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Abstract

We compute lattice correlation functions for the model of critical dense polymers on a semi-
infinite cylinder of perimeter n. In the lattice loop model, contractible loops have a vanishing
fugacity whereas non-contractible loops have a fugacity a € (0, 00). These correlators are defined as
ratios Z(x)/Zy of partition functions, where Z is a reference partition function wherein only simple
half-arcs are attached to the boundary of the cylinder. For Z(x), the boundary of the cylinder is also
decorated with simple half-arcs, but it also has two special positions 1 and = where the boundary
condition is different. We investigate two such kinds of boundary conditions: (i) there is a single
node at each of these points where a long arc is attached, and (ii) there are pairs of adjacent nodes
at these points where two long arcs are attached.

We find explicit expressions for these correlators for finite n using the representation of the
enlarged periodic Temperley-Lieb algebra in the XX spin chain. The resulting asymptotics as n — oo
are expressed as simple integrals that depend on the scaling parameter 7 = IT_l € (0,1). For small
7, the leading behaviours are proportional to 71/4, 71/41log 7, log T and log? .

We interpret the lattice results in terms of ratios of conformal correlation functions. We assume
that the corresponding boundary changing fields are highest weight states in irreducible, Kac or
staggered Virasoro modules, with central charge ¢ = —2 and conformal dimensions A = —% or
A = 0. With these assumptions, we obtain differential equations of order two and three satisfied by
the conformal correlation functions, solve these equations in terms of hypergeometric functions, and
find a perfect agreement with the lattice results. We use the lattice results to compute structure
constants and ratios thereof which appear in the operator product expansions of the boundary
condition changing fields. The fusion of these fields is found to be non-abelian.
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1 Introduction

A synthetic presentation of the study of critical phenomena, taking into account some of the main
lessons learned during the first half-century following Onsager’s celebrated exact solution of the two-
dimensional Ising model [1], would run roughly as follows: A physical system standing at a second-order
phase transition possesses a continuum limit which is scale invariant [2] and usually also conformally
invariant [3,4]. It is characterised by a set of critical exponents and universal amplitude ratios that
define a given universality class, characteristic of all systems with a given set of symmetries. The
exponents are related to the eigenvalues of the dilation operator, and they characterise the algebraic
decay of the correlation functions. This operator can be defined either in lattice models (as the transfer
matrix or Hamiltonian) or in the quantum field theory describing the continuum limit, so a paramount
goal of the theoretician is to diagonalise it. In two dimensions, this task can be efficiently accomplished
by identifying suitably tractable lattice models whose spin chain descriptions can be solved exactly by
integrability techniques [5-7], or by studing the properties of suitable highest-weight representations of
infinite-dimensional conformal algebras [3,4,8-10]. The compatibility of the conclusions obtained from
these two approaches has been witnessed in thousands of model studies.

As appealing as this outline may appear, a significant proviso was brought forward in the early
1990’s [11,12]: What happens if the dilation operator is not diagonalisable after all? After a lingering
start, the importance of this question has become increasingly clear in the last two decades [13,14] and
has lead directly to the detailed study of non semi-simple representations of certain algebras, both in
the lattice model [15-17] and conformal field theory (CFT) [18-22] contexts. The latter define what
has become known as logarithmic conformal field theory (LCFT) [23], since the correlation functions
exhibit both power-law and logarithmic factors. Quite remarkably, the interplay between the lattice
models and their continuum limit has turned out to be as tight as ever before, with essentially the
same indecomposable structures appearing in either [24].

A necessary condition for this logarithmic behaviour is provided by non-unitarity. While there are
various ways of providing this ingredient, a very natural and physically relevant context arises in the
study of models formulated in terms of extended degrees of freedom, such as loops and clusters. In this
paper, we shall focus on so-called critical dense polymers [25], of which the basic manifestation is a
single completely-packed closed curve that fills up the whole lattice. It is the first member, LM(1,2),
of the family of logarithmic minimal models [26], with its central charge and conformal weights given
by

2r —s)? —1
c=-2, A= %. (1.1)
Theories with ¢ = —2 are the most well understood logarithmic conformal field theories [27-31]. Other

cognate models described by logarithmic CFTs include self-avoiding walks and critical percolation. A
common feature of such lattice models is the appearance of cellular algebras [32] of the Temperley-Lieb
type.

Logarithms in correlation functions were previously found in various lattice models, including the
abelian sandpile model [33-35], critical dense polymers [36-38], critical percolation [39-41] and the
Q-state Potts model [42-44]. In many cases, the results were obtained using conformal arguments and
verified numerically on a computer. Our goal is to provide new examples of such logarithmic behaviour
where the correlators are computed both rigorously from the lattice using the toolbox of integrability,
and using the arguments of conformal invariance extended to the logarithmic theories [45].

In a previous paper [38], we have defined several types of two-point boundary correlation functions
of critical dense polymers. We established their exact finite-size expressions on a semi-infinite strip of
width n and compared the corresponding asymptotic expansions with the field-theoretical predictions.
These correlators describe boundaries with defect points, allowing them to be connected by the loops in
various ways. Some of the correlators turned out to exhibit logarithmic features, while others did not.
The main goal of the present paper is to extend parts of this study to periodic boundary conditions,



where now the correlation functions are defined on a semi-infinite cylinder of circumference n. An
interesting by-product of this modification is that we can now allow for non-contractible loops with a
generic weight a, while contractible loops are forbidden (they have the dense polymer weight g = 0).
This is also interesting from the CFT perspective, as the relevant conformal correlation functions
involve boundary fields, as in our previous work, but also a bulk field 1,(z, 2*), which is responsible
for assigning the weight « to the non-contractible loops.

In the usual CFT setting, there is a close connection between conformally invariant boundary
conditions and highest-weight representations in the bulk theory [46,47]. Moreover, a number of strong
results (see, e.g., [48,49] in the loop model context) have been obtained from the principle of modular
invariance, that is, by comparing the equivalent results of a closed evolution operator (i.e. subject
to periodic boundary conditions) acting between two given boundary states with those of an open
evolution operator (with given boundary conditions) acting in periodic imaginary time. Our setup
similarly replaces the open evolution operator of [38] with a closed one, but we keep the defect points
at the boundary. The correct interpretation of our results thus remains within the boundary version
of LCFT. The relation between bulk and boundary theories is much more involved in the LCFT
setting [50,51], and in particular it is known that in bulk LCFT primary operators can mix into Jordan
cells of rank higher than two [52,53].

The outline of the paper is as follows. We start out, in Section 2, by recalling the definition of the
model of critical dense polymers and its connection with the Temperley-Lieb algebra and the XX spin
chain. Due to our setup, we shall need the enlarged periodic version of the Temperley-Lieb algebra,
and shall consider the spin chain with periodic boundary conditions. In Sections 3 and 4, we define two
types of lattice correlation functions, where each insertion point on the boundary involves respectively a
single node or a pair of nearest-neighbour nodes. We find exact expressions for each of these correlators,
compute the leading large-n asymptotics in the form of integral formulae, and extract the limiting cases
of small and large distances. The same correlation functions are then discussed in the context of LCFT
in Sections 5 and 6. Each lattice correlator is understood as a ratio of conformal correlation functions.
We use conformal invariance to obtain differential equations for these conformal correlators and find
that the solutions to these equations precisely reproduce the exact results of Sections 3 and 4. In
Section 7, we study the operator product expansions of the boundary conformal fields and use the
lattice results to compute some of the structure constants. The fusion of the corresponding boundary
conformal fields distinguishes between operators that mark the start and end of arcs attached to the
boundary, and is found to be non-abelian. The paper ends in Section 8 with a discussion of our results
and with concluding comments.

2 Dense polymers with periodic boundary conditions

2.1 Dense polymers and two-point functions

We study the model of critical dense polymers on the m x n cylinder. We draw it in the plane, as
in Figure 1, and choose n to be even. A configuration of the model is the choice of a tile P4 or NN
for each face of the lattice. The boundary conditions are periodic in the horizontal direction, meaning
that the left and right ends of the rectangle are identified in the planar representation. The top of the
cylinder is decorated exclusively with simple arcs. Labeling the nodes from 1 to n, these arcs connect
the points in the pairs (1,2), (3,4), ..., (n —1,n). In contrast, the bottom of the cylinder is decorated
with a collection of defects and arcs. Their organisation depends on the correlation function that we
are studying and is detailed below. A loop configuration o has the weight w, = a"*d,, o where n,
and ng are the numbers of non-contractible and contractible loops in the configuration. A collection
of arcs that connects two defects of the boundary has weight one. The partition function is defined as

Z = Zwo. (2.1)
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Figure 1: Loop configurations on the 10 x 8 cylinder, with the boundary conditions corresponding to
Zy, Zyp(w = 6) and Zypp(z = 7).

We denote by Zj the partition function for the model where the lower segment is identical to
the top segment of the cylinder and is therefore exclusively decorated with simple arcs. We consider
a € (0,00) for which Zy # 0. Likewise, we denote by Z (z) the partition function wherein the
bottom of the cylinder has simple arcs, and two defects inserted in positions 1 and z. Finally, we
denote by Zr(z) the partition function where the bottom of the cylinder has two pairs of adjacent
defects in the positions (1,2) and (x,z + 1), and simple arcs occupying the other nodes. Examples
of configurations for the three partition functions are given in Figure 1. The corresponding two-point
correlation functions are then defined as follows:

Ci(7) = lim ZL(x), Cirp(z) = lim ZL(QC)

(2.2)

2.2 The enlarged periodic Temperley-Lieb algebra

Definition of the algebra. This periodic Temperley-Lieb algebra [54-58] is a unital associative
algebra that is used to describe many classes of statistical models on periodic geometries. The ter-
minology and conventions vary, and here we work with the enlarged periodic Temperley-Lieb algebra
EPTL, (e, B) defined in [59]:

EPTL,(a, B) = (1,2,Q7 " ej; i =1,....n). (2.3)

Each element of the algebra is associated to a connectivity diagram drawn inside a rectangle that has
periodic boundary conditions in the horizontal direction. For the generators, this identification is

U 7 \
I — , ej — n , en — \ r R (24&)
123 n 1 ES! n 12 3 n
1 2 3 --n 1 2 3 --n
The defining relations of the algebra are
e? = Pej, ejej+1e; = €j, eie; = eje; (li — 7] > 1), (2.5a)

QO =07ta=1 QQl=¢_1, QU =e,0"  (QFe,)" = 0(QFe,), (2.5b)

where the indices are in the set {1,...,n} and taken modulo n. For n even, there are extra relations
which remove each non-contractible loop and replace it by a weight «:

EQYE = aF where E =esey...ep0_0en. (2.6)

Henceforth, we set 8 = 0 corresponding to the model of critical dense polymers for which con-
tractible loops have a vanishing fugacity.



Transfer tangle. The transfer tangle for the model of polymers with periodic boundary conditions
is an element of EPTL,(«,0) defined as

u)=o u | uw ||| u F U :cosuj sinu k .
T(u) , f+ N 1 (2.7)

D D D D

n
where u is the so-called spectral parameter. The isotropic value is u = 7, and we use the short-hand
notation T'(%) = T. The transfer tangle commutes at different values of u, namely [T'(u), T'(v)] = 0,
and satisfies

T(u)=Q(I—uM+0@w?)), H=-) e, (2.8)
j=1
where H is the Hamiltonian. It also commutes with T'(u).

The standard module W, o. The algebra EPTL,(a,0) has a family of standard modules W, 4
labeled by an integer number d of defects. Our calculations below only require the standard module
with no defects, Wy, 9. This module is defined on the vector space generated by link states with no
defects. These are diagrams drawn over a segment where n marked nodes are connected pairwise
by non-intersecting loop segments. The boundary conditions are cylindric, namely periodic in the
horizontal direction so that the loop segments may connect via the back of the cylinder. Here are the
link states for n = 2 and n = 4:

Weo: .o, 2 g, W470:nn,m,\ln,\r\r,n\f,nﬂ.(Q.Q)

We define the action of the elements of EPTL,,(c, 0) on the link states via the action of the algebra’s
generators. To compute av with a = e; or a = OF! we draw the connectivity diagram corresponding
to a below v. The new link state is read from the connectivity of the bottom segment. If one (or more)
contractible loop is formed, the result is set to zero. If one (or more) non-contractible loop is formed,
each such loop is erased and replaced by a multiplicative factor of . Here are examples for n = 4:

(~ N
\J o A A O _o. iﬁ N W)

N N

The bilinear Gram form. Let v,w be two link states in Wy, 9. Their Gram overlap, denoted v-w, is
obtained by flipping v vertically and attaching its nodes to those of w. The resulting diagram then has
na non-contractible loops and ng contractible loops. The overlap is then defined as v - w = "4y 0.
It is then bilinearly extended to all states in W,, o. The values of the overlaps in the link state basis
are encoded in the Gram matrix. To illustrate, in the bases (2.9), the Gram matrices for n = 2 and

n =4 are
0 0 0 « O O
0 0 a 0 a o2
2
(0 8) = 0o 0 o0% b 1)
0 aa a2 0 0 «
0 a2 o 0 a 0

The spin-chain representation X,,. The representation X,, of EPTL,(«,0) is defined on the vector

space (C?)®". The generators e, ..., e, 1 are represented by the matrices
00 0 O
Xn(ej) =1 1 ® 8 i 1}1 8 @1, j=1,....,n—1, (2.12)
00 0 O



where I; is the identity matrix of size 2J. The representants for e,, and 2 depend on a twist angle ¢,

0 0 0 0
Xale) =t [| 0 Ly & O ena] et Xu(0) = e, (2.13)
0 0 0 O
where t is the translation operator:
to1) @ |v2) @ -+ @ |vg) = |v2) @ - @ |vp) ® |v1). (2.14)

One can check that the defining relations (2.5) and (2.6) are satisfied, with the weight « of the non-
contractible loops related to the twist angle via the relation

a = 2cos (%) (2.15)

For a € (0,2], ¢ is real and in the range [0, 7), whereas for a € (2,00), ¢ is purely imaginary in the
range (i0,100).

Homomorphism and overlaps. There exists a homomorphism between the standard module W,, o
and the spin-chain module X,, of EPTL,(«,0). It is defined via the following local maps:

o) =wt)+w™ 1), |ae) =wePUN) +w e ), w=eT/t (2.16)

For link states with more than one arc, the local map is applied multiplicatively to each arc. For
instance:

N LA = e 2 [114)) +w e 2R + WP @2 + e/ 1101). (2.17)
It is well known that this is indeed a homomorphism, namely for each v in W,, o we have
Xale)lv) = lejv),  Xa(@F)[o) = [2F10), (2.18)
where a and ¢ are related as in (2.15). The dual states are then defined as (v| = |v)"| 6 g LThe
spin-chain overlap between v and w then equals the Gram overlap between v and w:
(v|lw) =v - w, v, w € Wpo. (2.19)
2.3 XX Hamiltonian
The periodic XX Hamiltonian with the twist ¢ is defined as
n—1 . )
H=X,(H)=— < Z a;-rajjrl + 0;0;;1) — et —e Yo o7 (2.20)
j=1

It is hermitian and therefore has real eigenvalues. In terms of the fermions

¢j = (—1)j—1<§a,§>a;, cf = (—1)j—1<§ag>aj+, (2.21)

it is expressed as

n—1
H=— ( Z c}ch + c;»ch) — ei(%(n+252+2)+<z>)cjlc1 _ e_i(g("+252+2)+¢)cicn ’ (2.22)
j=1



where S* = %22:1 o is the magnetisation. Applying a Fourier transform allows us to put H in
diagonal form:

H=- Z 2 cos(@k)n};nk , (2.23)
k=1

where

M= 14 8% odd,

n

1 X~ ijo P L NS i
M = —— e] ij, nk:_ e 17 kC-, Hk: (L) (224)
\/ﬁ;::l \/ﬁ;::l ’ Zmik—p)=¢ (knz) 2 5 + 5% even.
A full set of fermionic operators is obtained by taking k in the set {1,...,n}. In what follows, it is
however convenient to extend the definition of 7 to integer values of k that are negative, using the
periodicity properties 11, = 1 and 77};+n = 77,1. Then, for ¢ € [0,7) and ¢ € (i0,ic0), the groundstate
of H lies in the magnetisation sector S* = 0 and is given by

odd,

t t
Momria ™" Mnoy/410)
|w0>={ @m/e Mo/ 0y = |4+ 1) (2.25)

7724—11)/4 "' njz/4’0>

oIS N3

even,

This state is also the groundstate of the transfer matrix T'(u) for 0 < v < . The corresponding

eigenvalue Ag of T' = T'(%) is [59,60]

Ao = C;:(_zl) (1+tanz;) H (1 —tanz;), xj = M (2.26)
J=1 j=n/2+1 "

3 Lattice correlators for single entry points

3.1 Refined partition functions

For each loop configuration that contributes to Z(z), the two defects can connect either via the back
or the front of the cylinder. We denote these two possible connections as »« and .~ and define the
refined partition functions Z, .() and Z. (z). The partition function Z(x) decomposes as

Zq(x) = Zo(2) + Za(z). (3.1)
Let us also define two more partition functions: Zo (x) and Z,(x). They are defined in a similar way
to Zn(x), but with the two defects on the lower boundary attached together to become a long arc, in
the two possible ways. This means that, in the middle panel of Figure 1, the boundary condition at
the lower end of the cylinder is replaced with the following states flipped vertically:

(3.2)

1 T 1 x

The matrix on the right side is the Gram matrix for Wy ¢ given in (2.11). We also note that the state
attached to the top of the cylinder in Figure 1 is none other than v5. Its translation by one node is vb.
We define the refined correlation functions corresponding to 7~ and ~-:

Co(z) = lim Zv(x), Coe(z) = lim Zﬂ(w).

Clearly, we have

(3.4)



In constrast to Cpp(z), these two functions have a well-defined o — 0 limit. Indeed, the numerators
and denominators are polynomials in « with the lowest-degree term proportional to . In the limit
o — 0, these correlation functions give ratios of partition functions where the configurations with
non-zero weights have a single non-contractible loop, and no contractible loops.

The partition functions Z (z) and Z,(x) are expressed in terms of Gram overlaps as

Zo () = 272 (02 - T ), Zyo(x) = 272 (08 T™03), (3.5)

where the factor of 2""/2 ensures that the tiles have weight 1 and not %, as they do in (2.7) for u = J.

Because of the invariance under translation, we can equivalently write
Z() = 272 (W) 1oy - T 7). (3.6)
These partition functions are then expressed as overlaps in the spin chain:
Zo(x) = 2P WSIT™08),  Zo(w) = 272 (0f g o [T 0p), (3.7)
where T'= X,,(T") is the transfer matrix.
3.2 Closed-form expressions in the limit m — oo
In the limit m — oo, the leading contribution to the overlaps comes from the groundstate,
Zor () = 27 PAG Wi wo) (wolvs),  Zo(w) = 27RAG (Vo |wo) (wolvp), (3.8)

where ~ indicates an equality up to terms that are exponentially small in m compared to the leading
term. Because |wp) is invariant under translation, we know that (wg|v3) = (wp|vD). The partition
function Zj is equal to Z(2), and as a result we have

Co(z) = <”Z|w°>, Coe() = M =Co(n+2—2). (3.9)
(v3]wo) (vg|wo)

We therefore focus on computing C'o-(z). Following (2.16), the state v2 is represented in the spin

chain by
z—2
(Vs = (Olan—1an-3- - Gz4102 20z 4---az(wer + (=1) 7 w 1cx) (3.10)
where .
a; = wej +w e, w = e/, (3.11)

The sign (—1)96772 of the last factor in (3.10) comes from anticommuting c, with the factors
ag, a4, .. .,0,—2. We have the following identity,

z—1
(wer+ (1) T wle) =Y i ay, (3.12)
(=1
and the following commutation relation:
{a;, 77;2} =202 cos (%" + %)e_i(ﬁl/mek. (3.13)
Using Wick’s theorem, we find
z—1
(v |wo) = Z i~ det M) | (3.14a)
=1



where

even,

odd.

| IS

{d=n
. (3.14b)

}
&2, o2

NS oIS

n

}

)J;‘

{ag,m}  J=1
é .
M](k): {agj o} =2, %, keK:{
{agj1,ml} j=2E2,....8,

For ¢ even, the determinant is zero, as the first row is identical to the row with label j = “2 . The factors
appearing in (3.13) that are constant or depend only on k can be extracted from the denomlnator and
we find

(vz|wo) 1y(e-v/2 det M7 MY
Co = = 3.15
(x) (08 wo) 521;% (1) FSVIOR (3.15a)

e—i(f+1/2)€k j=1,

M) ={ e G320 =2 L ke K. (3.15b)
e i2I-1/2)0; 242 ”.7%7
The inverse of the matrix M () has the entries
(MWt = %ei"k@j—l/?), j=1,...,%,  keK. (3.16)
The next step is to multiply M© by (M™M)~! from the right:
i (641)/2 j=1
+kgip(2j—2k—1)/n
(ATO@T) ], = _22;11)(”(2;(_]% - 1))/) 2<j<%  k=1...,% (3.17)
0jk LG,

This holds for both parities of 5. The presence of the Kronecker-d functions stems from the fact that
the rows of M® and M with labels j = 1 and j = x+2, e ,72‘ are identical. The determinant of
MO (M)~ thus reduces to the determinant of a matrix of size £52. Except for the sin(% (25 —2k—1))
in the denominator, all the other factors can be extracted from the determinant. After simplification,

we find

.\ E2 ) x/2
Cola) = <__41> 2 - 1¢(;n+2)e17r(967217)1(x+2) Z(_l)g_lezww ) dot NO (3.18a)
" (=1
wi — z) L 1<k<i—1,
N = (wj = 2) 1 ) j=1,...,552, (3.18b)
! (wj — 2g41)” <k <52,

where w; = 4im(i=3)/m and 2 = e¥™k/n The determinants are evaluated using Cauchy’s identity:

a
det

3.19

( 1 ) _ H1<j<k<a(wk —w;) (25 — 2)
[15 e (wj — 2k) .

This gives us a closed-form expression for C'o(z) in terms of a complicated sum, wherein the summand
is written as a ratio of trigonometric functions. Many factors are independent of ¢ and can be factored

Wy — Zg

10



from the sum. After simplification, we find

L H sin (%(k‘—])) H sin (%(]—k‘))

=2\ 7 i<j<R<a-2)/2 1<j<k<z/2
Co(z) = <7> e (3.20)
[Lsin (3G -k +3))
=1 k=1
(@-2)/2

3.3 Asymptotic behaviour

We compute the asymptotic behaviour of (3.20) as n — oo with the ratio of  and n fixed. We achieve
this by setting 7 = xT_l and sending n to infinity with 7 fixed in the range (0,1). As a first step, we

sm(:c)

write all the sine functions in terms of the cardinal sine function s[z] = The products of integers

that appear are then rewritten in terms of the Gamma and Barnes functlons

I(z+1) =2T(2), G(z+1) =T(2)G(2). (3.21)
The result simplifies to
T . x—2)/2 - z—2)/2 (x—2)/2 T
Oy~ CBIGEREQ) s+ ) TP B — k)
= G2("E_-51) =0 8[2%]] =0 k=0 8[2%(] —k— %)]
x—2)/2 — o— z—2)/2 T
» Z%/ cos (£(20 — 232)) T( + Hr (5t —0) " (2 (j — ¢ b)) a22)
2 TNEEr D] TG D 4 sZG-0)
where we use the convention s[0] = 1. The large-z asymptotics of G(z) is
(=1 1 3(z—1)2 z— 1
log G(z) = ( 5 3 log(z — 1) — 1 + 10g(27r) t5 - logA+0O(z7") (3.23)
where A is the Glaisher-Kinkelin constant. This yields
GEFDGF2) _ e\ s
G (7) + O3/, (3.24)

To compute the asymptotics of the products in (3.22), we use the 1/n expansions

(nT—1)/2 /2

Z log s| 27T(] a9 _ b = n/ dzlog s[2rx — b + (a + 3)(log s[b] — log [T — b]) + O(n™'), (3.25a)
0

(nT 1)/2

27r(] k a)] _ 2 7/2 o 2 1 -1
Z log s|[==—"]=n drdylog s[2m(z — y)] + (a® — §) log s[77] + O(n™"), (3.25b)
3,k=0 0
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which are obtained from the Euler-Maclaurin formula. This yields

(z=2)/2 ron 1 (x—2)/2 2
sU )l _ S ) By -

To evaluate the asymptotic behaviour of the sum in (3.22), we first change the summation index to
z= %, so that the sum goes from 0 to 7 with increments of % We have the following asymptotics

a 2_7T —3)—2m s[2mz]1/? _
-Uo ns 2nj j)2m] A s[w([T - ]Zz)]l/Z +0(n™). (3.27a)
F(nz+ )Y —nz) 1 1 )
T(nz+ 1)r(m+1 ne)  nA PG 2 O(n~?). (3.27b)

The first is obtained from (3.25a) and the second from the known asymptotic expansion of logI'(z).
As n — o0, the sum has a well-defined limit in terms of an integral. Putting all the results together
yields

cos (¢(2z — %))

. _ +O(n=3/1).
sin(2mz)1/2 sin (7(T — 22))

T/2
Co () = n'/Asin(rr)V4(2r) G2 (L) /0 dz

r=n1+1 1/2

(3.28)

This is our final formula for the asymptotics for generic values of 7 in (0, 1). The results are displayed
in Figure 2.

We analyse its behaviour in the limiting cases 7 — 0" and 17. The former is easily evaluated to

n>1,7—07"

B

Co(2)

R (21 G (D). (3.29)

The latter requires closer scrutiny, as the integral in (3.28) diverges for 7 = 1. Let us denote this
integral by 7. To obtain its asymptotics for 7 — 17, we first use the reflection symmetry of the
integrand under z — § — z:

cos (22 — 1)) B /4 ; cos (p(2z — I))
J= / ))1/2 a 2/0 ‘ sin(27z) (330

sin(2m2)Y/2 sin (7(7 — 22 2sin (27 (2 + 157 ))1/2

We substract and add a counter-term in the form of an integral wherein the numerator and denominator
are simpler:

/4 cos (¢(2z — %)) Cos % /4 cos%
J = 2/ dz 172 o9 .1/2 T—viz| de—7 1-7\1/2°
0 sin(2m2)1/2 sin (27T(z + I_TT)) 2m2t2 (2 + =57) 0 22 (2 + 57)
(3.31)
The first integral has a well-defined limit for 7 — 1, whereas the second one is evaluated explicitly:

/4 Tcos z— % cos & cos( \/
J = 2/0 dz[ S(l(fl((22ﬂ'z)2)) B 27122] + : 7 < J%\/_> (3:32)

where ~ indicates an equality up to terms of order (1 — 7)!. The logarithmic divergence as 7 — 17 is
explicit in the last term. This yields

Co(2)

Tt VG2 (3) (K - alog(157)), (3.33)

12
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Figure 2: The correlation function C(x) for ¢ = 1. The points are the exact values for n = 200. The
blue, yellow and purple solid curves are respectively drawn from (3.28), (3.29) and (3.33).

where

K =21 /01/2 dy<COS @l —3) _ COS@). (3.34)

sin 7y Y

Recalling from (3.9) that C,~(z) = C(n + 2 — z), the final results for the asymptotics of these
correlation functions for 1 < x < n are

Colm) S50 () A G2(L),  Coe(z) ~=250% (2)V4G2 (L) (alogn + K — alog(Z)).  (3.35)
The first has a pure power-law behaviour, namely it is proportional to z =22 with A = —%. The second

has the same power-law exponent as the first, but with an added logarithmic dependence upon the
position . The conformal interpretation of these results is discussed in Section 5.

4 Lattice correlators for double entry points

4.1 Refined partition functions

For each loop configuration that contributes to Zn_l_r(a:), the four defects can connect in six possible
ways, according to the six link states of Wy g, see (2.9). We thus define six refined partition functions,
one for each connectivity of the defects:

Zrm(®@) = Zaa(@) + Zea (2) + 2y 2(2) + Ziad(®) + Z2o(2) + 22 (). (4.1)

To compute these refined partition functions, we define six more partition functions. These are defined
similarly to Zn_l_r(:n), but with the following link states flipped vertically and attached to the lower
boundary of the rectangle:

. : . :ﬁ :
Ve = O OO NN NN N Vpy = AN N AN A\ (4-23«)
1

x

1
1 1 r
1 1 r

13



We denote them Zoo (), Zxoyr (2), Zie (@), Zro~(2), Zoy~(2) and Zy~<(x). We have the following
decompositions:

Zoor () 0 0 0 a 0 0 Z ()
Zr oy (1) 0 0 o O a2 a? Zea(x)
Zre(@) | _ [0 a 0 0 & a|ZAm(@) (4.3)
Zro() a 0 0 0 0 O Zy e ()
ZS_‘(m) 0 oz2 a2 0 0 « Z2 ¢(x)
Zry() 0 o o 0 a O Zx ()
The matrix appearing on the right side is the Gram matrix for Wy ¢ given in (2.11). Clearly, we have
Zoo(x) = Zy, Zyr(2) = Zoy(2) = Z<(n), (4.4a)
Zy(2) = Zrer(n+ 2 — ), Zro () = Zrox(n + 2 — z). (4.4b)

Indeed, for the link states <, ;x= and =y, either the nodes 1 and 2 are tied together or the nodes
x and x + 1 are tied together, or both. The corresponding partition functions reduce to partition
functions with fewer entry points. The resulting correlation functions, obtained by dividing by Zy and
taking the limit m — oo, were computed in Section 3 and are independent of . There are therefore
only two new independent quantities to compute:

Zneor () Zro()
o ~7 o
Cr(7) = lim 7 Cro~(z) = lim —Z (4.5)

The partition functions in the numerators in (4.5) are expressed in terms of spin-chain overlaps as

Zesr(w) = 2" GT™03),  Zror(w) = 272 (LT [03). (4.6)

4.2 Closed-form expressions in the limit m — oco

In the limit m — oo, the leading contribution for the overlaps is

Zror(z) = 2™ PN (WS fwo) (wolvd),  Zrome(@) 22 2™/ 2AT (0l Jwo) (wolvg), (4.7)
and therefore ( d’ > ( f’ >
V.. W Vg |Wo

C z) =% , Crov(z) = £ . 4.8

= () = Tty )= tuswo) (48)

The states v¢ and vf are represented in the spin chain by

z—1

23 _ 1
(V5] = (0an—1an_3 - Gp4205—20—4 - ag(we + (1) 2 w'ey) (wer + (1) Z weaq1),  (4.9a)

-3
<U£| = (0|apn—1an—3 " Ap4205—20y—4 - --ag(w c2 + (—1)%00 1Cm)

X (w_lei¢/201 + (—1)762;1w e_i¢/2cx+1). (4.9b)
As a result, we have
z—3 r—3
Cr(@) =’ fro+ (-1)F fio+ (=1)2 foor1 + w0 fopst, (4.10a)
Cro(z) =2 f1 5 + ei¢/2w_2(—1)x?;3f1,x + e_i¢/2w2(—1)%3f2,x+1 Fe 2, (4.10b)
where )
{Caynk} ] = 17
det P(a:b) . cp 1) | =2,
fap = m, P = v, ) T ! ., keK (4.11)
€ {a2j—3777k} ]:37"'777
{a2j—1777]-£} J = :E_—g3’ R %7

14



We use (3.13), remove from the determinant some of the factors that depend on k, and find

efian

2cos(%+%) =1
det plab) ~(a,b) %b% J=2,
ab = ——=, .k’ = 2cos(2E+7%) ke K. (412)
det M) J
—i0,(2-5/2) ; _ 1
e~ 10k (21-5/2) j=3,..., 5
—i6x(25—1/2 e 3
e~ 10k(2/-1/2) j—ﬂ,...,%,

All the rows of P except for the first two appear in M. Using (3.16), we find

(1 aifk (20—a—1/2)
E 23 T J= 17

ek cos(3 + 7)

~ ~ 1 ei0k (26—b—1/2)
(a,b) _ P(a,b) M(l) -1 — = ] — 2, 4.13
QP ) (1)

5j,k+1 j: 7"'7:07“7
Ojk j:xTJr?’,...,%.
The determinant of Q@ thus reduces to the determinant of a 2 x 2 matrix:
(avb) (a7b) T— 3: : 3: .
f ) = (_1)9053 det 1,1 Q17(I+1)/2 _ (_1) 23 Z e_i(a@;ﬁ-bel)eglek_ﬁee(gﬁ_%) _ e%19e+19k(x+%)
@ b b N 2 Op 4 0 4
QS " keek cos(g + ) cos(3 +7)
(4.14)
After simplifications, this yields
Coor () = 2 Z <COS(%)—COS ((l’—%)@g—(ﬂ)— %)Gk)
~ n? btk cos(%—k%)ces(%—k%)
. 3 3 : 1 %
+ (_1)””—51 S ((‘T B 5)95 + 7k) —Sm ((‘T B 5)65 B %)) (4.15&)
cos(% + %) cos 62—‘ +7)
Coolz) = 2 Z <Sin(%+%)—sin (($—%)95—($—%)9k+%)
n? Tk cos(3 + ) cos(F + 7)

Many of these double sums can be reduced to single sums. For instance,

cos(%tte) _ Z cos(% + D) sin(% + T) + cos(% + T)sin(% + T)
0 T 0 Ty 0 T 0 T
joer CoS(F Hp)eos(F +F) gk cos(g + 7)cos(5 + 1)
= Z tan(% + T) + tan(% + T) :nZtan(%}“+%) (4.16)
kleK keK
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The other terms are simplified using similar ideas, and after some algebra we find

9=t )/t (R0 )+ 55) s (@ = D(ER+ D + 5)). )
Coo() = 4s12(§) (n—2)/2 ot (E(k+ 1) + %) sin2 ((;U —D(Zk+3)+ %))
k=0
200:(%> 5 ot (Z(k+3) + ) sin (202 = D(E(k+3) + £2))
k=0
2D IS (n 1 1)+ ) cos (e-nEED+ )] am
k=0
- 20(:2(%) R cot (Z(k + 1) + &) sin (2(:1; —D)(Z(k+3) + %))r
k=0
2%32@ :(n::p cot (Z(k+ 1) + %)r - cos2(§)‘

In the second expression, some of the double sums could not be simplified to single sums and were
instead rewritten as the square of single sums. We simplify these expressions further using the identity

|
—

sin(

SR

l
)) =) (-1 Sln( (0 —1-2t)), ¢ even. (4.18)

After some manipulations, we find

S

cos(

Il
o

@32 o8 (2(2t + 1
O =Ly lltD) (4.19)
n ‘= sin (Z(2t+1))
Cyola) = <4sin(§) n 8Y (n) cos( % > mf:)/z cos 7% (2t +1))
n ‘= sin (Z(2t+1))
SCOS ([(xf:)pcos %2154—1 } +[(x§:)/2sm %2t+1))r> (4.19D)
‘= sin (Z(2t+1) — sin (Z(2t+1)) ’ '
where
(n—2)/2
Y(n) = Z cot (Z(k+ 1)+ %) (4.20)
k=0
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4.3 Asymptotic behaviour

We compute the asymptotics for 7 = IT_l with 7 € (0,1) and n — co. We find

@3/ COS Q
% sm((zné%ig - %Uog(m) +log2+7) + Ii(r) + O(n™h), (4.21a)
t=0 n
1 "3 sin (22t + 1)) -
n t=0 W = T(n)+ O™, (4.21b)
Yfzn) - %(log" —logm —9(3 + 52)) + O(n™"), (4.21c)

where 1(z) = T"(2)/T'(2) is the digamma function, + is the Euler-Mascheroni constant, and

Ii(r) = %/OT dt<:?§((j:;) - %) To(r) = %/OT dt<2$§ig> (4.22)

From (4.19a), we obtain

Cr(T) = %(log(m') +log2+y+2rZi(1)) + O(n™ ). (4.23)

r=n1+1
The functions Z;(7) and Zy(7) have the following asymptotic behaviour for 7 — 0%:
2

Ti(r) =" F - (?)2] rOe), T =T o6, (4.24)

For 7 — 17, we have

__cos¢ B 2.6 1/2 cos(gpt) 1 sing [1/2  sin(¢t)
Zi(1) = o log(1 — 7) + cos (2)/0 dt <sin(7rt) wt) + > dt Sin ()
2(£)log 2
_cos(@los2 1y gaing)+ 0((1=1)2). (4.25)
us 2
The asymptotic behaviour for C o, (z) is then given by
n>1,7—-0T 2
C () N e (log(m') +log 2 + v), (4.26a)
n>1,r—1- 2 =
. —(1 — log(1—17) — log 2 K 4.2
C () R 77( ogn — cos plog(l —7) — cosgplog2 +7) + K, (4.26b)
where /2 1/2
S o112 cos(¢t) 1 / sm (¢t)
K = (2cos()) /0 dt(sin(wt) + 2sin ¢ Sn(r)” (4.27)

Likewise from (4.19a), we obtain

Cro() _ 2 [cos(%)(log n)% — cos(%)((27rl'2(7'))2 + (y+ 27 Zi(7) + log 2 + log 7)?)

z=n71+1 7T2

+ (y+ 27 Zi(1) + log 2 + log(nT)) (sin(5) — 2cos()(log 7 + (3 + —)))} +0(n™h). (4.28)
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Figure 2: The correlation functions Cro(7) and Cro~(x) for ¢ = 1. The points are the exact values
for n = 200. In the left panel, the blue, orange and purple solid curves are drawn from (4.23), (4.26a)
and (4.26b). In the right panel, the blue and orange curves are drawn from (4.28) and (4.29).

In the limit 7 — 07, this yields

Cro(x) M); {cos(%)(log n)? — cos($)((y + log2 + log 7)?) (4.29)

r=n1+1
+ (7 +log 2 + 10g(n7’)) (wsin(%) — 2COS(%)(10g7T + ¢(% i)))]

The results are plotted in the right panel of Figure 2. As expected from (4.4b), Cro~(x) is symmetric
under the transformation 7 — 1 — 7. This is not immediately obvious from (4.28), but can be shown
using the identities

log(i=T
i(l—7)= COS¢(logT—log2+27r11(T)) —Ig(T)SiH(JS—M
2w
¢ .
-2 (2)(’V+log7r+210g2+¢(% i))—FSlZ(ﬁ, (4.30a)
sin ¢ 1 1 .. 92/6
I(l—71)=— o (7+10g2 +logm+log T + (5 + ) + 2#11(7)) +Zy(7) cos ¢ + 5 sin”(5).
(4.30b)

Recalling from (4.4) that Cryr(7) = Cer(n+2—1x), the final results for the asymptotics for 1 < z < n
are

TN 2
Cror(2) ELSSASN — (logz +1log2 +7), (4.31a)
l<a<n, 2 =
Coc(@) <o, ;(2 cos2(%) logn — cos plogz) + K, (4.31Db)

l<a<n, 2 .
Cro(z) =250 P(’y+log2 + log z) <7rsm(%) —2cos(2)(logn + log 7 + (3 + %))) (4.31c)

2005(%)

(v+log2 —I—loga:) .
These lattice correlators have a purely logarithmic behavior. The power-law behavior is thus absent,

consistent with the conformal weight A = 0. We discuss the conformal interpretation of these results
in Section 6.
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5 Conformal correlators for single entry points

5.1 Preliminaries

In this section, we provide an interpretation of the lattice results of Section 3 in terms of logarithmic
conformal field theory. We denote by V the semi-infinite cylinder drawn in the plane. We claim that,
in the conformal description, the lattice correlation function C'o () is a ratio of correlation functions

on V:
Co(z21) = lim (O<(21) 8, (x2) 0 (23, 25))v

S T ) A (5.1)

where 191 = 29 — 1.

The fields ¢ (z) and ¢, (x) are chiral primary fields of conformal weight —% that live on the
boundary. As their labels suggest, their insertion on a boundary respectively marks the start or end of
a long boundary arc. In our derivation below, we assume that these fields are highest weight states |¢)
in irreducible representations of the Virasoro algebra with ¢ = =2 and A = A5 = —%. By contrast,
a(z,2*) is a field that lives in the bulk and is therefore not chiral. It changes the weight of the
loops encircling the point z from 0 to «a. Its action is therefore non-local. The derivation below uses
the method of images [46] and works with the assumption that correlators involving ,(z, z*) on the
upper-half plane are equal to correlators on the full plane with this field replaced by v, (2)Ya(2%),
where 1,(2) is a primary field. The calculations below strongly support this claim and will allow us to
extract the value of the conformal weight A of 1, (z) as a function of «, see (5.36). The transfomation
laws of the fields under conformal maps are

62 o) = () 6. ) o val) = (£)val), (52
and the two-point functions are
R
(B(21)p(22)) = &% (20 — 21)"/%, (Yal21)Pal22)) = (o —21)8 (5.3)

where %% and k%% are constants. The fields ¢_(x) and ¢, (z) transform identically under conformal
transformations. As we shall see in Section 7.1, the distinction between these two fields lies in their
fusion rules and in the values of the structure constants. For convenience, their labels are omitted in
this section.

The conformal map from V to the upper-half plane H is

() = DuEE o) ()

= sin(%(m _ xl)) sin(%w) .

(5.4)

It is illustrated in Figure 3. The points x; and x5 are sent to 0 and 1, whereas the point at x = ico is
mapped to a finite point in the upper-half plane:

in (T2
lim z(z) = e™1/"— sin(%?) . (5.5)
z—ico sin (Z(zy — 21))
The derivative of this transformation is
dZ(.’L’) _ ™ Sln(ﬂT{El) Sln(ﬂ—TwQ) (5 6)

dr Esin(%(@ — 1)) sin(Z2)?
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x> z(x) X

1 2 -0  z(z1)=0 z(zp)=1 X
Figure 3: The map z(x) from the semi-infinite cylinder V to the upper half-plane H.

5.2 Differential equation for the four-point function

We consider the correlation functions appearing in (5.1), but defined on H. Using the method of images,
the correlation functions on H are equal to correlation functions in the full complex plane:

(0(21)0(22)Ya (2, 2%))m = (D(21)¢(22)Ya(2)Va (2 ))es (Yalz,2"))H = (Yal2)Yal(z%))c.  (5.7)

We proceed to compute the four-point function

G = (p(21)P(22)Ya(23)Ya(24))C- (5.8)

We use the known techniques of conformal field theory to compute four-point functions of primary
fields in the case where one of them has a null descendant [3,4]. The conformal Ward identities are

1 15 g
(Za—z)c;zo, (;Zia—zi-i-Ai)G:O, (Z;zi—2i+2Am>G:O, (5.9)

i=1 im
and imply that G is of the form
(22 — 21)Y* - (21 — 22)(23 — 21)
G=-——"——"+G(n)), = , 5.10
(24 - Zs)2A ) K (Z1 - Zs)(Z2 - 24) ( )

where 7 is the cross-ratio. Because |¢) has the null descendant (212, — L_5)|¢) at level two, G satisfies
the second-order partial differential equation

4

0’ 1 9 A
|:26—Z%_g<zl—2ia_zi+m):|G_0' (5.11)

This differential equation is rewritten as an ordinary differential equation for G(n):

_ _ A _
A= )G () + (1= )G () — 5 - Gln) =0. (5.12)
By setting 3
Gn) =1 —n)PF@m), p=31-V1+84), (5.13)
we find that F'(n) satisfies the hypergeometric differential equation
2(1=2)F"(2) + (c— (1 +a+b)z)F'(z) —abF(z) =0 (5.14)
for
a=p, b=1, c=1 (5.15)
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For ¢ generic, the two solutions are oFy(a, b;c|z) and 21 =¢oFy(1 +a —c,1 +b—¢;2 — c|z). For
¢ =1, these two solutions coincide and a second independent solution [61] is given by

) (b)12"
(k)2

where () is the digamma function. The general solution is a linear combination of these two solutions.

Before continuing, let us immediately use the transformation laws (5.2) of the fields to obtain the
form of the lattice correlator on the cylinder. This computation is achieved by first considering the
insertion points of the fields ¥, (z3,24) on V to be in finite positions x3 and x4, instead of +ioo. This
yields

(B1)d(w2)Ya(ws, 24))y = (2sin (E(z — 21) )”4( sin ( ﬂx4—x3>>)_2A<1—n>p/2F<n>, (5.17a)

H(a,b|z) = 9Fy(a,b; 1|z )logz+z (Y(a+k)+v(b+k)—20(1 +k)) (5.16)

(Va(3,24))v = <% sin (Z(z4 — x3) ) % (5.17b)

For z4 = z3 and x3 — ioo, the expression Sln( T4 — T3 ) diverges. However, the ratio of these
correlation functions, as in (5.1), has a well-defined limit. In the same x3,z4 limit, the cross-ratio is
given by

n=1-emr g =2277 (5.18)
n

The parameter 7 is the same as the one that was defined in Section 3.3. It lies in the range (0,1). As 7
explores this range, n takes complex values and draws a counterclockwise circle of unit radius around
the point n = 1, starting and ending at the origin. We therefore have

Ol (1) = ,ﬁé(l _ 2Ty, (5.19)

The hypergeometric function o F}(a, b; ¢|n) has a branch cut on the real n-axis for n > 1, which the

circle crosses at n = 2, for 7 = % One way to obtain a smooth function for Co (x21) is to search for

two solutions to the differential equation, one for 7 € (0, %) and another for 7 € (%, 1), and to impose
that the function be smooth at 7 = %

Before proceeding with this plan, we note that, instead of (5.13), one can choose to set

il ) (5.20)

G = F (35

Then the function F(z) satisfies (5.14) with

The general solution is again given by a linear combination of 9Fj(a,b;1|z) and H(a,b|z) for the
appropriate values of @ and b. This basis of solutions is more convenient because, for z; = 0, zo = 1,
zg3 = z(ioco) and z4 = z(—i00), the expression
_n
An—1)
is real for 7 € (0, 1). In this basis, the argument z of the two solutions remains real and bounded in (0, 1].

It makes contact with the endpoint of the branch cutat T = l The derivative of 9 F} (p L —2;1]sin (717'))

= sin?(77) (5.22)

with respect to 7 is discontinuous at 7 = 2, and 11kew1se for H (p L 2| sin (717')), so we search for
separate solutions on the two sub-intervals. We write the general Solutlon as
. 1—
. 14 Ay oF (8, 2p; 1]sin?(77)) + Az H (5, 352 sin?(n7)) T <3,
Co(221) = (nsin(n7)) "™ x
B 2F1(§,%p;1|sin2(7r7')) + By H(% Tp|sin2(7r7')) T> 1,
(5.23)
where Ay, As, By, Bo are constants to be determined.
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5.3 Solving for the unknowns and verifying smoothness
Near z = 0, the functions 9 Fj(a,b; 1|z) and H(a,b|z) behave as
oF1(a,b;1]2) =1+ O(2), H(a,b|z) =log(z) + (¥(a) + 1(b) + 27) + O(z). (5.24)

We fix Ay, Ag, By, B2 by imposing that the expression (5.23) for C (z91) has the same asymptotic
behaviour, for 7 — 01 and 7 — 17, as the result we obtained from the lattice, see (3.29) and (3.33).
We find

w3/ o G2(l)
Ay = WGz(%)’ Ay =0, By = _57(%)12/4, (5.25a)
G*(% .
Bp:@%%4K+Q<Mﬂw+7+%W@)+W%¥»ﬂ- (5.25b)

The only remaining unknown is the conformal weight A. Tt is fixed by imposing that the solution

is continuous at 7 = %:

(A1 — B1) oF1(8,552:11) = BoH (8, 152)1). (5.26)
The left side is evaluated using the relation

IF'(e)l'(c—a—10)

oF1(a,b;c|l) = T(c—al(c—b) Re(c —a —b) > 0. (5.27)
To evaluate the right side, we use the identity
Habl2) = lim (2 & 120 i) + 0b) - 20(0)) 2Fi(a.biel2) (5.28)
a,blz) = lim (=~ + =5 + 25 a c)) 2Fi(a,b;c|z). .
Combining this with (5.27) yields
. T'l-a-0)
(0,b]1) = Fo st (00) + ¥(b) — 01 = @) — (1 = b). (5.29)
The equality (5.26) then simplifies to
K:w—a<1og2w+7+§(¢(2‘7”)+w(#))>. (5.30)

We compare this with the integral expression (3.34) for K, which we now rewrite in terms of
digamma functions:

/2 cos — 1Y) — cos(2 1/2
K:27T/0 dy (1), (2) +27Tcos(§)/0 dy< ! ! ) (5.31)

sin 7y sin(7y) oy

= e?2L(¢) + e /2 L(—¢) 4+ a(2log 2 — log 7)
where

—im

L(6) = 2ni VEooew—1 e dt ¢35 —1 1 dt t3% —1
—) Y e Jo a2 1ot ) 02 14

_/ldtt%—1+/‘1 @ et o1
B o /21—t o t1/2e=im/2 14t

=0(3) ~ G 1) - F i (0 D) v+ D). (552
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At the last step, we used the following integral formula for the digamma function:
— 7 1
= —7 —I—/ dt —— T Re(z) > 0. (5.33)

The corresponding expression for K is simplified using properties of ¥(z):

(1 —2) —P(z) = Teot 7z, P(22) =log2+ 3 (v(2) + ¥(z + 1)), P(3) = —2log2 — . (5.34)
We find
K =n—a(log2r+7+ 3w+ &)+ v - £)). (5.35)

Comparing with (5.30), we see that the equality is satisfied for p = % + %, both of which lead to the
following value for the conformal weight:

Gl
8

This is precisely the value expected from Coulomb gas arguments. Indeed, the groundstate of the trans-
fer matrix of the six-vertex model with periodic twisted boundary condition in the zero-magnetization
sector has precisely this conformal dimension [62,63]. We also note that, with these values of p, the
expression for B; in (5.25b) simplifies to

A= (5.36)

By = ——7G*(3)=—A. (5.37)

All the unknowns have been solved for. It remains to check that the expression (5.23) is a smooth

function of 7 at 7 = %, namely
dka(x21) dkcv(le)
li —— = 1 _ k=1,2,... . 5.38
oty A iy A 2 (538)

It in fact suffices to check that the equality holds for k = 1. Indeed, the function C (z2;) satisfies the
same second-order differential equation in each of the two sub-intervals. The higher-order derivatives
at 7 = % are then uniquely fixed by C'o (z91) and %Cv(azgl) at this point. The continuity of C'o (z91)
and of its first derivative at 7 = % therefore implies that all the higher-order derivatives are continuous

and that the function is smooth at this point.
The equality (5.38) for k£ = 1 boils down to

[e.e]

d a)(b)y sin®* (77
Z( )i ( )(kk‘!)2 (77)

This identity is readily verified by applying the derivative to each term in the sum, rewriting the result
in terms of a differential operator acting on a hypergeometric function similarly to (5.28), and finally
evaluating the limit 7 — % using (5.27).

We have therefore produced a prediction for Co-(z21) using conformal invariance. By plotting the
corresponding curve alongside the exact data for n = 200, we find that the expression (5.23) with the
constants fixed as in (5.25a) and (5.37) precisely reproduces the solid curve in Figure 2. It is indeed
non-trivial that the solution obtained from conformal invariance, which is defined separately on the
two sub-intervals, is equal to the integral expression (3.28), which is defined with a unique expression
on the full interval.

To prove that the two expressions are equal, we check that the function in (3.28) satisfies the
differential equation predicted by conformal field theory. Rewriting (5.12) as a second-order differential
equation in 7 and setting A to its value (5.36), we find that the following identity should hold:

i —
T—)H11/2 dr

(W(a+k)+9(b+k)—2¢(1+k)) =0. (5.39)

2

d d o\
<F + mcot(mr) T + 2m A)j —0, (5.40)
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where J is defined in (3.30). With a simple rescaling of the integration variable, it is expressed as

1 1 B Tcos( (1 —22))
J = /0 d S . (5.41)

2 772)1/2sin(r7(1 — 2))1/2

The differential operator in (5.40) can then be applied to the integrand. After a bit of work, we find
that (5.40) translates to

1 (1 d [meos (%1 —22))sin (r7(1 — 2)) " sin(rr2)1/? 1-2? 2
i o] ( )

dz— - -
dz sin(77) sin (77 (1 — z))2 sin(772)?
202(1 — T(1—2
¢=(1 -~ 2) n(/2 2) ] —0. (5.42)
s1n( ) sin(mrz)1/2

The expression in the bracket vanishes at z = 0 and z = 1, so the equality indeed holds.

As a result, the lattice expression for Co.(x21) is a linear combination of the two hypergeometric
solutions on each of the sub-intervals, as in (5.23). It is a continuous function of 7 and, by construction
of the conformal solution in terms of the lattice data, the constants Ay, Ao, By and By are equal to
those given in (5.25a) and (5.37). This concludes the proof that the lattice and conformal expressions
for C (x21) are equal.

6 Conformal correlators for double entry points

6.1 Preliminaries

In the conformal picture, the lattice correlation functions Co,(7) and Cro~(z) are ratios of conformal
correlation functions on the semi-infinite cylinder:

(o (1) iy (22) 0 (23, 23) v

Cor(T21) = %}I_I&O D@2y ; (6.1a)
Coo(on) = lim <W7—=(331)Wr=(332)¢a($3,$§)>V' (6.1b)

r3—ico <¢a((£3,x§)>w
The evidence given below will support the following claims for the conformal interpretation:

(a) The fields pu(z) and Hrr (z) form a pair of highest weight states of dimension A = A; 3 = 0.
One of these fields belongs to a Kac module and the other belongs to a staggered module.

(b) The field w,<(z) is a logarithmic highest weight state in a staggered module, also with A = 0.

The structure and specifics of these representations are described in Section 6.2.
The transformation law for w(z) under a conformal transformation z — y(z) involves its primary

partner ¢(z):

w(z) = w(y) = (w(z) — Ap(2) log (%)) (6.2)

In CFT derivations, the value of A can be adjusted by changing the normalisation of the field w(z), so
it is common to fix A = 1. In the current context, however, the field w(z) arises from the lattice with
a natural normalisation, so we leave \ free. We will in fact compute its value below, see (6.23). The
invariance under the global conformal transformations fixes [12] the two-point functions to

(w(z1)w(22))c = K — 2AK* log 2a1, (w(z1)p(z2))c = K, (p(21)p(22))c = 0. (6.3)
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Likewise, the three-point functions involving two fields 1), and one field of the pair (,w) are fixed by
conformal invariance to

P WP\ ¥ o (Z2123L
(PCebalalzlle = S, (@(a)¥alz)bal))e = - — B 6
32 32

In the context of loop models, the boundary field ¢(z) has a simple interpretation: It inserts
a simple half-arc — at the point z on the boundary. The Dirichlet boundary conditions that we
are considering consist of a macroscopic collection of these simple arcs. The insertion of ¢(z) on
such a boundary is thus trivial. This implies that, in any correlator involving other fields, if ¢(z)
appears, it can be simply removed, with the corresponding correlator independent of the position z.
For instance, from (6.3), we have (w(z))c = k“. For generic value of 3, the one-point function (¢(z))y
then corresponds to the partition function of the loop model on the cylinder, with all loops (contractible
and non-contractible) having fugacity S. This partition function vanishes for 8 = 0, implying that the
one-point function of ¢(z) equals zero at this value.

6.2 Representations of the Virasoro algebra at ¢ = —2

This subsection discusses the structure of five modules over the Virasoro algebra with ¢ = —2 and
A = 0. The Loewy diagrams of these modules are given in Figure 4. To start, let us consider the
module M defined from the free action of the Virasoro generators L,,, m < 0, on two highest-weight
states |p) and |w) satisfying

Lolg) =0,  Lolw)=Ag),  Lm|p) =Lmlw) =0,  m>0. (6.5)

The state |¢) and its descendants generate a submodule of M isomorphic to the Verma module of
highest weight A = 0, which we denote by V. This submodule is reducible. In particular, it has the
singular vector L_1|p) at level 1 and the singular vector (L%, —2L_5)L_1|p) at level 3. This last state
is a descendant of L_1|y), which is consistent with the known structure for this Verma module for
¢ = —2 in the form of an imbricated chain [9,10]. By quotienting V by the singular state at level 1, we
obtain the irreducible module I. Likewise, by quotienting V by the singular state at level 3, we obtain
the so-called Kac module K.

We now investigate the descendants of the logarithmic state |w) in M. Clearly, if A = 0, M splits as
the direct sum of two copies of V. For \ # 0, we observe that the state L_1|w) is not singular because
LiL_q|w) = 2\|p). It is however sub-singular: if one quotients M by the submodule generated by |¢),
then the state L_1|w) becomes singular. One can check that the state

(L3, —2L_oL 1 + L_3Lo)|w) = (L2, — 2L _2)L_1|w) + AL_3|¢) (6.6)

is also subsingular: by acting on it with any element of the Virasoro algebra that has a positive multi-
index, one obtains a linear combination of states belonging to the tower of states generated by L_1|¢).
In Rohsiepe’s original paper [18], these free modules (like M) were referred to as Jordan- Verma modules.
Their structure is known [18,22], and for the case we are considering, it is as depicted in the fourth
panel of Figure 4.

The staggered module S is obtained by quotienting M by the submodule generated by the singular
state at level 3 given in (6.6). The three composition factors of S are irreducible modules of weights
A =0,0,1, and Lo has rank-two Jordan cells tying the states from the two irreducible factors with
A = 0. We also note that for A = 0, the module S decomposes as the direct sum | & K. This is used in
our calculations below, where we obtain a differential equation for a correlation function involving the
field |w) in S, and obtain the corresponding result for K by setting A = 0.
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Figure 4: The Loewy diagrams for the modules V, I, K, M and S.

6.3 Differential equation for the four-point function

The correlators on the right sides of (6.1) involve one non-chiral field, which we rewrite as the product
of two chiral fields using the method of images. We proceed to compute the correlator

G = (w1 (21)w2(22)Ya (23, 24))m = (w1 (21)w2(22)Ya(23)Ya(24))C. (6.7)

We work under the hypothesis that w (z) and wa(z) are potentially different fields, and in particular that
the corresponding constants A\; and Ag dictating their behaviour under conformal transformations, as
in (6.2), may not be equal. The correlator G satisfies the logarithmic version [45] of the Ward identities,
namely

4 4 .
(Z%)G:O, (Z%%"FAi—F&)G:O, (Zz§£+2Aizi+2zi5i)G:0, (6.8)
! i=1 é P i

i=1

with A; = Ag = 0 and Ag = Ay = A given in (5.36). In its action on G, the operator 5, replaces w; by
its primary partner ¢; and gives zero otherwise. These identities imply that G has the following form:

1
G=x {F(n) — 5" log (M> — Aok log (%) + Mg log (z41Z31> log <z42z32>] 7
43 #43 243 243

%43
(6.9)
where 7 is the cross-ratio, defined in (5.10), and RTW and /i;”w are the constants appearing in the
three-point function (6.4) for w;(z) and ws(z). Mapping this result to the cylinder, we find

n —24A w 7 8418 w N S425
(wr (@1 )wa(w2)a(@s, 20))v = (Ss13) [F(n) — A" log (2 2IL) ¥ log (2212232

T S43 T 543
A Ak log <ﬁ%) log (E 842832)] ) (6.10)
T 843 T 843
where we use the compact notation
sij = sin(522). (6.11)

For x4 = x% and x3 — ioco, the ratios s41531/543 and s42532/543 tend to 5, and as a result we have

. <W1($1)W2($2)¢a($3,$§)>v_ 1 wip wih in Pp 1. 2 in
v (Bal@s, T = [F0) = Qur™ 2™ log () + Madan™ log? () |
(6.12)
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In the staggered module, the state |w) has the null descendant (6.6) at level 3, which results in
the following differential equation for G:

(ﬁil —2L oL 1+ L _3Ly)G =0, (6.13)
where ) A
— (n —1)(A; +6;) B 1 i
. Zz:; (2 —21)" (2 — 21)" 1 0z (6.14)

The partial differential equation (6.13) simplifies to an ordinary differential equation satisfied by F'(n):

n2(1—n)?F" (n) +2(1 — 2n) (1L — ) F" () — 20*(1 — (1 — A))F'(n) = (2 — )X hes?.  (6.15)

6.4 Correlation function for the Kac module

We solve the differential equation (6.15) for the case \qA2 = 0. This means that either A; or A,
vanishes. The analysis below is independent of which one is set to zero. We choose A; = 0, for which
w1 becomes a highest state u of a Kac module K, and we write /#fw = /{’fwj. Comparing (4.23) and
(6.12), we see that the terms proportional to logn are equal for

/{‘fww - 2

Ag— = ——,
270 T

(6.16)
implying that Ao # 0. We note that, for 7 — 0, the term proportional to log7 in (4.26a) has the
overall constant 2/7, which is identical to the universal value predicted in [42, equation (76)]. The
result obtained here is however more general, as the correlation function Cro,(721) involves the field
oz, 2*) as well.

We use the notation Fy(n) = F(n)|)\1)\2:0 for the solution to (6.15) in the homogeneous case. The
differential equation is in fact a second-order homogeneous differential equation for Fjj(n). Setting A
to its value given in (5.36), the general solution is

1 ¢ 1 ¢
1—n)20-7%) 1—n) 20+7)
Fy(n) = A () B Ag (Sl ) B : (6.17)
n n
where A; and Aj are constants to be determined. According to (6.1a) and (6.12), we have

1 .
C®($21) = WFO(U)v n=1- e27r1'r’ (618)

and therefore

or TRV O O KYY

Comparing this with the lattice result, we see that the derivative of the expression (4.23) with
respect to 7 is easily evaluated because 7 only appears in the upper integration limit:

OCoy (1)  2cos(¢7)

(6.19)

sinmwT

aC-@(le) 1 0F, 8’1’} _m <A1€i¢T +A2€_i¢7>

= . 2
or sin(77) (6:20)
We find that (6.19) and (6.20) coincide for
e
Ay =Ay =" (6.21)
s

This consistency between the lattice and conformal results supports our claim that the fields pu__ and
1 form a pair of heighest-weight states of dimension A = 0, one of which belongs to a Kac module K
and the other to a staggered module S.
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6.5 Correlation function for the staggered module

For the correlator (6.1b), the four-point correlator contains two copies of the same logarithmic field:
W1 = Wy = Wy~. We therefore write A\y = A9 = A and /{“fww = I{gww = K%Y, For \jAg = \2 # 0, the
differential equation (6.15) has an extra inhomogeneous term. The complete solution is equal to the

two-parameter solution of the homogeneous equation plus a second function that takes into account
the inhomogeneous term:!

1 ) 5 1 1 5 ) 1
Fln) = Fl(n) + 202 %Y 213+ 55,1, 5 + 52| 5 2hig - 1,3 — 2 |)
R Tr e 342 3-1
iy iy iy
1 3 ¢ |_1 1 ) 3 o |_1
2PI(3+ 5 L3+ i) oRiGG -2 18— 2
—-n 3 - ¢ , (6.22)
1+ —

where the constants A; and Ay of F{(n) in (6.17) remain to be fixed.
We fix the remaining unknowns using the lattice expression. Comparing (4.28) with (6.12), we
see that the log?(n) and log(n) terms are identical for

(2 cos %)1/2 W 1

_ _ oy (ix _ 1 9))  rsin(®
A= HW_W(QCOS%)W(QCOS(Z)(Q log2+u(}+ £)) - wsin(3)).  (6.23)

It may seem odd that A depends on ¢, as this parameter dictates the behaviour of the boundary field
w,~(2), which a priori one expects not to depend on «. This will be discussed further in Section 7.
We also note that the structure constant x“¥% originates from the correlator, given in (6.4), of a bulk
field and two boundary fields. So it is perhaps not surprising that the ratio k“%¥/k¥¥ is complex.
The remaining constant factors in (4.28), which are independent of n and 7, are accounted for in the
conformal solution by the integration constant that appears when one integrates (6.22) to obtain F'(n).

To fix the constants A; and As, we compare the asymptotic behaviour of the lattice and conformal

expressions for F’(n) in the neighbourhood of n = 1, corresponding to 7 — 0T. For the lattice
expression, (4.29) yields

acrv—t n>>1,7—0t 2

a7 s msin() —QCOS(g)<7+log2+10g7T+T,Z)(%—I—%)+log7‘>} (6.24)

For the conformal expression, we extract the behaviour of the hypergeometric functions in (6.22) at
z = 1 by using the relations

I'(a+0b)
[(a)L'(b)

I'a+b+1)
T(a+ 1)T(b+1)

and the series expansion (5.16) of H(a,b|z). This yields

Tt ;<A1 Ay + 20 (7 +logm +log2 + w(} + &) +log T+ + Ftan(sL)))

oF1(a,b,a+blz) = — H(a,b|l — z), (6.25a)

0H (a,b|]l — z)
0z ’

2F1(a, b,(l +b+ 1|Z) = —

(1—2) (6.25Db)

—2i¢ (A — Ay + A tan(%)). (6.26)
With A evaluated to its value in (6.23), we find that (6.24) and (6.26) are equal for

A 92 Ay 92
KPP ip KPP im (6.27)

'This solution to the differential equation (6.15) was obtained using Mathematica.
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. 0 .
The final conformal expression for —; is

0Co~ _ 8COS(§)
or ip(1 — e2mir

oFi (3 + 2(1;7 L5+ 2 |e_27riT) oFi (3 — %,
)2

_ (1 _ e27riT)<2F1(% + %7 17 % + %‘e_%rh) 2F1(% - %, 1, % — 27r|e—27ri7')>:|
1

N 2i cos ((15(7' — %)) .

sin(77)

(6.28)

It is in fact not obvious that this function is real for 7 € (0,1), but indeed it is. Plotting this

. . . . ICro—~ . . ..
function alongside the lattice expression for —5—, we find that the two functions precisely coincide, on
the full interval. To prove the equality, we show that the lattice expression also satisfies the differential
equation (6.15). In terms of 7, this equation reads

0? 3} 9\ 0Cro< 3.9 COS(7T)
<8 5 +2m cot(m’)a— + 81 A) = 277\ S (ar) (6.29)
To check this, we take the derivative of (4.28) and simplify it to
0Co~ sin( sm((T - 5)9) cos(¢T)
- _ (2) 2 in(2
or 8 cos(3 / dt sin(77) sin(7t) +2sin(3) sin(7)
4 ¢
— cos(3) cos(¢r )(7+210g2+logtan(”—27) + (3 + i)) (6.30)

7w  sin(nw7)

Applying the operator that appears on the left-hand side of (6.29) to the terms proportional to z?rf((ﬁ:))
gives zero, as this is a solution of the homogeneous differential equation discussed in Section 6.4. For

the remaining terms, after simplifications we find

82
<8 5 + 2m cot(nT)

9 8 2A) [4cos(%) cos(¢T)

or 7w sin(wT) log tan(T)]

= 87 cos(§)<cos(7w) sin()° ¢ sin(¢r) ) — 2773)\27008(7TT) (6.31)

sin3(77) 7 sin?(77) sin3(77)

and

/1 dt( s + 27 cot(m')g + 87 2A> [TSIH(¢Tt)Sin (or(1 - %))]

or? or sin(77t) sin(77)

bo.d t , b B
= /0 dta [sin(m-) ey gy <<;5 sin(¢r) — (1 — §)¢sin (¢7(1 — 1))

~ rtcor(rrt) i) s (o701~ 1))

_ sin(¢T) _Wcos(m-) (%)
sin?(77)

6.32
sm3(71'7') ( )
Combining these results, we confirm that the lattice expression (6.30) indeed satisfies (6.29). The lattice
and conformal solutions therefore satisfy the same differential equation. Recalling that the constants
Ay and Ay were fixed so that the lattice and conformal expressions have the same asymptotics, we
conclude that the two expressions coincide.
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7 Operator product expansion and structure constants

7.1 Analysis for the fields ¢(z)

In this section, we use the lattice expressions for the correlators Co (x) and C,(z) to obtain conformal
structure constants and ratios thereof. We claim that the fields ¢_(z) and ¢, (z) satisfy the following
operator product expansions (OPEs):

O(21)0,(22) = 23] Wp(20) + .. (7.1a)
b,-(21)d(22) = 22{4< K22 (wo(22) + A p(22) log 201) + K22 cp(ZQ)) +.... (7.1b)

From (6.3), this yields the following two-point functions:

(6<(21)8,(22))c =0, (b, (21)d(22))c = 2] KELRE. (7.2)

We therefore see that the constant #%? appearing in (5.3) vanishes for the first correlator, but equals
kS Kk® for the second correlator.

With these OPEs, we can easily obtain the behaviour of the four-point functions studied in Sec-
tion 5.2 in the regime where z; approaches zy. Indeed, in this regime, the four-point functions reduce
to two- and three-point functions of the form (6.4), and we find

2
(6<(21) by (22) 0 (23)00a(20)) 0 2722 2 Zm KOO KV, (7.3a)
13
1/4
(6,-(21) 6= (22) 000 (23)90a(22))c 22 2221A KEP VY 299 Y N og (%) + Hﬁ/ﬁ:ww], (7.3b)
Z43 232242

The corresponding correlators on the cylinder are obtained by applying the transformation laws (5.2).
The regime z; — 2o then corresponds to xs — x1 < n, or equivalently to 7 — 0T. In this regime, we
also have s3; ~ 77 and 71 ~ 22, where =~ indicates an equality up to corrections of order 7. We obtain
expressions for the correlators Co (x91) and C,(z21) by dividing by (o (23)¢a(24))v, setting x4 = 23
and sending x3 to £ico. This yields

W
Col@ar) 2% (nr)V4k$2,  Cpe(am) ﬂ>(m)1/4[ powl o K92 log (— 27Ti7')+/<;fi‘f]. (7.4)

We compare these expressions with (3.29) and (3.33), assuming that the structure constants are inde-
pendent of n and 7. We find

G2(1) (2cos(2))*7 G2(L) 2c0s($)G2(L)

o _ T3 bdw _ _ 2 2 b _ 3),

Hv - 21/4 ’ K:rt - 21/4 ) l‘i,_‘ = —21/4 ( ’Y‘i‘log 2), (75)
where we used (6.23) ff.

We have therefore computed the structure constants for the fields ¢(z) and ¢, (z) in their OPEs
(7.1). We see that the fusion of these fields is non-abelian. We expect that this is a general feature
of logarithmic CFT. If the fusion product of two fields involves a logarithmic field, then interchanging
the order of the two fields induces a non-trivial change of the value of the correlator. The (weak)
non-locality of the two fields endows them with a non-trivial monodromy, which can for instance be
compared with that of disorder operators in the Ising model or in more general parafermionic field
theories [64]. The unusual distinction made here between defect insertions that mark the start and end
of boundary arcs goes beyond the introduction of a mere phase. We note that the same behaviour was
observed for the abelian sandpile model in [33], wherein two fields up n(2) and pun p(z) that mark the
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transition between dissipative and non-dissipative sites on the boundary satisfy different fusion rules
according to the order in which they are fused.

Finally, we note that, similarly to the value of A in (6.23), the structure constants £ and k%%
depend on «a. This is somewhat unexpected, as one might expect the boundary fields ¢, (2), ¢ (2)
and w,(z) not to depend on a. We believe that the resolution to this conundrum lies in the non-local
nature of the field ¢,(z). Its action on the lattice is indeed non-local, as it modifies the weight of all
loops that encircle its insertion point, independently of how distant these are. We believe that, in the
conformal interpretation, the non-locality of this field means that it modifies some conformal properties
of the other fields of the theory, namely their structure constants and transformation laws, even if these
are inserted a large distance away.

7.2 Analysis for the fields u(z)

The results of Section 6.4 are derived with the assumption that ,uq(z) is a field that belongs to a Kac
module, whereas ,uy_(z) belongs to a staggered module. (We recall that these identifications could
equivalently have been made the other way around). Here, we claim that the OPEs for these fields are
of the form

o1 (22) = W (a2) . (7.62)
/,Ly_(Z:[)ILL_Q(ZQ) = Rg‘% (@W(zg) + X2 ¢(22) log 21) + ’i% o(zg) +... . (7.6b)

We believe that the field w,~<(2) is a logarithmic field with weight A = 0 in a rank-two Jordan cell.
It is potentially different from the field w,<(z), although the evidence below cannot rule out that they
are in fact identical. Similarly to ,uy_(z), @r(2) transforms conformally according to (6.2), with the
constant A replaced by Ag. Its three-point correlator with two copies of the field 1, (z) is

~ KOV \og¥¥ log (221281 )
<WW(Z1)¢Q(Z2)'IZ)Q(Z3)>C = ZQA 32 (77)
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where k*%? is a constant.
In the regime z; — 29, we have the following four-point functions:

(o1t (220 (25l 272 sl Y, (7.83)
43

1 o . 2912
2122 HUD @) P b < 21 43) pp
<,LL9_(21)ILL_Q(22)¢OC(23)’1/105(24)>(C = 25 Ko+ A2 Kot log e + Rgh |-

(7.8b)

We map these correlators on the cylinder, divide by (1o (23)¢a(z4))v, take the limit x3 — ico with
x4 = x3, and obtain

C 70t L K/é“/”/’

-®-($21) e /{g_q — )\QW log(nT), (7,93)
L e ) . Y

Cor(war) =07, ;{g{% T + A2 /{% log(—2mit) + /{% - )‘2,;W log(nT). (7.9b)

In each of these expressions, the last term originates from the logarithmic transformation law for
the field ,uy_(z), and /{‘fww is the constant that appears in the correlator <,u_q(21)¢a(Z2)1[)a(Z3)>(c.

31



Comparing these expressions with (4.31a) and (4.31b), we equate the different terms, assuming that
the structure constants are independent of n and 7. We find

2
9 - (2 cos(g))
pp = ppw AT N2
Ry =—(log2+7),  AerfR = — (7.102)
~ ,.;031/”/1 2 2/ ¢ . ~
ags g = 25+ log2 4 2c0(§logm— ) + (710

where we used (6.16).

The lattice derivations of Section 4 are therefore insufficient to fix individually all the structure
constants appearing in (7.6). In comparison, all the constants for the OPEs of the fields ¢._(z) and
¢,-(z) were obtained in (7.5). This was possible because the four-point correlator involving the field
w,~(z) was computed from the lattice in Section 4. Presumably, by computing

lim <wg'q(xl)‘bg'q(x2)¢a (w3, 23))v
z3—ico <T,[)a(l‘3,33§)>v

(7.11)

from the lattice, one would be able to compute Ao and %% /k¥¥ directly and then solve for the
remaining unknowns, namely nﬂy‘f‘é, ﬁﬂy‘fq and kY i /Y.

Thus, in the present state of affairs, these results do not allow us to determine whether w,(z) and
w (z) are the same field. If they turn out not to be, one may have to consider the possibility that
the LCFT for the model of critical dense polymers involves an infinite number of boundary logarithmic
fields of conformal dimension A = 0, one for each link state of the form -~ , 7, A\ etc.

7.3 Amnalysis for the fields w(z)
Following the notation of [33], we write the OPE of the field w,(z) with itself as

Wo(21)wov(22) = (@ — 2X\10g 221 )w,~(22) + (b + aXlog zo1 — A log? z01)p(29) + ... (7.12)

where a and b are constants. The two-point function is then given by (6.3) with k““ = ax“. We use
this OPE to obtain the four-point function involving two copies of w,<(z) and two copies of 1, (z), in
the regime z; — 29:

(wWre(21 ) wome(22) e (23) 100 (24) )0 2222 22% [(a — 2\ log z91) (waw — A" log (%))
13

+ (b + aXlog 221 — A2 log? zgl)/{w’] ) (7.13)

We obtain the same correlation function on V using the conformal mapping. We divide by
(Ya(x3)a(z4))v, set x4 = 2§, send x3 — ico and find

o+ wrh

Coro(T1) T (a — 2X\log(nT)) <ZW + A log(—27ri7’)> + b+ A log?(nr1). (7.14)

We compare this result with (4.29) and equate separately the terms in log? n, log? 7, log n, log T and
the constant term. This confirms the values obtained in (6.23) and yields

2
a= —;(2cos(§))1/2(’y +log 2), b= 72(’Y +1log2)? = e (7.15)

Interestingly, comparing with the results of [33], we see that the values of a and b are different, but that

2 cos(2) a?

the relation b = —% is the same, leading us to wonder whether this is a universal feature of logarithmic
CFTs at ¢ = —2.

32



8 Discussion and conclusion

In this paper, we computed correlation functions for the model of critical dense polymers on a semi-
infinite cylinder. These were obtained from an exact lattice derivation using the XX spin-chain repre-
sentation of the enlarged periodic Temperley-Lieb algebra. The asymptotic behaviour as the system
size n grows to infinity was obtained in terms of integral formulae involving the scaling parameter
T = mT_l € (0,1). For small 7, the leading behaviour of these correlators are proportional to Ti/4,
71/41og 7, log T and log? 7. This logarithmic dependence of the correlation functions upon the position
of the fields is the defining feature of logarithmic conformal field theories. This behaviour involving
the square of the logarithm of the distance is rather uncommon, but has previously been observed in
the Potts model for certain Fortuin-Kasteleyn probabilities [42].

In the conformal interpretation, these lattice observables were understood to be ratios of conformal
correlation functions: a four-point function divided by a two-point function. Using conformal invari-
ance, we derived differential equations for the four-point functions and solved these equations. We
found a perfect agreement with the lattice results, with the logarithmic behaviour arising in two ways:
(i) from degenerate solutions to the hypergeometric differential equation, and (ii) from the logarithmic
generalisation of the differential equations for highest-weight fields in rank-two Jordan cells that have
null descendants.

Admittedly, our conformal derivation is really a hybrid approach, as the constants that arose in
the solutions of the differential equations were fixed using the asymptotics of the lattice results. It
should in fact be possible to fix these constants directly using the conformal bootstrap [3,65], and thus
to avoid any input coming from the lattice. It would certainly be interesting to understand how this
method applies to the case at hand.

We also used the lattice results to compute the structure constants that appear in the operator
product expansions of the boundary fields of the model. An intriguing feature that we found pertains
to the role played by the field ¢, (2). Indeed, the fields ¢ (2), ¢,(2), ,uq(z), ,up_(z) and w,(z) are
boundary fields that are expected not to depend on «, but the calculations of Section 7 show that
the structure constants appearing in their OPEs do in fact depend on «. These are of the form o*
times constants, with ¢ € %Z. We interpret this unexpected dependence on « as a consequence of
the non-locality of the field 1,(z), which appears to modify the conformal behaviour of the other
fields that are present in the theory. It is currently uncertain whether this feature extends to other
values of 8, and in particular if it occurs only for values of 5 where the boundary CFT has non-trivial
indecomposable modules and Jordan cells. There was also another logarithmic field that appeared
in the OPEs: wy;<(2). Our calculation of the structure constants did not allow us to determine
whether it coincides with w,(z), and left open the possibility that the boundary CFT for critical dense
polymers has an infinite number of such logarithmic fields with dimension A = 0. (It certainly does
have an infinity of rank-two Jordan cells, and some of the corresponding logarithmic couplings have
been computed in [16].)

We believe there is more to be learned about the field 1,(z). Notably, our lattice results have only
allowed us to put constraints on ratios of structure constants involving the field 14(2), see (6.23) and
(7.10b). This can be traced back to the fact that, in the ratios of conformal correlation functions that
we considered, the field 1, (2) appears in both the numerator and denominator. For § = 0, we believe
that the fusion of this field with itself is of the form v, X ¥, = ¢ + @ + ... where @ is a logarithmic
bulk field with dimension A = 0. Indeed, the two-point function (1) (21)%a(22))c is non-vanishing, and
because (p(z))c = 0, the fusion of 1, with itself must include a second field with a vanishing conformal
dimension. There is, in fact, a simple geometrical interpretation for the fields 1,(2) and w(z). When
two fields 14 (z1) and ¥4 (z2) are inserted, the loops that encircle only z; or only z5 have a fugacity «,
whereas the loops that encircle neither or both have a fugacity 3. On the lattice, one can bring z; close
to zo until these points are one lattice spacing apart. In this case, there is a unique loop that passes
between the two insertion points, and for S = 0, this is the only loop in the configuration. This loop is
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space-filling and its fugacity o appears as an overall prefactor. This is consistent with a field @ whose
conformal dimension is independent of .

There also remains some light to be shed upon the fields uq(z) and uy_(z). Although the consis-
tency of the lattice and conformal results is quite convincing, we struggle to find a proper justification
for treating these two fields in an asymmetric way, with one of them belonging to a Kac module and
the other one to a staggered module. Moreover, the structure constant /{‘luw that appears in (7.9)
belongs to a three-point function <MQ(21)¢OC (22)¥a(23))c for which we have no lattice interpretation.
One possibility is that our identification of u__(z) and p,_ (z) as primary fields is incorrect, and that
the correct identification should be made in terms of specific linear combinations of link states inserted
in the four marked nodes, instead of only . One attempt at resolving this issue would be to com-
pute the five-point correlator (u-(z1)¢,-(22)0,-(23)1¥a(24)Va(25))c from the lattice and investigate its
conformal behaviour.

It is by now well-known that the six-vertex model at ¢ = i and the model of critical dense
polymers are intimately related. The model of critical dense polymers has the central charge ¢ = —2,
whereas the six-vertex model has the central charge ¢ = 1. On the torus, the two models share the
same modular invariant partition function [60,66], and many questions that arise in one model have
a natural interpretation in the other. For instance, assigning a fugacity « to non-contractible loops in
the loop model corresponds to inserting the field ¥4 (z, 2*) at ico. In the vertex model, this corresponds
to inserting two electric operators of opposite charges, one at ico and another one on the boundary
of the cylinder, with a twist line connecting the two. In the related Coulomb gas formalism [62,66],
these electric operators correspond to vertex operators. Their scaling dimensions are to be measured
relative to the corresponding groundstate in which non-contractible and contractible loops get the same
weight, namely o = § = 0, and this results in the value (5.36) for A. Thus, the insertion of the vertex
operators in the six-vertex model changes the central charge from ¢ = 1 to ¢ = —2 and shifts all the
scaling dimensions. The indecomposable structures of the representations, which eventually lead to the
logarithmic behaviour of the correlation functions of critical dense polymers, are key features of the
conformal description with ¢ = —2.

The boundary fields that we studied also have an elegant geometric interpretation in terms of
the Q-state Potts model and its Fortuin-Kasteleyn high-temperature expansion. The loop fugacity is
related to the number of states in the Potts model via the relation 8 = 1/Q. The Potts spins occupy
one half of the lattice (for instance the odd sublattice) and the closed loops draw the contours of
the Fortuin-Kasteleyn clusters [67]. On the boundary, free boundary conditions for the Potts spins
correspond to having a segment of the boundary decorated with simple half-arcs, ~—~e———e, where
the red circles mark the positions of the Potts spins. One can also choose a boundary where the Potts
spins are fixed to one of the () values. The Potts model has Sg symmetry, so in computing the partition
function on a domain with this boundary, one can equivalently impose that the boundary spins take
the same value, which can be any of the ) spin values, and then divide by . In the loop model, the
corresponding boundary condition also consists of simple arcs, but with the spins shifted with respect
to the half-arcs: -o+o*—o+. This is usually referred to as wired boundary conditions. As a result, the

NS

fields ¢_(z) and ¢,.(z) mark transitions between free and wired (or free and fixed, up to a factor of Q)
boundary conditions for the Potts spins. Such boundary operators that change the boundary condition
from free to wired were previously studied in [68,69], and found to have the conformal weight A o.
Likewise, w,~(z) marks a transition between two adjacent large connected clusters of boundary Potts
spins. Finally, the fields uq(z) and p, (z) correspond to having two spins on the boundary that are
in the same cluster, but where all the other adjacent spins are free. Their conformal weight is A 3.
These five boundary operators thus appear to be refined versions of the similar operators that insert d
adjacent straight defects in the boundary (for d = 1,2), and whose conformal weights are known [70]
to equal Ay 411. The logarithmic nature of the fields y and w is special to the value § = /Q = 0, as
in this case there is a collision [13] of the values of the conformal weights: A3 = Aq .

To conclude, we expect that it will be possible to generalise our results to other values of
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using the algebraic Bethe ansatz, and similarly to cases where the boundary condition at the edge
of the cylinder has blobbed half-arcs [71, 72]. We believe that both cases are accessible using the

methods of logarithmic conformal field theory. For other values of 8 of the form 2 cos (W(p ;z;’_p )) with

p,p’ coprime integers, the nature of the logarithmic fields will differ compared to what occurs for 3 = 0,
as the coincidences of the conformal weights are different. The blobbed case is in particular interesting
because it gives access to weights A, 45 for r € R [69], thus offering more possibilities for the formation
of indecomposable structures.
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