
Dear Editor,

We would like to thank you and the two reviewers for the quality and insightfulness of the reports we
received. Based on their comments, we have made several changes (marked in red, in the revised version,
after our answers) which we believe have improved the clarity of the article.

Below, we respond in detail to the reviewers’ questions.

The authors

1 Answer to Referee 2

We thank the reviewer for the high standard and interest of their report. As suggested, we consulted the
work of Eugene Polzik on steady-state entanglement of two collective spins [Hanah Krauter et al.] and the
related theoretical work of Christine Muschik and Ignacio Cirac. We have given them ample space in the
introduction of our revised article.

We have also added a discussion of the Hamiltonian PPc + ϵX Xc in the introduction, providing an
overview of what has been done previously in the literature and adapting our statements where necessary.

1. Intro: “Recently, another theoretical method of spin squeezing..." what is a theoretical method? Add
more context of this method and compare...

We have rewritten the paragraph concerning helium-3 lines 49-55. In the end of this paragraph: "We
propose accessing the nuclear spin of helium-3 via the metastable 23S1 state of spin 3/2 [23-25]. An-
other promising method, which involves coupling the collective nuclear spin to a radio frequency
circuit, has recently been proposed [26]."

2. Intro: “In experimental work, those terms [2nd rank tensor polarisability] are either neglected ... or
neutralise...". This is not quite true. Please consults the works in the lab of Eugene Polzik e.g. on
stationary entanglement of atomic spins [Hanah Krauter et al.] a related theory work by Christine
Muschik and Ignacio Cirac. this work shows the derivation of the PPc +ϵX Xc structure of the effective
Hamiltonian. I ask the authors to relate their work to this previous papers and adapt claims where
necessary."

We have added the two references, and rewritten the paragraph lines 65-79 of the introduction.

• Reference [36]: H. Krauter, C. A. Muschik, K. Jensen, W. Wasilewski, J. M. Petersen, J. I. Cirac
and E. S. Polzik, Entanglement generated by dissipation and steady state entanglement of two
macroscopic objects, Phys. Rev. Lett. 107, 080503 (2011).

• Reference [37]: C. A. Muschik, E. S. Polzik and J. I. Cirac, Dissipatively driven entanglement of
two macroscopic atomic ensembles, Phys. Rev. A 83, 052312 (2011).

"Using the Holstein-Primakoff approximation, this Faraday term can be written PPc where P and Pc

are quadratures of two bosonic modes, for atoms and light respectively. For spin f > 1/2 atoms, in
addition to this Faraday term, another term taking a simple form X A XL appears, reflecting the pres-
ence of higher-rank tensors in the atom-light interaction [29-33]. The impact of this tensorial term,
breaking the QND character of the interaction, is small in the case of a large detuning with respect to
the hyperfine structure of the excited state [34], and can be neutralized by dynamic decoupling [35].

1



Combined with equal weights, the PPc and X Xc terms give rise to a two-mode squeezing type interac-
tion entangling light and atoms or to a beam-splitter type interaction useful for quantum memories
[31]. With different weights, these two terms can trigger entanglement generated by dissipation as
demonstrated with two macroscopic atomic ensembles [36,37].
In the present work, for a QND-like configuration where the atoms are polarized and the light is lin-
early polarized in the same direction, the relative weight of the X Xc to the PPc term in the effec-
tive Hamiltonian in the atomic ground state, which we call ϵ, can be tuned by choosing the light
frequency."

3. Sec 2: 2.1 lacks reference to Appendix A.

We added the reference to Appendix A line 120.

4. Sec 2: Eq. (3) assumes a dilute (maybe still optically thick) ensemble.

We added the assumption of a dilute ensemble line 128.

5. Sec 2: The notation changes from aα to ak without note.

We changed the notation line 133 to use k and l only.

6. Sec 2: Eq. (13): A similar Hamiltonian has been derived by Muschik et al., see remark above.

We make a reference to the work of Muschik et al. (reference [37]) in the introduction.

7. Sec 2: In Eq. (18) the Lindblad term for atoms would rather correspond to optical pumping, not
to spontaneous emission. Maybe the authors can comment on this, and also on the necessity to
maintain large polarisation in steady state.

Line 182, we now mention the optical pumping and the need to maintain the atoms in the polarized
state.

8. Sec 2: The parameter epsilon should be introduced more clearly, along with its domain. This becomes
clear only later and in footnote 2.

We now have highlighted the parameter ϵ in the introduction, lines 76-81:

"In the present work, for a QND-like configuration where the atoms are polarized and the light is
linearly polarized in the same direction, the relative weight of the X Xc to the PPc term in the effective
Hamiltonian in the atomic ground state, which we call ϵ, can be tuned by choosing the light frequency.
We derive the equations for the system dynamics for any ϵ, and show for 0 < ϵ≪ 1 the existence of
two spin squeezing regimes: a quasi-QND squeezing regime by continuous homodyne measurement,
and a deterministic squeezing regime, absent in the case of spins 1/2."

9. Sec 3: 9) Fig 2: Why a.u. on the y-axis? The zoom-in appears inconsistent with the figure.

We now indicate the unit (GHz)−1 of vectorial and tensorial couplings in figures 2 and 11. As for the
zoom-in in figure 2, there is a 10−4 factor on the y-label axis of the zoom in, as we now recall in the
caption.
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10. Sec 4: I would recommend to use the general framework for solving the stochastic master equation
for Gaussian dynamics in terms of displacement vector and covariance matrix. It is a general feature
that the covariance matrix evolves deterministically in this case.

In our paper, we use a formalism introduced by Nicolas Gisin based on the stochastic evolution of
pure states |φ〉 under continuous homodyne measurement. Indeed an initial Gaussian state, as the
vacuum in our case, stays Gaussian under the influence of a quadratic hamiltonian and of the mea-
surement, and one finds a deterministic evolution of the variances. Even better, the evolution equa-
tion for the inverse of the variance is linear.

In this formalism one imagines that all stochastic noises governing the state evolution are related to
homodyne measurements in the reservoir, the stochastic master equation would then concern the
pure-state dyad |φ〉〈φ|, and averages or conditional averages of observables are calculated in the end.

For completeness, we have added in a footnote the stochastic quantum master equation correspond-
ing to eq (32) of our paper

dρ = Γd t

[
CρC † − 1

2

{
C †C ,ρ

}]
+
p
Γdζs

[
(C − p̄)ρ+ρ(C † − p̄)

]
; ρ = |φ〉〈φ|

11. Sec 5: Consider writing a Hamiltonian instead of the matrix equation (43).

The matrix equation (43) is exhaustive. As written in the text, the Hamiltonian part, describing the
interaction between light and metastable atoms, corresponds, to equation (13) of section 2 for f = 3/2.
Besides the hamiltonian part, equation (43) takes into account the metastability exchange collisions
which are non-Hamiltonian.

2 Answer to Referee 1

We thank the reviewer for their positive and constructive report, which has enabled us to improve the clarity
of the article.

1. The authors could also mention entanglement detection as an application of squeezing in the Intro-
duction part.

The referee is right that entanglement detection is yet another application of squeezing. However our
point of view in this paper is rather to use entanglement in the form of squeezing for applications.

2. Can the authors explain briefly somewhere (maybe already in the Introduction) what is the main dif-
ference between the two squeezing regimes (quasi-QND and deterministic) intuitively? What advan-
tage has one compared to the other? And why is this missing in the f=1/2 case?

Following the referee’s suggestion, we have added a paragraph in the conclusion lines 487-491 about
the relative advantages of the two schemes:

“The advantage of the deterministic squeezing regime is to prepare an unconditional state and to
squeeze better, by a factor

p
ϵ. The advantage of the quasi-QND regime, holding for times Γ−1 ≪

t < (
p
ϵΓ)−1, is that the squeezing is faster, which could be needed in some cases to maintain the

decoherence rate lower than the squeezing rate."
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We have also added an appendix, Appendix C, that gives a more intuitive picture of the deterministic
squeezing mechanism using Langevin equations, and explains why ϵ > 0 is needed in this case. For
spin 1/2, as there is no tensor part in the Hamiltonian, ϵ= 0.

3. Also, is there a simple, intuitive explanation why does the tensor term introduce this new regime or
one just has to look at Section 3.1 and understand through the formulas?

We have worked on an explanation as to why such tensor term introduce this deterministic regime
and have included to this end the appendix C where we conclude by saying (lines 583-588):

“The deterministic spin squeezing thus derives from the coupled dynamics of the damped (cavity)
and the undamped (atomic) mode. Due to the presence of the two terms X Xc and PPc in the Hamil-
tonian, for ϵ> 0 both quadratures of the atomic mode inherit the damping of the cavity mode. Due to
the different weights of the two terms X Xc and PPc in the hamiltonian, for ϵ ̸= 1, the quantum noise
in the two atomic quadratures is unevenly distributed in the steady state."

4. The authors say that „In experimental works, those terms [tensor type terms] are either neglected
for a large detuning, or else neutralized by dynamic decoupling.” Why is this neutralized if it can in
principle provide advantage?

Neutralizing the tensor couplings in the hamiltonian amounts to having ϵ = 0 in our notations. The
corresponing hamiltonian of the form H = PPc is thus perfectly QND and allows squeezing by con-
tinuous measurement. Concerning the relative advantages of the squeezing by QND measurement
and the deterministic squeezing, please refer to the item 2 of our response.

5. In the Introduction it would be good to briefly mention the main results beyond “For each regime, we
quantify analytically the metrological gain as a function of the atomic parameters, including decoher-
ence.” Especially, what is the advantage of considering the tensor part of the interaction?

We have expanded the summary of main results in the Introduction especially for the deterministic
spin squeezing regime, lines 90-94:

“We identify the two parameters that govern such a squeezing regime: (i) variance reduction, which
scales as ϵ and depends on the atomic structure, and can be tuned by selecting the atom-light detun-
ing; and (ii) the squeezing rate, which scales as ϵΓ and depends on the atomic species, as well as the
Rabi coupling and the cavity loss rate."

Concerning the relative advantages of the squeezing by QND measurement and the deterministic
squeezing, please refer to our response in item 2.

6. It would be nice to have a brief description of the subsequent Sections’ content at the end of the
Introduction.

We have included such summary at the end of the Introduction.

7. I would explicitly state near Eq. (1) that Appendix A explains where does Eq. (1) come from to help
the reader.

We have added the reference to Appendix A.
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8. Would it be possible to change the first plots (for ϵ) for Yb and Sr (in Fig 3 and Fig 4) so that they are
both logarithmic or non-logarithmic? If it is possible, in my opinion it would look better if these plots
were unified.

We understand and we have tried different possibilities. However, a non-logarithmic scale makes it
difficult to read ϵ for ytterbium in the figure, and a logarithmic scale would not be relevant in the case
of strontium, given the slower variation of ϵ. Hence our decision to keep ϵ in a logarithmic scale for
for ytterbium and in a normal scale for for strontium.

9. Are there experiments where they did squeezing without the tensor term? It would be great to see a
table (if there are enough experiments) with how the squeezing can be improved by considering the
tensor terms in “real life” situations.

There are experiments working in the QND regime and they were cited in the introduction. One ex-
periment working in the deterministic spin squeezing regime (to entangle two ensembles) is reference
[36] that we added to the reference list and now cite in the introduction:

• Reference [36]: H. Krauter, C. A. Muschik, K. Jensen, W. Wasilewski, J. M. Petersen, J. I. Cirac
and E. S. Polzik, Entanglement generated by dissipation and steady state entanglement of two
macroscopic objects, Phys. Rev. Lett. 107, 080503 (2011).

As the limitations are often specific to different experiments, it’s hard to make a table predicting the
improvement that may come by considering the tensor terms for all experiments. However, we give
indications of how the the deterministic spin squeezing should perform for Yb and Sr in some specific
realistic conditions inspired by atomic clocks experiments.

10. In Section 3.2. what is needed for the αt to cancel? (only the detuning is needed?) It would be nice to
remind the reader of the physical content of these parameters from time to time. This goes for other
parameters as well, as there are many of them (for example in Figs 3-5).

The parameter αt depends both on atomic structure and light detuning (equation (A.10)).

Following the suggestion of the referee, we now remind the physical meaning of the parameters in the
introduction (lines 90-94, cited in item 5) as well as in line 167: "This parameter ϵ, determined by the
atomic structure and atom-light detuning, can be positive or negative."

11. In Section 3.2, is it true that the higher the detuning is, the better squeezing we have? Are there draw-
backs of having a very high detuning? It would be nice to have some comments on this.

We have commented and added in Section 3.2, lines 222-225:

For a very large detuning, both the vector αv and tensor αt couplings decrease, the tensor coupling
decreasing faster than the vector one (see e.g. references [19,32]). Since the theoretical squeezing
limit is ϵ=αt /αv , the larger the detuning, the better the squeezing. However, as the squeezing rate is
ϵΓ∝αvαt , the larger the detuning, the slower the squeezing.

12. Many equations have “avec” in them (e.g. Eq. (32)). It would be better to write it in English.

This has been corrected, thank you for noticing.
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13. Regarding helium 3 the authors say that the previous theory holds with minor modifications. Can the
authors elaborate what are these minor modifications?

We explain the modifications in the following of the section. The major modification is that we now
need a three-mode model, instead of a two-mode model, because we access the ground state nuclear
spin of 3He through a mestastable state that can interact with the light.

14. What is the main conclusion of the paper? Is it that a better squeezing can be achieved with consid-
ering the tensor part? It should be emphasized more both in the Introduction and Conclusion.

Following your feedback, we have now emphasized our results beyond the abstract:

(a) lines 88-97 in the introduction, by highlighting the two parameters governing both squeezing
regimes:

“Section 3 demonstrates the existence of a deterministic spin-squeezing regime using a two-
mode master equation, providing numerical estimates for two atomic species: 173Yb and 87Sr.
We identify the two parameters that govern such a squeezing regime: (i) variance reduction,
which scales as ϵ and depends on the atomic structure, and can be tuned by selecting the atom-
light detuning; and (ii) the squeezing rate, which scales as ϵΓ and depends on the atomic species,
as well as the Rabi coupling and the cavity loss rate.

Section 4 considers squeezing via continuous homodyne detection of the field leaving the cav-
ity. For small ϵ, we demonstrate the existence of a quasi-QND regime and calculate how the
obtained squeezing and squeezing rate scale with respect to ϵ."

(b) lines 487-491 in the conclusion

“The advantage of the deterministic squeezing regime is to prepare an unconditional state and
to squeeze better, by a factor

p
ϵ. The advantage of the quasi-QND regime, holding for times

Γ−1 ≪ t < (
p
ϵΓ)−1, is that the squeezing is faster, which could be needed in some cases to main-

tain the decoherence rate lower than the squeezing rate."
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1 Introduction34

Atomic sensors based on the precession of a collective spin, sum of all the spins of a set of35

atoms, reached in the 2000s a precision level close to the standard quantum limit in atomic36

clocks [2], magnetometers [3, 4], and inertial sensors [5–7]. While these sensors generally37

use a coherent spin state prepared with independent atoms, spin squeezing, by introducing38

correlations between atoms [8,9] and thus allowing to beat the standard quantum limit, saw39

its first experimental implementations a few years later, mainly with alkali atoms but not ex-40

clusively [10–15].41

In this article, we are interested in the spin squeezing of alkaline earth atoms such as strontium42

87, or similar atoms such as ytterbium 173, some of whose fermionic isotopes have a large43

purely nuclear spin in the ground state. With long coherence times and narrow optical tran-44

sitions, these atoms are very useful for optical atomic clocks in the case of strontium [16,17],45

while ytterbium 173 could offer interesting prospects for both clocks and magnetometry [18].46

Thanks to their large purely nuclear spin, they also represent a promising platform for quan-47

tum simulation [19,20].48

Within the theoretical framework developed in this article, we are also interested in nuclear49

spin squeezing in the ground state of helium-3, which has a spin of 1/2. Due to its exceptional50

ground state coherence time of over sixty hours [21], this atom is employed in fundamental51

physics experiments [21,22] that could benefit from spin squeezing. We propose accessing the52

nuclear spin of helium-3 via the metastable 23S1 state of spin 3/2 [23–25]. Another promising53

method, which involves coupling the collective nuclear spin to a radio frequency circuit, has54

recently been proposed [26].55

To squeeze the collective nuclear spin of these atoms by correlating them with each other,56

one possible method is to make them interact with light. Under certain conditions, in partic-57

ular when the light field is highly detuned from an atomic transition that allows an effective58

Hamiltonian to be derived in the atomic ground state, a quantum non-demolition measure-59
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ment (QND) of the collective atomic spin fluctuations can be performed using the Faraday60

effect [27, 28]. This method, which has been extensively tested for alkali atom systems, uses61

the vector part of the interaction between the atoms and the light field, which introduces a62

magnetic field-type term into the effective Hamiltonian of the form FzSz where F⃗ denotes the63

collective atomic spin in the ground state and S⃗ the Stokes spin describing the degrees of free-64

dom of light polarization. Using the Holstein-Primakoff approximation, this Faraday term can65

be written PPc where P and Pc are quadratures of two bosonic modes, for atoms and light66

respectively. For spin f > 1/2 atoms, in addition to this Faraday term, another term taking67

a simple form XAX L appears, reflecting the presence of higher-rank tensors in the atom-light68

interaction [29–33]. The impact of this tensorial term, breaking the QND character of the69

interaction, is small in the case of a large detuning with respect to the hyperfine structure of70

the excited state [34], and can be neutralized by dynamic decoupling [35]. Combined with71

equal weights, the PPc and X X c terms give rise to a two-mode squeezing type interaction72

entangling light and atoms or to a beam-splitter type interaction useful for quantum mem-73

ories [31]. With different weights, these two terms can trigger entanglement generated by74

dissipation as demonstrated with two macroscopic atomic ensembles [36,37].75

In the present work, for a QND-like configuration where the atoms are polarized and the light76

is linearly polarized in the same direction, the relative weight of the X X c to the PPc term in the77

effective Hamiltonian in the atomic ground state, which we call ε, can be tuned by choosing78

the light frequency. We derive the equations for the system dynamics for any ε, and show for79

0 < ε � 1 the existence of two spin squeezing regimes: a quasi-QND squeezing regime by80

continuous homodyne measurement, and a deterministic squeezing regime, absent in the case81

of spins 1/2. For each regime, we quantify analytically the metrological gain as a function82

of the atomic parameters, including decoherence. Used directly, the spin squeezed state for83

helium 3 could be used in magnetometry and improve the accuracy of fundamental physics84

experiments [22]. As for alkaline earth atoms or similar atoms, the squeezed state could be85

transferred to an optical transition [38], to benefit atomic clocks [16,17].86

In the following, we derive in section 2 a Hamiltonian that describes the collective behaviour87

of polarised, large-spin atoms that interact with a detuned, polarised field in a cavity. Section 388

demonstrates the existence of a deterministic spin-squeezing regime using a two-mode master89

equation, providing numerical estimates for two atomic species: 173Yb and 87Sr. We identify90

the two parameters that govern such a squeezing regime: (i) variance reduction, which scales91

as ε and depends on the atomic structure, and can be tuned by selecting the atom-light detun-92

ing; and (ii) the squeezing rate, which scales as εΓ and depends on the atomic species, as well93

as the Rabi coupling and the cavity loss rate. Section 4 considers squeezing via continuous94

homodyne detection of the field leaving the cavity. For small ε, we demonstrate the existence95

of a quasi-QND regime and calculate how the obtained squeezing and squeezing rate scale96

with respect to ε. Lastly, in section 5, we generalise the results of the previous sections so that97

they can be applied to generating nuclear spin squeezing in 3He atoms in their ground state.98

2 Derivation of a model Hamiltonian99

We consider a set of large spin atoms in the ground state interacting with a light field that is100

highly detuned from the atomic transitions. For a linearly polarized field and atoms polarized101

in the same direction, we derive in this section a model Hamiltonian that can be reduced to102

only two bosonic modes, an atomic mode and a light mode, which describe respectively the103

transverse fluctuations of the collective atomic spin and the Stokes spin of light, orthogonally104

to the polarization direction. In terms of the two quadratures X c , Pc of the Stokes spin, which105

describes the polarization state of light, and the two quadratures X , P resulting from the col-106
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lective atomic operators, the model Hamiltonian is the sum of two terms (equation (17)). The107

first Faraday-type termΩV PPc derived from the vector part of the atom-field interaction allows,108

by measuring the quadrature X c of the light, a quantum non-demolition measurement (QND)109

of P [10, 27, 28]. The second term ΩT X X c , derived from the tensor part, which is absent in110

the case of an atomic spin 1/2 in the ground state, breaks the QND character of the inter-111

action Hamiltonian. It introduces constraints on spin squeezing by continuous measurement112

based on the Faraday effect on the one hand, and opens up the possibility of deterministic spin113

squeezing on the other [36,37].114

2.1 Extended Holstein-Primakoff approximation115

We consider a cloud of atoms in an electronic ground state g = nS j with electronic angular116

momentum j and total angular momentum f , polarized in a direction x and interacting with117

a laser beam also polarized in x and propagating in z. If the frequency ω of the laser is118

sufficiently detuned from the atomic transitions nS j → nPj′ , the effective Hamiltonian for a119

particle in the ground state is written as [32] (see appendix A):120

h f = ħhαv fzSz +α
t
��

f ( f + 1)
3
− f 2

z

�
S0 + ( f

2
x − f 2

y )Sx + ( fx f y + f y fx)Sy

�
(1)

where we have introduced the Cartesian components of the total angular momentum of the121

atom in the ground state fx , f y , fz and those of the Stokes spin of light Sx , Sy , Sz:122

Sx =
1
2
(a†

x ax − a†
y ay) ; Sy =

1
2
(a†

x ay + a†
y ax) ; Sz =

1
2i
(a†

x ay − a†
y ax) ; S0 =

1
2
(a†

x ax + a†
y ay) .

(2)
The operator 2S0 represents the total number of photons in the light mode. The constants αv

123

and αt , whose expressions are given in equation (A.10) of appendix A, represent respectively124

the coupling of the Stokes spin of light with the vector and tensor components of the atomic125

spin. They depend on the atomic structure, the detuning between the light frequency and the126

different atomic transitions, and the Rabi coupling (A.11).127

In a dilute sample, the collective Hamiltonian for n atoms H f ≡∑i h f ,i is written as:128

H f = ħhαv FzSz+ħhαt

�
n

f ( f + 1)
3

S0+Σi f 2
x ,i Sx+Tx ySy−1

2
Σi

�
f 2
z,i+ f 2

y,i

�
a†

x ax−1
2
Σi

�
f 2
z,i− f 2

y,i

�
a†

y ay

�
(3)

where we have rewritten operators f 2
z S0 and f 2

y Sx to bring out a†
x ax = S0+Sx and a†

y ay = S0−Sx ,129

and we have defined:130

Fz ≡ Σn
i=1 fz,i ; Tx y ≡ Σn

i=1

�
fx ,i f y,i + f y,i fx ,i

�
(4)

In second quantization, we introduce atomic boson operators a†
k that create a particle in state131

|ϕk〉 ≡
��� f , mx

f = f − k
¶
. In this framework, in the spin state f , an atomic collective operator132

O =
∑n

i=1 O
i , sum of one-particle operators, is written as: O =

∑2 f
k,l=0 〈ϕl |O |ϕk〉 a†

l ak.133

For an atomic state that remains close to the polarized state |n : ϕ0〉 with n atoms in |ϕ0〉, such134

as the squeezed states of the collective spin that interest us, the matrix elements of a†
l ak are135

of order n for k = l = 0, of order
p

n when k = 0 and l 6= 0 (or vice versa), and of order 1136

otherwise. Similarly, close to the coherent state of light
���αx =
p

npheiφx

¶
linearly polarized137

in the x direction, the matrix elements of ax , a†
x are of order
p

nph with nph the number of138

photons, and those of ay , a†
y of order 1.139

Assuming n, nph � 1, we write H f at the dominant order in n, nph,
p

nnph. At this order, the140
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operators Fz and Tx y are expressed in terms of two quadratures of a single bosonic mode in141

the Primakoff approximation [29]:142

Fzp〈Fx〉
' Fzp

nf
' a†

0a1 − a0a†
1

i
p

2n
' a1 − a†

1

i
p

2
≡ P (5)

143

Tx yp〈Fx〉
' (2 f − 1)

a†
0a1 + a0a†

1p
2n

' (2 f − 1)
a1 + a†

1p
2
≡ (2 f − 1)X (6)

Similarly, for Stokes spin components Sy and Sz , we can introduce the quadratures of the light144

mode145

Syp〈Sx〉
' SyÆ

nph/2
' a†

x ay + ax a†
yÆ

2nph
' e−iφx ay + eiφx a†

yp
2

≡ c + c†

p
2
≡ X c (7)

Szp〈Sx〉
' a†

x ay − ax a†
y

i
Æ

2nph
' e−iφx ay − eiφx a†

y

i
p

2
≡ c − c†

i
p

2
≡ Pc (8)

Let us now examine the remaining atomic operators of the Hamiltonian (3). First, we have:146

Σi f 2
x ,i = nf 2 +

2 f∑
k=1

k(k− 2 f )a†
kak (9)

On the other hand, since the one-particle operator f 2
z + f 2

y is none other than f 2− f 2
x , we have:147

Σi

�
f 2
z,i + f 2

y,i

�
= nf ( f + 1)− �nf 2 +

2 f∑
k=1

k(k− 2 f )a†
kak

�
(10)

As for Σi

�
f 2
z,i − f 2

y,i

�
, its matrix elements are of order

p
n, so
�
Σi

�
f 2
z,i − f 2

y,i

�� ⊗ a†
y ay is of148

order
p

n. Limiting ourselves to order n, nph,
p

nnph, this is therefore a negligible term. By149

expanding S0, using expressions (9) and (10), and grouping what is in a†
x ax on the one hand150

and a†
y ay on the other, the Hamiltonian (3) can be rewritten as follows:151

H f = ħhαv FzSz +ħhαt Tx ySy +ħhαt

�
a†

x ax

�nf
3
(2 f − 1) +

2 f∑
k=1

k(k− 2 f )a†
kak

�− a†
y ay

nf
3

�
f − 1

2

��
(11)

To the atom-light interaction (11), we add the cavity Hamiltonian Hc = ħhωc(a†
x ax + a†

y ay), a152

Hamiltonian HL = iħh(βe−iωt a†
x−β∗eiωt ax) representing a coherent field at angular frequency153

ω injected into the cavity, polarized along x and with amplitude β , as well as a static magnetic154

field along x , HB = −ħhγ f B0Fx = −ħhγ f B0

�
nf −∑2 f

k=1 ka†
kak

�
, where γ f is the gyromagnetic155

ratio of the spin atoms f , B0 is the scalar value of the magnetic field, and Fx is the collective156

atomic angular momentum operator along x . The total Hamiltonian H is written as:157

H =H f +Hc +HL +HB (12)

In the rotating frame ãx ,y = ax ,y eiωt , and at order n, nph,
p

nnph, we can write, from expres-158

sions (5), (6), (11) and (12), the linearized equations of motion and find the Hamiltonian that159

describes the transverse degrees of freedom of our atom-light system H (see Appendix B):160

H = ħhΩV PPc+ħhΩT X X c+ħh
�
δ̃−αt nf ( f −1/2)

�X 2
c + P2

c

2
+ħhδB(1)

X 2 + P2

2
+ħh

2 f∑
k=2

δB(k)
X 2

k + P2
k

2
(13)
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where we have introduced:161

δ̃ = δc +α
t nf

3

�
2 f − 1
�

δB(k) = kγ f B0 −αt nphk(2 f − k)
(14)

with δc =ωc −ω the empty cavity detuning. δ̃ represents the cavity detuning in the presence162

of large spin atoms for the polarized field x that is injected into the cavity (see (B.2)); as for163

δB(k), it is the sum of a Zeeman shift and a light shift. In the first two terms of (13), we have164

introduced the vector coupling constant ΩV and the tensor coupling constant ΩT :165

ΩV ≡
√√n nph f

2
αv ; ΩT ≡
√√n nph f

2
(2 f − 1)αt (15)

We also introduce the ratio of the two couplings, which will be decisive in the following:166

ε=
ΩT

ΩV
. (16)

This parameter ε, determined by the atomic structure and atom-light detuning, can be positive167

or negative. As we show however in section 3, squeezing only exists in the case ε > 0. In the168

first two terms of the Hamiltonian (13), we recognize a term of vector origin describing the169

Faraday effect, to which is added a second term of tensor origin that does not commute with the170

first. The tensor term X X c comes from the operator Tx y Sy . In other words, near the polarized171

state, the atomic collective operator corresponding to the one-particle operator fx f y + fx f y172

acts on the same atomic mode as Fz . Also, by carefully choosing the cavity detuning and the173

magnetic field to obtain δ̃ = αt nf ( f − 1/2) , δB(1) = 0, the final model Hamiltonian can be174

summarized by the first two terms of (13):175

H = ħhΩV PPc +ħhΩT X X c (17)

Thus, only the first atomic bosonic mode couples to the y mode in the cavity. The other atomic176

modes are decoupled from the light.1177

2.2 Two-mode master equation178

The density operator ρ of the system evolves according to a master equation with the Hamil-179

tonian (17) to which Lindblad terms describing photon losses in the cavity with a rate κ must180

be added. We also consider a possible rate γ decoherence for the atomic mode which may181

arise, for example, from spontaneous emission [19] and optical pumping required to maintain182

the atoms in the fully polarized state.183

dρ
d t
=

1
iħh[ħhΩV (PPc + εX X c),ρ] + κ

�
cρc† − 1

2

�
c†c,ρ
	�
+ γ
�
aρa† − 1

2

�
a†a,ρ
	�

(18)

The annihilation operators of a bosonic excitation in the atomic mode a ≡ a1 and photonic184

mode c ≡ e−iφx ay were introduced in (5) and (7). Initially, with the system in the completely185

polarized state |n : ϕ0〉 ⊗ |αx〉, the atomic mode and the photonic mode are in the vacuum of186

bosonic excitations. Here, we are interested in the case κ � ΩV ,γ, for which the mode X c ,187

Pc of the electromagnetic field in the cavity rapidly evolves towards a steady state adapting to188

the slow evolution of the mode X , P of the atomic spin. We also assume 0 < ε < 1. In this189

context, we first study in section 3 a deterministic spin squeezing scheme made possible by190

the presence of the tensor term, then we quantify in section 4 the influence of the tensor term191

on spin squeezing by continuous homodyne measurement of the field leaving the cavity.192

1Note that compared to [39], our model Hamiltonian couples only the first atomic mode to light because we
take a polarized state as the atomic reference state.
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3 Deterministic spin squeezing193

3.1 Deterministic squeezing from the two-mode master equation194

In this section, we integrate the equations of motion of the second-order moments of the195

quadratures, describing the coupled fluctuations of the collective atomic spin and the Stokes196

spin. With the two-mode master equation (18), we obtain two closed systems of equations,197

each involving a single atomic quadrature X or P:198

d
d t
〈P2〉= −2ΩT



PX c

�− γ�〈P2
�− 1

2

�
d
d t



PX c

�
= −κ+ γ

2



PX c

�
+ΩV 〈P2〉 −ΩT 〈X 2

c 〉
d
d t



X 2

c

�
= −κ�〈X 2

c 〉 − 1
2

�
+ 2ΩV



PX c

�
d
d t
〈X 2〉= 2ΩV



X Pc

�− γ�〈X 2
�− 1

2

�
d
d t



X Pc

�
= −κ+ γ

2



X Pc

�−ΩT 〈X 2〉+ΩV 〈P2
c 〉

d
d t



P2

c

�
= −κ�〈P2

c 〉 − 1
2

�− 2ΩT



X Pc

�
(19)

Before solving this system exactly, let us look at how, in case γ = 0, 〈PX c〉 and 〈P2〉 couple in199

the system on the left. In the steady state:200

〈PX c〉= 2ΩV

κ

�

P2
�− ε

2

�− 2ΩT

κ

�

X 2

c

�− 1
2

�
〈X 2

c 〉 − 1
2
=

2ΩV

κ
〈PX c〉

(20)

which shows that 〈PX c〉 replicates 〈P2〉 − ε/2 with a rate of 2ΩV/κ. Since 〈P2〉 − ε/2 couples201

with 〈PX c〉 at a rate−2ΩT according to the first equation on the left part of the system (19), the202

evolution of 〈P2〉− ε/2 is ultimately damped with a characteristic coefficient −4ΩTΩV
κ . For the203

quadrature P to be squeezed, ΩT and ΩV must therefore have the same sign with |ΩT |< |ΩV |,204

i.e. 0 < ε < 1. Taking into account decoherence, we obtain the differential equations verified205

respectively by 〈P2〉 and 〈X 2〉, by adiabatic elimination of the fast components:206

d
dτ
〈P2〉= − 2ε

1+ γ̃
κ̃ +

2ε
κ̃

�

P2
�− ε

2

�− γ̃�
P2
�− 1

2

�
d

dτ
〈X 2〉= − 2ε

1+ γ̃
κ̃ +

2ε
κ̃

�

X 2
�− 1

2ε

�− γ̃�
X 2
�− 1

2

� (21)

We have introduced τ, the dimensionless time, by the rate Γ , and normalized γ,κ by Γ :207

τ≡ Γ t ; Γ ≡ 2Ω2
V

κ
; γ̃=

γ

Γ
; κ̃=

κ

Γ
(22)

Note that γ̃−1 =
2Ω2

V
κγ corresponds to the cooperativity C of the coupled atom-field system. In208

the limit γ̃,ε� κ̃, the solution of (21) for 〈P2〉 is written as:209

〈P2〉= 1
2
ε+ γ̃/2ε
1+ γ̃/2ε

+
1
2

1− ε
1+ γ̃/2ε

e−(2ε+γ̃)τ '
γ�εΓ

ε

2
+

1− ε
2

e−2ετ (23)

In the deterministic regime, made possible by the presence of the tensor term (ε 6= 0), and for210

γ� εΓ , the squeezing therefore occurs at a rate of 2εΓ , with an asymptotic noise reduction211

equal to ε: 2
212

τdeter ' 1
2ε

; 〈P〉deter = 0 ; ∆P2
deter ' ε2 ; 〈X 〉deter = 0 ; ∆X 2

deter ' 1
2ε

(24)

It is therefore sufficient to have either 0< ε < 1 and the squeezing is done in P, or else ε > 1213

2Expressions (23) and (24) clearly show the need for ε > 0. Another, perhaps more intuitive manner to show
the role of ε and the need to have ε > 0, using Langevin equations, is presented in appendix C.
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1S0 F = I = 5
2 , mF =

5
2

1P1

398.9 nm
(2π× 29MHz)

3P0

3P1

3P2 ∆

E = 0

555.8 nm
(2π× 182kHz)

E3/2/2π= 4.76GHz
E5/2/2π= 3.27GHz

E7/2/2π= −1.43GHz

Figure 1: Diagram of the 1S0 → 3P1 transition for 173Yb. ∆ is the detuning between
the light and the 1S0 → 3P0 transition of 176Yb. Hyperfine level energy values
extracted are taken from [40].

and then X is squeezed. Finally, note that our calculation close to the polarized state remains214

valid as long as a†
1a1� a†

0a0, i.e. 1
2ε � n.215

3.2 Application to ytterbium 173216

In this section, we apply the analytical results seen previously to ytterbium 173Yb, which has217

a transition 1S0 → 3P1 (Figure 1). The vector and tensor coupling constants (A.10) as a218

function of the detuning are plotted in Figure (2). From this plot, we see that in order to have219

ε small, i.e., the best possible squeezing, while keeping ε > 0, we have to be on the right of220

the graph, in other words as in Figure (1), above the energy level E3/2. More generally, for a221

very large detuning, both the vector αv and tensor αt couplings decrease, the tensor coupling222

decreasing faster than the vector one (see e.g. [19,32]). Since the theoretical squeezing limit223

is ε = αt/αv , the larger the detuning, the better the squeezing. However, as the squeezing224

rate is εΓ ∝ αvαt , the larger the detuning, the slower the squeezing.. In a cavity like in [16],225

Figure (3) shows that for a detuning of 9GHz, i.e. close to the cancellation point of αt , a226

reduction in the variance of P of ε= 0.03 is obtained with a deterministic squeezing rate 2εΓ227

of 44.7 s−1. Such a favourable combination of squeezing level and squeezing rate stems from228

the existence of a detuning window where αt tends to zero while αv (hence Γ ) is relatively229

large. At 9.6GHz, it would even theoretically be possible to achieve a reduction in the variance230

of P of 0.005 for a squeezing rate of 2εΓ ' 2.8 s−1.231

3.3 Application to strontium 87232

In the same way as for ytterbium in the previous section, we apply our analytical results to233

the fermionic isotope of strontium, 87Sr, which in its ground state has a purely nuclear spin234

I = 9/2 and is used in optical transition clocks [16,17]. In Figures 4 and 5, we have plotted the235

reduction in variance of P and the deterministic squeezing rate as a function of the frequency236

detuning, with respect to the energy level 3P1 of the fine structure of strontium [19]. With a237

cavity of type [1], and for a detuning of 3 GHz, the deterministic squeezing time is of the order238

of the second for an asymptotic variance reduction of P of ε = 0.35 (fig. 4). A cavity with239

a strong Rabi coupling [41], and being even more detuned ' 10GHz, would allow a greater240

metrological gain (ε' 0.08), in a reasonable squeezing rate of ' 600s−1 (fig. 5).241
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ab
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Figure 2: Vectorial and tensorial coupling constants (A.10), divided by Ω2
Rabi (A.11),

in units of (2π× 109)−1 s, for the polarized state F = 5/2, i.e. on the 1S0→ 3P1
transition, as a function of the frequency detuning in GHz for 173Yb, with respect to
the 1S0→ 3P0 transition of 176Yb. Spontaneous emission is neglected here and the
coupling constants are therefore real. Top right: zoom on the tensor coupling by a
factor 104 for the detuning window where it vanishes .
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]

Figure 3: 173Yb. From left to right, as a function of the detuning (in GHz): (left)
ε=∆P2

deter/∆P2
t=0 inverse of the metrological gain. (middle) εΓ deterministic squeezing rate

divided by 2. (right) B0 magnetic field along x to compensate for the lightshift. Cavity
parameters [1]: κ= 2π× 153kHz; nph = 7.3× 105; ΩRabi = 2π× 21.7kHz; nat = 2× 104.

2 3 4

0.4

0.6

0.8

∆/2π [GHz]

ε

2 3 4

100

101

102

103

∆/2π [GHz]

ε
Γ
[s
−1
]

2 3 4
100

101

∆/2π [GHz]

B 0
[G
]

Figure 4: 87Sr. From left to right, depending on the detuning (in GHz): (left)
ε=∆P2

deter/∆P2
t=0 inverse of the metrological gain. (middle) εΓ deterministic squeezing rate

divided by 2. (right) B0 magnetic field along x to compensate for lightshift. Cavity
parameters [1]: κ= 2π× 153kHz; nph = 9× 105; ΩRabi = 2π× 5.5kHz; nat = 2× 104.
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Figure 5: 87Sr. From left to right, depending on the detuning (in GHz): (left)
ε=∆P2

deter/∆P2
t=0 inverse of metrological gain. (middle) εΓ deterministic squeezing rate

divided by 2. (right) B0 magnetic field along x to compensate for lightshift. Cavity
parameters [41]: κ= 2π× 10MHz; nph = 2.8× 105; ΩRabi = 2π× 937kHz; nat = 2× 104.

4 Squeezing by continuous homodyne detection242

Here we are interested in the evolution of the atomic state conditioned to the result of a243

continuous measurement of the field leaving the cavity, as shown in Figure 6. Following the

Homodyne
detection

〈Sx 〉=
nph

2
〈Fx 〉= nf

� �
Sr

F = I = 9
2

Cavity

PBS λ/2

Figure 6: Schematic diagram of spin squeezing by Faraday effect and continuous
homodyne measurement of the field leaving the cavity. A cloud of atoms in the
ground state and polarized along the x axis is placed in an optical cavity with axis z
into which a coherent field polarized in the same direction x is injected. By the
Faraday effect, the atoms induce a small rotation of the polarization proportional to
the component Fz of the collective atomic spin, which can therefore be measured
indirectly by performing homodyne detection of the outgoing field polarized along
y . PBS: polarizing beam splitter.

244

procedure in [23], we introduce the integrated homodyne signal245

σ(t) =
N tot
+ − N tot−

2µt
(25)

proportional to the difference in the number of photons recorded in the two channels in the246

time interval between 0 and t, where µ2 has the dimension of an angular frequency, and247

we will calculate the mean and variance of the atomic quadrature P, conditioned to a mea-248

surement result σ = S for the signal. For ε = 0, we know from reference [23] that, during249

continuous measurement, the atoms evolve towards a spin-squeezed state with a mean value250

of P proportional to S, and a conditional variance of P increasingly reduced relative to the251

standard quantum limit. Here we quantify the influence of the tensor term (ε 6= 0), which252

breaks the quantum non-demolition character of the interaction.253
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4.1 Derivation of a master equation for the atomic mode254

To simplify the presentation and extract the physics introduced by the tensor term, we first con-255

sider the case where the atomic mode is undamped, γ = 0. Since the cavity mode is strongly256

damped, we can eliminate it adiabatically to obtain a new single-mode master equation de-257

scribing the slow evolution of the atomic operators. We perform the adiabatic elimination258

using the Monte Carlo wave function formalism [42], where the density operator solution of259

the master equation (18) is obtained by averaging pure states over independent stochastic re-260

alizations, each realization corresponding to the deterministic evolution of an unnormalized261

state vector |ψ(t)〉 under the action of the non-Hermitian effective Hamiltonian:262

Heff = ħhΩV (PPc + εX X c)− iħh
2
κc†c , (26)

randomly interrupted by quantum jumps of the jump operator Cc =
p
κc. In the absence263

of coupling (i.e., for ΩV = 0), the atomic mode and the cavity mode remain in their initial264

state, i.e., the vacuum state. In the first order in ΩV , i.e. by a single action of the effective265

Hamiltonian, this state is coupled to states with one excitation in the cavity mode by the action266

of Pc and X c . As we showed in [23], in the weak coupling limit, i.e. for ΩV/κ → 0, we can267

truncate the Monte Carlo state vector in the Fock basis of the cavity |ψ〉 =∑nc
|ψnc 〉at |nc〉cav268

at first order in ΩV :269

|ψ〉= ��ψ0
� |0〉+ ��ψ1
� |1〉 (27)

Looking at the evolution of |ψ〉 under the effect of the effective Hamiltonian (26), and project-270

ing onto |1〉, we find that the fast component
��ψ1
�

exponentially reaches an adiabatic following271

regime of the slow component
��ψ0
�
, hence its adiabatic elimination:272 ��ψ1
�≈ p2

κ
(ΩV P − iΩT X )
��ψ0
�

(28)

expression that we can replace into the evolution equation of
��ψ0
�

obtained by projecting onto273

|0〉:274

iħh
d
��ψ0
�

d t
= −iħh

Ω2
V

κ
(P + iεX )(P − iεX )

��ψ0
�≡ − iħh

2
Γ C†C
��ψ0
�≡ H0

eff

��ψ0
�

(29)

We thus obtain the single-mode master equation that describes the slow evolution of the den-275

sity operator of the undamped mode under the influence of the Hamiltonian H0
eff and the276

associated quantum jumps:277

dρ0

d t
= Γ
�
Cρ0C† − 1

2

�
C†C ,ρ0
	�

(30)

It involves the rate Γ already introduced in section 3 eq. (22), as well as the non-Hermitian278

jump operator279

C ≡ P − iεX (31)

The non-Hermitian term −iεX , absent in Faraday’s purely vectorial Hamiltonian, breaks the280

QND character of the measurement.281

4.2 Evolution conditioned to a continuous measurement282

4.2.1 Evolution for one single realization283

In order to describe the evolution of the system conditioned to a continuous measurement by284

homodyne detection of the field at the cavity output, we reformulate the master equation (30)285
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in terms of the stochastic evolution of pure states, over which we must average to obtain the286

mean values given by the master equation. Each pure state evolves according to a continuous-287

time stochastic equation in the Ito sense3 [23,43–45]:288

d |ϕ〉= −Γ d t
2

�
C†C − 2p̄C + p̄2

� |ϕ〉+pΓ dζs (C − p̄) |ϕ〉 with p̄ = 〈ϕ(t)| P |ϕ(t)〉
(32)

where, for each (non-Hermitian) jump operator C of the master equation, we associate a289

continuous-time stochastic process dζs(t)with real values, Gaussian, with zero mean, variance290

dt, and without memory. Physically, dζs(t) is the noise of the homodyne signal (eq. (56) in291

[23]). Equation (32) can be solved exactly using a Gaussian ansatz for the wave function [46]292

in momentum space, real and normalized to unity:293

ϕ(p, t) = e−S with S = u(t) (p− p̄(t))2 −W (t) (33)

where W represents the normalization factor. With this ansatz:294

dϕ
ϕ
= 2ud p̄ (p− p̄) +

�−du+ 2u2d p̄2
�
(p− p̄)2 − ud p̄2 + dW (34)

Furthermore, by injecting the ansatz (33) into equation (32):295

dϕ
ϕ
= −Γ d t

2

¦
(1− 4u2ε2) (p− p̄)2 + 4p̄uε (p− p̄) +

2uε2 − ε©+pΓ dζs (1− 2uε)(p− p̄)

(35)

By identifying the terms in (p− p̄), (p− p̄)2, after calculation, we obtain the differential equa-296

tions verified by u(t) and p̄(t):297

du= d t Γ (1− 2uε)

d p̄ = −εΓ p̄ d t + dζs
p
Γ

�
1
2u
− ε
� (36)

with the initial conditions u(0) = 1
2 and p̄ = 0. Note that, for ε 6= 0, u(τ) →

τ�1

1
2ε and therefore298

in the differential equation (36) verified by p̄, the function
� 1

2u − ε
�

which is in front of the299

noise tends towards 0 for long times compared to 1
εΓ regardless of the trajectory, which also300

points to the existence of a deterministic spin squeezing regime. The system (36) can be solved301

analytically:302

u(τ) =
1
2ε

�
1− (1− ε) e−2ετ

�
(37)

303

p̄(τ) = e−ετ
∫ τ

0

eετ
′
w(τ′, dζs(τ

′)) (38)

where we have set τ ≡ Γ t and w(τ, dζs) ≡ dζs(τ)
�

1
2u(τ) − ε
�
. In Figures 7 and 8, we304

have plotted, for four realizations of the experiment, the time evolution of p̄, the quantum305

average value of the quadrature P in state |ϕ〉, as well as the variance of P, independent of the306

trajectory, in two situations: in the absence of a tensor term (ε= 0, Fig. 7) and in the presence307

3Equation (32) is equivalent to the stochastic master equation:

dρ = Γ d t
�
CρC† − 1

2

�
C†C ,ρ
	�
+
p
Γ dζs

�
(C − p̄)ρ +ρ(C† − p̄)

�
; ρ = |ϕ〉 〈ϕ|
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Figure 7: QND measurement of quadrature P by continuous measurement of X c in
the absence of a tensor term: on the left, quantum average value of P for four
realizations of the experiment: each trajectory converges to a fixed but
unpredictable value; on the right, variance of P (see (D.8)), independent of the
trajectory. Parameters: ε= 0; γ̃= 10−3.
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Figure 8: Quasi-QND measurement of quadrature P by continuous measurement of
X c in the presence of the tensor term: on the left, quantum mean value of P for four
realizations of the experiment: existence of a time window that we refer to as
quasi-QND (between the two vertical dotted lines). On the right, the variance of P
(see (D.8)), independent of the trajectory, remains greater than ε/2 (dashed line).
Parameters: ε= 10−2; γ̃= 10−3.

of a tensor term (ε 6= 0, Fig. 8). In case ε= 0, p̄ converges to a fixed but unpredictable value,308

reflecting the QND nature of the measurement, and the variance tends towards zero in the309

absence of atomic decoherence, since u(t) = 1/2+ Γ t, and towards a small value ∼ γ̃/4 (see310

(D.8)) for γ̃ 6= 0. In the presence of the tensor term, we can notice that for long times, in311

fact of the order of 1
2ε according to the previous section, we can see the onset of deterministic312

squeezing on each realization of the experiment: regardless of the stochastic trajectory, p̄313

converges to 0. We also see that there is a time window during which p̄ tends to stabilize at a314

random value (Fig. 8a), with decreasing fluctuations (Fig. 8b), a regime that we will refer to315

as quasi-QND.316

4.2.2 Evolution conditioned to the integrated homodyne signal317

The mean and variance of an observable in a single realization of the experiment generally318

have no physical meaning. In practice, rather than the homodyne history, i.e. the detailed319

time dependence of the homodyne detection signal, we are interested in its temporal mean σ320

defined in (25) over a time interval [0, t] that is easily accessible in an experiment, especially321

since the presence of decoherence adds atomic noise that is not measured. We will therefore322
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Figure 9: Quasi-QND measurement of P by continuous measurement of X c:
temporal evolution of the mean m(τ) (thin line) and variance V(τ) of P (thick line)
conditioned to the signal. The blue dotted line shows the squeezing time in 1/

p
ε

corresponding to the maximum signal. For this time, the variance conditioned to
the signal is VQND '

p
ε

4 (thick black dotted line). Parameters: ε= 10−2; γ̃= 10−3.

focus on the mean and variance of the nuclear spin quadrature P conditioned to the integrated323

signal σ, which is rewritten in the stochastic reformulation [23]:324

σ(t) =
1
t

∫ t
0

d t ′
�sκ

2



ϕ(t ′)
��X c

��ϕ(t ′)�+ 1
2

dζs(t ′)
d t ′
�

. (39)

Remarkably, despite the presence of the tensor term, we can relate the integrated signal (39)325

to p̄ using expressions (27) and (28) of the wave function in the truncated basis (see Appendix326

D). Thanks to the Gaussian nature of the probability distributions of p̄ andσ, it is then possible327

to show that the conditional mean is always proportional to the signal, and that the conditional328

variance, the inverse of the metrological gain, depends on time but not on the signal [23]:329

〈P〉σ=S = m(t)
Sp
Γ

; Varσ=S(P) = V(t) (40)

In Figure 9, we have plotted the mean m(t) and the variance V(t), conditioned to the inte-330

grated signal. Their calculation, including the effect of decoherence at rate γ, is detailed in331

Appendix D. We find that for ε 6= 0, m(τ) reaches a maximum. We consider this maximum as332

the upper time bound τmax
QND of the quasi-QND window. We give the results directly here for333

ε, γ̃� 1 4:334

τmax
QND ' 1Ç

ε+ γ̃
6

; mQND ' 1−
√√
ε+

γ̃

6
; VQND ' 1

4

Æ
ε+ γ̃/6+

1
6

γ̃p
ε+ γ̃/6

(41)

At the limit ε → 0, this gives back the scaling law with exponent −1/2, which is usual in335

alkalis and links the optimal spin variance to the cooperativity γ̃−1 [47]. In the regime γ̃� ε,336

the expressions (41) are simplified:337

τmax
QND 'γ̃�ε

1p
ε

; mQND '
γ̃�ε 1−pε ; VQND '

γ̃�ε

p
ε

4
(42)

Figure 10 summarizes the results seen in this section and the previous section. We have plot-338

ted the variance of P conditioned to the integrated signal and the variance of P to show the339

reduction in variance obtained in each regime as a function of the squeezing time.340

4In [23], where ε = 0, we find the same scaling laws for γ̃ but with different numerical coefficients since it is
V(τ) that is minimized there.
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Figure 10: Time evolution of V(τ) = Varσ=S(P) variance of P conditioned to the
signal (solid line) and of ∆P2 the variance of P (dashed line). The hatched areas
correspond to the two possible squeezing regimes: quasi-QND, deterministic.
Parameters: ε= 10−2; γ̃= 0.

5 Application to helium 3341

The theory we have developed in the previous sections also applies, with minor modifications342

detailed in this section, to the generation of squeezed nuclear spin states of helium atoms in343

their ground state. The ground state of helium, separated by 20 eV from the first excited state,344

is difficult to access directly by laser. To manipulate it, using a discharge, a small fraction of the345

atoms ∼ 10−6 is maintained in a metastable state, the state 23S, which can be coupled to light346

on the one hand, and which is coupled to the ground state via so-called metastability exchange347

collisions on the other hand [48]. In a previous work, we studied the possibility of squeezing348

the purely nuclear collective spin of a gas of helium-3 atoms in a cell at room temperature349

by quantum non-demolition measurement performed in the metastable state 23S, using the350

Faraday effect on a transition f = 1/2→ f ′ = 1/2 from the line 23S → 23P at 1083 nm [23,351

24]. More recently, a second configuration was identified, on a transition f = 3/2→ f ′ = 5/2352

of the same line, which has the advantage of working for a completely polarized atomic spin353

state (nuclear and metastable). The effectiveness of this configuration at the semi-classical354

level was demonstrated by looking at the effective coupling between classical fluctuations of355

the nuclear spin and the optical signal [25]. However, the question remained open regarding356

the complete quantum treatment of the problem, including in particular the tensorial part of357

the interaction between light and the metastable level f = 3/2 and its effect on spin squeezing.358

5.1 Model Hamiltonian and 3-mode master equation359

We consider a helium 3 gas initially polarized along x by optical pumping, and interacting,360

for the fraction of atoms in the metastable state, with a cavity mode also polarized along x361

and propagating along z. The vector coupling constant αv and tensor coupling constant αt
362

determining ΩV and ΩT (see equations (15)), due to transitions from state 23S f = 3/2 to363

states 23P, are shown in Figure 11 as a function of atomic detuning, counted from the so-364

called C3 transition, f = 3/2 → f ′ = 5/2. For a frequency detuning of the order of −2GHz365

(see inset in Figure 11), αt vanishes. From the linearized semi-classical equations describing366

the dynamics of light and atomic variable fluctuations around the fully polarized steady state367

(equations (78) in [25] with M = 1), by applying the Holstein-Primakoff approximation ex-368

tended to atomic vector and tensor operators as well as to light Stokes operators, we obtain369

a coupled system for the evolution of the six quadratures of three bosonic modes: a mode370

X c , Pc for the fluctuations of the Stokes spin in the cavity, a mode X I , PI for the fluctuations of371

the nuclear spin I = 1/2 of the ground state, and a mode X , P for the fluctuations of the spin372
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state F = 3/2, i.e. on the transition 23S→ 23P, as a function of the frequency
detuning for 3He. Top left, plot of ε= 2αt/αv: the dotted vertical line marks the
ideal laser frequency to minimize the perturbation induced by the tensor term,
while avoiding spontaneous emission (not shown here). The frequencies are
relative to the C3 transition.

f = 3/2 of the metastable state 5.373



Ẋ c

Ṗc

Ẋ I

ṖI

Ẋ

Ṗ


=



−κ/2 δ̃− 3
2α

t n 0 0 0 αv
p

3nphn
2

3
2α

t n− δ̃ −κ/2 0 0 −αtÆ3nphn 0

0 0 −γ f Bxγnuc γm

Æ n
3N 0

0 0 −Bxγnuc −γ f 0 γm

Æ n
3N

0 αv
p

3nphn
2 γm

Æ n
3N 0 − γm

3 γ 3
2

Bx − 2αt nph

−αtÆ3nphn 0 0 γm

Æ n
3N 2αt nph − γ 3

2
Bx − γm

3





X c

Pc

X I

PI

X

P


(43)

In the matrix (43) of the equations of motion, n and N denote the number of atoms in the374

metastable state and the ground state, γm and γ f ≡ γm
n
N are the exchange collision rates of375

metastability for an atom in the metastable state and for an atom in the ground state, nph is376

the number of photons in the linearly polarized cavity mode along x , Bx a magnetic field along377

x , γnuc and γ 3
2

the gyromagnetic factors for the nuclear spin and for the spin f = 3/2 of the378

metastable state. From the semi-classical equations linearized on the quadratures (43), using379

a standard procedure in quantum optics [23], we can write a master equation for the three380

corresponding bosonic modes, the light mode, the nuclear mode, and the metastable mode:381

dρ
d t
=

1
iħh[H,ρ] + κ
�
cρc† − 1

2

�
c†c,ρ
	�
+ CmρC†

m − 1
2

�
C†

mCm,ρ
	

(44)

The Hamiltonian H of interaction between light and the metastable level in (44) corresponds,382

for f = 3/2, to the Hamiltonian (13) calculated in the general case in section 2, where this383

time the ground level corresponds to the metastable level and the excited level to the level384

23P. For δ̃ = 3
2α

t n and γ 3
2
Bx = 2αt nph, we find equation (17):385

H = ħhΩV (PPc + εX X c) (45)

5Remarkably, and in accordance with the results in section 2, the other bosonic modes derived from the atomic
tensor operators of the metastable states, which are coupled to each other and to the nuclear mode by metastability
exchange collisions, are decoupled from the three modes of interest to us.
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where we have introduced the coupling constants defined in equation (15), applied here with386

f = 3/2:387

ΩV = α
v

Æ
3nphn

2
ΩT = α

t
Æ

3nphn ε= ΩT/ΩV (46)

As in [23,24], in addition to the jump operator
p
κc describing the exit of photons from the cav-388

ity, in (44) there is a jump operator for the exchange of metastability Cm =
Æ

2γ f aI −p2γma389

where aI and a are the annihilation operators of an excitation in the nuclear and metastable390

modes, respectively. The final form of the three-mode master equation is obtained by intro-391

ducing the eigenmodes α and β of the exchange collisions, which are hybrid states between392

the nuclear mode aI and the metastable mode a [23]:393

α=
√√ γm

γm + γ f
aI +

√√√ γ f

γm + γ f
a β =
√√ γm

γm + γ f
a−
√√√ γ f

γm + γ f
aI (47)

Mode α, which is essentially nuclear, is slow, while mode β , which is essentially metastable, is394

fast. In this basis, the metastability exchange jump operator is reduced to mode β alone with395

a rate γβ ≡ 2(γm + γ f ), and the master equation becomes:396

dρ
d t
=

1
iħh[H,ρ] + κ
�
cρc† − 1

2

�
c†c,ρ
	�
+ γβ
�
βρβ† − 1

2

�
β†β ,ρ
	�

(48)

where the Hamiltonian H is now expressed in terms of hybrid modes α and β :397

H = ħh(ΩVαPα +ΩVβ Pβ )Pc +ħh(ΩTαXα +ΩTβXβ )X c (49)

with:398

ΩVα =

√√√ γ f

γ f + γm
ΩV et ΩVβ =

√√ γm

γ f + γm
ΩV (50)

ΩTα =

√√√ γ f

γ f + γm
ΩT et ΩTβ =

√√ γm

γ f + γm
ΩT (51)

Compared to [23], the master equation (48) has an additional term in H, the term in X c of399

equation (49).400

5.2 Deterministic nuclear spin squeezing of helium 3401

In the same way as in section 3, we look at the possibility of deterministic squeezing of the nu-402

clear spin from the three-mode master equation (48). After calculation, we obtain two closed403

systems of six equations for the second moments, one system determining the fluctuations of404

the nuclear spin quadrature Xα and another for those of the quadrature Pα:405 

d
d t
〈X 2
α〉= 2ΩVα



XαPc

�
d
d t
〈X 2
β 〉= −γβ (〈X 2

β 〉 − 1
2
) + 2ΩVβ



Xβ Pc

�
d
d t



XαPc

�
= −κ

2



XαPc

�−ΩTβ



XαXβ
�−ΩTα〈X 2

α〉+ΩVα〈P2
c 〉

d
d t



Xβ Pc

�
= −γβ + κ

2



Xβ Pc

�−ΩTα



XαXβ
�−ΩTβ 〈X 2

β 〉+ΩVβ 〈P2
c 〉

d
d t



XαXβ
�
= −γβ

2



XαXβ
�
+ΩVβ



XαPc

�
+ΩVα〈Xβ Pc〉

d
d t



P2

c

�
= −κ(
P2

c

�− 1
2
)− 2ΩTα



XαPc

�− 2ΩTβ 〈Xβ Pc〉

(52)
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

d
d t
〈P2
α〉= −2ΩTα



PαX c

�
d
d t
〈P2
β 〉= −γβ (〈P2

β 〉 − 1
2
)− 2ΩTβ



PβX c

�
d
d t



PαX c

�
= −κ

2



PαX c

�
+ΩVβ



PαPβ
�
+ΩVα〈P2

α〉 −ΩTα〈X 2
c 〉

d
d t



PβX c

�
= −γβ + κ

2



PβX c

�
+ΩVα



PαPβ
�
+ΩVβ 〈P2

β 〉 −ΩTβ 〈X 2
c 〉

d
d t



PαPβ
�
= −γβ

2



PαPβ
�−ΩTβ



PαX c

�−ΩTα〈PβX c〉
d
d t



X 2

c

�
= −κ(
X 2

c

�− 1
2
) + 2ΩVα



PαX c

�
+ 2ΩVβ 〈PβX c〉

(53)

Each of the systems (52) and (53) admits a stationary solution, whose exact expressions for406

the second moments are given in Appendix E. Here, we give their expressions at order ε and407

in case γβ ,κ� ΩV :408

〈X 2
α〉deter =

1
2ε
− 2Ω2

V

γβκ
+

2εΩ2
V

γβκ

〈X 2
β 〉deter =

1
2
+

2Ω2
V

γβ (γβ + κ)
− 2Ω2

V ε
4Ω2

V + γβκ

γ2
β
κ (γβ + κ)

〈X 2
c 〉deter =

1
2
+

2Ω2
V

κ (γβ + κ)
− 2Ω2

V ε
4Ω2

V + γβκ

γβκ2 (γβ + κ)

〈P2
α〉deter =

ε

2
+

2εΩ2
V

γβκ

〈P2
β 〉deter =

1
2
− ε 2Ω2

V

γβ (γβ + κ)

〈P2
c 〉deter =

1
2
− ε 2Ω2

V

κ (γβ + κ)

(54)

which clearly demonstrates the existence of a deterministic squeezing regime with a reduction409

in quantum noise on the hybrid quadrature Pα of the order of ε/2, as in the two-mode case410

(section 3). To obtain nuclear spin squeezing, it suffices to return to the basis a, b:411

PI =
√√ γm

γm + γ f
Pα −
√√√ γ f

γm + γ f
Pβ (55)

hence the noise reduction on PI :412

∆P2
I =

γm

γm + γ f
∆P2

α +
γ f

γm + γ f
∆P2

β '∆P2
α as

γ f

γm
=

n
N
' 10−6 (56)

To find the characteristic time for deterministic squeezing, we eliminate adiabatically the fast413

components in systems (52) and (53). In each of these two systems, the last five equations414

have a damping term, unlike the first. We can therefore seek quasi-stationary solutions for415

the damped variables expressed as a function of the slow variable 〈X 2
α〉 (resp. 〈P2

α〉) and the416

problem parameters. In particular, the solution obtained for 〈XαPc〉 (resp. 〈PαX c〉) can be417

fed back in order to obtain a first-order differential equation for 〈X 2
α〉 (resp. 〈P2

α〉). After418

calculation, we obtain 6, still at order ε:419

〈X 2
α〉(τ)' 〈X 2

α〉deter −
�
〈X 2
α〉deter − 1

2

�
e−2ετ ; 〈P2

α〉(τ)' 〈P2
α〉deter +

�
1
2
− 〈P2

α〉deter

�
e−2ετ

(57)420

with τ≡ Γα t Γα ≡ 2Ω2
Vα

κ
' γ f

γm
Γ (58)

In Figure 12, we have plotted the time evolution of the quantum fluctuations of quadratures421

Pα and Xα in case ε < 1 for which Pα is squeezed.422

6The equations obtained for three modes have the same form as in section 3 equation (23) for two modes.
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Figure 12: Deterministic nuclear squeezing in 3He from the three-mode model:
time evolution of quantum fluctuations of hybrid quadratures Pα (decreasing curve
in red) and Xα (increasing curve in green). The expressions for the asymptotic
limits are given in Appendix E. Parameters (see section 5.4): ε= 1.6× 10−1;
γβ/ΩV = 0.48; κ/ΩV = 39.

5.3 Nuclear spin squeezing of 3He by continuous homodyne detection423

5.3.1 Master equation for the nuclear mode424

Analogous to section 4.1, but this time with two strongly damped modes, the cavity mode425

c and the metastable hybrid mode β , we adiabatically eliminate these two modes using the426

Monte Carlo wave function formalism [44]. From the master equation (48), we deduce the427

effective Hamiltonian:428

Heff = ħh(ΩVαPα +ΩVβ Pβ )Pc +ħh(ΩTαXα +ΩTβXβ )X c − iħh
2
κc†c − iħh

2
γββ

†β (59)

In the weak coupling limit ΩV → 0, we can truncate the Monte Carlo state vector in the Fock429

basis |ψ〉=∑nβ ,nc

���ψnβnc
α

�
nuc

��nβ�meta |nc〉cav, at first order in ΩV (i.e. by a single action of the430

effective Hamiltonian), as follows:431

|ψ〉= ��ψ00
α

� |0〉 |0〉+ ��ψ01
α

� |0〉 |1〉+ ��ψ11
α

� |1〉 |1〉 (60)

Under the effect of the effective Hamiltonian, the two fast components
��ψ01
α

�
and
��ψ11
α

�
expo-432

nentially join an adiabatic following regime of the slow component
��ψ00
α

�
, hence their adiabatic433

elimination:434 ��ψ01
α

�' p2
κ

�
ΩVαPα − iΩTαXα

� ��ψ00
α

�
��ψ11
α

�' −i
ΩTβ −ΩVβ

κ+ γβ

��ψ00
α

� (61)

Substituting these expressions into the Schrödinger equation verified by
��ψ00
α

�
:435

iħh
d
��ψ00
α

�
d t

= − iħh
2

�
Γα C†C + Γ0
� ��ψ00

α

�≡ H00
eff

��ψ00
α

�
(62)

where C = Pα − iεXα has the same form as the non-Hermitian jump operator (31) (but for436

mode α), Γα has been defined in (58), and Γ0 =
(ΩTβ
−ΩVβ

)2

κ+γβ
. We can therefore write a master437

equation:438

dρ0

d t
= Γα
�
Cρ0C† − 1

2

�
C†C ,ρ0
	�
+ Γ0
�
Cdρ

0C†
d − 1

2

�
C†

d Cd ,ρ0
	�

(63)

in terms of two quantum jumps C and Cd = 1. Compared to the structure of master equation439

(30), a jump term proportional to the identity is added, which will not play a role in homodyne440

detection measurement.441
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5.3.2 Nuclear spin squeezing by continuous homodyne measurement442

As in section 4.2, we can associate with each jump operator of the master equation (63) a443

stochastic process with real values, Gaussian, with zero mean, variance dt and no memory.444

The contribution of jump
p
Γ0Cd in the stochastic reformulation of the master equation (see445

equation (55) in [23]) is zero. Thus, the theoretical results (41) and (42) concerning squeezing446

by continuous homodyne measurement seen in section 4.2.2 apply directly, with and without447

decoherence, and allow the squeezing of the hybrid quadrature Pα to be quantified. As in (56):448

Varσ=S(PI ) =
γm

γm + γ f
Varσ=S(Pα) +

γ f

γm + γ f
〈P2
β 〉 ' Varσ=S(Pα) = V(τ) (64)

5.4 Numerical estimates449

Numerical values of the parameters for a non-demolition Faraday quantum spin squeezing ex-450

periment in a cell of approximately 400 mm3 filled with 3He at room temperature were given451

in reference [24]. For a pressure of 0.88 Torr, there would be approximately N = 1016 atoms452

in the ground state and n = 5× 1010 atoms in the metastable state in the steady state in the453

presence of a discharge [48]. As in [24], we consider the system in a cavity pumped with454

linearly polarized light in the x direction, with a loss rate of the number of photons in the455

cavity κ= 2π× 108Hz and 5mW of x-polarized light leaving the cavity.456

Unlike [23,24], where the light was tuned to a transition F = 1/2→ F ′ = 1/2 and the atomic457

system was only partially polarized, we consider here a more favorable configuration [25],458

which uses the hyperfine level F = 3/2 of the metastable state and a completely polarized459

atomic system, resulting in the metastability exchange collision rates γm = 3.92 × 106 s−1
460

and γ f = 19.6 s−1. For an atom-light detuning of −3.4GHz, corresponding to the dotted461

line on the inset of Figure 11, for which ε = 0.16, we would then have: nph = 4.33 × 107,462

ΩRabi = 2π×4.26kHz, ΩV = 2π×2.59 MHz, and Γα = 4.22 s−1. The decoherence in the ground463

state, dominated by the de-excitation of the metastable states on the walls of the cell [24],464

would give a parameter γ̃α = γ/Γα = 3.08× 10−2 here.465

For deterministic spin squeezing, according to Figure 12 obtained without decoherence, for466

τ= 10, we could have∆P2/∆P2
0 ' 0.2 in a time of 2.37s. In the presence of decoherence, the467

correction (see equation (23)) is not negligible here since γ̃α/2ε ' 9.6× 10−2 and we would468

then obtain ∆P2/∆P2
0 ' 0.24.469

For squeezing by continuous measurement, according to equations (42), we could achieve a470

conditional variance VQND/V(t= 0) ' 0.2 in a time tQND = τQND/Γα = 0.59s. With the cor-471

rections (41) due to decoherence, γ̃α/6' 5×10−3, we would achieve VQND/V(t= 0)' 0.22.472

An interesting avenue for reducing atomic decoherence, which would also allow the nuclear473

spin size to be varied for a constant pressure in the cell, would be to use a mixture of helium474

3 and helium 4 instead of pure helium 3 gas [48].475

6 Conclusion476

In this article, we propose using both vector and tensor light shifts on spin- f > 1/2 atoms477

to squeeze the transverse fluctuations of the collective atomic spin starting from a polarized478

state. For an atomic spin and a Stokes spin of light polarized in the same direction, we derive479

a simple Hamiltonian in terms of quadratures, which allows us to obtain analytical results as480

a function of the ratio ε between the vector and tensor coupling of the atom-field interaction.481

For 0 < ε � 1, we identify two distinct regimes of spin squeezing. A regime of squeezing482

by quasi-QND measurement using the Faraday effect for times up to (
p
εΓ )−1, where Γ is483

the usual QND measurement rate by Faraday effect, where the conditional variance of the484
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transverse fluctuations of the atomic spin is reduced by a factor of
p
ε/2, and a second regime485

of deterministic spin squeezing for times of the order of (εΓ )−1, where the variance of the486

fluctuations is reduced by a factor of ε. The advantage of the deterministic squeezing regime487

is to prepare an unconditional state and to squeeze better, by a factor
p
ε. The advantage of the488

quasi-QND regime, holding for times Γ−1� t < (
p
εΓ )−1, is that the squeezing is faster, which489

could be needed in some cases to maintain the decoherence rate lower than the squeezing490

rate. If our analysis is general and can be applied to different atomic species, we apply it here491

to the atoms of 87Sr, 173Yb, and 3He, all of which have a purely nuclear spin in the ground state492

with very long associated coherence times. In a cavity such as that of [1], in the deterministic493

squeezing regime, it would be possible to obtain for strontium 87 a reduction in variance of494

0.35 in a time of the order of a second, and for ytterbium 173 a reduction in variance of 0.03495

in a few tens of milliseconds. In the case of helium 3, the interaction with light occurs in496

the metastable state 23S1 of spin f = 3/2, and spin squeezing is brought back to the ground497

state 11S0 of spin 1/2 thanks to metastability exchange collisions. For this atom, in continuous498

measurement squeezing, it would then be possible to achieve a reduction in variance of 0.22 in499

0.59s. Spin squeezing in these atoms thus offers significant prospects for metrology, whether500

in magnetometry or atomic clocks.501
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A Atom-photon interaction and light shifts in the ground state505

Here we are interested in the lightshift in the ground state for an atom placed in an electro-506

magnetic field at frequency ω. For a monochromatic light field, the atom-electric dipole field507

interaction is written as [32,33]:508

V = −d · E (A.1)

where d denotes the atomic dipole operator and E the electric field operator. Since we are509

interested in the complete quantum treatment of the atom-photon system, we also quantize the510

field in a cavity of volume V . Taking polarization into account, we arbitrarily note a horizontal511

linear polarization with direction vector eH and a vertical polarization with direction vector512

eV orthogonal to eH, with the beam propagating in direction ek ≡ eH ∧ eV. The field operator513

is then written, for component (+):514

E(+) =

√√ ħhω
2ε0V

(aHeH + aVeV) (A.2)

where aH and aV are the photon annihilation operators for the cavity mode of frequencyωc . To515

these operators, we can associate the Stokes vector S, a collective operator that is equivalent516

to a spin nph/2, where nph is the number of photons, to represent the degrees of freedom of517

the field polarization, and whose components are written as:518

S1 =
1
2
(a†

HaH − a†
VaV) ; S2 =

1
2
(a†

HaV + a†
VaH) ; S3 =

1
2i
(a†

HaV − a†
VaH) (A.3)

As with angular momentum, these operators satisfy the commutation relations [Si , S j] = iεi jkSk.519

We also define S0 =
1
2(a

†
HaH + a†

VaV); 2S0 is therefore the photon number operator. In the ro-520

tating wave approximation, and using a perturbative approach for a highly detuned laser field,521

the effective Hamiltonian of the particle in the ground state can be written as follows [32,33]:522

h f =
∑

e

E(−) · αg,e

ħh∆g,e
· E(+) (A.4)

where αg,e denotes the atomic polarizability tensor, g and e correspond respectively to the523

ground state of the spin f atom and to a level of the excited state with spin f ′, and∆g,e =ω−ωeg524

is the detuning between the frequency of the light field and an atomic resonance frequency525

ωeg ≡ωe −ωg . The tensor αg,e is written as:526

αg,e = dgedeg (A.5)

where dge = d†
eg = PgdPe is the electric dipole operator that allows the atomic transition from527

state (e) to state (g). Physically, this interaction Hamiltonian (A.4) means that, starting from528

a fundamental state, the atom is brought to an excited (virtual) state by absorbing a photon529

from the field, which is well described by the coupling operation between the scale operator530

deg and the annihilation of a photon via E(+). The temporarily excited atom then returns to531

its ground state (potentially another (g)) by emitting a photon scattered in the light field, i.e.532

via the coupling between dge and E(−).533

Since the polarizability tensor (A.5) is a rank 2 spherical tensor (as the dyadic sum of two534

vectors d and d†, which are rank 1 spherical tensors), it can be decomposed irreducibly into535

spherical components, as can the Hamiltonian (A.4). The total Hamiltonian is the sum over536

all permitted transitions g → e:537

h f =
∑

e

ħhω
2ε0V

α0

ħh∆g,e

§
α(v)g,e fkS3 +α

(t)
g,e

��
f ( f + 1)

3
− f 2

k

�
S0 + ( f

2
H − f 2

V )S1 + ( fH fV + fV fH)S2

�ª
(A.6)
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where the fk, fH, fV are the Cartesian components of the spin f of the atom, α0 is a character-538

istic constant proportional to γsp the spontaneous emission rate of the wavelength transition539

λ:540

α0 =
3ε0ħhγspλ

3

8π2
(A.7)

and α(v)g,e, α
(t)
g,e are constants depending solely on the quantum numbers of the transition under541

consideration:542

α(v)g,e = (2 j′ + 1)

�����1 j j′
i f ′ f

�����2 �−2 f − 1
f

δ
f ′
f −1 − 2 f + 1

f ( f + 1)
δ

f ′
f +

2 f + 3
f + 1

δ
f ′
f +1

�
(A.8)

543

α(t)g,e = −(2 j′ + 1)

�����1 j j′
i f ′ f

�����2 �1f δ f ′
f −1 − 2 f + 1

f ( f + 1)
δ

f ′
f +

1
f + 1

δ
f ′
f +1

�
(A.9)

The matrices in parentheses correspond to Wigner symbols 6 j, and j, j′ are the electron spins544

of the ground state and the excited state. In part 2, we replaced H with x , V with y , and k545

with z. We also replaced α0 with its expression (A.7) to reveal the effective scattering cross546

section σc =
3λ2

2π . Finally, S1, S2, S3 becomes Sx , Sy , Sz . In the end, we obtain the expression547

(1), with548

αv ≡ cσc

4V
γsp

∑
e={ j′, f ′}

α(v)g,e

∆g,e
; αt ≡ cσc

4V
γsp

∑
e={ j′, f ′}

α(t)g,e

∆g,e
(A.10)

The plots in Figures 2 and 11 represent the vector and tensor couplings divided by the square549

of the Rabi pulsation550

Ω2
Rabi =

cσc

4V
γsp (A.11)

B 2-mode equations of motion close to the polarized state551

In this appendix, we start from the full Hamiltonian (12) from which we write the equations of552

motion (quantum Langevin) from Heisenberg’s point of view. The equation of motion verified553

by ãx is written, in the presence of atoms:554

˙̃ax = −i
�
δc +α

t nf
3
(2 f − 1)−

2 f∑
k=1

k(2 f − k)a†
kak

�
ãx − κ2 ãx + β + dãstoch

x /d t (B.1)

where we have introduced δc = ωc −ω the detuning between the laser and the cavity, κ the555

damping of the light mode, and the Langevin forces (noted dOstoch/d t for an observable O).556

In the polarized state |n : ϕ0〉 ⊗ |αx〉, which is a stationary state:557

〈ãx〉st = β

κ/2+ iδ̃
(B.2)

with δ̃ = δc + αt n f
3 (2 f − 1) the detuning in the presence of atoms in the cavity. As for the558

transverse operators of light and atoms, which have a zero average in the stationary polarized559
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state, the equations of motion are written, again based on the full Hamiltonian (12):560

Ṡy =
1
2
(β ã†

y + β
∗ãy)− κSy +α

v
p

nf P1Sx −αt nf ( f − 1/2)Sz + dSstoch
y /d t

Ṡz =
1
2i
(−β ã†

y + β
∗ãy)− κSz −αt

p
nf (2 f − 1)X1Sx +α

t nf ( f − 1/2)Sy + dSstoch
z /d t

Ẋ1 = α
v
p

nf Sz +
�
γ f B0 − (2 f − 1)αt a†

x ax

�
P1

Ṗ1 = −αt
p

nf (2 f − 1)Sy −
�
γ f B0 − (2 f − 1)αt a†

x ax

�
X1

Ẋk =
�
γ f kB0 − k(2 f − k)αt a†

x ax

�
Pk , k 6= 1

Ṗk = −
�
γ f kB0 − k(2 f − k)αt a†

x ax

�
Xk , k 6= 1

(B.3)

By linearizing the equations of motion, using (B.2), and switching to the atomic and light561

quadratures introduced in (5), (6), (7), and (8), knowing that 〈a†
x ax〉st = nph:562

Ẋ c =
�
δ̃−αt nf ( f − 1/2)

�
Pc − κ2 X c +α

v

√√n nph f

2
P1 + dX stoch

c /d t

Ṗc = −
�
δ̃−αt nf ( f − 1/2)

�
X c − κ2 Pc −αt

√√n nph f

2
(2 f − 1)X1 + dPstoch

c /d t

Ẋ1 = α
v

√√n nph f

2
Pc +
�
γ f B0 − (2 f − 1)αt nph

�
P1

Ṗ1 = −αt

√√n nph f

2
(2 f − 1)X c −
�
γ f B0 − (2 f − 1)αt nph

�
X1

Ẋk =
�
γ f kB0 − k(2 f − k)αt nph

�
Pk , k 6= 1

Ṗk = −
�
γ f kB0 − k(2 f − k)αt nph

�
Xk , k 6= 1

(B.4)

δ̃ has been defined in (14). From the equations of motion (B.4), we can write the Hamiltonian563

(13) describing the transverse fluctuations of the atomic and light modes.564

565

C Interpretation of the deterministic squeezing mechanism using566

Langevin equations567

In this appendix, instead of using the master equation formalism like in section 3, we rather568

use the Langevin approach, i.e. we start from equations (B.4). We also assume that γ = 0 for569

the sake of simplicity. By tuning δ̃ and B0 in equations (B.4) so that the harmonic oscillator570

motion of each mode is cancelled:571

Ẋ c = −κ2 X c +ΩV P + dX stoch
c /d t

Ṗc = −κ2 Pc − εΩV X + dPstoch
c /d t

Ẋ = ΩV Pc

Ṗ = −εΩV X c

(C.1)

We have omitted the index for the first atomic mode as other atomic modes are decoupled.572

dX stoch
c is a Langevin noise and for every time t and t ′, we have [23]:573

〈dX stoch
c (t)dX stoch

c (t ′)〉= 〈dPstoch
c (t)dPstoch

c (t ′)〉= κ
2

d t δ(t − t ′) (C.2)
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The stochastic equations (C.1) allow us to derive the dynamics of the atomic mode, looking at574

the mean and the variance of X and P. First, we eliminate adiabatically the light mode:575

X c =
2ΩV

κ
P +

2
κ

dX stoch
c /d t

Pc = −2εΩV

κ
X +

2
κ

dPstoch
c /d t

(C.3)

Reporting the expressions above into the equations of motion for the atomic mode:576

Ẋ = −2εΩ2
V

κ
X +

2ΩV

κ
dPstoch

c /d t

Ṗ = −2εΩ2
V

κ
X − 2εΩV

κ
dX stoch

c /d t

(C.4)

The stochastic equations for X and P directly exhibits the deterministic behaviour, decaying at577

a rate εΓ for the mean 〈X 〉 and 〈P〉:578

〈Ẋ 〉= −εΓ 〈X 〉
〈Ṗ〉= −εΓ 〈P〉 (C.5)

As the initial conditions are such that 〈X 〉(t=0) = 〈P〉(t=0) = 0, 〈X 〉(t) = 〈P〉(t) = 0. For the579

variance, we thus need to look only at 〈X 2〉 and 〈P2〉:580

d
d t
〈P2〉= 〈(P + dP)(P + dP)− P2〉

d t

=
〈2PdP + dP2〉

d t

= −2εΓ
�〈P2〉 − ε

2

� (C.6)

where we have used (C.2) for 〈dP2〉. This demonstrates the existence of a squeezing deter-581

ministic regime, provided that ε > 0. Similarly for 〈X 2〉:582

d
d t
〈X 2〉= −2εΓ
�〈X 2〉 − 1

2ε

�
(C.7)

This also shows that if ε > 1 then X is squeezed. The deterministic spin squeezing thus derives583

from the coupled dynamics of the damped (cavity) and the undamped (atomic) mode. Due to584

the presence of the two terms X X c and PPc in the Hamiltonian, for ε > 0 both quadratures of585

the atomic mode inherit the damping of the cavity mode. Due to the different weights of the586

two terms X X c and PPc in the hamiltonian, for ε 6= 1, the quantum noise in the two atomic587

quadratures is unevenly distributed in the steady state.588

D Calculation of the mean and variance of P conditioned to the589

signal in the presence of decoherence590

To take decoherence into account, we add a Lindblad term with a jump operator
p
γ a to the591

master equation (30):592

dρ0

d t
= Γ
�
Cρ0C† − 1

2

�
C†C ,ρ0
	�
+ γ
�
aρ0a† − 1

2

�
a†a,ρ0
	�

(D.1)
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From equation (D.1), which describes the slow evolution of the atomic mode, we can write593

a continuous-time stochastic equation suitable for describing the evolution conditioned to a594

continuous measurement of a quadrature of the field leaving the cavity by homodyne detection595

[23,43–45]:596

d |ϕ〉= −Γ d t
2

�
C†C − 2p̄C + p̄2

� |ϕ〉+pΓ dζs (C − p̄) |ϕ〉
− γd t

2

�
a†a+ i

p
2p̄ a+

1
2

p̄2
�
|ϕ〉+pγdζa

�
ia+
p

2
2

p̄

�
|ϕ〉

(D.2)

with597

C† = P + iεX ; C = P − iεX ; p̄ = 〈ϕ(t)| P |ϕ(t)〉 (D.3)

Following [23], for the decoherence jump operator, we have chosen
p
γ ia rather than

p
γ a,598

which allows us to remain in R for the calculations that follow. To the (non-Hermitian) jump599

operator C , we have associated a continuous-time stochastic process dζs(t) with real values,600

Gaussian, with mean zero, variance dt, and no memory. Similarly, dζa(t) is a continuous601

stochastic process with real values, Gaussian, with mean zero, variance dt, and no memory602

associated with the atomic decoherence jump operator. This equation can be solved exactly by603

a Gaussian ansatz for the wave function in momentum space, real and normalized to unity:604

ϕ(p, t) = e−S with S = u(t)
�
p− ¯p(t)
�2 −W (D.4)

where W represents the normalization factor. With this ansatz:605

dϕ
ϕ
= 2ud p̄ (p− p̄) +

�−du+ 2u2d p̄2
�
(p− p̄)2 − ud p̄2 + dW (D.5)

We can also rewrite equation (D.2) in p-representation:606

dϕ
ϕ

= −Γ d t
2

�
(1− 4u2ε2) (p− p̄)2 + 4p̄uε (p− p̄) + 2uε2 − ε�+pΓ dζs (1− 2uε)(p− p̄)

−γd t
2

�
(
1
2
− 2u2) (p− p̄)2 + 2p̄u (p− p̄) + u− 1

2

�
+
s
γ

2
dζa (2u− 1)(p− p̄) (D.6)

Identifying the terms in (p− p̄), (p− p̄)2, after calculation, we obtain the differential equations607

verified by u(t) and p̄(t):608

du=
�
Γ (1− 2uε) + γ(

1
2
− u)
�

d t

d p̄ = −�εΓ + γ
2

�
p̄ d t + dζs

p
Γ

�
1
2u
− ε
�
+ dζa

s
γ

2

�
1− 1

2u

� (D.7)

with initial conditions u(0) = 1
2 and p̄ = 0, which can be solved analytically:609

u(τ) =
1

2ε+ γ̃

�
1+

γ̃

2
− (1− ε) e−(2ε+γ̃)τ

�
(D.8)

610

p̄(τ) = e−(ε+
γ̃
2 )τ

∫ τ
0

e(ε+
γ̃
2 )τ
′
w(τ′, dζs(τ

′), dζa(τ
′)) (D.9)

where we have setτ≡ Γ t, γ̃≡ γ
Γ , and w(τ, dζs, dζa)≡ dζs(τ)

�
1

2u(τ) − ε
�
+dζa(τ)
Ç
γ̃
2

�
1− 1

2u(τ)

�
.611

Now let us introduce the integrated homodyne detection signal in its stochastic form:612

σ(t) =
1
t

∫ t
0

d t ′
�sκ

2



ϕ(t ′)
��X c

��ϕ(t ′)�+ 1
2

dζs(t ′)
d t ′
�

(D.10)
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Remarkably, despite the presence of the tensor term, we can relate the signal to p̄ using the613

expressions of the wave function in the truncated basis (27) and (28) and we find:614

σ(t) =
1
t

∫ t
0

d t ′
�p
Γ p̄(t ′) + 1

2
dζs(t ′)

d t ′
�

(D.11)

We now want to access the mean and variance of P conditioned to the value S of the homodyne615

signal σ. It can be shown [23] that the conditional mean is always proportional to the signal,616

and that the conditional variance, synonymous with metrological gain, depends on time but617

not on the signal:618

〈P〉σ=S = m(t)
Sp
Γ

with m(t) =
p
Γ
〈σ(t) p̄(t)〉stoch

〈σ2(t)〉stoch
(D.12)

619

Varσ=S(P) = V(t) with V(t) = 1
4u(t)

+ 〈p̄2(t)〉stoch − 〈σ(t) p̄(t)〉
2
stoch

〈σ2(t)〉stoch
(D.13)

where 〈· · · 〉stoch at time t indicates that the mean is taken over all realizations of stochastic620

processes dζs(t ′) and dζa(t ′) over time interval [0, t]. Furthermore, the sum of the first two621

terms of the conditional variance corresponds exactly to 〈P2〉, which was calculated in section622

3. Indeed, with this formalism, we can calculate the variance of the operator P, which has a623

zero mean 〈P〉 ≡ 〈p̄〉stoch = 0:624

〈P2〉(τ)≡ 〈〈ϕ(τ)| P2 |ϕ(τ)〉〉stoch

= 〈〈ϕ(τ)| P2 |ϕ(τ)〉 − 〈ϕ(τ)| P |ϕ(τ)〉2 + 〈ϕ(τ)| P |ϕ(τ)〉2〉stoch

= 〈Varϕ(τ)P〉stoch + 〈p̄2(τ)〉stoch

=
1

4u(τ)
+ 〈p̄2(τ)〉stoch

=
1

4u(τ)
+

∫ τ
0

dτ′e−2(ε+γ̃/2)(τ−τ′)
��

1
2u(τ′) − ε
�2
+
γ̃

2

�
1− 1

2u(τ′)

�2�
= (23)

(D.14)

Equations (D.9) and (D.11) allow us to calculate the variance and covariance by averaging625

these two stochastic processes. By introducing the Langevin forces dζ(τ)
dτ into the integrals and626

using the fact that, when switching to the stochastic mean 〈 dζ(τ)dτ
dζ(τ′)

dτ′ 〉stoch = δ(τ − τ′), we627

obtain:628

〈σ p̄〉stochp
Γ

=
1
τ

∫ τ
0

dτ′e−(ε+
γ̃
2 ) (τ−τ′)
¨��

1
2u(τ′) − ε
�2
+
γ̃

2

�
1− 1

2u(τ′)

�2� 1− e−(ε+ γ̃2 ) (τ−τ′)
ε+ γ̃/2

+
1
2

�
1

2u(τ′) − ε
�«

=
1− ε
2τ

1− e−(ε+ γ̃2 )τ
(ε+ γ̃/2)2
�
ε e−(ε+

γ̃
2 )τ + γ̃/2
�

(D.15)

〈σ2〉stoch

Γ
=

1
τ2

∫ τ
0

dτ′
(�

1
2
+
�

1
2u(τ′) − ε
�

1− e−(ε+ γ̃2 ) (τ−τ′)
ε+ γ̃/2

�2
+
γ̃

2

�
1− 1

2u(τ′)

�2�1− e−(ε+ γ̃2 ) (τ−τ′)
ε+ γ̃/2

�2)

=
1

(2ε+ γ̃)3τ2

�
4(1− ε)(2ε− γ̃)[1− e−(2ε+γ̃)τ/2]− 4ε(1− ε)[1− e−(2ε+γ̃)τ]

+
�
(2ε+ γ̃)(2γ̃+ (ε− γ̃/2)2)�τ�

(D.16)
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By inserting expressions (D.15) and (D.16) into (D.12) and (D.13), we calculate exactly629

the mean and variance conditioned to the integrated signal σ. The coefficient m(τ) has a630

maximum that we calculate for ε, γ̃� 1 and τ� 1. More precisely, we renormalize τ and γ̃:631

τ̄≡pετ ; γ̄≡ γ̃
ε

(D.17)

and we take the limit ε→ 0 at τ̄, γ̄ fixed. We obtain:632

m(τ̄) = 1−
p
ε

2

�
1
τ̄
+
�
1+

γ̄

6

�
τ̄

�
V(τ̄) =

p
ε

�
1

4τ̄
+
γ̄

6
τ̄

� (D.18)

We therefore have the following expressions for the maximum quasi-QND squeezing time, the633

value of the conditional mean and variance associated with it:634

τmax
QND ' 1Ç

ε+ γ̃
6

'
γ̃�ε

1p
ε

; mQND ' 1−
√√
ε+

γ̃

6
'
γ̃�ε 1−pε ; VQND ' 1

4

Æ
ε+ γ̃/6
�
1+

2
3

γ̃

ε+ γ̃/6

� '
γ̃�ε

p
ε

4

(D.19)

E 3-mode stationary solutions for 3He635

In this section, we give the exact stationary solutions of systems (52) and (53). The solution636

of each system is expressed in terms of 〈Xβ Pc〉 and 〈PβX c〉, respectively.637 

〈XαPc〉= 0

〈X 2
β 〉= 1

2
+

2ΩVβ

γβ
〈Xβ Pc〉

〈X 2
α〉= 1

2ε
− 2ΩVβ

�1
κ
+

1
γβ

�〈Xβ Pc〉

〈Xβ Pc〉
�
1+

4ΩVαΩTα

γβ (γβ + κ)
+

4ΩVβΩTβ

γβ (γβ + κ)
+

4ΩVβΩTβ

κ(γβ + κ)

�
= (1− ε) ΩVβ

γβ + κ

〈XαXβ 〉= 2ΩVα

γβ
〈Xβ Pc〉

〈P2
c 〉= 1

2
− 2ΩTβ

κ
〈Xβ Pc〉

(E.1)



〈PαX c〉= 0

〈P2
β 〉= 1

2
− 2ΩTβ

γβ
〈PβX c〉

〈P2
α〉= ε2 + 2εΩVβ

�1
κ
+

1
γβ

�〈PβX c〉

〈PβX c〉
�
1+

4ΩVαΩTα

γβ (γβ + κ)
+

4ΩVβΩTβ

γβ (γβ + κ)
+

4ΩVβΩTβ

κ(γβ + κ)

�
= (1− ε) ΩVβ

γβ + κ

〈PαPβ 〉= −2ΩTα

γβ
〈PβX c〉

〈X 2
c 〉= 1

2
+

2ΩVβ

κ
〈PβX c〉

(E.2)
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