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Abstract

We deform two-dimensional quantum field theories by antisymmetric combina-
tions of their conserved currents that generalize Smirnov and Zamolodchikov’s
TT deformation. We obtain that energy levels on a circle obey a transport
equation analogous to the Burgers equation found in the 77T case. This equa-
tion relates charges at any value of the deformation parameter to charges in the
presence of constant background gauge fields. We determine the initial data
and solve the transport equations for antisymmetric combinations of flavor
symmetry currents and the stress tensor starting from conformal field theories.
Among the theories we solve are conformal field theories deformed by JT and
TT simultaneously. We check our answer against results from AdS/CFT.
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1 Introduction

Two-dimensional field theories are interesting theoretical laboratories for discovering new
phenomena in quantum field theories. An exciting recent development indicates that in
special situations we may control a theory flowing against the renormalization group flow:
we can deform a theory by special irrelevant operators and flow towards the ultraviolet
without encountering an infinite set of ambiguities that usually plague such attempts. On
top of this, in some cases the resulting theory is solvable in the sense that its spectrum on
S1 x R can be determined explicitly in terms of the spectrum of the undeformed theory.
This has so far been achieved for the 77 and JT deformed theories. In this paper, we
extend these results to a large family of deformations. Below we briefly summarize what
has been understood about these theories in the literature. These exciting findings provide
ample motivation for this study.

It was understood in [1] that the composite operator T'T is unambiguously defined in
any translationally invariant field theory, because the collision limit of the point splitted
operators is regular (up to derivatives). The derivation was extended in [2]| to other
operators, and deforming by such irrelevant operators was proposed. The spectrum of the
theory was shown to obey the Burgers equation in [2, 3], see also [4] for the nonrelativistic
case. The spectrum of the JT deformed theory was obtained in [5], see also [6,7].

One can also arrive at the TT deformed theories from the point of view of S-matrices.
This was developed in [8-10] and a realization of it as a theory of quantum gravity was
proposed in [11-13]. Other work analyzing the very interesting UV behavior of the theory
depending on the sign of the coupling includes [14,15].

The torus partition function of both the TT and JT obeys interesting differential
equations, has nice modular properties, and is unique in the appropriate sense [12,16-19].
Correlation functions were analyzed in [20-24].

The first holographic interpretation of 7T as cutoff AdS3 geometry was proposed in [14],
progress in this direction is reported in [22,25,26]. The holographic interpretation of JT
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deformation was studied in [6,27|. Higher dimensional generalizations in the holographic
context were discussed in [28-31]. These ideas were applied to the dS/dS correspondence
in [32]. A second holographic interpretation of a single trace version of TT with a different
sign for the coupling was proposed to describe AdS3 embedded in a linear dilaton background
in [15]. Soon this approach was generalized to the single trace version of JT in [5,33].
Work in this direction includes [21,34-39|. The entanglement entropy of these holographic
theories was analyzed in [40,41].

Deformations of supersymmetric theories were discussed in [42,43]. TT deformed
theories on S? were analyzed in [30,44]. Classical field theories deformed by TT have
interesting properties on their own, which were analyzed in [3,45-48].

Organization

Since our arguments borrow results from a variety of sources, we perform a number of
checks and make several comments in the process of solving the spectrum of the deformed
theories. We include these at each key step in the paper. To arrive at the result fastest,
the reader may wish to follow the argument narrowly and skip the checks and comments,
and read Section 2 for the strategy of our approach, Section 3 except for Section 3.4 for
the solution of the theory with background gauge fields, Section 4 for the universal flow
equation describing a generic point in theory space, Section 6 except for Section 6.4 for the
solution of the spectrum, and Section 7 for conclusions and future directions.

The content of the rest of the paper is as follows. Section 3.4 includes our unsuccessful
attempt to understand deformations by higher spin (KdV) currents, Section 5 contains two
complementary checks of the universal equation, and Section 6.4 checks a special case of
the spectrum from string theory. The Appendices contain details of our conventions, the
worked out example of the compact free scalar, and comparison with the JT literature.

Note added: Results equivalent to those in Section 6.4 have been obtained independently
using the same methods in ongoing work [49]. We thank the authors for comparing our
formulas. A summary of that work appears in a coordinated submission to the arXiv [50].

2 A strategy for solving TT-like theories

Let us take a 2d QFT on a cylinder, S' x R, which is translationally invariant in both the
spatial (S!) and the time (R) directions. Note that we do not require Lorentz symmetry.
In [1,2] it was shown that there exist composite operators built from conserved currents in
any such QFT, whose expectation value factorizes in an energy eigenstate |n):

(e T () I () ) = {nllim 7D )T (y)|n)
Ty (2.1)
= e (n|J{D|n) (n| ) |n)

where in the second line we deleted the arguments to emphasize that the one point functions
in energy eigenstates do not depend on the position of the operator. There are two

familiar examples of these composite operators: taking Jz(l) = J and Jg) = Jin a CFT, the

composite operator ¥ J,(Ll)Jl(,Q) is the exactly marginal operator J.J, while taking J,Sl) =T,
and J,Sz) = Ty, in any 2d QFT, the composite operator becomes what is known as T' T in
the literature. (In our conventions, it is —51;77".)
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The composite operator O = e* Jle)Jl@ hence defined can be used to define a one

parameter family of theories,

%S(A) - / Pz Oy(x), (2.2)

where the notation Oy (z) serves as a reminder that the conserved currents J,SLQ) building
O change as A is changed. Using factorization, it immediately follows that the energy
spectrum of this family of theories obeys

0

v 1 2
bn =1L (n|TMn) (n] TP ), (2.3)

where we used the Hellmann-Feynman theorem %En = (n]é%H |n). If we want to use

this equation, we need to know the matrix elements (n|Jle’2)]n>. For the time component
p =2, we have (n|Jo|n) = Q,/L, where L is the length of the spatial S and Q is the
charge corresponding to the conserved current. If () is the charge of an internal symmetry,
its value is quantized, and cannot depend on A. This includes the case of the momentum
along the spatial S!, for which Q, = iP, = 27?", where j, € Z. For time-translations,
Qn = —E,. One can also consider a higher spin (KdV) charge @ of a 2d CFT or integrable

model, in which case to get a closed set of equations we also need to write down a flow
(higher spin)
n

equation for a%Q . We treat one such case in a separate publication.

For the spatial component = 1 giving (n|Ji|n), we do not in general have a physical
interpretation. The case of the TT" deformation of a relativistic field theory is an exception,
where we know the value of all matrix elements:

E iP,

(WlTuln) = = (WfTealn) = —0LE,  (nTuln) = 7 = (a/Tialn),  (2.4)
where the last equality follows from the fact that the stress tensor is symmetric. Plugging
these into (2.3) we obtain the Burgers equation of [2]:

0 1 P2

where the overall factor on the RHS follows from our choice of normalization of the composite
operator O, as discussed below (2.3).

We propose to proceed in the more general case, where general considerations do not
determine (n|Jj|n), by coupling the current to an infinitesimal constant background field

S\ a) = /d2m iJi(z) . (2.6)

With the introduction of a, (2.3) becomes:

S = 7 (@6, B — Qb0 ) (2.7)

We do not want to introduce background fields for quantities that we know from other

considerations, hence in such cases it is understood that é,F, should be replaced by the
appropriate quantity in this equation, see e.g. (2.4).

In order for (2.7) to be useful, we have to understand two things. First, to use it as

an evolution equﬁon, we need to understand the equation away from infinitesimal a(!).

We refer to these deformations by the spatial component of a current as turning on a

background gauge field, even when the current is part of the stress-tensor and the gauge
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field is actually a vielbein. We work to all orders in a(), not just first (linear) order. We will
refer to the deformations by the quadratic composite operators O as bilinear deformations;
again we work to all orders in A\. The deformations do not in general commute, namely
the vector fields describing the flow in coupling space have a nonzero Lie bracket. We
want to understand the flow in some coordinate system in coupling space (A, al )) taking
into account this noncommutativity. Second, if we want to solve the A-evolution in this
enlarged coupling space, we need to understand the theory not just at S(A = 0), but at
S\ = O,a(l)). This can be done if the theory at A = a¥) = 0 is a CFT, because for
holomorphic (antiholomorphic) currents, J; = Fi.Jo. Besides all these challenges, we have to
make sure that ambiguities (e.g., improvement transformations) do not ruin the universality
of the result. In Figure 1 we give an illustration of our strategy.

S\ x O\H (), a,b)

Figure 1: Graphical representation of the strategy solving deformations of CF'Ts by bilinear
composite operators. Turning on the background gauge fields a,b determines the initial
value surface, drawn here as a bright orange plane. These are the directions corresponding
to deformations by spatial components of currents. The A direction in coupling space
represents the deformation by the bilinear composite operator O. We erect a coordinate
system by first deforming by [dx O as in (2.2) and going A distance. Subsequently we
turn on background gauge fields. Hence, deforming a generic point in coupling space by
6 [dz O (indicated by blue arrow) does not in general agree with A x O H (X, a, b).

In what follows, we present strong arguments that the outlined strategy works for a
large family of irrelevant deformations of CFTs. We remark that [5] solved the .J T-deformed
theory using a different method: the existence of a holomorphic current. We reproduce their
results in our framework. We explain how to reconcile the two viewpoints in Appendix D.
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3 Background gauge fields

In what follows, we find it convenient to work in the Hamiltonian formalism on S! x R
with objects understood to be operators. The conservation equation of a current J,, in our
conventions is:

0=0,J0+ [H, Ji]. (3.1)

Our conventions are collected in Appendix A.

3.1 CFT deformed by stress tensor

Using translational invariance, we know the diagonal matrix elements of the stress tensor
(ﬁ), except for that of Ty, # Ty since we do not assume Lorentz invariance of the deformed
theory. According to the general strategy, we introduce a constant background field b for
this operator. We want to determine H (b) for finite b. Its evolution equation is

ng(b) = —i / dz Ty (2) (32)

Note that in Euclidean signature T3, is antihermitian, hence the i in the above formula. We
were not able to determine H (b) in closed form, if we only assume Lorentz symmetry for
H(b=0). If H(b=0) describes a CFT, however, we obtain a solvable system of equations.
Of course, we only have conformal symmetry at the starting point of the flow equation
(3.2). Away from b = 0 the stress tensor will not be symmetric as can be seen from the
explicit expressions we give below.

Starting from a CFT we have ﬂ(to) + 19 = (at zero deformation) in addition to

7O — 7O Using the definition (3.2), we get 0,1y = iTy,. Because momentum is

tx xt <,
quantized and hence cannot depend on b, we have 0pT,; = 0. Using the conservation

equations 0,7}, = —[H, T},], we work out Ty = 7O and

xt
L o, % 0
Ty = —Toa = 1_ bQTtt + 1— bQTxt )
T _ —24b T(O) n 1+ b2 T(o) (3.3)
T a2t T (g2t

where we only had to use (A.4) that gives H, P in terms of the components of the
stress tensor, and (A.5) that gives the spacetime translations they generate. Interestingly
Tyt + Tyy = 0 for all b. Integrating Ty, Tyt as in (A.4) we find:

HO 4 pp0)

p=pO), — (3.4)
It will be helpful to rewrite the result for H as:
H=— (L po, 1 pO)
1-5b 145 (3.5)
©) 10 1 p0) )
P = s

which we interpret to say that the initial value of the holomorphic and antiholomorphic

charges contribute to H weighted by the factor %;b
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3.2 CFT deformed by currents and the stress tensor

We consider a CFT with left- and right-moving U(1) symmetry currents J,, and .J,,. The
case of a CF'T deformed by only J, is straightforward, so we move on to discussing a CFT
deformed by J,., J,, and T},. In familiar deformations of CFTs, we are used to losing one
of the conserved currents. In contrast, a curious feature of the deformed theories that we
consider is that the currents J, and ju remain separately conserved.

We will see that it is possible to keep the corresponding conserved charges unchanged
under the deformation. An easy way to argue for this is to take an example where the
charges generate a compact U(1) x U(1) symmetry: the spectrum of charges cannot depend
on the deformation due to charge quantization. Such an example is provided by the compact
scalar discussed in Appendix B. Since our methods do not depend on global aspects, we
then expect that the spectrum of charges corresponding to internal symmetries does not
change. We will check by explicit computation that this is indeed the case.

We observe a major simplification during the derivation: turning on background gauge
fields for different symmetries commutes (to all orders in the background fields a, a, b). We
derive this using explicit computation. An explanation for this is that all operators that
feature in the derivation are neutral and hence commute with @, Q. Thus adding them to
the Hamiltonian does not change the conservation equation, and the currents J,,, j/L remain
unchanged under the a, a deformation. Noncommutativity, however, will be an essential
aspect of the physics of the coupling space flow once we include bilinear deformations in
Section 4.

We expect based on (3.5) that the conserved charges behave as:

Q(a,a,b)=Q,  Qa,a,b)=Q",  P(a,a,b) =P,
- CHO 45PO) 0QO  GQO) (3.6)
(a,8,b) = =35 b T1b’

where we note that the internal symmetry charges Q© QO are pure numbers (see Ap-
pendix B for their allowed values for the example of the compact scalar), while PO ¢ %Z
depends on L. It is only the second line that is an Ansatz, the first line follows from general
principles.

A little bit of thought leads to the following Ansatz for the currents that we will verify
below:

() ib 0 L o) L o)
Ttt:l—lﬂTtt +1—b2TIt —1_baJt _1+bat ,
2ib ), 1+V 0 i (0) )
T = —— T T L S : 3.7
! (1—p2)2° " +(1—192)2 ot +(1—b)2aJt (1+b2" (3.7)
___ 0 7 __t 50
o = 1—th ’ Jo 1+th '

The components J;, J;, Tt cannot depend on the background fields because of the quanti-
zation conditions (3.6), while we will not need T;,. The Ansatz clearly obeys

Ty =Ty, , 0, Ty = —idy, 0Ty = iJ, . (3.8)

Let us verify that the Ansatz indeed solves the problem. The current conservation
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equation is

i 0 HO 4 PO Q@  gQO®
OnJa + H, i) = = —b“() 1— b2 +1—b+1+b’Jt()
_ (0) 1 ©) 700 ib (0) (3.9)
1-b" +<1—b2[H i }+1—b28”‘]t

- ﬁ (0= + [, 5] ) =0,

where in the first line we plugged in the Ansatz, in the second we used the fact that
Q)] Jt(o)] = Q) Jt(o)] = 0 and that [P, O] = i0,0, and in the third we discovered the
original conservation equation; recall that J:]EO) = —th(O). Similarly, recycling the results
of the previous section and using that [Q(®), Jt(o)] =[QO, Jt(o)] = 0, we learn that in the
stress tensor conservation equation we can focus on the linear in a terms:

(arﬂx + [H, Ttt

’linear in a
aQ” 1 0, _ib o
1-0b’ 1—b2Ttt + 1—b2Tl’t

, 1 () i © 700 b (0)
= e ———— _— H B —— =
m((l—b)Qa“Jt Taowa-o { i ]* A—ma—p 0

H© 4+ pp©) 1 (0)
—; 1=

where in the second equality we used that [Q(O), T,Eg)] = 0, and in the third that [H ©) Jt(o)} =
10,7

3.3 Ambiguities

There are ambiguities in the determination of currents from conservation laws. We could
perform an improvement transformation on the currents, J, = J,Smm) + €,0Vx with an
arbitrary scalar function y, which neither violates conservation nor changes the value of the
conserved charge. We also note that an improvement only changes the bilinear composite
operators O = e* J,(Ll)JL(LQ) by total derivatives, hence the theories deformed by O and
O™ are equivalent. Another ambiguity arises from mixing two conserved currents.! In
the absence of Lorentz invariance mixing J, and T}, is allowed: an example that arises
in the discussion of Appendix D is the redefinition JAM =J, - 212l T, - Finally, we could
simply multiply the conserved current by an arbitrary constant a to get a new conserved
current: ju =ady.

We have fixed all these ambiguities above by requiring that not just the charge Q,
but also the time component of the current J; remains unchanged. The only remaining
ambiguity that arises is that the spatial component of currents can be shifted by multiples

of the identity. The most general such transformations are:

Ty =T + fi(b)a® + 2fo(b)ad + fa(b)a?

J, = J(mm + QZ(fl( ) + fg(b)d) J jggmln) _ QZ(fz(b)a + fg(b)a)7
T = T3™ —i (f{(0)a” + 2f3(b)aa + Fi(B)a?) |
Ty =TI + fa(b)a® + 2f5(b)aa + fo(b)a’

(3.11)

'In theories with a non-abelian symmetry group, the mixing ambiguity allows to change the U(1)
subgroup involved in our deformations. This ambiguity is fixed below together with all others.
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where O™ refers to the expressions given in (3.7). These shifts satisfy dimensional
constraints and the defining equations (3.8). We do not know of any algebraic way to fix
these ambiguities. Using the Lagrangian formulation, however, we will fix these ambiguities
in Section 4.3.

3.4 An attempt to deform by KdV currents

Encouraged by the success with turning on backgrounds for T3, and J,, we attempt to
deform by the higher spin KdV currents. For concreteness, we take the simplest one,
obeying the conservation equation

0Ty = 004, (3.12)

which in more convenient coordinates takes the form

0=0,J9 + 9,09

. (3.13)
IO = (J9, ) = (=2mi(Ty — ©2),27(Ty + 62)) .
We will use that é?tJt(?’) = [H, Jt(3)] in the canonical formalism.
The corresponding conserved charge is
Py = / dz J (). (3.14)

We used the similarly defined conserved charges Py; in (3.5). The KdV conserved charges
are mutually commuting, [Ps, P,| = 0.

We want to introduce a background field « that couples to Jg(cg), ie.

OH(a) _, / dz J© . (3.15)
da

Specializing the argument of [2| to this case shows that all the P, can be preserved under
this deformation: First, it is more convenient to work in the path integral formalism and
define

1
P, = ?{ (dz Ts41 +dz O5_1) (3.16)
2 C

and then from [Py, Py] = 0 it follows that

[P, Ty11(2)] = 0As5(2), [Ps, ©5-1(2)] = 045.5(2). (3.17)
Second, we assume that the theory at a has a conserved current J,SS), and ask if we can

adjust the current so that it remains conserved at o + d«, and that its charge commutes
with the Hamiltonian. We now work out how Ps changes under this deformation. We write:

0=10[H, Ps] = [0H, Ps] + [H,0P5],

[H,0P3] = i/dx [Ps, J3) (2)] = —27Ti/dx O Az () = [H,—Qm'/dx Ags(2)]. (3.18)

where we used (3.13) and (3.17). From this we conclude that up to total derivatives

573 () = —2miAs 3() . (3.19)
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261 With a bit more work, it is possible to determine how to adjust ¢ 9(03) by local operators so

262 that that the current remains conserved.
263 Now we list some formulas valid at the CFT point. The KdV currents are well known,
264 and Az 3 can be computed using the definition (3.17):

c+2

Th=T Ty=:T%, Tg=:T3+ 5 (0T)?:,
) 2 ) 2
Azg = —4i: T +Z(C;) :(8T)%: +(tot. der.) = —4iTs + ZE)(C6+) :(8T)?: +(tot. der.).

(3.20)

265 Using these formulas, for the family of theories defined by (3.15) to first order in « we get:

H=HO 4+ 27TaP3EU) +0(a?),

p 3.21
Py =P — 8ra <P5(0) - 5(6;4‘)/61:(; :(8T(0))2:> +0(a?), (3.21)

266 where the (0) superscript indicates CFT quantities. Since [ dz:(0T®))2: does not commute
267 with Ps(o), unlike in the previously considered cases, we cannot use the CFT eigenstates
268 that simultaneously diagonalize PS(O) as the eigenbasis for the deformed theories.> This in
260 itself does not constitute a no-go result, as in later sections we will be able to solve for
270 the spectrum of Hamiltonians that do not commute with H(®). However, we were not able
21 to understand how to extend (3.21) to all orders in o and how to obtain the spectrum of

a2 (3.21) efficiently. It would be very interesting to make progress on these fronts.

s 4  Understanding the flow around a generic point

274 We saw that deformations by spatial components of the current and stress-tensor commute.
275 This is not true once we include the bilinear composite operators. Let us denote by
276 H(\, a,a,b) the Hamiltonian density that we obtain by first doing bilinear deformations,
277 and then turning on background gauge fields. See Figure 1 for a graphical representation.
27s We want to determine 0\H(A, a,a,b) and solve the resulting equation using the initial
279 conditions determined in Section 3. The existence of such a universal equation valid for
280 all theories is already nontrivial, but the equation itself will have even more structure.
281 Schematically, we will find that for every bilinear operator (and their linear combinations)

8,\7-[(>\, a,a, b) = gl(b) -O1 + agg(b) - Oy + agg(b) - O3 + a2g4(b) Oy + a(zg5(b) -O5 + 5,2g6(b) - Og R
(4.1)

2.2 where we lightened the notation by introducing g7(b) - Or = ), g1i(b)Or;. This extra sum is
283 necessary, since there are different operators Op; multiplying a given power of a and a, with
284 different b dependent coefficients. A remarkable property is that the RHS does not depend
285 on A explicitly. Since [A] < 0 (the exact value depends on what operator we are deforming
286 by) and [a,a] = 1, [b] = 0, positive powers of A\ would multiply high dimension operators (or
287 high powers of a, a) on the RHS. The absence of A severely restricts the structure of the RHS:
288 we cannot have too high powers of a,a on dimensional grounds, and in practice a, a only
280 features quadratically. We note that there is another dimensionful quantity in the problem,

?We emphasize that [H, Ps] = 0 to all orders in a, they just do not commute with P9, To see that
[H, Ps] = 0 to O(a?) in (3.21), the only nontrivial step involves realizing that [HO, [ dx :(8T<0))2:] =0,

which is true because :(87®)?2: is holomorphic.

10
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the length of the spatial S!, [L] = —1. Since we are (at least formally) working in local
field theory, it cannot appear in (4.1). In order for (4.1) to be unambiguous, we need the
operators Op; to be either J,,, j/u T}, or one of the factorizing bilinear composite operators
built from them, as generic composite operators have arbitrariness in their definitions. The
Oyp; we find are indeed such special operators.

If there exists a universal equation for deformations by higher spin KdV currents similar
to (4.1), we expect that it would involve an infinite number of terms on the RHS. This
has simple dimensional reasons. The background fields coupling to the spin-s higher spin
currents have dimension [as] = 2 — s, and hence for s > 2 it is an irrelevant coupling. We
expect that arbitrary high powers of it would appear on the RHS with very irrelevant
factorizing composite operators built from the KdV currents multiplying them. It would be
interesting to understand if a universal equation exists at all, and whether our expectations
about it are realized.

Once we have the operator equation (4.1), we can take the diagonal matrix element in

the eigenstate |n), use the Hellmann-Feynman theorem on the LHS as in (2.3), factorization
on the RHS for composite operators, and compute the matrix elements according to what
was explained in Section 2. This then leads to a flow equation for the energy eigenvalues in
the enlarged coupling space.

We are not able to derive (4.1) in a systematic manner. We will find the equation for
deformations starting from the classical free scalar theory nonperturbatively in Section 4.1.
We then check the validity of the equation in a more general classical field theory in
Section 5.1, and in the quantum theory at low orders in perturbation theory in Section 5.2.
We solve the equations in Section 6.1. The solution reproduces the energy spectrum of
the TT and JT deformed theories obtained previously in the literature as special cases.
We also compute the spectrum of a certain string theory in Section 6.4, which was argued
in [5] to be dual to a theory that is closely related to a CFT deformed by TT, JT, JT

simultaneously; the results are again in perfect agreement.

4.1 Flow equation for the classical free scalar

It is clear that if a universal operator equation like (4.1) exists, then it must hold for classical

field theories. Conversely, we can use classical field theory to conjecture the equation (4.1),
and then test it in the quantum theory. There also exists a way to read off the energy levels
from the knowledge of the classical Hamiltonian, assuming that a universal expression for
these also exists, see Appendix C.

To keep the discussion simple, we will study the case of the JT' deformation of the free
massless scalar first. To reiterate, we want determine the Hamiltonian density H(\, a, b) by
first deforming by AJT, and then by a.J, and by bT},. This implies that OyH(\, a, b) is not
just JT. As we will see it is instead a linear combination of various deformations, see also
Figure 1. For our conventions for the free scalar see Appendix B, this helps explain some
signs that appear below.

Now take H = h(0,¢,II). We enforce the quantization of charges and momentum
by requiring that the ¢ components of the corresponding currents do not depend on the
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couplings A, a,b and we obtain their  components from conservation:

1 on 1 oh
— 2 (Dy — 4nlI = ori o
Ji=—300¢ 41D, & m(a(aﬂp) in 811)’

_ 1 - . oh 1 Oh
Jt——§(8x¢+47TH), Jw——2ﬂl<a(am+47ran>
(4.2)
T o ;On Oh
tt — ; tr — aHa( z¢)
ah
Ty = —i 11040, Tpy = - + 0, —h.

It is easy to check that the currents are conserved using Hamilton’s equations (B.6), and
they reduce to their free scalar counterparts listed in Appendix B. -

Deforming H by J, or J, amounts to shifting d,¢ and II. In particular, H(a) =
h(0z¢ — 2ma,I1 + a/2) obeys

OH(a)
da

where J,(a) is the spatial component of the current in the presence of the background
gauge field a. The deformation of H by ibT;; cannot be written in a closed form in general,

oh 0Oh OH(b)
b) =h—br——— + O(b? that —— % =
) B0,y om T OB, sothat =5
After this preparation, consider any deformation with the background fields a, b set to
Z€ero:

T (). (4.4)

(4.5)

am(x):s(%, O _ O 54, )

9(0:9)” ol
for some S that is a function of its five argument. Note that all the components of the
currents in (4.2) are of this form, hence the deformations (background gauge fields and
bilinear deformations) of interest in this paper are a special case of S. Let H(), a,b) be
obtained by turning on background fields a and b after deforming by A. Below, in (4.14),
we give an explicit formula for 9\H (A, a,b) in terms of S, which is the main result of this

section.
Let us define

S(a,b, 0,0, 11) = S (H(A,a, b),aH(A’“’ b) #(A a,b) 895@1),1_[) ,

(0x¢) ~ 0L
i.e. S is the same function as S, but regarded as having the arguments (a,b,0,¢,11). As a

first step towards obtaining 0 \H (A, a,b), let us set b = 0. Then from what we said around
(4.3) it follows that

(4.6)

HH(N, a,0,8,¢,11) = 5(0,0,0,¢ — 2ra, I+ a/2). (4.7)

As discussed around (4.4), obtaining such a closed form formula for b # 0 does not seem
possible, but perturbation theory should be straightforward. Taking this as a hint, we
expand the RHS of (4.7) in a:®

5(0,0,0,6 — 2ma, 11+ a/2) = > %D{”S’(a, 0,0,6, 1), (4.8)

m>0

3The point is to express OxH in terms of the currents and their bilinears at the same value of a instead
of a = 0.
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where the differential operator D1 is defined by:

0 10
Dy = _2ﬁ<a(am¢) - 47ran> D . (4.9)

The infinite series is easily seen to implement a translation (—a,0,27wa, —a/2) on the
arguments of S, proving (4.8). Another nice way to see that the infinite series is equal to
O\H()\, a,0), is to prove that they satisfy the same differential equation (regarded as an
evolution equation with a as time) with the same initial condition:

Dla,\’H()\ a, 0 895(1), )\ D17'[ )\ a, 0 8x¢, )) 0,
Dy Z .Dms a,0, 0,6, 11 Dm + Z .Dm+1 S(a,0,8,¢,11) =
m>0 m>1 m>0
0,\7-[()\,0,0,8@, S’ O 0 a:rd)a 3

(4.10)

where in the first line we used that [D1,d5] = 0 (because partial derivatives commute) and
(4.3) together with the expression of J, given in (4.2), while in the second line we relabeled
the summation index to show that the two terms cancel. The third line is true by the
definition of the A\ deformation (4.5).

The latter method generalizesT) the b # 0 case. We want to find a differential operator
Dy = —0y + ... that annihilates 9\H. The unique D- satisfying this regardless of O\H is:

OM(N, a,b,0,6,01) 0  OH(N, a,b,d.¢,11) O

9(0,0) I oI 9(0,9)

To show that D20\H = 0 we have to do some computations, as unlike in (4.10), [D2, )] # 0
and DyH # 0. We write

(4.11)

DaoyH = — <abam L O 0(0\H)  9HD (axﬂ))

9(0x¢) O  OI 9(0x0)
OH 87-[) 0
8(0,¢) Ol ’

where in the first line we wrote out the definitions, and in the second we commuted partial
derivatives, and used that H satisfies the differential equation displayed in (4.4). Then we
follow the same logic as in (4.10). The proof of

(4.12)
= 0, <6b7-l +

DQZ ‘D”S (0,,0,¢,11) = (4.13)

n>0

follows that in (4.10) verbatim. Thus the series and 9\H satisfy the same evolution equation
in b (regarded as time), with the same initial conditions, given in the last line of (4.10).
It is easy to show that [Dp, D] = 0, hence we can combine the two evolutions without
encountering any issues, and we arrive at

1 ~
BAH(A,a,b,axqb,H): Z mamanTIans(a7b7az¢7H) (414)

m,n>0

This is our key result, we will see that the infinite sum truncates in the cases of interest,
and the resulting equation will allow us to write down an evolution equation for the energy
levels.
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To be able to deform by operators built from .J, we introduce a background field @ that
couples to it. As defined in (3.8), the analogue of (4.3) is %—7; = —iJ,. The corresponding

unique differential operator that annihilates O\H (A, a, a, b) is given by:

_ 0 1 0
Dr= ‘2”<a<a$¢> * 47raH> O (4.15)

Dy commutes with D;, Ds.

Because we intend to build the deforming operator S from T}, J,,, J,, it is a useful
intermediate step to compute the action of the differential operators on these quantities.
Remarkably, this results in components of conserved currents. We collect the results in
Table 1.

Jo | e | S | e | Tu | T Tt Ty
Dif[2r | 0] 00| 0| O iJ; iJy
Di|l 00O |2r| 0] O 0 —iJy —iJy
Dy || ide | O |idy | O |iThe | O | —i(Ty — Toe) | —iThe

Table 1: Action of the differential operators Dy, Dy, Dy on the operators S jﬂ, Ty

As promised, we go through the JT deformation in detail, and to shorten the discussion,
we set a = 0. We will later write down the result including a # 0 terms and also for the
rest of the bilinear deformations. By the J7T deformation, we mean that we add to the
Hamiltonian

i ‘ , (4.16)
- ? (JtT:L‘x + ZJtﬂa: - JxTa:t - ZJtht) 5

where the normalization is chosen so that we get S;7 = JT in a CFT; our conventions are
summarized in Appendix A. We then compute all the non-vanishing derivatives (omitting
Dl):

DySyp =2m%iTse DaSyp = mdjy Ty

4.17
DiS;p=—7m*J,  D1D3yS;p =Ty, . (4.17)
All other derivatives vanish. Using these formulas we conclude that
2 2
(9,\7‘[()\, a, b) = 27TZ'J[t|T5‘$] + ﬂ'bJ[t‘Tt‘x] — %Jx + 27T2i(IT2x + 7T2abT;gz . (4'18)

This universal equation holds for any Hamiltonian density in the class we considered. The
term WbJ[t‘Tt‘x] is a linear combination of J,T + J;O0 and .J,0 + J;T deformations. In a
CFT the second deformation vanishes.
Now we are ready to systematize the derivation for all bilinear deformations that we
can construct. The bilinear composite operators that obey factorization are
“JJ = —iJ[tjx]
“JT” = 27TiJ[t|Tg|z]
“JO” = 2midy T,
“IT” = =210y Tay)
“j(:)” = 27Tij[t|T2|x]
“TT” = =27 Ty Ty -

(4.19)
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Instead of writing six long equations, we give %H()\, a,a,b) with the deforming composite
operator being O in Table 2. As promised, the equation is of the form (4.1).

., Narlar | selur| e \rrlnl a4 4 || Te (T T
JJil 1t ol o] o] o olo ina 0| —ima 0 0 0l o
JT | ima (18| =2 ] 0 | 0 |0 |0|-% (a2+a?)|0 m2aa 0| —7n%a(1-0)| 0 | in%a
JO || —ima| L j1+t 0 | 0 |0 |0 T (a®+a) |0 —n%aa |0 |—7%a(l+b)| 0 |—ir%a
JT ||~ima| 0 | 0 |[1+%] 5 |0 |0| 7laa 0-2 (a®+a2)| 0| —n2a(1+b)| 0 |—ina
JO|lima| 0 | 0 | =t |1-%l 00| -n%a |0|Z(a2+a®) |0 |-n2a(l—b)|0 | ina
TT | 0 |—ima|—ira| ima | ima | 1 |0 0 0 0 0 |ir® (a®>—a®)| 0| 0

Table 2: The equation for %”H(A, a,a,b) can be read out from this table as follows. The
deforming operator S = O labels the rows. We have to add up the operators in the top row
with coefficients in the row labelled by O. For comparison, the JT example for a = 0 is
given in (4.18) in more conventional form.

We postpone solving these equations. Instead, we convert them now into equations
describing the evolution of the spectrum. In Appendix C we then explain how to recover
the classical Hamiltonian (and Lagrangian) from the solution of the spectrum.

4.2 Flow equation for the spectrum

The flow equations for the Hamiltonian density, (4.18) and Table 2, can now be turned into
a flow equation for the energy eigenvalues following the strategy outlined in Section 2: for
a given eigenstate |n), we take the diagonal matrix element of the (conjectured) operator
equation, for the composite operators use factorization, and replace the matrix elements
that we encounter with:

0 0

ay A a,b = 7En )‘7 ai)b )

(1l W, B) ) = 5 En(Va,a.)

_ Qn _ i0.Ey = Qn = i0:Ey
i) = 2 ol dny = =P iy = Bl Ty =
(nlTuln) = —Z2 . (alTaln) = 2 iminy = 22 (i Taaln) = —01E,

L L L
(4.20)

For the time component of currents, Jy, J;, Ty, Ty the above equations follow from the
definition of charge given in (A.4) and (A.10). We coupled the spatial components of

the currents to background fields, see (4.3) and (4.4), thereby modifying the Hamiltonian,
and we use the Hellmann-Feynman theorem (n|dyH|n) = dyE, to determine their matrix
elements. The same logic is used to determine the first line of (4.20). The matrix element of
T, is curious, we obtain —dr F,, from its interpretation as pressure. From our perspective,
the length of the spatial S' can be regarded as a background field on the same footing as
a,a,b, and from this point of view it becomes natural that its diagonal matrix element is
obtained by taking a 0, derivative.

Executing this straightforward, but tedious task, we arrive at the differential equation

describing the flow of energy eigenvalues. We again put the equations in a table, see Table 3.
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For ease of reading, we write out the equation for the JT deformation explicitly:

o 2L a _ = 2 _92
0= gn, Bt (~a@n —7(a® —a*)L — (1 = b)Ey + P, ) 0uE,
= G0n02En + (1 = 1) 00y En + LOWILEn | (4.21)
QEQ+27raL, éz@—l—Qm‘zL.
+ o)
0 mEn 8{1En a(‘zEn 6bE1’L aLEJ‘n
JJ || oL -0, ~0, 0 0
—aQ, — m(a? —a?)L
JT || 3% | ~(1-b)E,+ P, —aQn (1-b)Qn | LQn
@Oy + 1(a® — @)L
JO | # | —(1+b)E,— P, aQn (1+b)Qn  |[~LQn
) —aQn + m(a® — @)L ] ]
JT | 2L —a0),, —(14b)E, — P, —(14+b)Qn | LQn
X aQn, — m(a? —a®)L R X
Jo | —2£ aQn —(1-bE,+ P, -1-b)Q, |-LQ,
_aQn + @Qn
TT | -% ab, ak, m(a®> —a?)L — P,|—E,L

Table 3: The flow equation for the energy eigenvalue can be read out from the this table as
follows. The deforming operator S = O labels the rows. We have to add up the terms in
the top row with coefficients in the row labelled by O and equate it to zero. For reference,

the second line is given in conventional form in (4.21), where we also define Q, @

The main power of our method comes from its ability to solve theories where we consider
a linear combination of irrelevant deformations. Recall that, as reviewed in Section 2,
the case of T'T deformation of a relativistic QF T can be solved without introducing the
background fields a,a, b [2,3], while the JT (or equivalently the JT') deformation can be
solved using holomorphy [5]. However, the combination of TT and JT leads to the loss of
both Lorentz invariance and holomorphy, and the aforementioned methods do not apply.

Let us introduce a length scale ¢ with [¢] = —1 and real dimensionless couplings go:
A =1ig570 Aje =igjefl, Ajr = =gl , Aje = —tigjel, (4.22)
A = gl

By changing ¢, we obtain a one-parameter family of theories. Note that because J.J is a
marginal operator it is not included among the deforming operators. The energy levels
evolve according to the equation:

L;En - WQJTH + ”92" O + wgij IV + ”ggév + 2020 gV, (4.23)

where the Roman numerals stand for one row of Table 3 (omitting the %En entry). We
note that a similar equation can also be obtained at the level of the operator equations
included in Table 2. We will solve (4.23) in Section 6.1 with the initial conditions determined
in Section 3.
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4.3 Fixing ambiguities in the initial conditions

In Section 3.3, we discussed some ambiguities in the initial conditions. These ambiguities
are fixed by the form of the conserved currents that we gave in (4.2). Conversely, the
¢ components of currents in (4.2) could be shifted in the same way as in (3.11) while
preserving conservation. Since we have the additional scale ¢ with [[] =—11in the problem,
the ambiguities could be made even more severe than those in the initial conditions. We
have to invoke additional principles to fix them.

Let us start with Ty, from which we want to require (n|Ty|n) = —0LE,, see (4.20).
The Noether stress tensor given in (4.2) achieves this. Since we have not written down
Tégﬁn) there, we omit the details and just state that there indeed exists a shif? in;rolving
min

the background fields that makes the expression of T, in (4.20) match with Ty

Coupling a scalar theory to a constant background gauge field A, = (a,0) in the
Hamiltonian formalism amounts to the shift H(a) = h(0z¢ — 27wa,II + a/2). This was
already used above, see (4.3). Gauge invariance forbids the addition of A,A* terms. At

Ao =£=0, we determined the Hamiltonian in Appendix B, in (B.10). Comparing this to
) i bV

the algebraic result ﬂ(tmin , we require the shift:

wa? a2

1—-b 1+0b’

Ty = T,™ - (4.24)

and the shifts of of JI™™, JI™™ T, t(xmin) follow from these shifts according to (3.11). We

have checked that these shifts are exactly the ones needed to reproduce the currents given
in (4.2). Integrating (4.24) according to the rule (A.4), we get

HO 4+ 5P QO + 7a?2L  aQ® + ra’L
1—02 1-b 1+ ’

H(a,a,b) = (4.25)

where we used (3.6).
After settling the ambiguities, we are ready to give the initial conditions for the energy
flow equations. Because the operators in (4.25) commute, we can easily convert it to an

expression for the energy eigenvalues:

(0) 2 ~A ~2
_ Ey’ +b0FP, aQ,+7ma"L aQ,+ wa°L
E, = (n|H(a,a,b)|n) = T - T (4.26)

We will use this as initial data for the flow equation (4.23) in Section 6.1.

We remark that the algebraic approach does not break down without the additional

requirements discussed in this section. E.g. we could define J, = 271 < 8(887;@ — ﬁ%) +

2iag1 (b), which would in turn lead to the modification of entries in Tables 1, 2, 3, and

ultimately lead to a different (and uglier) (4.23). The solution would also change, but

setting the background fields to zero must give an identical result for the energy spectrum
of the theory deformed by bilinear composite operators.

5 Checks

5.1 A classical field theory check

In the previous section we conjectured a set of universal equations, (4.18) and Table 2,
governing the evolution of the Hamiltonian under irrelevant deformations based on the
classical free scalar with shift symmetry. In this section, we check a restriction of these
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equations to the case of one conserved U(1) current which can generate a symmetry other
than shifts, and a much more general classical scalar theory.

Consider a collection of scalars ¢; and momenta II’ and Hamiltonian density H =
h(¢1,3z<]51,1_[1 ), for example scalars with a potential or a sigma model. We sum over

repeated I, J,... indices. The Hamilton equations of motion are:
OH OH OH

0 ol = s : 5.1

o= ity o' =i (5 ~ags) o1

For our sign conventions refer to (B.6). The theory is translation invariant and in complete
analogy to (4.2) the components of the conserved stress tensor are:

37—( OH
T :_H7 T:z;:
* ' HI a( oc¢l) 5.2
- OH 5 OH OH 1 (52)
Ty = —ilI" 001 , Tiz = m e P1 + a1l H.

If the Hamiltonian is invariant under some continuous symmetry group acting like d¢; =

Ar(¢) and 6T = —T17 ‘gﬁ;J , it has a conserved current

T . OH
Kt II A[, KI Za(8x¢I)A[
For the familiar case of the O(2) symmetric scalar field, we have A; = e;;¢. For the shift
symmetry we discussed in Section 4.1, A = 47 and the current K of (5.3) corresponds to
the difference of holomorphic and antiholomorphic currents K, = J, — ju7 hence we chose
a different name for it.

We want to understand deformations by coupling to the background fields a and b
according to the rules 2 8— = iK,, 2 ab = —iT};. Following the strategy of Section 4.1 to
write down a flow equation for H (A, a, b) we want to find commuting differential operators
Dy, Dy that act on functions of variables (a, b, ¢1, 0,01, 11') and that annihilate 9yH. This
is possible, and their expressions are:

_9

po__(OM 9 oM 9 \
27\ 80 oL T O 8(0,0r))

It is now straightforward to compute the results in Table 4. Note that in the case of the
scalar with shift symmetry investigated in Section 4.1, @ = a and Dy = Dy + D;. The
results in this table are in complete agreement with those in Table 1, if we remember that
KH:‘]H_jlt and D, :D1+D1.

(5.3)

Dy = —Agp — Oa,

(5.4)

K, t K. x Ttt th T:):t Tx:p

Dyl ol o] 0 | o0 iK, iK,
Dy || iKy | 0 | iTw | 0 | —i(Ty — To) | —iThe

Table 4: Action of the differential operators Dq, Dy on the operators K,,, T},

Since everything in Section 4.1 followed from the results of Table 1, and we recovered
those results in this more general setting, we reach the same conclusions as in the rest of
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that section. We conclude that we found additional evidence for the universality of the
equations collected in Table 2.

To be explicit we summarize how to read off the results appropriate for the case at
hand. Besides TT, we can only consider the deformation by

(free scalar)

01 = 27(1K[t|T2|z] = JT - j(:),

(free scalar)

02 = 27TZ'K[t|TZ|m] = JT — JO.

(5.5)

Then using also that @ = a, Table 2 collapses to Table 5. We obtained the latter table both
from Table 2 using the rules explained and also by direct computation. Notably, only the
bilinear composite operators make an appearance, and the linear operators are absent.

+ _
O | O |TT

O

O |[1-%] -
Oy | & |1+2%]0

(\ClIS
[es}

TT || —ima|—ima| 1
Table 5: The equation for %H(A, a,b) can be read off from the table in exactly the same
way as from Table 2.

Continuing in this direction, we could obtain a flow equation for the spectrum in the
same way as in Section 4.1. We do not write down the result of this straightforward exercise
here. Unlike in the case of the deformed free scalar with shift symmetry, we do not have a
point in the parameter space with a CFT with (anti)holomorphic currents, which was crucial
in determining the initial conditions in Section 3, so we do not know how to determine
the initial conditions for neither flow equations. This is the reason we only presented the
treatment of the more general case as a check on the conjectured universality of the flow
equations. The initial conditions could however be obtained in Gaussian theories: the
massive complex boson and fermion, and it is an interesting future direction to obtain the
spectrum of their irrelevant deformations.

5.2 A perturbative quantum check

The universal equations (4.18) and Table 2 for the Hamiltonian density H = —T}; can be
checked in quantum perturbation theory around a CFT, order by order in A and exactly
in the background gauge fields a, @ and b. These equations are statements about local
operators modulo derivative terms, because they involve collision limits that are only defined
up to derivatives.

In line with the rest of the paper we place the theory on S' x R and work in the
Hamiltonian formalism and on a fixed time slice.* We expand all local operators in Fourier

modes. For example, the CFT’s holomorphic stress-tensor is

om\? & ; c
Terr(z) = — <L> SR Uy b = (k= M) g + Ek35k+m,0a (5.6)

k=—o00

4Translation to the path integral formalism should be straightforward.
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in terms of shifted Virasoro modes ¢, = Lj, — ;0 ¢/24. See Appendix E for more conventions
and explicit formulas. All operators of interest are constructed from the dimensionless modes
Cis Uiy iy i of the CFT stress-tensor Tepr(z), Topr(x) and two independently-conserved
currents Jopr(z), JopT (7).

Schematically, one proceeds as follows. First turn on A. In our formalism, Ty, J;,
J are fixed. Once the mode expansions of S jﬂ and T}, are known up to order A1
one computes the bilinear operator by which to deform, for example the collision limit
“JT7 = 27TiJ[t‘T2|x}, to deduc_e Ty hence H = — f dx Ty to order NP. _Then conservation
gives 0;Tte, OpTyy, OrJy, OrJy thus gives all modes of Ty, Ty, Jz, Jr except their zero
modes (since d,e™® vanishes for n = 0). Locality fixes these zero modes up to ambiguities
explained in Section 3.3: shifts by multiples of the identity. Then a, @, b are turned on
using the same steps.

The rest of the section spells out details. We introduce useful deformations of the modes
ly, jr, Ok, jr in Section 5.2.1. Next, we tackle the two key difficulties: finding OPEs such
as 2miJy Tz, in Section 5.2.2, and finding zero modes of Ty, Thy, Ja, J, in Section 5.2.3.
Section 5.2.4 summarizes all the steps needed to do perturbation theory in our setting.

For the JT deformation we performed calculations specified by the procedure up to
order A2, with @ = 0 and exactly in a, b, and confirmed the universal equation. At this
order quantum effects could have spoiled the equation but some coefficients cancel. Let
us see why quantum effects arise at this order and not before. Our quantum calculations
reduce to classical calculations by replacing all commutators by Poisson brackets, replacing
all collision limits of operators by (coincident-point) products of functions, and setting
¢ = 0. The last requirement comes from comparing the equal-time commutators

[Terr(z), Tepr(y)] = —2mi <162(5’”(95—3/)—|—2TCFT(y)5’(w—y) —8yTCFT(y)5(af—y)> (5.7)

and [Tcpr(2), Tepr(y)] to their classical Poisson bracket analogues which have no (¢/12)6" (z—
y) term. Quantum perturbation theory expresses 7}, (x) and J,(x) as series in A of sums
of composite operators built from the CFT operators Tcpr (), Jorr(7), Tepr(z). Dimen-
sional analysis restricts the set of operators that can appear. We are interested in terms
multiplying c. Factors of ¢ appear in commutators (5.7) multiplied by the distribution
0" (x — y), which involves two additional derivatives and one fewer stress-tensor compared
to other terms. In expressions of J, and 7),,, operators multiplying ¢ thus involve two
derivatives. For T}, dimensional analysis only allows 02Jcpr at order A, and at order A%,
only 3§TCFT, JorT @%JCFT, Oz JorT Oz JorT and O%TCFT (actually, the last of these is for-
bidden because commutators do not produce it). Since the universal equation is defined
modulo derivatives, derivative terms agJCFT and 8§TCFT cannot spoil it. However, the
terms Jepr 02 Jopt and O, JopT O JopT could arise with different (b-dependent) coefficients,
thus fail to give a derivative. These terms would then affect energy levels. The outcome of
our calculation is that the terms have equal coefficients so that they combine into a total
derivative

1
Jorrt 02 Jcrr + O JorT OpJorT = §8§J%FT . (5.8)

The universal equation is thus confirmed, as are the energy levels.

Note that this check is not subsumed in the comparison of JT-deformed energy levels
at a = b = 0 with earlier literature. Indeed, these previous results were worked out by
imposing holomorphy of J,, (our definitions of J,, differ slightly, as discussed in Appendix D)
which cannot be imposed once we turn on the backgrounds a and b. B
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5.2.1 Spectrum-generating operators

We now return to a general deformation by T}, J,, ju and their antisymmetric bilinear
combinations, and we introduce operators Ay, Yj, Ay, Ti that play an important role
when computing OPEs later.> For brevity we choose notations adapted to deformations by
a single bilinear operator, with a single coupling A, but it is easy to generalize. We call
“eigenstate” or “state in the spectrum” a joint eigenstate of the various conserved charges:
energy H, momentum P and charges Q, Q.

Tracking the A-dependence of eigenstates is impractical because one must determine
how each eigenstate €, ...5my -+ lny - --Jp, - - - |primary) in the CFT evolves. Instead we
track relations between these states. More precisely we construct perturbatively a family of
operators (see (E.4) for O(\) terms)

Ap =0, + O(N), Ti =4k +0),  Ap=10+0(N), Tr=jr+ 0N\ (5.9

that generate the spectrum in the sense that acting on an eigenstate gives another eigenstate.
These operators can be defined abstractly as the result of “conjugating” the original modes
Ok, jk, Lk, jr by the deformation. For any eigenstate |n), that is the image of some
CFT state |n) under the deformation, Ag|n), is defined as the image of f;|n) under the
deformation, and likewise Yx|n)x = (ju|n))a and Ax|n)y = (fx|n))x and Tyr|n)x = (r|n))a
are images of jx|n), fx|n), jx|n) under the deformation.®

This abstract definition does not help compute Akj Y, Ax, Ti but leads to various
properties.

e Given a state |n) = |h,q, h,q) in the CFT with 4, jo, fo, jo eigenvalues h, q, h, G
respectively, its image under the flow obeys Ag|n)y = (¢p|n))x = h|n)) and so on.
In that sense, Ag = Ag, Yo, Yo acting on |n)y measure the energy, momentum and
charges of the original state |n).

e Since charge and momentum of states are fixed, Yo = jo, Yo = jo, and Ag — Ag =
lo — £p.

e The operators obey the same Virasoro and Ka&Moody algebra as i, ji, Cis Jk,

namely [Ak,Am] = [Ak,Tm] = [Tk,Am] = [Tk, Tm] =0 and

C
Ak, Am] = (B —m)Appm + Ek35k+m707 Ak, Tl = —mYpim,  [Th, L] = bk,

I _ c I __ .
Ak, Am] = (B —m)Appm + Ek35k+m,0, Ak, Tl = —mY g, [T, Tl = kbptm.
(5.10)

e Acting with Ay or T or Ay, or T, on an eigenstate |n), gives another eigenstate. Its
energy is higher than that of |n), if £ < 0 and lower if £ > 0. One could call these
operators “raising” or “lowering” operators according to the sign of k, but importantly
their existence does not make the spectrum trivial. Indeed, energies of different
eigenstates are shifted by different amounts.

Explicit low-order perturbative calculations suggest a last property for our class of defor-
mations.

5In the case of the JT deformation, the operators Ay should reduce to effectively non-local state-dependent
Virasoro generators found previously in [24,27].

SMore precisely, the CFT spectrum has states with degenerate energy and momentum and charge, for
instance £_4|0) and £2,]0), and to distinguish (£_4]0))x from (£2,]0))x one uses KdV conserved charges,
under which the CFT spectrum is non-degenerate. These KdV conserved charges also exist in the deformed
theory for any deformation in the class we consider, which makes Ax, Yk, Ar, Tr well-defined.
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507 e The Hamiltonian H can be written as a function H(X; Ag, Yo, Ag, To) = 2% 7 (Ao +Ag) +

508 O()), given explicitly for the JT deformation in (E.5). In particular, elgenstates of
590 H, P, Q, Q are the same as eigenstates of Ag, Yo, Ag, To. From it we deduce that
600 the energy of a state |h,q, h, @)y is H(\; h, q, h, q) since

H‘haqv E?d>>\ = H()\;AO,TO,KO,TO)‘}L,(], E?d>>\ = H()‘7ha Q7ﬁaq)|h7Q7ﬁaq>)\' (511)

601 Energy levels then depend on the original energy, momentum and charges in the
602 same way as the Hamiltonian depends on Ag & Ag, Yo, Y. Reversing the logic, our
603 solution (6.4) for energy levels thus predicts the exact Hamiltonian. For example for
604 the JT-deformed CFT with a = a = b = 0, we expect
predlctlon 27 L2 271' i\ . 2 . 2—
H L (AO A() 4)\2 <1 TO (1 — QFQZ()\/L)T()) — 2(27‘(21)\/1/) A[)
(5.12)
605 How do we find the expressions of the spectrum-generating operators Ay, i, Az, Th

e0s order-by-order in X in terms of the CFT modes £y, ji, 5, jx? The construction of d\Ay,
607 O\Yk, O\Aj, O\T}, is easiest to do in terms of the spectrum-generating operators themselves;
s it can then be translated to the CFT modes using expressions of Ay, Y, Ay, T) at the
600 previous order in \.

610 While in practice we eventually do all of our calculations in terms of Ay, Y, A, Ti,
11 derivatives with respect to couplings always denote derivatives at fixed ¢k, j, {5, ji. This
612 makes it a bit awkward to reconstruct an operator O =3 - %)\”(9(”) from its A derivative
613 because the A\P/p! term in 95O works out to be

(0,0)) 0<P+1>+Z<> on(0M)) P (5.13)

612 Note that we had to expand 9 (O(”)) in powers of A because it involves derivatives of Ag,
615 L, Ap, Ti that are themselves series in A.

616 To proceed, we first note that 9y Yo = 9y Yo = dx(Ag—Ag) = 0 by charge and momentum
e17 conservation. Then we construct dyAg = 9yAg such that (5.12) holds (or its analogue for
s1s  other deformations). We find it by solving (5.12) for Ao in terms of H and T and Ay — Ao,

619
| 220\ LH _ 74\2 [ LH 2
Ao==(1- Yol == —Ag+A —Ag+A 14
0 2( 7 0)(27T o+ 0) 2L2< o+ 0)» (5.14)

e20 and taking a Jy derivative. The deformation \H commutes with Ag — Ag = 4o — £o (is
621 translation-invariant) so O\Ag also does, namely all terms Ay Ty e Am1 .. Tnl ... in
22 OyAg obey S-m + > n=> m+ > n. At the orders we checked we additionally find that

623 there are no terms that commute with Ag (or equivalently with Ag), namely no term with

Yom+d =Y m+> a=0. (5.15)
624 The lack of such terms is essential for the following construction to work. We now know
625 OyAg = OrxAg up to a certain order in A\ and want to construct other O\Ag, O\ Tx, Or\Ag,
626 O\ Y} that are consistent with the commutators (5.10).

627 First, we want to preserve [Ag, Ax] = [Ag, Y] = 0. From their derivatives we learn that
628 we need

[Ko, aAAk] = [Ak, 8)\K0], and [Kg, 8,\Tk] = [Tk, 8,\K0]. (516)

e20  Crucially, the right-hand sides do not contain any term of the form A... Y ... Ay, ... Ty - .
s30 with Y m+Y 7 = 0, because as we mentioned, dyAg do not contain such terms. Then (5.16)
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fixes O\Ag and 0\ T} up to such terms, and we choose to define 9y\Ar and 0\ without
any such term, even though we could add arbitrary such terms without spoiling (5.16).

We define 9yAy and 9, T}, similarly, based on [Ag, Ay] = —kAy, which gives [Ag, OyAg] +
kOxAr = [Ag, OxAo] hence fixes O\ Ay up to terms of the form Ay, ... Yoy oo Ay oo Tty - -
with " m+>" 7 = k. We choose to define 9y Ay without any such term. Equivalently, these
terms are characterized by Y m + > n = 0, so this is really the analogue of the condition
we put on terms appearing in dy\Ay and 0\ Y.

These definitions reduce for £ = 0 to the ones we already imposed.

Finally we must check our constructed OxAy, OxYr, OxAr, )Y give rise to the remaining
commutators (5.10). Let us just show one calculation explicitly: that 9 ([Ag, Ay] — (k —
m)Ngtm — k3(5k+m70 c/ 12) vanishes. First, note that this derivative is built from some
O\A,,, which by construction have no terms that commute with Ag, so it is enough to
check that [Ag,dx(...)] vanishes. We compute (at an order in A at which we know the
commutators (5.10) but not yet their A derivative)

[Ag,Or(...)] =

Ao, [0xAk, Ama]] + [Ao, [Ag, OrAm]] = (k —m)[Ao, OrAptim]
[Ao, OaAg], Am] + [Ag, [Ao, OAAm]] — (k —m)[Ao, OnAgym]
[Ak, OrNol, A + [A, [Arm, OrAo]] — (B — m)[Agrm, OrAo]
= [[Ak, Am] — (k = m) Ay, OxAo] = 0.

[
{ (5.17)

This concludes the construction of spectrum-generating operators Ay, Yp, Ay, Th. At

each order in A one should check that 9y Ao deduced from (5.14) hasnoterm A... Y ... A... T ...

that commutes with Ag. Other properties of these operators then come for free.

5.2.2 Computing OPEs

The Virasoro (and Kaé-Moody) algebras (5.6) and (E.3) obeyed by &, ji, lk, ji are
unchanged by the deformation, and the same is true for commutators of local operators
such as Tepr(z) whose expression in terms of modes does not depend on couplings.

On the other hand, OPEs of such coupling-independent operators change.z For instance,

¢/2  2Tcrr(y)  9,Tcrr(y)
-yt (@-y)? (z-y)

in the JT-deformed theory, even though the left-hand side has no A dependence whatsoever.
In our formalism, this seemingly contradictory result comes from how the notion of well-
defined operator depends on A. In the CFT,

JCFT(CU)TCFT(:U) = 27‘(’)\( )+O((my)0)+0()\2) (5.18)

T (2T ’ i m)x <9
JCFT<x>TCFT<x>=l(L) Y EmmelL gy, (5.19)

k,m
is well-defined, in the sense that each mode (k 4+ m = constant) is an infinite sum that
truncates when acting on any state in the spectrum.® The spectrum depends on A and

in the de_formed theory the sum fails to truncate, so that the coincident-point operator
Jorr(z)Topr(z) is ill-defined. The correct OPE (5.18) can be checked in principle by

"This is a rather different situation than the OPEs considered in [23], because what these authors denote
T,0,0,T are certain components of the deformed stress-tensor 7},,,, whereas here we consider OPEs, in
the deformed theory, of the CFT operators.

8By “state in the spectrum” we mean an eigenstate of the Hamiltonian, momentum, and conserved
charge.
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comparing matrix elements y(n|Jcpr(z)Tcrr(y)|n') ) between eigenstates |n)y, [n/)y to
matrix elements of the right-hand side.

Let us briefly discuss collision limits in a CFT when working explicitly in modes. First
consider Jopr(x)Jorpr(y). To get a finite collision limit one reorders modes using the
commutator (we set L = 27 to shorten expressions)

JCFT(x)JCFT(y) - Z ei(k:}c+my)jkjm - _ Z ez’(kx+my) []ky]m] - Zei(karmy) kG
k,m k>m k,m

1 : 1 1
= m _ kamez(k‘a:—kmy) JkJm: = m + D + :JCFT(y)JCFT(y): —|—O($ — y)
(5.20)
where jrjm: = (jrim if & < m else juik).” The reason — >k Jrjm: has finite
matrix elements in any energy eigenstate |n) of the CFT is that :jgj.,:|n) vanishes for large
enough k or m (thanks to the normal-ordering) while (n'| :jxj,: vanishes for negative enough
k or m. Altogether only finitely many k& and m can contribute to a given (n'|:jxjm:|n).
For more complicated examples such as collisions of Sugawara stress-tensors % :J%FT:, the
prescription is still to reorder modes using commutators until modes are all ordered, then
evaluate the series such as ), ¢*(@=Y)k that arise. Normal-ordered products have finite
collision limits. In a CFT on the plane, the shortcut to get the regularized collision limits
of operators such as :JSFT: is simply to normal-order the modes and take x = y.

Consider now the collision of a product A(z)B(y) of local operators'® in the deformed
theory.

We can apply a similar idea: express A and B in terms of spectrum-generating operators
Ag, Y, A, Tj then sort these operators by increasing k. Let us call the resulting normal-
ordered product Sort(A(x)B(y)). Since this places lowering operators to the right of raising
ones, all matrix elements in energy eigenstates truncate the sums to finitely many terms,
hence remain finite as © — y. The x — y collision limit Sort(.AB) is thus well-defined.
Unfortunately, this ordering prescription is not consistent with locality, namely we find by
explicit calculations that the commutator of Sort(.AB)(y) with a local operator at w fails
to vanish for w # y.

To preserve locality we cannot use the shortcut of normal ordering. Instead, we
keep track of all commutators when reordering the operators Ay, Yi, Ap, Ti as we did
in (5.20) in the CFT case. Once all terms are ordered, the coefficient of each product
Y...A...A...T..., often an infinite sum, should be evaluated and expanded as x — y.
The sought-after collision limit is then the (z — y)° term. Besides the normal-ordered
product Sort(.AB) it may include additional terms similar to the shift by 1/12 in (5.20).

We computed the non-trivial OPE (5.18) of the CFT local operators Jopr(x) and Tepr(y)
by following these steps in the JT-deformed theory. Converting from modes jj, and ¢,
to operators Ay, Yk, Ay uses (the inverse of) the explicit formulas (E.4). At order ),
Jorr(2)Topr(y) includes terms such as >k (- )Ye YA, in which the T must be
reordered. The commutator terms [Ty, Tm]xn give sums of modes A,, whose coefficients
are singular as z — y, which lead to Tcpr and 9, Tcpr terms in (5.18). The c-dependence
in the OPE comes directly from the c-dependence of the dictionary (E.4) between CFT

modes and deformed ones Ay, Yi, Ag. -

ei(ker)x

9The shift by 1/12 is the expected shift £, = L,, — (¢/24)8,,0 once one remembers that :Jgpr: is twice
the Sugawara stress-tensor, which has central charge ¢ = 1 in this case.

0The deformed operators J, (), J. (), Tyw(z) are eventually built from various collision limits at x of
the CFT operators Jcrr, jCFT, Tcr, Tcerr and their derivatives, so commutators of two such operators
at different points 1 and x2 vanish, namely these operators are still local after deformations. The fact that
the TT deformation preserves locality was already observed in [23].
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The OPE of Jepr(x)Tcrr(y) is only one term in the OPE 2miJy Ty, that we are
really interested in, because the components J,, and 7}, depend on A. Among other terms,
J, contains ANTcpr, whose OPE with Topr cancels most terms in (E.4). Altogether, the
collision limit we care about works out to be -

WayTCFT (v)

. +0((z — )% +O0(\2). (5.21)

2mi iy () Tz (y) = —A

The operator 8yT crr(y) is a derivative, as expected from general considerations about
antisymmetric combinations of conserved currents. We are actually interested in the (z —y)°
term in this OPE. Working it out we got a finite collision limit expressed in terms of Ay,
Ty, Ay ~

By definition, O\Ty = —2miJ}Ty),), where the A derivative is taken at fixed l, jk, lk.
This lets us get the next power of A in Ty, by either translating 27iJy T ;) to the modes
Uy, jk, Uk, or accounting for non-zero OyAg, O\Tk, OrAk.

5.2.3 Using background fields to get local currents

Once Ty is known, conservation equations give 0,Jy, 0pJy, OpTie, OxTys, but give no
information on zero modes of these spatial components of currents. Finding the zero modes
is absolutely crucial because they affect all modes of bilinear products such as 2miJy T3y,
used to define T} at the next order in A. In principle one should impose locality to find
these modes, namely one should ask for the commutator with CF'T operators Tcrr, JorT,
Tcrr, JopT to be zero at separated points. This is very difficult: if we work in terms of Ay,
Y, Ap, Tj then commutators with modes of Tcpr, Jorr, TerT, JopT are complicated;
and if we work in terms of £k, ji, fk, ji there is no good way to determine whether a given
sum of products of modes is well-defined, as we discussed near (5.19).

To get around this hurdle, and to turn on a and b, we treat our classical evolution
equation (4.18) or Table 2 as providing an Ansatz for Ty;(\, a, a, b) hence for J, = i9,T;; and
Jy = —i03Ty and Ty, = —i0yTy and Ty, = Op(LTy). As everything else in this subsection,
checking the Ansatz is done order by order in A, so let us assume that Ty (A, a,a,b) is
known up to order A’~!, and exactly in a, @, b.

The order AP term of T3 provided by our classical equation is correct fora =a=0b=0
by definition of the deformation. Then, to show that Ty (), a,a,b) matches the definition
of the a, a, b deformations, we need only check that for any (a, a, b) the derivatives 10,1},
—i05Ty and —i0y T} are indeed equal to the correct components J,, J,, Tix. These are
characterized (up to shifts by multiples of the identity discussed in Section 3.3) by the
conservation equations and by locality. Locality is automatic because T} is constructed
from local operators (including collisions, computed as explained above), and taking a, a, b
derivatives commutes with taking a commutator with the reference local (CFT) operators
Terr, Jort, TopT, JopT. On the other hand, we do not have a general proof of conservation,
so one has to check at each order in A that the Ansatz obeys conservation, using explicit
expressions for a given deformation.

5.2.4 Summary of the procedure

To start the whole process we need to know the “initial data™ .J,, jﬂ, T, at order
MY for all a, @, b (and L). At this order, the stress-tensor and conserved current are
linear combinations (3.7) of the CFT ones. The dependence on a, a, b is fixed up to the
ambiguities (3.11) under shifts by multiples of the identity. We also keep Ay = €5, + O(\)
etc. with no a nor b dependence at order \°.
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One safe way to avoid accidentally writing ill-defined products such as (5.19) is to
work in terms of the spectrum-generating operators Ay, Yi, Ax, Tj and syst@tically
commute operators with larger k towards the right of any product. We use (5.13) in the
form O®) = (9,0)P~1) — ... to deduce an operator at order AP from its derivative at
order AP~ 1,

The concrete procedure to get the order ¥ terms in J,, j/u T, (hence in H) knowing
their order A?~! terms is then as follows.

1. Determine up to order AP~! the collision limit 2wy Ts)0) + 70y Tye) + - - - appearing
on the right-hand side of (4.18) or its generalizations from Table 2. Fora=a=b=0
this is 0Ty, while for nonzero (a,a,b) it is only an Ansatz, checked later. To deal
with derivative ambiguities, one includes with unknown coefficients the derivative of
every local operator allowed by dimensional analysis.

2. Write the expression for 9yAg given in (5.14) or its generalizations including back-
ground fields. -
Check that this Ansatz is valid, in that it produces no terms that commute with Ag
(or equivalently with Ag). Deduce all other 9yAg, O\Yk, OxAk, O\ Tk up to order AP~

3. Use (5.13) to deduce Tt(tp) from (9yTy)P~Y computed in step 1 and from the order
NP1k terms of derivatives 9y (ﬂgk)), 0 <k < p— 1, which involve terms computed
in step 2. Deduce H (#). By construction of dyAo the Hamiltonian is expressed in

terms of Ag, Yo, Ko, T@.

4. Likewise, work out 0, s, Oy derivatives of Ay, Yy, Ay, Tj up to order AP by noticing
that their 0y derivative is known to order AP~!. For instance 0)\0,Ay = 0,0\A =
Oa(known + O(XP)), which only requires knowing 9, derivatives of Ay, Ty, Ay, Ti up
to order AP~1.

5. Compute J, = i0,Ty and J, = —i05T}; and Ty, = —i0y Ty and Ty = 8L(L71tt) up
to AP~1. Check current conservation [H, J;] + 0y J, = 0 and similarly for J, and
T, This check fixes the unknown derivative terms from step 1. As explained in

Section 5.2.3, locality is automatic and the check proves that the Ansatz for Tt(tp ) is
correct.

We performed this procedure (without Jepr) up to p = 2 for the JT deformation, thus
checking the universal equation (4.18) as a local operator equation modulo derivatives. This
proves to order A\? that the spectrum, including its dependence on background gauge fields,
is exactly as predicted by the evolution equation (4.21), which we solve exactly in (6.1)
and (6.4).

The procedure is quite bulky, and needs to be simplified before it can be pushed to
much higher order. Perhaps the path integral formalism can help, but one would have
to carefully work out OPEs such as (5.21) in this approach. In addition, the spectrum-
generating operators Ay, Y1, Ag, Tj seem to be less natural in the path integral than in
the Hamiltonian formalism.

In this discussion we worked with spectrum-generating operators Ay, Yi, Ay, Ti to
make writing normal ordered products easier, but we nevertheless considered £k, ji, Ck, jr
as fixed when defining derivatives such as 0y. Just as one switches from the Schrédinger to
the Heisenberg picture in quantum mechanics, we could switch from having A-dependent
states |n)y, hence A\-dependent spectrum-generating operators, to having a A-independent
spectrum and spectrum-generating operators. This would mean 0\Aj and so on would
vanish, while 0)¢x etc. would not vanish any longer. It may be instructive to translate our
universal equation to this picture.
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6 The spectrum from the solution of flow equations

6.1 Solving a large family of theories

While (4.23) is a rather intimidating nonlinear PDE of five variables, we will nevertheless
write down a closed form solution of it. While we suspect that there should be a straight-
forward derivation of the solution, we first obtained the solution below using intuition from
known results and solving the equations in series form. Before presenting the solution, we
sketch the steps that led us to it.

In our conventions (with g;7 = 1, namely A ;7 = il, see (4.22)), the spectrum of the
JT-deformed CFT in [5] is o

E,L =

3(5)2 14 7Q (i) +73p <£>2—\/1+27TQ (é) _(2773(60—p)—7r2Q2)<
™A\z

p=P,L, e¢=E9L.
(6.1)

The spectrum of the TT-deformed CFT is (with gpp = 1 or App = £2) [2,3]:

E,L o 1 \/1 472e <£)2+47T4p2 (£>4 (6.2)
L = —\[t—4m% | 7 ) | '
2w () ' :

The spectrum can be checked to obey the Burgers equation (2.5), if we use the relation

A@25) = —2720? as explained around (2.1). Based on these examples, a reasonable guess is
that the spectrum of the full theory with all couplings turned on may take the form:

Bl (192 <P2 (ﬁ) _.[p (é)) , (6.3)

where P, (%) denotes the an nth order polynomial of % The coefficients of the polynomials
can depend on the initial data €g, p, @, @ and the (generalized) background fields a, a, b, L.

We require that as % — 0 we recover the initial condition given in (4.26). By matching to

a high order series solution of (4.23), the Ansatz (6.3) can be verified and the coefficients
determined.
The string construction to be discussed in Section 6.4 suggests additional structure,

namely that F,, is a solution of a quadratic equation. Following this hint, the most compact
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form that we managed to bring the solution to is:

—B—+VB?—4AC

en=E,L =5+ 51 , 0= A(en, —8)2 + B(en — 5) + C,

~ 4 ~ ~ _

L=01-v)L, MEL, Q=Q+2mal, Q=Q+2mal, A=al A=al,
Gip=Q1=-bg;r, Ge=Q1+bgse, Gpr=01+bgy, Gre=(1-bgjs,

. 1
Grp = Grp + 51(GyrGre + GirGre) . Grp=(1- v)gr7
1+b  1-b
T2 T
A= (3(Gr+Gop) +Grn )i,
B=-1- (GJTQ + GjTé)M + ((WG%T + éTT)e + (7rG2JT + GTT)€>M2 ,

2 N i N _ K
C=-— (GjTQe + GJTQ€>,LL + (EG%T€2 + Grpee + G3T62> 2

€, eEeo+p+2A(Q—7rA), EEeo—p—l—Qﬁ(é—wﬂ),

(6.4)

Let us highlight some properties of this lengthy set of expressions. When p = 0, correspond-
ing to only turning on background gauge fields in a CFT, A = C =0 and B = —1, hence
€, = s, which matches (4.26) once we account for the fact that E, = €,/L; of course, this
was the initial condition that we used to find the solution given in (6.4). It is not surprising
that by forming dimensionless combinations p, A, A we simplified formulas. Curiously, we
managed to absorb all the b-dependence of A, B, C into the redefined couplings G and
1, but even using these definitions s still depends on b explicitly. We also managed to
absorb all the G e, G jg dependence into a shifted TT coupling, Gpq defined in (6.4).

That A, B, C, s are polynomials in €, p, A, A, Q, Q is a consequence of (4.14) truncating at
finite order.

We used the background fields mainly as an auxiliary device. If we are only intereste(Ai in
bilinear deformations, we can turn the background fields of: A= A=0=0,Q=0Q, Q =
Q, Go = go. In the absence of background fields, the expressions simplify significantly:
€ =¢y+pand € = ¢y — p. The special cases of JT and TT deformations given in (6.1) and
(6.2) are reproduced as special cases.

For large initial energy €y with other quantum numbers fixed, the spectrum formally
behaves as

en = (—%+oug+oax o

1 1
A= <27T(G3T +G%) + Grr + 57 (GorGre + GJTGj@)> w,

where we repeated A from (6.4) for convenience. For A > 0, states with large initial energies
become complex for some value of y. In [14] it was proposed for the T'T deformation that
such states should be discarded from the spectrum, turning the theory into a quantum
mechanical theory with a finite number of states. The validity of this proposal is clearly
beyond what can be assessed by the local field theory tools used in this paper. For A < 0
the energies are real, and combined with the Cardy growth of the density of states this leads
to Hagedorn growth of the density of states [8,15]. For the pure JT and JT deformations,
one always has A > 0, and the spectrum necessarily becomes complex [5]. Once we turn
on TT (or equivalently JO in the presence of JT) with a sufficiently negative coupling
constant, we can make A < 0 and the asymptotic spectrum real. It may be interesting to
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study the A — 0~ limit: the spectrum appears to remain real and bounded below, with
some states acquiring infinite energy.'t

Finally, it is natural to ask about the meaning of the other branch of the square root
in (6.4), egf) = 5+ —BHvB A0 VQB:M. For p — 0 the energy of these states would diverge.
Nevertheless, these “eigenvalues” play an interesting role in the modular differential equation

that the torus partition function obeys in 7T and JT deformed theories [18,19)].

6.2 Exploring the coupling space

To explore some properties of the spectrum, we ask what happens if we turn on the
deformations one after another instead of simultaneously, which gives (6.4). See Figure 2
for a sketch of the situation. We will only work with two couplings and turn off all the
others. We leave the exploration of more complicated paths in coupling space for future
work.

FlAvV]

FAwW] FAwW] FAwW]

FwW]

O
FAvV] FAwvV]

Figure 2: Left: Graphical representation of (6.7). Independent of which order we evolve
the spectrum of the CFT with V and W, we ge‘Tthe same spectrum. The result also agrees
by the simultaneous irrelevant deformation by V and W represented by the diagonal orange
arrow. Right: For the special case of V = JT, W = JO, the structure of the coupling

space is more complicated, as explained in (6.6).

Let us turn on Ay first, where V is one of the five irrelevant operators that we are
studying and Ay is the dimensionful version of gy, see (4.22). The spectrum with background
gauge fields turned on is obtained by setting go = 0, (O # V) in (6.4). We can use this
result as initial condition for the Ay, (W # V) flow equations for the spectrum given in
Table 3. This is a more complicated initial condition than the conformal initial conditions
(4.23). Nevertheless, the flow is still solvable in a closed form. Setting the background fields
to zero at the end, we obtain the spectrum of the theory first deformed by V and then
by W, which we denote by F[AwW]F[AyV]ocrr, where ocpr is the CFT spectrum and
F[AoO] is a symbolic operator implementing the flow. We find that the only nontrivial

flow is obtained for V = JT', W = JO (and similarly for their conjugates), for which

F[A ;7 JT|F[Ajo JOlocrr = FI\ ;5 JT|ocrr,

_ _ 6.6
F[Aje JO|F A5 JTlocrr = F[A ;5 JT + 2\ jo JOlocrr . (6.6)

The first equation is easy to understand: in a CFT J© = 0, hence F[Ajolocrr = ocrr.
The second equation is the result of a nontrivial computation. By F[A\yV + Ay W] we mean

"We thank David Kutasov and Soumangsu Chakraborty for discussing some upcoming work.
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the specific flow that led to (6.4), i.e. we use the common scale £ as defined in (4.22) and flow
with the combined flow equation (4.23). Note the factor of 2 multiplying Ase in the second
equation. Because (6.4) only depends on G'7g, which is a linear combination of A ;7\ 79 and

App, we could have written F[A ;1 JT 42\ 0 JO] equivalently as F[\ ;7 JT +# JO+#TT).
For any other pair of operators:

FIMwWIF A V]ocrr = FIAWWIF[ANvV]ocrr = F[A\vV + AwWlocrr . (6.7)

We conclude that the structure of the coupling space is rather simple, as most deforma-
tions commute. In particular, making two deformation in succession does not lead out of
the space of theories that we can reach by the simultaneous deformation by all operators,
as given in (6.4).

6.3 Solving and checking the JJ deformation

Recall that because we were using a dimensionful parameter to control the flow, we did not
cover the case of the JJ deformation, when solving (4.23). The solution of the differential
equation given in the first row of Table 3 is a lot simpler than that of (4.23). The
introduction of the same variables as in (61) is useful, and we get: -

en=E,L =s+ Qé sinh(27); 7) + (Q2 + éz) sinh?(7\ ;7). (6.8)

In [51] the change in the scaling dimension of certain primary operators was obtained
using AdS/CFT and confirmed to second order in perturbation theory. The result in their

equation (5.1), after redefining ¢ = \/gQ, qg= \/gQ, h= ij‘!, reads
7V kk

2
n =0 T QQ T (O 4 Q). (6.9

Because H and A are dimensionless, and the space of theories is one dimensional, different
definitions can give different parametrizations of the same line. Indeed setting

1 . 2H
)\Jj = —%arCSIHh (1—_[—_[2) (610)

in (6.8) and setting the background fields to zero produces (6.9). This is another nice check
of the validity of our formalism.

6.4 A check from string theory

In this section we use the string construction of [5,15,34] to test a special case of the energy
formula (6.3), where the background fields are set to zero A = A =b =0 and the JO and
JO deformations are turned off. We obtain a precise match.

We now give a lightning review of the argument of [5], skipping over many important
details. Let us consider Type II superstrings on the background (massless BTZ)x St x N
Vertex operators of the worldsheet theory dual to certain Ramond sector states of the dual
CFTy were constructed in [5], whose explicit form we will not need. The construction uses
separate primaries in the (massless BTZ)xS! and in the ' CFTs. The Virasoro constraint

imposes:
1
0= A1 + AQ - 5
2 (6.11)
0=A;+ Ay — 5
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where Aj 2 are the left scaling dimensions in the (massless BTZ)xS* and A" CFTs respec-
tively. To simplify formulas, we restrict to the winding number 1 sector of the theory. The
scaling dimensions in the (massless BTZ)xS! CFT are given by:

Q*  jU+1)
Al — EL+8? k 5
A Q> j(+1) (6.12
A1 - _ER+ 872 - k ) )
1
EL,R:§(EZEP)7

where j is a quantum number related to radial motion, k = (L?—js)2, and we set R =
1, qr = %, qr = % in the formulas of [5

The (massless BTZ)xS! CFT is an SL(2,R); x U(1) WZW model, and hence has
interesting exactly marginal J.J deformations. It was argued in [5,15] that a deformation
that to linear order agrees with the Jg Lj o7, deformation in the terminology of this paper is
related to a single trace version of the TT" deformation of the dual CFT, while the Ji7(1)Jg;
and Jg; Jy(1) deformation is related to the JT and JT deformations [5]. The arguments
are complicated and rely on some conjectures about the dual CFT; the proposal is that the
string states created by the vertex operators discussed above should evolve in the same
way under the single trace deformation version of the irrelevant deformations as they would
under their double trace versions to which our field theory treatment applies.

Under the JJ deformations of the (massless BTZ)xS! CFT the scaling dimensions in
the ' CFT do not change, while the change of A; and A; can be determined by combining
formulas (5.19)-(5.22), (5.29), and (5.32)-(5.33) from [5|. Adapting their equations to our
notation, which includes introducing the coupling constants g;7, g7r, gpry With appropriate

].12

numerical prefactors, gives!3
Q* A 22 279
Ay =—-E + 30 9irhQEL + 277951 BT, o
— 9y7HQER + 21 g5 o) By + An (§pp — 7979571 ELER — ](];1) ,
x Q* A 22 252
Ay =—-Er+ 32 9irHQEL + 2m° g5, 1 ET o
— 9y7HQER + 21° ¢ p ) * By + An (Gpr — 79579571 BLER — ‘7(‘7;1) :
(6.13)

Subtracting the two equations leads to a p independent result, which expresses that the spin
of the vertex operator is quantized. Henceforth, we drop the second equation. We remark
that the field theory explanation of why we can simply add together the contributions of
different deforming operators is that these deformations commute in the sense explained in
Section 6.2. We also note that linearizing in the couplings g7, 957, grr, we get

SE = 0(A1 4 A1) = —29;7Q(ER) — 29577Q(UEL) + 4ngpr(WEL) (uER),  (6.14)

which to linear order agrees with the spectrum of the J J-deformed theory (6.8), if we identify
the charges of JU(1)7 JU(1)7 J§L7 JEL with @, Q, _(,U’EL)a (IU'ER)7 &I'_ld 97> g_jT7 grr W_lth
(up to constant factors) the coupling A7 of the JJ operators JyyJgr, JgrJu1), Jgrdgr-

12A check on these normalization factors is that if we set 7 = v/2 in (B.9), we get the same spectrum of
scaling dimensions, as in [5]. -

31n the first version of the paper we were missing the shift of gpr by —7g;7957. We thank Soumangsu
Chakraborty and Amit Giveon for pointing this out to us.
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To higher orders the agreement does not hold, demonstrating that the worldsheet CFT is
not precisely a J.J deformation of the (massless BTZ)xS! CFT in the terminology of this
paper.

To get the evolution of energies in the boundary theory, we put (0) superscripts on the
quantities in the undeformed theory given in (6.12). The Virasoro constraint (6.11) implies

that we have to equate A; (and A7) in (6.12) and (6.13), which then implies:
Q° Q° A
i B+ == —g7nQEL + 2W29%TM2E%

812
— 9)7HQER + 27° g5 ;1> ER + A (Gpr — 79,7950 )W ELER .
(6.15)

5

If we define the TT coupling as gy = Gpy — 79,7971, then the above equation can be
brought to the form:

0= (2m)2A(E - EO)? 4 27B(E - EV) + C, (6.16)

which is equivalent to (6.4) with all the background fields turned off, A = A =b =0, Q=

Q, Q =Q, Go = go, and with the JO and JO deformations turned off, gjo = gjg = 0.
The factors of 27 account for the fact that we set L = 27 by setting R = 1, hence ¢ = 27 E.
(Also p = 27P.)

7 Conclusions and outlook

In this paper, we presented detailed arguments for the proposal of the energy spectrum of
CFTs deformed simultaneously by JT', JO, JT, JO, TT and also by the current components
Jy, Je, Tiw which are equivalent to turning on the background fields a, @, b in (6.4). Note
that deforming by the time component of conserved currents would be trivial: since the
corresponding charges commute with the Hamiltonian, the eigenvalues @, Q, E, P would
simply add under such deformations.

We have arrived at this spectrum following the strategy outlined in Section 2, see also
Figure 1. We implemented the first step of the strategy, rigorously determining the initial
conditions for the flow equation for the Hamiltonian. We then used the example of the
classical free scalar to conjecture a universal equation valid at an arbitrary point in coupling
space in (4.18) and Table 2. We performed two checks of this equation in Section 5: we
checked a special case of the equation in a more general classical field theory setting in
Section 5.1, and a quantum mechanical check in low order perturbation theory in Section 5.2.
It would be interesting to go to higher orders in perturbation theory. Ultimately, in the
future we would like to find a nonperturbative quantum derivation of these equations. From
these universal equations, the flow equation for the energy follows using the factorization
property of the special composite operators discussed in this paper; this is again a fully
rigorous step. We then solved this equation using the initial conditions to obtain the
spectrum (6.4). That we have obtained elegant solvable equations for the spectrum, whose
solution reproduces previously known special cases gives us confidence that this is the full
quantum answer. We solved the J.J deformation with the same methods, reproducing the
spectrum found using conformal perturbation theory and AdS/CFT in [51]. We also did a
new AdS/CFT computation in Section 6.4 of the spectrum of the J T, JT, TT deformed
theory with the background fields turned off, and this confirmed the spectrum (6.4) in a
special case. We provided evidence in Section 6.2 that turning on the couplings of the
irrelevant operators in different order (instead of simultaneously) will not lead out of the
space of theories we solved.
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This work leaves many interesting directions open for future investigation. It would
be interesting to obtain the spectrum of non-conformal theories deformed by irrelevant
operators. While the universal operator equations and hence the flow equations for the
spectrum apply, we do not know how to obtain the initial conditions. An exception is
provided by Gaussian theories, the massive complex boson and fermion, where turning on
background gauge fields preserves their Gaussian nature and hence solvability. We leave
their solution to future work. The universal equations for the Hamiltonian can be solved for
the classical Hamiltonian (and Lagrangian). We have only discussed this in Appendix C,
since we do not know how to quantize these theories starting from the Lagrangian. Since we
do know how to understand these theories using flow equations, this could give insight into
how to treat such exotic theories that include the Nambu-Goto string (in static gauge) [3,8].
We would also like to understand how to turn on the background fields in the AdS/CFT
setup analyzed in Section 6.4. It would be interesting to analyze the torus partition function
of this class of theories, and fascinating to prove uniqueness results similar to those found
in [18,19].

The most interesting extension of this work would be to understand deformations by
bilinear composite operators built from the higher spin KdV currents. Understanding these
would presumably lead to qualitatively new UV behaviors. In Section 3.4 we attempted
to obtain the initial conditions for this flow, and explained why our approach does not
apply straightforwardly. Despite this failure, it would be interesting to understand whether
there exists a universal operator equation governing the Hamiltonian at an arbitrary point
in coupling space. Since the background field for the spin s current is irrelevant in this
case, [as] = 2 — s, we expect a proliferation of terms. A first step in this direction would
be to work out the case of the classical free scalar. We also note that we take a step in
a tanglential direction in a future publication, where we compute the spectrum of KdV
conserved charges in the 7T flow.
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A Conventions

We use the following conventions. The complex coordinates in Euclidean space are defined
by:

z=x+it, Z=ux—1it. (A.1)
The cylinder S x R has circumference L, hence z ~ z+ L. The stress tensor in a relativistic
theory is defined by
2 68

v = ﬁéglﬂ/ . (A2)
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We will be dealing with theories that cannot be easily coupled to gravity, as they do not
have Lorentz invariance, and for these we will be using the Noether stress tensor that obeys:

0=0"T,,, (A.3)

with the corresponding (Hermitian) conserved quantities:

L L
H = —/ dx Ttt; P = —Z/ dx T:L"t . (A4)
0 0
They generate the spacetime translations:
[H,O] =00, [P, O] =1i0,0. (A.5)

One useful example to keep in mind is that for a scalar theory whose Lagrangian £(¢, d,,¢)
does not contain higher derivatives (but may contain arbitrary powers of single derivatives),
we have

)
T = 5gugyOn® = wl (A.6)

which obeys (A.3) by the equations of motion.

In CFT the components of the stress tensor are usually denoted by
= —217T.,., O = +27T,;, O = +27T%,, T=—-2rT5s, (A7)
and the conservation equation written as
oT = 00, oT = 00. (A.8)

For convenience, we also write down the components of the stress tensor in (x,¢) coordinates:

1 - ; =
Ty=—(T+0+0+T), Tu=-—(T-0+6-T),
21 2 (A.9)
i - 1 - '
Txt:—%(TJr@—@—T), Tm:—%(T—@—9+T).
For a conserved current corresponding to an internal symmetry, we have
0=0"J,
(A.10)

Q= /OLd:L' Ji(x)

From the perspective of Euclidean field theory a natural formula would instead be
—1 fOL dx Ji(x), because we want @ to be Hermitian, and to Wick-rotate an operator
with spin, we conventionally add factors of ¢ to the time components. However, to conform
with CFT convention, we chose to omit the ¢ from (A.10). If we have only one current a
natural choice for normalization is that the charge is an integer. However, as we recall on
the example of the free compact boson in Appendix B, this normalization is not always

natural. In CFT, it is customary to use the notation J = J,, J = J;.
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B Free compact boson

We take the free massless scalar Lagrangian to be:

L= 8%(0@)2- (B.1)
The equation of motion is:
0= (02 +0%)¢. (B.2)
The propagator is
(6(2)¢(0)) = —log|z|*. (B.3)

The currents and the stress tensor (on the plane) are given by:

J:iaqs, J = —id¢,

- B4
T——f (06)?: f:J2:, T——f (D)2 f:JQ: . (B4
The canonical momentum and Hamiltonian densities are defined by
I .
9(09) m (B.5)
H = il + L = 27112 + —( Dpd)? .
The canonical commutation relations are [II(x), ¢(y)] = —id(z — y). It is easy to check that
H =—5 (T+T), consistent with (A.4) and (A.9). Hamilton’s equations are:
5H oH
at _'Laa: < ) )
5o 0(0y

0H [ OH
0= ~i%m = (an) !

which are consistent with (B.2). Since the Hamiltonian is the same as in usual Lorentzian
quantum mechanics, (B.G)Ke just the usual Lorentzian Hamilton’s equations with the
replacement % = 2%7

We take the boson to be compact with radius r:

¢~ ¢+ 2mr. (B.7)

The mode expansion of the scalar and the currents on the cylinder is:

dmn , . 2mrw I
o= ¢o+ TT(—Zt) ——5 ¢ + (oscillating terms)
. 1 (4t 2mrw R
J=1i0¢ = —5 (rL + i ) + (oscillating terms) (B.8)
J— .5¢_3’ dmn 2mrw + (oscillating t )
=-idp=5 |7 7 oscillating terms) .
Then the charges using (A.10) are:
2 - 2
Q—Ln—i-m“w, Q:ﬂ—wrw. (B.9)
r r
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1033 The charges are quantized, but are not integers. In fact, for irrational 72, there does not
1034 exist a normalization in which they would be integer valued.
1035 At X = 0, solving the differential equations (4.3) and (4.4) with the expressions for the

1036 conserved current components given in (4.2) gives:

a—a\2 — a—a _
= 27 (H+T) +8%r(0xd>—27r(a+a))2—b(ﬂ+T) (0z¢—27r(a+a)) (BIO)
B 1—b? '
1037 The shifts of IT and J,¢ are explained by the comment around (4.3).

s C  Hamiltonian and Lagrangian of the deformed free scalar

1030 We have not determined the closed form solution of the flow equations for the Hamiltonian
1040 density, (4.18) and Table 2. They can be recovered from the solution of the spectrum (6.4)

1041 using the following very simple recipe. In €, (€g, p, @, Q) as a function of the four initial
1042 conditions, we have to make the replacements:

1 1 L L
e e <L2 (zm? 4 &r@m)?)  —LP 10,6, — (026 — 411), = (D26 + 47rH>) -
(C.1)

1043 An intuitive way to obtain this formula is to take a simple classical phase space configuration,
1044 for which

2wrw n
Opp = — II=—
IE¢ L7 T'L’
2 2,2
2 -2
eo=2w<”2+”’), p=2mw,  Q=""rmw, Q=""—mw.
r 4 r r

(C.2)
1045 In the undeformed case, the appropriate field configuration of ¢ is given in (B.8) (with the

1046 oscillating terms set to zero), but after deformation IT # ﬁf)ﬂb. Plugging these into
1047 defined by (C.1) and multiplying by L to perform the trivial integral over x, we recover
1048 the spectrum (6.4). This is not quite a proof of (C.1), since for the special configurations
1049 in (C.2) € and p are determined by @, Q. Nevertheless, it can be checked explicitly that

wso H resulting from (C.1) indeed solves the appropriate equations. We note, that (B.10)

1051 can indeed be recovered by using (C.1), with €, replaced by the initial condition s form
w052 (6.4). Finally, the Lagrangian for the deformed theories can be obtained by Legendre

1053 transformation,

on
om0 (C.3)

L=—illOp+H.

1054 Conversely, given a Lagrangian of a shift symmetric scalar field £(d¢,d¢), we can
1085 conjecture its energy spectrum by first going to the Hamiltonian H(9,¢, IT), plugging in the
wss first line of (C.2), and expressing n, w with the possible initial conditions, €, p, @, Q. As
1057 already mentioned above, since there are four initial conditions and only the two n, w in the
108 output of this procedure, obtaining the right spectrum this way requires some guesswork.
150 In the case of the T'T" deformation (with background fields turned off), the spectrum cannot
1060 depend on @, ) and one obtains the correct spectrum from the Lagrangian

1 2
Lrr=55m <1 —\/1- 7;(8@)2) (C.4)

1061 as was shown in [22] using the method described here.
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D Comments on the JT deformation

At first sight, it may seem that our definition of the JT deformation and the one in the
literature is different. We have been working with a non-holomorphic current that had
quantized charge that does not change under the deformation, while in the literature the
current J is holomorphic and its charge depends on the scale ¢ [5]. It turns out that the
two definitions of the theories are equivalent, as we explain below.

Let us determine the explicit form of H for the case of the JT deformation with the
background fields turned off. We can use the simple explicit formula given in (6.1) instead
of (6.4). Plugging into (C.1) we obtain: o

1 — (8,6 — 4xIL) — 732110,6 — /(1 + 4n20IL) (1 — 70D, 0)
7T3€2 ) (D 1)

Hr =
1 ¢
Lip=—00—"=.
T on ¢1 — ml0¢
The latter Lagrangian was obtained in [5,6]. It can be checked that the current
Ju=J, — 212l Ty, (D.2)

is holomorphic, once we plug in H from (D.1) in the expression of the conserved current
components (4.2). So the current used in the literature is just a linear combination of
currents defined in our current formalism. The ambiguity of combining currents was
discussed in Section 3.3.

Finally, we show that the operators JT and JT are the same, hence the deformed

theories are equivalent. Writing out the definition (4.19), we get

JT = 2miy Ty = JT — An3 0 To Ty (D.3)
= JT, ‘

which is just the manifestation of the simple fact that the bilinear composite operator built
from the same current is identically zero, O = ¢*.J,J, = 0.

E Quantum perturbation theory formulas

We collect here some formulas relevant to Section 5.2. Local operators are expanded in
modes as
o= ()" $5 e, .
n=-—oo
where O,, are dimensionless and A is the dimension of O(z). We denote the CFT (anti-

Yholomorphic current and stress tensor by J, T', T (signs and factors of i chosen to match
standard 2d CFT literature):

27T 2 > /1;
_ 2minx
r—-(F) X et

n=-—o0o
_ 2 2 = . _
r=—(%) X e, (5.2)
n=-—o0o
J = —i2£ - 627rinx/L .
= ny
L n=-—o00
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and we recall TS¥T = —~TFT = (T + T)/(2r) and TS = TEFT = (T — T)/(27i) and
JET = i JSFT = iJ.

We shifted ¢,, = Ly, — dm0c/24 and by, = Ly, — Om,0 ¢/24 compared to the usual
Virasoro algebra, and these modes have non-zero commutators

C . .
[émagn] = (m - n)ngrn + Em?’(strn,Oa [Ema]n] = —NJm+n, (E )
.3
- . ¢ o
[zmagn] = (m - n)€m+n + Em35m+n,07 []ma]n] = m5m+n-

After deformation by JT we find spectrum-generating operators (we do not display
order A2 terms in Aj and Aj because they are too long)

, 22N - 272N \?/ . _ 1 m—k . -
Ty = jr + 51@7&0(75% + Ok20 ((> <(Jo + La)l_j, + 3 Z - Jmfm—k> +0(\?),

1+0b)L 1+b)L o
272i\ -
Ap =10+ —— ikt fm A2
m7#0
— _ 2720\ c m-—=k . -
A = = =K% . 22).
k k+(1+b)L<12 J k+mz¢:0 ——Jmlis >+O( )

(E4)
Note that Yo = jo and Ag — Ag = £y — £y as expected. Calculating commutators confirms
that these operators obey the same algebra (5.10) as the original modes.
For the JT deformation we find

27 Ao KO aLYy a’L? . s 2 (TO + aL)KO
H="T omin( 2 ) Aot at)o
L(l—b 1+ "1=b Taa—p) T (1 —0)(1+0)?

L
(2miN)2 [ 27\ (Yo + aL)?A, —|—K2/2
T <> 0(1_19)(1117)30

(E.5)

7 +0(\®)
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