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Abstract

We explore a new numerical method for studying one-dimensional quantum
systems in a trapping potential. We focus on the setup of an impurity in a
fermionic background, where a single distinguishable particle interacts through
a contact potential with a number of identical fermions. We can accurately
describe this system, for various particle numbers, different trapping potentials
and arbitrary finite repulsion, by constructing a truncated basis containing
states at both zero and infinite repulsion. The results are compared with
matrix product states methods and with the analytical result for two particles
in a harmonic well.
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1 Introduction

The investigation of one-dimensional quantum systems of interacting particles has, in the
last decades, attracted renewed interest due to striking advances in experiments with
cold atoms in optical traps . Paradigmatic models extensively explored in the fields
of condensed matter and mathematical physics are now within reach of ex-
periments, and their exotic properties can be measure with great precision. Moreover,
the degree of control over several experimental parameters, including interactions between
the atoms and trapping geometries opens up the possibility of using such experi-
ments as quantum simulators for a multitude of interesting models , even beyond usual
condensed matter systems [14].

One particular problem which has attracted interest in this context is that of a single
distinct atom (or impurity) embedded in a background of identical particles. In the field
of condensed matter, such systems can present interesting phenomena, such as the Kondo
effect and the orthogonality catastrophe . Theoretical and experimental stud-
ies with ultracold atomic setups have extensively explored both the bosonic [17-27] and
fermionic manifestations of these models - the so-called Bose and Fermi polarons,
respectively. The one-dimensional fermionic case, in particular, dates back to McGuire’s
impurity model in a homogeneous geometry , which is exactly solvable through
the Bethe ansatz approach . Other approaches have later generalized the study of
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static properties to mixed fermionic systems in harmonic potentials [41-47]. On the dy-
namical side, impurity models have been shown to present exotic effects such as Bloch
oscillations [48] and quantum flutter [49}50].

In this work we present an original way to obtain the static properties of an impurity
in a fermionic background, where the number of background fermions can be arbitrarily
modified. We employ a variational principle where our ansatz for the wavefunction is a
combination of states at zero and infinite interaction, relying on the fact that the analyt-
ical expressions for these limits are known. In practice, we construct a truncated basis
by choosing a certain number of states at each limit and then employ the Gram-Schmidt
ortonormalization process to construct an orthonormal basis. By diagonalizing the Hamil-
tonian in this basis, we obtain an approximation for the wavefunctions and eigenvalues.
While it may be difficult to reach a regime of strong interactions with usual methods, our
approach is exact in the zero and infinite interaction limits. This method is an extension
of Ref. [51], where only two basis states were used. It can be applied to systems in different
trapping geometries, and the repulsive interactions can be tuned from weak to strong. To
validate our method, we compare our results for spatial densities and momentum distribu-
tions to simulations of the continuum obtained with Matrix Product States (MPS) [52}53],
as well as the known analytical results for two atoms in a harmonic trap [54].

2 Hamiltonian

We focus on a one-dimensional system of N identical fermions (majority) which interacts
with a single distinct particle (minority) with the same mass in the presence of a trapping
potential. The Hamiltonian can be written as

H= ; <2p7% + V(xi)> —i—gZVo,i(Xo —X), (1)

i=1

where the potential V' is the background potential (which in this paper is either a harmonic
potential, V(z) = mw?2?/2, or the double well constructed in Appendix |C| with parame-
ters as shown in Figure [1) and Vj; is the interaction between the minority and majority,
namely we have (zo,z1,...,2n|Volzh, 2], ..., &) = v(zo — 23)d(x0 — () - - - SN — 2Ty).
In our case of a contact interaction, we have v(x) = d(x). Since all particles have the
same mass, we can interpret the single impurity as a fermionic atom in a different internal
state than the remaining majority atoms. Such systems can be realized in the lab with
ultracold Li atoms in different hyperfine states [4].

For simplicity we will work in units where 7 = 1 and m = 1, but we will reinstate these
units in all figures.

3 Variational method
Our variational method consists of constructing a suitable truncated basis of states. The

basis states are constructed by using both the analytically known eigenstates at zero
interactions as well as the analytically known solutions at infinite interaction.
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3.1 States at zero interaction

The states at zero interaction are denoted by |¢;), for 0 < i < n — 1. Each state |¢;) is
defined by a collective index k) of N + 1 single particle states, namely

O = k960 ED). (2)
Note that for the kii), ey k:g\i,), different orders correspond to the same state up to a sign

since they correspond to the majority particles, while the single k:((]i) corresponds to the

quantum number of the minority particle. We assume that kgi) <. < kj(\i,). We define
the totally antisymmetric state of a number of M (ordered) quantum states ¥ by

B5) = e 3 sign(o) fo )+ o) g

Let us further denote ¥]i,7,...] as the (ordered) set ¢ with v;, vj, ..., removed. This
notation will be used throughout this article. A zero interaction state is then of the form
|9i) = |fkéi)>|q)1;‘(i)[o]>- (4)

3.2 States at infinite interaction

At infinite interaction, the states are denoted as |¢,,), for 0 < p < m — 1. Note that the
number of states at zero interaction, n, is not necessarily the same as the number of states
at infinite interaction. Each state |¢,) corresponds to a collective index @ of N 41
single particle states corresponding to a completely antisymmetric state ®g, built from
the quantum states

@ =g, ..., ¥, (5)

as well as a set of N + 1 coefficients @*,
@ = [a$,...,a). (6)

Note that different orders of the q(“ ) correspond to the same state up to a sign, and we

i
will assume that q(()l) <... < q](\zf)7 and we will assume that the @(*) satisfy

N N
Z(al(“))2 = N + 1, Z al(“)al(y) = O7 /L # V. (7)
=0 =0

The state at infinite interaction is then defined in the coordinate representation as

Yu(zo, ..., zN) :al(“)q)q(u)@o,...,x]v), when (xq,...,zN) € M, (8)
where we denote M; as the set of points where zq, the coordinate for the minority particle,
is smaller than exactly [ of the x1,...,xN.

These exact solutions of the Hamiltonian at g = 400 [43,44], are orthogonal and
properly normalized to unity provided that holds. However, they are not orthogonal
to the zero interaction eigenstates, and in Section we will apply the Gram-Schmidt
process to construct an orthonormal basis.
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3.3 Overlaps between the zero and infinite interaction states

In this section we will compute the overlaps between the infinite interaction states ¢, and
the zero interaction states ¢;, which is a necessary input for the construction in Section [3.4]
and for computing the matrix elements and overlaps that include the states x,. We will
denote the overlaps between the states at zero interaction and at infinite interaction by
Ciu, where by convention ¢ € (0,...,n—1) corresponds to the index for the zero interaction
states and p € (0,...,m—1) corresponds to the index for the states at infinite interaction.
The zero interaction state is on the form

¢i($0, e ,J}N) = fkéi) (950)(1)12(0[0] (a;l, e ,xN) (9)

where <I>~(,)[O] is again the totally antisymmetric wave function

Privg = stn (z) o fuo - (10)

m(N)

Again, we use the notation where k) [J] is the set (k:( ), e k:g\l,)) with ky) removed. Recall
that at ¢ = 400, an eigenstate can be specified by a sequence of N + 1 numbers ay,

0<I1<N, as well as a set ¢ = (q(()”), el qj(\‘,‘)) of single particle quantum numbers, and
is constructed by

I/JM = aﬂI)q(u) (l‘o,xl, .. ,xN), X1,..., TN € Ml(xo), (11)

where M;(xp) is the set where z( is smaller than exactly [ of the x; with j > 1. The
overlaps are thus given by

N
Cw = Zaﬂl, (12)
=0

where

I = / dxo/ ¢i(xo, ..., zN)Vu(x0, ..., zN)dz1 - - - day
Mz(ﬂco

\/7;:0 /_OO dﬂiofkéi>($o)fq5u>(fﬁo)/Ml(x )‘I)W)[O] ]
-~ ﬁz / Qoo (20) f o (20)0L det(A” + eBY)eco,  (13)

where in the last step we have used the formula in AppendiX The matrix A” is defined
by A f fk(> f o) for [ < J and A f fk@) f ( for I > J while B” is defined
—+1

l+1

byB,{l:f f()f(u)forl<JandB f f()f(u) for [ > J. To compute the
o kit YO TR
derivatives efficiently we evaluate the determinant for several values of €, linearly spaced

n (—1,1), and fit a polynomial. We will encounter similar, but more involved, calculations
when we compute the densities.

3.4 Constructing the basis

We will construct our basis by starting with the n states at zero interaction. We then add
the infinite interaction states one by one, and orthonormalize after each added state. In
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other words, each state at infinite interaction [+,) corresponds to a state |x,), which is a
linear combination of all the |¢;) and the |y, ) with v < p such that it is orthogonal to all
of these states. This procedure will be explained below.

We define Cj, = (¢s]v,) and Wy, = (xu|tw). Note that neither of these matrices are
symmetric. The states |x,) are then given by

n—1 p—1
‘Xu> = NM |%> - Z Czu’¢z> - Z Wp,u|Xp> y (14)
=0 p=0
where the normalization constant is given by
n—1 pn—1 —1/2
_ 2 2
ve=[1-Se-Yw) 15
i=0 p=0

The W), can be computed inductively. We first have that

n—I1
Wo, = Ny (50u - Z CiOCiu> (16)

1=0

Then, for any p, assuming knowledge of W, where p <y — 1, we can compute W,

as
n—1 p—1
W/W = NM 5,“/ - Z Ciuciu - Z WqupV (17)
=0 p=0

where N, is also given in terms of known W,,. Given the W,,, C;, and N, we now know
our truncated basis (|¢o), ..., |dn—1),|X0), -, |Xm=1)) = (0,- -+ &m+n—1). We will then
express our Hamiltonian in this basis and numerically diagonalize it to find approxima-
tions to the eigenstates and energies.

Note that the construction of the basis & in this subsection assumes that none of the
states are linearly dependent. The only states at infinite interaction that can be linearly
dependent with the states at zero interaction are the totally antisymmetric states, namely
the states with coefficients aé“ [ ag\‘,‘) = 1, and thus one may have to exclude some
of these states (or exclude some states at zero interaction) such that the final basis only
contains states that are linearly independent. However, note that totally antisymmetric
states are anyway already eigenstates to the Hamiltonian at finite g, and thus can be safely
removed since they will be orthogonal to any non-trivial eigenstates. We will thus always

exclude totally antisymmetric states at infinite interaction.

3.5 The Hamiltonian expressed in the basis

We will now express the Hamiltonian in the |¢;) basis by computing (&|H ;). We will
write the Hamiltonian as
H=Hy+ g4V, (18)

where V' is the contact interaction between the majority and minority particles and Hy is
the Hamiltonian at zero interaction. We will treat these two terms individually.
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For the zero interaction states, we have (¢;|Ho|p;) = i E;, (¢ilHolxu) = 0 due to
the orthogonality propery of the basis and also (v,|Ho|¥y) = 6, E,. Let us define the
quantity

n—1

v—1
LMV = <¢M‘H’Xu> = Nl/ E,uéwf - Z CzquEz - Z WpyLup (19)
=0 p=0

These can be computed recursively, starting with the known L,o. The matrix elements
(Xu|Ho|xv) are then given by

pn—1
<Xu|HO|XV> =Ny | Ly — Z Wpu(Xp|H0|XV> (20)
p=0

Which can also be calculated recursively starting with the known (xo|Ho|xv)-

Now let us look at the interaction operator V. Note that (&|V],) = 0 since V is
a contact interaction and (x[t),) vanishes when zg = x; for 1 < j < N. Let us define
Vij = (¢i|V|¢;). We then have

n—1 p—1
Vie =N | =D ViiCiu— Y WouVio (21)
j=0 o=0

which can be computed recursively starting with V; ,—o. Given these quantities, the re-
maining matrix elements can be calculated as

n—1 pn—1
Viw = Ny | = Z CiuViv — Z WouVou | - (22)
7=0 =0

To compute the matrix elements V;;, note that the interaction operator between two
particles, which we denote by Vb, is defined as

(@1, 22| Valy1,y2) = 6(x1 — y1)0(y1 — y2)6 (22 — y2), (23)

where (x1,z2| is a position space eigenstate for two particles. Now consider some discrete
set of single particle states |i), i = 0,1, ..., defined by the wavefunction by (x|i) = f;(x).
The matrix element for the interaction operator between two particles in this basis is then

(ks alValkh, k) = [ " i @) i () i () fi ) (24)

Now we would like to know the matrix elements of the total interaction operator between
two many-body states k() = [k(()i);kgi),...,k‘%)] and k() = [kéj);k§j),...,k%)] (and we
again denote £(?[0] = [kgi), . ,k%)], and we assume kgi) > > k%)) The total inter-
action operator is given as V = Zl]\il Vo1, where Vy; is the interaction operator between
particle 0 (the impurity) and particle with index [. For two sets A and B with equal size,
let us define |A — B| be the number of elements that only appear in A (or equivalently in
only B). For a particle with index p, with p # 0,1, V{y is diagonal and thus we have

(KOVIEW) =0, (25)
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if [KO[0] — K9D[0]] > 1. If |KD[0] — K9[0]| = 1, we obtain
<E(1)|V|E(J)> — <k(()2), kl(l)|V2|k(()j), kl(lj)>(_1)lfl’7 (26)

where [ and [’ are the unique indices such that k:l(i) # k‘l(,]) and £D[0,1] = ED[0,V]. If
ED[0] = KD[0], we instead obtain

N
FOWVED) = 30k KOk k7). o
=1

This concludes our construction of the Hamiltonian H = Hg+ ¢V, and all that remains
is diagonalizing the matrix (§;|H|¢;) to find the energies and wavefunctions.

4 Observables

In this section we explain how to compute several important observables. They will all be

computed starting with a specific eigenstate, which we denote by |¥), or ¥U(zg,...,zy) =
(xoy...,zn|¥) in the coordinate basis. This state is expressed as a linear combination of
the zero interaction states and infinite interaction states
n—1 m—1
) = Zcz|¢z> + Z Du|¢u>a (28)
i=0 pn=0

which can be obtained easily given the expansion of ¥ in the basis {¢;, x,}. Note that
the {¢i, 1, } is not an orthonormal basis.

We will start by computing the single particle density, which is the easiest observable
presented in this section. The equations for the other observables are similar in nature
but with varying extra degrees of complexity and subtleties, and thus it is recommended
to understand the single particle density computation in detail first.

4.1 Single particle minority density matrix

The single particle density matrix is defined by integrating out the coordinates of the
majority particles as

p(zo,v0) :/‘1’*(9307331,--~,$N)‘I’(yo,$1,~-,$zv)

n—1
_/ Z C;Cj¢:(x0,$1,...,I'N)(bj(y(),xl,...,wN)—i—
1=0,j=0

n—1m-—1

- / Z Z (C;D“@(wo’xl’ o N )Yu(yo, 1, .. N)

=0 p=0

+CiD}di(Yyo, 21, - - -, N )y, (20, 21, - - :-TN)>+

m—1
+ / > DD ()i (z)

pn=0,v=0
= CiCjaij(wo,y0) + Y, (CFDyBip(wo, yo)+
i,J (7
+ CiD;B:,u(y& .%'())) + Z DZDV’YM,V(-%'Oa y0)7 (29)

2l
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where the integral is short for [ = ffooo dxy--- ffooo dry. The density matrix is useful
since it is related to the momentum distribution by a simple Fourier transform. For just
the particle density in coordinate space, we set xg = yo. We will comment on how the
computations simplify for this special case.

The simplest term, namely between the zero interaction states is given by
Q5 (z0,%0) = f,:(()z) ($0)fk(()j) (yO)(SE(z‘)[o},E(j)[o]' (30)

Here we are again using the notation that E[O] is equal to k with ko removed, namely
the set {kl, ooy kNl and the Kronecker delta is thus equal to one if and only if the sets

{k‘l ook }and {k: ...,k%)} are the same.

For the cross terms (3; ,, it will be useful to split up the integral into several regions,

and we write
N
/-] (31)
1=0 /M

where M; as the set of points where yg is smaller than exactly [ of the x1,...,xny. We
then split up the term f; ,(xo,y0) as

/Bz,,u o, yO Z /81, S o, yO (32)

The cross term is then given by

Bt (o, y0) = Z o (0) f 4o (yo)/M Priy oy (1, -+ EN) Pyt (21, -+ TN
l

=7 ﬂT Z 0 (20) 0 ()0 det(47 + €BY)e—o(w0), (33)

where ® represents a totally antisymmetric state. The matrix A7 is defined by AJb =
[ f k(” f o) for b < J and A}, = [ fk() f ) for b > J while B’ is defined by
ng fyo fkffllfqé“) for b < J and Bab fyo fkﬁlfngi)l for b > J. Here a and b take the
values 0,..., N — 1. For a derivation of this equation see

For the density where zg = g, this works also for the infinite interaction terms, namely
we can write

N
Yy (T0) = 7+ Fo (fvo)fq(jp (zo) /M Dzt ) gt 1]
J,J! l
2 N
a J+J' I J,J’! JJ
SR/ 1 o (20)8) det(A% + eBM)—o(zo), (34
0N + 1) J;O( ) fq§u>(xo)fq§/>($o) . det( +e Je=0(70), (34)

where now the matrices A7/ and B’/ are defined by A‘]’Jl = fzo f . f “ and BJ’J =
fxof(u (V> where 0 =0 fora < J, o =1 fora > J, 5—0f0rb<J’and5—1f0r

qao

b>J'. Here a and b take the values 0, ..., N —1 and we refer again to[A.1]for a derivation



SciPost Physics

of the determinant formulas.

However, when o # yo, it is necessary to split the integral in more regions. We then

write
-5,

1=0,5=0
where M; , is the region where zg and yy are smaller than exactly [ respectively s of the
x1,...,xN. We then split up the terms v, , (zo,%0) as
’YM, anyO Z,y'u,l/ 3707y0 (36)

The term only involving infinite interaction states is then given by

N
alas J—f—J’
Vi (@0, o) = N1 JJZZO(—l) Fq (fﬂo)fq(Ju/> (%0) /Mz,s D gt 1) P
alas JJrJ/
_ 1 ) (o) X
T, VAT 2, D i e o)
JJ'=0
ol slomn?) det(AM" + eBM 4+ 7C") (w0, yo)le=0,7=0, (37)
Now the matrices are defined as A, = fm;l(m @) qul‘i)c, (ac”)fql():)(s (z")dz", Bgp = frgi)((ixﬁ) f, w (ac”)fql():)(s (2")da
and Cyp = f;:zx(x ) fq(w (" )fq(l,) (z")dx” where c =0 fora< J,o=1fora>J, 6= 0
’ a+to b+6

for b < J' and 6 = 1 for b > J'. The indices a and b take the values 0,..., N — 1. See[A.2]

for a derivation of this formula.

4.2 Majority particle density matrix

The single particle majority density matrix is defined by integrating out the coordinate
of the single minority particle and the coordinates of N — 1 of the majority particles. We
thus write

P (20, o) Z/‘I’*(ﬁo,iﬂl,n-,JUN)‘I’(on,yl,---,ﬂCN)

n—1

:/ Z C;(Cj(bz((x(]vxla"'>$N)¢j(x07y17"'7x]\f)+
i=0,j=0
n—1m-—1
/ZZ O* ,u¢ Zo, 1, - "axN)w,u(xOvyla"'va)—i_
=0 p=0

+CiDybi(0, Y1, - - - TN )Y, (T0, T1s - JN))*‘

m—1
+/ Z DZ-DV’(Z}Z(J"O)I‘D'"7xN)¢V(x07y1,'"7xN)

p=0,0=0

_ZC*C o ( m17y1)+ZC?Du/dmoﬁfij(wo,xhyﬁJr

(7

+ CiD, /dﬂcoﬁmJ 3?071‘17:91)+ZD:Du/dxo’Y,ng(lfowhyﬂ, (38)

10
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where in all but the last line the integral is short for f = ffooo drg - - ffooo dxpy and in the
last line we have separated out the dxg integral in all but the first term. In this case there
are not many simplifications when x7 = y;. The zero interaction term is given by

0@ ) NtL
] k’ ,k *
@y (B1,41) = =57 > (—1)I+Jfk§i> (@) f.0 W1)oxo 0,1 50 0,07 (39)
1=1,J=1 ‘

The latter delta function means that this expression is zero unless the set E® with k((]i)

and k:gi) removed and the set k) with k‘(()j ) and ky) removed, are equal, in which case

it is equal to one. For the cross term ﬁzmlf” (z1,y1), we split it up into N terms g™l

corresponding to zg being smaller than exactly [ of the xo,...,zx. We have
N+1
52%75(130, T1, Y1) :CM Il7j(§0’J/7éJ sgn(J, J’)(_1)1+1fk§i) (xl)fqy;) (y1)
Fyio (@) f v (o) /Mz o (@2 - 2N Pgung (2, TN)
o) T D o 0 g ()
NN +1) II,JO,;O,J’#JSQH( ’ K g
Fyo (@0) f g (w00t det(AYF7" 4 eBOTHT") o (o), (40)

where the integral is again short for [ = [ dzodws--- [*_dan. The sign sgn(J,J') is

defined as (—1)7*7" if J/ < J and —(—1)’*7" otherwise. We have defined a® (1, zg, 1)

(1)
I+1

simplify much for the density where 21 = y;. We have defined the matrices
x 0,1;J,J' 00

J2o o oy, @) gy, (F)de’ and Boi™ = [ fizo o)1y, () fige () oy, (&)’

and simplified the notation by assuming that S(I) is the (ordered) set S with the element

with index I removed.

otherwise. This formula does not
0,I;J,J" _
Aab

as being equal to al(“ ) if rg < y1 and equal to a

Now let’s consider the term . We now have the expression

majJ(x T )_a(#)(l,x07x1)a(y)(l,$0,y1) ! s n([ I/)S n(J J/)f (x )f ( )
PYIL,V 0, T1,Y1 N(N+1) I¢I§/7J¢J/ g ) g ) qﬁl/t) 1 qgl;) Y1
f o (@0) f ) (o) /Ml Do (@2, N) Py (T2, - TN)
W (1 )a®)(1 )
a , L0, T1)a y L0, Y1 / /
_ 1. 1)sgn(J.J ,
IN(N 1) I#/E#J/ sgn(1,I")sgn( )fqg,f)(m)fqg,)(yl)
fqgm (xo)fqgv) (20)0" det (AT e BLIITTY o (wg). (41)

The matrices are now analogously defined, namely

1,I';J,.J’ T
At}b]/ L = f,go f[q(u)(])(]/)]a(l‘/)f[q(u)(J)(J/)]b(:U/)dx/ and
9 ; b w
Bay = Loy T (. @) fige oy, ()da

4.3 Momentum distributions

The momentum distributions are obtained as a Fourier transform of the single particle
density matrices. Let us denote the single particle density matrices by pmin(z,y) and

11
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Pmaj(x,y) for the minority respectively majority species. The momentum distributions
are then defined as

1 0o poo o 1 0o poo e
pmin(p) = 27T/ / dxdyezp(x y)pmin(xa y)v Pmaj (p) = 27r/ / d:cdye p( y)pmaj (x7y>'

(42)
and have the same normalization as the coordinate space densities.

4.4 Minority-Majority correlation function

The last observable we will consider is the coordinate space minority-majority correlation
function, which is defined as

p(xo,21) —/\I/*(l'o,l‘l,...,.’L'N)\I/(iL‘o,xl,...,xN) (43)

where the integral is short for [ = ffooo dzo - [ fooo dx . The computation of the minority-
majority correlation functions is very similar to the computation of the majority density;
take the formulas for the majority density matrix and set z1 = y1, and drop the integrals
over zg. Dropping the x( integral in the 8 and ~ terms is trivial, and the « term is given

N+1
corr 1 * *
g (@0, 21) = fyw (@) o (20) (—1)I+Jfk§i> (@1)f,0 (210500 1) 0,5 (44)
I=1,7=1
5 Examples

In this section we will consider several examples with different number of particles and
in different background potentials. For two particles, we will compare with the analytic
result for a harmonic trap. For more particles, we will compare with results computed
using matrix product states as explained in Appendix

Recall from Section |3, that when describing the basis we will write [k(()i); kii), R k](\zf)]

to denote a zero interaction state with index ¢, with the single particle in state k:(()i) and the
majority particles in the antisymmetric state with quantum numbers k‘gz) > ... > kg\z,).
A state with index p at infinite interaction will be denoted by two sets of numbers,

[q(()“ ), e ,q§\’;)]oo and [a(()“ ), e ,a%)}, such that the wavefunction is a totally antisymmetric
wavefunction built from ¢’ > ... > gy

(1) 1) and which is multiplied with the coefficient al(“ )
if zg is smaller than exactly [ of x1,...,xn.

When truncating the infinite basis (of both zero and infinite interaction states), some
choice must be made on how this truncation should be done. In this paper, we will simply
truncate when the number of particle excitations above the lowest state is above a certain
threshold, namely we will construct the basis from all zero interaction states that satisfy
Y k((f ) _ Y k:((zo) < e and all infinite interaction states that satisfy ), q((z“ ) _ D q((zo) <e.
We will refer to this cutoff as simply the basis threshold and denote it by € in this section.
For the harmonic oscillator potential, this is equivalent to an energy cutoff on the states,
since the energy is linear in the quantum numbers, but for other potentials this is not the
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Figure 1: The two potentials used in this paper, the harmonic well with angular frequency
w and the double well described in Appendix [C| with parameters zo9 = —xy9 = 2 %,

wo=w1 =w, Dg=0, A1 = 1.5 X hw and Ay = 0.8 X hw.
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case. We will leave a deeper investigation on the optimal selection of states for future work.

Note that in this paper we work in absolute coordinates and thus our energy spectra,
such as figures [2| and [7] show all energy levels. This must be taken into account when
comparing with for instance [51], where only the internal energy levels are shown and thus
does not include excitations of the center of mass of the particles.

5.1 Two particles in a harmonic potential

In this section we will make detailed comparisons between the methods in this paper and
the analytically known formula for two particles. A full derivation of the two particle
system can be found in Appendix [Bl The basis is built from states at zero interaction
and from states at infinite interaction. The states at zero interaction are specified by
two quantum numbers, denoted [ko; k1]. There are no constraints on these two quantum
numbers as we are dealing with two distinguishable particles. At infinite interaction, the
states are built by taking a totally antisymmetric state, denoted by ¢ = [qo, ¢1]co With
qo > q1, but by multiplying with different coefficients ag and a; depending on the position
space coordinates. In other words, the wave function is given by ag®gz(xo, 1) when xg > 1
and a1 ®gz(zo, 1) when g < x1 where ® is the totally antisymmetric state. A basis for
such states is given by all antisymmetric states and the coefficients @) = [1,1] and
@® = [1,—1]. However, note that @ = [1, 1] just corresponds to the totally antisymmetric
state and is thus included among (a linear combination of) the zero interaction states. As
was mentioned in the end of Section [3.4] it is important to exclude such linearly dependent
states to avoid singular behaviour in the Gram-Schmidt orthogonalization process when
constructing the basis. We will thus exclude the states with coefficients @) = [1,1] and
thus for two particles it is enough to specify a state at infinite interaction only by the
quantum numbers ¢ = [qo, 1] and we leave the coefficients [1, —1] implicit. For example,
for a basis threshold of € = 2, we have the zero interaction states [0, 0], [0, 1], [1,0], [2,0],
[0,2] and [1,1], as well as the infinite interaction states [0, 1]oo, [0, 2]c0, [0, 3]0 and [1, 2]
(with the implicit coefficients [1, —1]).

5.1.1 Energies

In Figure 2] we show the energy of the lowest six states computed using our variational
approach and the analytic formula, for various values of the coupling g. The ground state
interpolates between the state [0,0] at g = 0 to the state [1,0]o at g = +oo (with the
implicit coefficients [1,—1]).The first and third excited states are totally antisymmetric
states (unaffected by the interaction) with the quantum numbers [0, 1] and [0, 2].

As we can see from this plot, there is an agreement between the results, but it is dif-
ficult to appreciate exactly how well they agree. In Figure [3| we therefore plot the energy
difference of the analytic result and the variational result for g = 1/2, 1,2 for the ground
state and one of the excited states for various basis sizes. As we can see, they agree to
an extraordinary accuracy (note the logarithmic scale). Each data point corresponds to a
basis constructed with basis threshold ¢ = 0, 2,4, ... The z-axis then shows the total size
of the basis.

The reason why we look at the fourth excited state is that this is the first “nontrivial”
excited state when computed using the analytical formula. As explained in Appendix
the non-trivial part of the analytical derivation is computing the eigenstates of the relative
motion Hamiltonian, and to get the full spectrum we also need to add the energy for the
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Figure 2:  Energies for the lowest six states for the 141 system in a harmonic trap,
computed both using the exact analytical method and the variational method.

center of mass Hamiltonian which is just a free harmonic oscillator. In the variational
method, where we work directly in absolute coordinates, we automatically get all states.
It turns out that the first excited state is just a totally antisymmetric state, the second
excited state is just the first state plus a center of mass excitation, and the third excited
state is then also just a totally antisymmetric state (actually the first excited state plus
center of mass motion). The fourth excited state is then the first excited state which
corresponds to a non-trivial eigenstate to the relative motion Hamiltonian and where the
center of mass energy is zero.

5.1.2 Position space densities

In Figure |4 we show the position space density for the ground state at ¢ = 1 compared to
the analytical result. We see that when we only use two states in the basis there is a small
discrepancy between the two methods, but when we use larger basis sizes the methods
agree very well. A more detailed comparison can be seen in Figure [5] where we plot the
density at three arbitrary values of x as a function of the basis size. We see that they agree
exceptionally well with the analytical result. To compute the density from the analytical
result, we need to perform an integral transforming from Jacobi coordinates to absolute
coordinates (see Appendix .
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Figure 3: Convergence of the energies in the 141 system in a harmonic trap, comparing
the variational method to the analytical result.
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Figure 4: Position space density for the ground state for one of the particles for different
basis sizes compared to the analytical result for the 141 system in a harmonic well at
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Figure 5: Detailed comparison between position space density in the 1+1 system at
g % = 1 at particular values of x compared to the analytical result.
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Figure 6: Momentum distribution of one of the particles in the ground state at g, /% =1

for the 141 system in the harmonic trap, compared with the analytical solution.

5.1.3 Momentum space densities

Finally we will compare the momentum densities, which is computed from the density ma-
trix by equation The comparison between the analytical and the variational methods
is shown in Figure [f] Again, there is a discrepancy with the analytical result when only
using 2 basis states, but when using 10 basis states the results agree very well.

5.2 Three particles

In this section we will consider the case of three particles, namely one single particle and
two identical fermions. The states at zero interaction are now given by three quantum

numbers [k(()i); k%i), kg)], and an infinite interaction state is defined using three quantum

numbers [q(()“ ),qgu ), qé“ )] and three coeflicients al(i). The coefficients must be linearly in-

dependent and orthogonal, and we will choose the coefficients [1,1,1], [\/3/2,0,/3/2]
and [~1/v/2,v/2,—1/+/2]. For example, for a basis threshold ¢ = 2, we have the 7 zero
interaction states [0;0, 1], [0;0,2], [1;0,1], [0;0,3], [0;1,2] and [1;0,2] and [2;0,1]. The
infinite interaction states are built from the 4 antisymmetric states [0, 1, 2], [0,1,3]co,
[0,1,4]~ and [0, 2, 3], all multiplied with the corresponding coefficients. Note however,
as explained in the antisymmetric state [0, 1, 2] is linearly dependent on some of the
zero interaction states, and for simplicity we will thus exclude all antisymmetric states
(the states at infinite interaction with coefficients [1,1,1]).
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Figure 7: Energies for the lowest seven states for the 241 system computed using the
variational method. The result using the matrix product states method for increasing
accuracy is shown in red dots, with the black star being the extrapolated value. The
energies are computed using basis states with basis threshold 8. The ground state is
computed also using basis threshold 0, 2, 4 and 6 to show the convergence, which are
shown with dashed lines.

5.2.1 Energies

Figure [7] shows the lowest seven energies for the 2+1 system with harmonic potential.
We compare with the matrix product states (MPS) result at ¢ = 1.0 for the ground
state. Note that to obtain good agreement, we need to compute the energy for several
numerical accuracies and then extrapolate the result. The MPS computations for the
different accuracies are given by the red dots, and the extrapolated value is the black
cross. The dashed lines are the ground state computed with the variational method using
basis states with a basis threshold of € = 0, 2, 4 and 6, and the solid lines are computed
using a basis cutoff of ¢ = 8. These correspond to basis sizes of 142,748, 22422, 50446
and 95482 respectively, where the first (second) number is the number of zero (infinite)
interaction states the basis is constructed from. Our vatiational method easily gives us the
energies of several states at many different values of g, which is one of the main advantages
of the method compared to for example the MPS method where each computation only
yields the energy and wavefunction at one particular interaction.
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Figure 8: Position space density for the ground state at g, /% =1 for the 2+1 system

in the harmonic potential, for different basis sizes compared to the matrix product states
method. The density profile localized in the center is the minority density and the other
one is the majority density.

5.2.2 Position space densities

Figure [§| and (9| shows the position space minority and majority density at g, /% =1

for the 2+1 system for different basis sizes compared with MPS method. In Figure
we assume a harmonic potential, while in Figure [9] we consider the double-well geometry
shown in Figure In both cases we have good agreement with the MPS result. The
computations are for energy cutoffs of 0, 2 and 4.

In Figure [10| we plot the integral of the squared difference of the densities for different
basis sizes to better compare the convergence.

5.2.3 Momentum space densities

In Figure F we compare the momentum space densities at g, /% = 1 in the harmonic

well with the MPS result. We see that they agree quite well already for the lowest possible
number of basis states, and we again see that the discrepeancy goes to zero as we increase
the basis size.
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Figure 9: Position space density for the ground state at g, /% =1 for the 2+1 system

in the double well potential in Figure |1}, for different basis sizes compared with the matrix
product states method. The profile localized in the left well is the minority density and

the other one is the majority density.
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Integrated difference square of the position space density for the ground state
at g, /% =1 for the 241 system compared with the matrix product states method.
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Figure 12: Position space density for the ground state at g,/ % = 1 in the double well

potential in Figure [I] for the 6+1 system. The density profile localized in the left well is
the minority density and the other one is the majority density.

5.3 Seven particles

In this section we study the 641 system. Figure and Figure shows the position

m

space density profiles for the ground state in the double well potential for g, /555 =1 and

g % = 10. We see that for large number of majority particles the system starts to look

like a single impurity in a homogeneous bath. Moreover, when the interaction increases the
minority particle density clearly gets deformed, which is reproduced with both methods,
and we see that our method does work well both for intermediate and strong interactions.
However, the discrepancy with the MPS result is clearly larger compared to the 241
system.

5.4 Eleven particles

Figure [14] shows the position space density profiles for the ground state in the harmonic
trap for g % = 1 for the 10+1 system, and we see that the method still works well even

for higher particle numbers.
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Figure 13: Position space density for the ground state at g, /% = 10 in the double well

potential in Figure [I| for the 6+1 system. The density profile localized in the left well is
the minority density and the other one is the majority density.
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6 Conclusions

In this paper we explored a new method for studying strongly coupled one-dimensional
systems where an impurity interacts with a background of identical fermions, a method
that generalizes that of [51]. Our results compare well both with analytical methods for
two particles and with numerical methods based on matrix product states. However, our
method has the fundamental advantage of allowing calculations for arbitrary values of the
interaction strength by only constructing the basis once. Generally, numerical approaches
would require a full calculation for every value of the interaction strength. To compute the
eigenstates and energies, we just need to change the interaction parameter g in the Hamil-
tonian before diagonalizing. Moreover, most numerical methods would perform worse
the stronger the interaction strength is, but our method is exact at infinite interaction
and thus works well both for small and strong interactions, with a peak of slower conver-
gence at some intermediate interaction strength. Since our states are chosen such as to well
approximate a state at finite interaction, the basis size is also relatively small and the com-
putational power needed for the diagonalization is negligible. In particular, the method
does not require sophisticated diagonalization algorithms or high performance computing
tools, which is often the case for exact diagonalization methods. Note, moreover, that the
matrix we diagonalize is not a particularly sparse matrix. Computing densities is more
computationally heavy since they need to be evaluated for each position space coordinate
separately, and thus scales linearly with the number of grid points. For majority densi-
ties, a double numerical integral must be performed which makes them heavier than the
minority density. Furthermore, each position space coordinate for the minority density
can be computed in parallel which can further decrease the computation time. While it is
possible that our numerical techniques can be significantly improved, such as finding a way
to efficiently parallelize the majority density calculations or optimize the grids on which
we evaluate the numerical integrals, we will leave such investigations for future work. We
also want to again stress that the time consuming calculations only have to be performed
once for each chosen basis and we can then easily obtain the densities for any interaction
strength g.

In this paper we only considered repulsive interactions. The method will not generalize
trivially to attractive interaction since on the attractive sides, there are bound states that
do not converge to any state when the interaction goes to infinite interaction strength, but
instead diverges with infinitely negative energy. Such states would not be well approxi-
mated by a linear combination of exact solutions at infinite interaction and states at zero
interaction. It should be possible to extend the basis considered in this paper to states
that would also capture these bound states, similarly to what was done in [51], but we
will leave the study of attractive interactions for future work.
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A Some integral formulas

A.1 Integral 1

In this section we will derive an expression for

I;f’ﬁ(x) = / Qa(x1,. .., xn)Pp(x1, ..., Tn), (45)
My (z)
where My (z) is the set where x is smaller than exactly k of the coordinates x1, ..., z, and
®; is the (normalized) totally antisymmetric wave function of the states corresponding to
the quantum numbers in ¥ = (vy,...,v,). We will use induction to show that
k Lo
Iz 5(x) = Eae det(A + €B)e=o, (46)
where A is the matrix defined by A = " fau (@) fp, (@')da’ and Bop = [° fo. () fp, (@) da
Oap — Agp- For k =0 we easily obtaln
xX x
10 5(x) = / day - / dz, ®;D5 = det A(x), (47)
—0o0 —0o0

which proves the base case. Now assume that Ifl;ﬁ(z:) = %8§ det(A+€eB)e=p for j < k. We
then have

(j’_’ kz Hr]/ f(h fp] )dx/IIc 1()( )

% ZZJ_(—U"“‘ | 5aa (0000 50 et A ) + B0

_ Lok 1
= kae [(k} — 1)!85det(A+éB+,BB)5:O o

1
= gaf det(A + €B)e—o. (48)
where we have use the notation that N(i)(j) is the matrix N with row ¢ and column j

removed and similarly ¢(7) is the ordered set with the element indexed i removed. We
also used the formula tr[MadjN] = > (—1)" M;; det N (i)(j) = O det(M +€eN).—o and he

factor 1/k = (JZ ) / (N (g:f)) can be inferred from combinatorics and the normalization

of the wavefunctions. Thus our formula is proven by induction.

A.2 Integral 2

Let us now consider the integral

k.l _
I@ﬁ(x7$,) = / éq(xla'"7xn)q)ﬁ($17"'7xn)> (49)
M1 (z,3")
where My, ;(x, 2") is the set where z is smaller than exactly k of the coordinates 1, ..., 2z,
and 2’ is smaller than exactly [ of the coordinates x1,...,x,. ®z is the (normalized)

totally antisymmetric wave function of the states corresponding to the quantum numbers
in 7= (v1,...,v,). The result is

1

kl.’l?l’
L@ %) = I min e )1

a'k l|amzn(k ) det(A +vB+ 60)6 0,v=0, (50)
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where Aj; = [T £ (0) fon (0")da", Cij = [l 55D £ (37 fn, (") and By =

00 min(z,z’)

frioax(x@,) fni (@) fin; (2")da”. We can also prove this by induction. Note that if we assume

x >z’ and k = 0, the formula is the same as if the upper integral limit is changed
from oo to x and the same proof goes through. We will thus use this as a base case for our
induction proof and thus assuming without loss of generality that z > 2/, we can prove
the formula for [, k with & < [ by assuming that it holds for £ — 1,{ — 1. Following the
exact same reasoning as in the proof in we have

quxx kz z+]/ fqz // fp //) ”Ik,ll()l( )
= % Z(—l)ﬁ‘]/x fqi (x//)fpj (x")dx”

AFUgk=1 det(A(i)(§) + vB(i)(j) + €C(i)(§))emo,v=0

|k:—l]'k'
1
S alk-lgk—1 |  +
= k:ae 0, [|k_l|!(k_1)!8gdet(A+VB+GC+ﬂB)5:0 ot
1
ma‘k l|8kdet(A—|—l/B+€C')€ =0,v=0- (51)

Since we assumed that & < [ and = > 2/, and the exact same proof can be done for k > [
and x < 2/, formula follows.

B Two particle system

In this section we review the analytical solution of two particles in a harmonic trap, with
a delta function interaction [54]. The full Hamiltonian is

L o

H= 2$17L x5+ 101+ +V (52)

where
(w1, 22|V |2, 2b) = g8(x1 — 22)0(x1 — 2))6(22 — 25). (53)

By introducing Jacobi coordinates z = (z1 —22)/v2, p = (p1 —p2)/V2, X = (z1+22)/V2
and P = (p1 + p2)/ V2 we can split this Hamiltonian into two parts, namely

H = H,+ Hom (54)

where Hcy = X2/2 + P2/2 is just a harmonic oscillator corresponding to the center-of-
mass motion, and
z? p2 ’
Hyo = 2 +?+75( )(5(.’17—56) (55)
The hard part, which will occupy most of this appendix, is solving for the eigenstates of
H,e1. The full set of eigenstates and eigenenergies are then obtained by tensor product

with the eigenstates of Hc.

We will solve for the wavefuctions by first expanding in a harmonic oscillator basis.
The Harmonic oscillator eigenfunctions are given by

Fulz) = J;w—l/4e—gﬂn(x), (56)
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where H,, are the Hermite polynomials. The energy is given by E,, = n+ 1/2. Let |®) be
an eigenstate for H,,. We have

H,q|®) = Eg|®) = En(n|®) + > _ (n|V|m)(m|®) = Eg|®) (57)
m=0

Solving for ¢, = (n|®) and defining the quantity A = > f,,(0)c,, we obtain

A

_ 9 L

V2

Now multiplying both sides by f,(0) and summing over n, we can cancel A from both
sides to obtain

(58)

(0)? fan(0)
\[ZEq) —1/2—n ﬁzr; Es —21/2—2n' (59)

For the case where A = 0, for which we can not cancel it from both sides to obtain equation
(B9), see Appendix For the Hermite polynomials, we have H,(0) = 0 if n is odd, and
H,(0) = (—1)"(2n!)/n!, which is the reason why we have omitted the odd terms. The
wavefunction is given by a similar formula, namely

9 f2n(0) fon(2)
®(z) = \EAZE;T;—W (60)

It thus makes sense to treat these simultaneously, so let us define
Jon(0) fon(2)
= . 61
DI (61)

To compute this function, we use the following relation between Hermite polynomials and
Laguerre polynomials
Hyy () = (=1)"22"nI L V2 (22). (62)

We thus obtain
e~ T L2 (22
Fay=Y S (@) (63)

Now we use the integral representation

1 %) 1 y n—v—1
= d , 64
n—v /0 y(1+y)2<1+y> (64

f(x):/ooo (ljiryy)2<1iy>_y_ _mmZL e <1+y>n (®)

Now we can recognize the generating function e~*/(1=t)(1 — ¢)=o=1 = S™¢"L%(z) to
obtain

to obtain

F(z) = e-x2/2/ dy(1+y)" "2y~ e = D(—v)e ™ PU(=v,1/2,2%)  (66)
0
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where we have used a standard representation for the confluent hypergeometric function
U. At x = 0, we can use the relation U(—v,1/2,0) =T'(1/2)/T(1/2—v) = /7 /T(1/2—v),
to obtain

I'(=v)
F(0) =vr—q— (67)
i —v)
Thus for the energy, we must solve the equation
- _gfy:E¢/2—1/4(0) _ g9 T(-Es/2+1/4) (68)

2V2m 2v2T(—Eo/2+3/4)

For the wavefunction, we instead have

gA gA
(P = —7‘7;1: _ = —
(z) oo Eg/2 1/4(55) Wor

['(—FEg/2+1/4)e " 2U(=Egp/2+1/4,1/2, 2%).
(69)

To find the normalization constant A we can consider the normalization constraint

_ g f3(0)
1—¥C%—EA2;(E¢_TL_1/2)2

T(—FEg/2 +1/4)
*T(—FEa/2 +3/4)°
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Defining ¢ (z) = I"'(z)/I'(z) and using the energy formula ([68)), we can simplify this to

22
9W(=FEe/2+1/4) = (=Ea/2 + 3/4))

A? = (71)

B.1 0Odd states

What we have obtained so far are all even parity states where the wavefunction in position
space is an even function. The odd parity states are just odd harmonic oscillator states
and they are unaffected by the interaction since they vanish at & = 0. These states would
have A = 0 and thus the step to obtain equation would be illegitimate.

B.2 Absolute coordinates

The full eigenstates are then obtained by also multiplying by the center of mass states.
The complete wave function for H = H,q + Hc is given by

(I)k,n(va) = (I)k(m)fn(X) (72)

where we have labeled all eigenstates of Hye (both even and odd) by ®; for £ =0,1,...
and f,, are just the standard harmonic oscillator wavefunctions. The energy is likewise
Eyn = Eg, + E, where E, =n + 1/2 is the nth harmonic oscillator energy.

To compare with the variational method in this paper, we would also like to compute
the coordinate and momentum densities. Recall that x = (21 — 22)/v2 and X = (21 +
r2)/v/2. The single particle density matrix is just the square of the wavefunction in
absolute coordinates, namely

r1 — T2 X1+ To

p(xl,xg):q)im( \/§ ) \/Q )v (73)

32



SciPost Physics

and the density is thus given by

& Tr1 — T2 1+ T2
plan) = [ @, (P T g, (74)
—0o0
The momentum density can then be obtained by
1 o oo .
p(p) = 271/ / dxld:tgelp(xl_m)p(wl,:):2). (75)
—oo J —0o0

C Wavefunctions and energies for a smooth double well po-
tential

In this appendix we give details on energies and wavefunctions of the double well potential.
The double well potential is defined as

%w%(x—xo)Q—i—Ao <z <0
V(z) = { —twiz—m)P+ A 1<z <10 (76)
§w2(x—a:2)2+A2 T >x9 >0

where we require xgp < 1 < 22 and xy < xgr. Continuity of the potential as well as its
derivatives at two points x; and xr implies the equations

S = w0 + Ao =~ (o1 — 21 + Ay, (77)
1 2 2 1 2 2
—5(1’3—301) wi + Ay :i(xR—xQ) wh + Ao, (78)
wi(er — 20) = —wi(zr — z1), (79)
—w(xg — r1) = wi (xR — T9). (80)

This system is uniquely solved for wy, 1, 7, and x g given the physically relevant quantities
wo, w2, Lo, T2, Ag, A1 and Ay. The solution is given by

wiZ= 1
1 2(Ag — Ag)2wiws
[ - 2\/(1‘2 — 20)%(A1 — A9) (A1 — Ag)wiwd (w2 — z0)?wiws + 2(A2 — Ag)(wf — wj))
— 2(A1 — Ao)(AQ — Ao)wgwg‘ — wéw%(Q(Ag — Ao)(AQ — Al)

+ (22 — 0)*(—2(A1 — Ap) + (A2 — Ag))w3) |, (81)

= [~ 0) (A1 - A)

L= Ay = Ay) @2 T 7o) (A1 = Ao

1
(55'2_1'0)003%1\/(:62 —20)%(A1 — Qo) (A1 — A2)W8wg((1’2 - 330)2“(2)“’% +2(A2 - AO)(W(% - w%))

(82)

and then xy and xr are given by

2 2

2 2
wy + wi
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CL’QW% + azlw%

TR = (84)

w% + w%
Extra care for these formulas must be taken when evaluating these expressions for
Ag = As. In this case we have

S(Ao - Al)(l'o - .%‘2)0.}(2)(.«)%

2
wl -
4(A0 — Al)w2(—2A() + 2A1+
4(Ag — A)2wd + 0
( 0 1) 0 ((fUO _ :Ez)zwg)w% + (QAO —2Ay + (5U0 _ xz)zwg)wg )
(85)
2(A1 — Ao)wg + (QA[) — 2A1 + (:1:8 — x%)w%)w%
2(20 — 22)wiws
For the symmetric case (symmetric around x; = (x¢ + x2)/2) where we also have
wp = wa, we have
8(A1 — Ag)wd
W (21 = RoJuy (87)

- S(AO — Al) + (l‘o — 352)2608

We can compute an upper limit on the parameter A;. The highest value is the value
such that w; = oo, namely we have the more well known double well potential which has
a discontinuous derivative between the wells. For such a potential the discontinuity is at
the intersection of the left and right wells, namely we solve

1

1
§(xM — x0)%wi + Ay = §($M — z1)%w3 + A, (88)

which results in the solution

- Towi — Tow3 + \/Q(Ag — Ao)wg + (240 — 2A5 + (x9 — :Uz)zwg)w% (89)
= 2 2 :
Wy — W3

Then the upper limit of A is given by Ay ax = %(.CCM — 20)%w3 + A.
We will now work out the wavefunctions and energies. We will work in units where
h =1 and m = 1 (the mass of the particle) and for simplicity and we will define vy and v
by E = wo(vp + %) + Ay = wa(ve + %) + As. The eigenfunctions are now uniquely given
by
Y(x) = CoDy, (f 2wp(x — zo)) (90)
for x < zj and

b(x) = CaD,,, (v2wa( — 22)) (91)

for z > zp and for some constants Cy, Cy (this follows since these are the only solutions
with the correct falloffs at © — +00). The function D is the parabolic cylinder function

given by
v 1 22 z T(=1) 1—v 3 22
F _ ..z Il 2 F oL 92

where 1 F; is the confluent hypergeometric function. Note that this function is a linear
combination of the two linearly independent solution of the Schrédinger equation in a
harmonic well, and the relative coefficient has been fixed by requiring falloff at infinity. In
the intermediate region we need to solve the Schrédinger equation for an inverted harmonic
well. It can be showed that the solution then is

Y(z) = OV KD (Voo (@ — 21)) + CP KD (Vawr (@ — 1)), (93)

D,(z) = ov/2¢=2"/4 [
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where

KW () = o124 1 w1147 4

and )
; ] 3 3 iz

K@ () = =224, p (W L 2.2
and where we have parametrized the energy as F = w(v; + %) + Ay (which we recall
is also equal to wp(vy + %) + Ao = wa(va + %) + Ay). Despite the complex arguments,
these are real functions. These solutions should now be glued smoothly across the points
x, and xg such that 1) and ¢’ are continuous. To simplify the equations, we will define
r=wsy/wi, R=w/wi, A =hwd, C =hwicand we work in units where pw;/h = 1. This
gives the equations

CoDyy (—V2w0(z1, — 70)) = CLV KD (Vawy (w, — 1)) + CP K (Vaws (x, — 1)), (96)
CaD,, (V2 (g — 22)) = CVKD (Vawi (wg — 21)) + CPV KD (V2wri (zg — 1)), (97)

VG0, (—V2(er —x0)) = VEr O KLY (Vawi (e —a0) + Vi O K (Ve (wr—a1),
(98)

VinCaDy, (—V2(er - 22)) = Ve OV KLY (Vo (wr—a1))+ e P KR (Van (wp—a1)),
(99)

If we are given vy, 1,2 (which are all determined by the energy E), this is a linear
system of equations for C’O,CQ,CP,C’EQ). For this system to have a non-trivial solu-
tion, the determinant of the corresponding matrix must vanish and this condition is what
determines the energy (or equivalently the parameters vy, vy, v2). This system of equa-
tions, supplemented with normalization of the wave function, then fixes all the constants
Co, Co, C’{l), C{Z). In general, if we piece together N different quadratic (or other analyt-
ically solvable) potentials, the energy will be obtained by solving the equation resulting
from enforcing zero determinant of a 2(N — 1) x 2(N — 1) matrix.

D Matrix Product States

Throughout this work we compare our analytical method with simulations performed with
Matrix Product States (MPS), using the Open Source MPS (OSMPS) libraries [52]. In
these calculations, we employ the Hubbard model as an approximation to the continuum
in order to obtain static properties of a fermionic polaron system. Thus the spinful lattice
Hamiltonian is written as

H=ty (chiy 0o +He) +U D njgnjy+ Y ejnjo, (100)

j7o- ] ]70.

where ¢! and ¢ are the creation and annihilation operators, respectively, ¢ is the hopping
parameter and U denotes the strength of the on-site interactions between fermions with
different spin projections. We denote the internal states as |1) for the background fermions
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and |]) for the impurity. Since we consider only a single ||) fermion, we have naturally
>_jmj =1, with 37, n;4 also being normalized to the number of background fermions.
We include additionally the trapping potential as the position-dependent €; parameter.

We simulate the continuum by taking a total of L = 256 sites. We thus obtain a
lattice spacing a = [/L where [ is the total length assumed for the trapping potential. The
hopping parameter is related to the kinetic term in the continuum as ¢ = 1/(2ma?), where
m is the atomic mass, which we take to be 1. The continuum and discrete interaction
parameters are related as U = g/a. To obtain matching energies, we must include an
additional term in the Hamiltonian given by Zj 1/a?. In some cases, to improve the
accuracy we compute the results for several increasing values of L and then extrapolate
to a final value using a function of the form f(L) = A+ B/L + C/L>.

E Polynomial interpolation for computing determinants

At several stages in the technique used in this paper we have to compute derivatives of de-
terminants of the form 9!D(e)|c—o = 9% det(M (€))|e=o, where M (e) is some n x n matrix
and i = 0,...,n. We evaluate these derivatives by computing the function D(€) on n + 1
values with ¢, = —142i/n, i =0,...,n, and then fitting a polynomial to these values and
extracting the coefficients. These coefficients can be obtained by multiplying the vector

D(e;) with the inverse of the matrix K;; = €.

For the single-particle density matrix, we also need to compute terms of the form
0L D(€,6)|e=0,6—0. This is done similarly be fitting a polynomial of two variables to the
values D(e;,€;) with ¢, = —1 + 2i/n, i = 0,...,n. We carry out the polynomial fit by

|J/(n+1)] J mod (n+1) on the (7’L+ 1)2 vector

applying the (n+41)2 x (n+ 1)? matrix K75 = €11/(n+1)] €T mod (n+1)

Dr = D(e\_I/(n—&-l)j » €I mod (n—l—l))'
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