present a benchmark numerical evaluation, we employ the following randomly chosen
physical phase-space point (given in the units of GeV) that lies in the 34 — 125 channel,

p; = (421.812558294, 72.3820876039, 342.337070428, 163.070530566),

Py = (463.866064984, —151.62473585, —322.765175691, —243.113773948),,

ps = (—500,0,0,—500) , (68)
pa = (—500,0,0,500) ,

ps = (114.321376722, 79.2426482461,—19.5718947366, 80.0432433819),

which corresponds to the value of top-quark mass of m, = 170 GeV, together with the following
coupling constants, renormalisation scale and parameters,

1
a, =0.118, a=—, ur=1GevV, ngf=5, n,=1. (69)
137
Additionally, lightlike reference vectors entering the definition of massive spinors in eq. (30)
are arbitrarily chosen to be

n =(3,2,2,1),

n,=(3,2,1,2). (70)

In tables 4 and 5, we present numerical results for the the colour- and helicity-summed
one-loop amplitude interfered with the tree-level amplitude, normalised with respect to the
tree-level amplitude as

2Re 37 MO p@)
= ulMopR
evaluated at the phase-space point given in eq. (68). These results have been validated against
OPENLOOPS [76] up to O(e®). In the MATHEMATICA notebook that we provide to evaluate
the squared matrix elements for both ttj and tty production, the numerical entries for the

momenta are given to 100-digit precision, while the numerical values of the pentagon function
basis have been computed with LINE to an accuracy of 32 digits.

(71)
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0—>ttggg e? e! €? el €2

gg — ttg | —18.000000 196.49906 —1289.8912 4852.8064 —13717.358
0— ttgqg €2 et ef el €2

uii — ttg | —11.333333 119.80952 —872.01453 3501.7374 —11272.732
au— ttg | —11.333333 114.02910 —798.36940 3030.3552 —9278.0196

ug — ttu | —11.333333 134.05316 —986.23890 3843.0879 —11171.395

ug — ttu | —11.333333 132.56334 —973.29477 3791.4615 —11047.051
gu— ttu | —11.333333 121.80354 —877.87570 3399.8392 —10211.249
gu— ttia | —11.333333 129.14005 —962.56681 3882.2416 —12038.663

Table 4: Numerical results for pp — ttj UV-renormalised one-loop amplitudes inter-
fered with the corresponding tree level amplitudes, normalised according to eq. (71),

evaluated at the phase-space point specified in eq. (68).

0

1

2

0—ttggy € € € € €

gg — tty | —12.000000 149.51298 —1070.6693 4402.2091 —13362.539
0 — ttqqy €2 e! e? el €2

uit — tty | —5.3333333 71.531343 —631.45963 2904.3524 —10280.372
dd — tty | —5.3333333 71.531343 —633.66653 2931.1602 —10440.782
au — tty | —5.3333333 64.932872 —548.72683 2389.0454 —8147.6420
dd — tty | —5.3333333 64.932872 —549.43852 2391.3058 —8150.1573

Table 5: Numerical results for pp — tty UV-renormalised one-loop amplitudes inter-
fered with the corresponding tree level amplitudes, normalised according to eq. (71),

evaluated at the phase-space point specified in eq. (68).
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5 Conclusions

In this work, we have derived analytic expressions for the full-colour one-loop helicity ampli-
tudes for tfy and tfj production processes up to O(e?). The motivation behind our computa-
tion lies in the growing need for precise scattering amplitudes results, through NNLO accuracy
in the perturbative expansion around a, = 0. While several automated tools are available for
computing the finite part of one-loop amplitudes, two-loop computations require the one-loop
expressions expanded up to O(e?). Our results thus contribute to this goal, while at the same
time offering insight into the algebraic complexity of the two-loop scattering amplitudes of ttj
and tty production.

Within our calculation, we employed a tensor decomposition of the amplitudes in four
dimensions [85,86] to derive the helicity-amplitude representation. The algebraic complexity
arising from the enormous size of intermediate expressions was managed using finite-field
methods [51,52,84]. In order to express the amplitudes in a compact manner, we constructed
a basis of pentagon functions [62-64], which is evaluated using generalised series expansion
techniques [81]. In this context, we made use of the DIFFEXP package [82] and the newly
released LINE package [83], which showed improved performances for our system of DEs. Our
results represent a novel contribution for the one-loop scattering amplitude of tty production,
while for the corresponding ttj case, the derivation of the pentagon function basis marks an
advancement over previous computations [77].

The choice of expressing the amplitudes in terms of a pentagon-function basis is motivated
not only by the resulting compactness and numerical efficiency of the one-loop expressions
but also by the long-term goal of facilitating future two-loop computations of these processes.
Previous analyses of leading-colour two-loop amplitudes for ttj production have shown that
the relevant functional space extends beyond polylogarithmic functions and includes elliptic
structures [65-67, 70]. As shown in the ttj case, although a complete set of independent
pentagon functions was not yet available in the general context of elliptic functions, it was
possible to construct a potentially overcomplete pentagon functions-like basis. This approach
led to several advantages, including the separation of polylogarithmic and non-polylogarithmic
contributions, with the latter pushed into the finite part of the amplitude, enabling analytic
cancellation of poles and simplification of the amplitude expressions. Furthermore, the con-
struction of this basis improved both numerical stability and efficiency. Given that the same
Feynman integral topologies, along with more complex ones, are expected to appear in the
two-loop leading-colour tty amplitude, we anticipate that a similar strategy could be effective
in this case as well. This, however, remains the subject of future research.
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A Renormalisation constants

The required one-loop QCD renormalisation constants are given by [119,120]

€YE

570 =z = e T(1+e) C (_E . ) , (72a)

m (m2)e e 1—2¢

€YET(1

57— © (2 +€) Ton, _4 ’ (72b)

g (m2)e 3e

1

5z = —% + g Tpny, [Z —log(mf)] : (720)

where for the strong coupling renormalisation counterterm, the n; light quarks are subtracted

using the MS scheme while the heavy quark loop is subtracted at zero momentum. The one-
loop B-function coefficient is

11 4
Bo = ?CA_ETan, (73)
with
NZ-1 1
CF = 5 CA = NC and TF = — (74)

B Independent square roots

In this appendix, we list the independent square roots appearing in the computation of the
one-loop pp — tty and pp — ttj squared amplitudes. The list of square roots is:

— 2 —
r=4/trs/4, Iy = \/—dEtG(Pz,Pl +Dps),
dyp—m?
3= \/—detG(Pth +p3), Iy = \ doam?’
12 t
I's = \/—detG(Pz,P1 +P4), e = \/—det G(p1,p2 +Pps),
de 0m,m.0 de m,0m,m,
= P1lps|p2lp3+py o = p1+p3lp2lp4lps
7 2 42 > 8 2 42 ’
\ dysdis \ d34d5s
d m,0m,m,
p1lp2+pslp4lps
o= d2 42 , rio = v/—detG(py, p1 +p3),
15745
Om,m m,0m,m
det mUm,m; d Umem,
= P1+P3lp2lpslp4 - p1lp2+pslpslps
11 — 2 12 ] 12 — 2 12 b)
\ d25d45 \ d14d45
de Om,m,m, det m,0m,m,
- P2lpslps|p1+ps P — P1lP2+p4lp3lps
13 — 2 12 > 14 — 2 12 5
\ dy,dss \ dysd3s
m,0m,m,
_ _ det P1+p4lp2lpsips
r1s = v/ —detG(p1, py + pa), 6 = \ 12 42 , (75)
25735
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det y e Omem
p1lp2+palpsips

2 g2
d13d35

b

r17=\
r19:\

detYOmtmtmt
p2lp4lpslpi+ps

2 12
dy,ds,

2

de m,0m,m,
p1lp2+pslp4lps

Iy = s
2 32
\ d13d34
Oom,m,0
de t'tt
o= P1lP4lp2lp3+ps
23 — 2 2 )
\ d24d14
2m>

Foc =4l 1— £ )
2 \ diy —dyg — dys + m?

. 2m?
roy =A|1— ,
27 \ day

de memgmgm;
P1+p2lp4lpsips

2 32 ’
d34d35

r29:\

with the Gram and Cayley matrices are defined by

P1'P1 P1°P2 P1°Pn

P2"P1 DP2°P2 P2 Pn
G(Pp'" ’pn): . .

Pn*P1 Pn- P2 Pn - Pn
where q; = ;(_:10 Py.
References

de Om.m,m;
P P2lp3lp4lp1+ps
18 — 2 12 b)
\ dy;ds,
m,Om,m;
detY
- P1lp2+psIpslpy
20 — 2 12 b
\ d14d34
de Om,m,0
- P1lp3|p2|ps+ps
22 — 2 12 b)
\ dyydiy
2m?
r24 = 1— d 5
45
detYmtmtmrmt
= p1+P2lp3lp4lps
26 — 2 12 >
\ d34d45
detYmtmtmtmt
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