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Abstract

We have extended our previous applications of the method of unitary clothing trans-
formations (UCTs) in mesodynamics [1, 2] to quantum electrodynamics (QED) [3, 4].
An analytical expression for the QED Hamiltonian in the clothed-particle representation
(CPR) has been derived. Its distinctive feature is the appearance of a new family of the
Hermitian and energy independent interaction operators built up in the e?-order for the
clothed electrons and positrons instead the primary canonical interaction between elec-
tromagnetic and electron-positron fields. The problem of describing the bound states in
QED in case of the positronium system has been considered. The first correction to the
energy of the ground state of the para-positronium and its decay rate to two photons has
been calculated by using the new interaction operators.

1 Introduction

Starting from the primary canonical interaction between electromagnetic and electron-po-
sitron fields, the QED Hamiltonian has been expressed through a new family of the Hermitian
and energy independent interaction operators built up in the e2-order for the clothed electrons

and positrons. In this context, we show the QED Hamiltonian Hgeq(a) = Hp(a) + Vgeq(@) in
the bare particle representation (see, e.g., the monograph [5]), where V4 is given by

Vged = J dx ji(x)a" (%) + Veou = VI + Veou » (D

with the electron-positron current density operator

Julx) = e )y, (x) (2)
and the Coulomb part
J°()j°() o Hxyl
VCoul - f J 47'c|x y| (3)
In the CPR
qud(a) = HF(a) + qud(a) = K(ac) = KF(ac) + Kl(ac)- C))
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Admittedly the exponential factor with the parameter A > 0 set to zero at the end of all
calculations is introduced to deal with infrared divergences. Here a, denotes the set of all
creation and destruction operators for the clothed particles included. Note also that we use
the Coulomb gauge (CG), where the photon field q, being transverse, has two independent
polarizations.

It is proved, that in the e2-order the interaction part K;(a,) is approximated by

(2)
KI (ac) = Ke—e—_,e—e— + Ke+e+_>e+e+ + Ke+e—_,e+e— + Ke+e—_>),), + K)/}/—>e+e_+
+Ke*y—>e*)f + Ke*y—w*y 5

)

where the separate contributions in the r.h.s are responsible for the different physical processes
in this system of interacting photons and leptons.

2 Analytical expressions

A distinctive feature of our approach is that all expressions in the r.h.s of (5) are obtained
simultaneously with mass and vertex renormalizations from the commutator of V from (1)
with the generator of the first unitary clothing operator [1]. In particular, we present the
interaction operator between clothed electrons and positrons

dp} dp5 dp, dp
Ke ot ve e+=J L2 21 22y (p}, D} p1,p2)b (p)d (p))b(p1)d(py),  (6)

P1 Pz P1 Pg

e2m
2ny

where m the physical electron (positron) mass, b(d) is the destruction operator for the clothed
electron (positron). Henceforth, we omit polarization indices where it does not lead to con-
fusion. In addition, we have introduced the decomposition into the so-called scattering and
annihilation contributions vg and v,. Each of them has the structure

Vet (P], Py P1,P2) = (pz +pi— Pz—Pl)[vs(p’l,p;;pl,pz)+vA(p’1,p§;p1,pz)], (7)

F -like ff- -shell
'Us/A — US(;}[;nman 1Ke + vg/Aenergy she. , (8)
Feynman- hke 1 — /
v —a(p! )y ulps)> { ¥ }v(p Y ,0(p)),
s ! Y2l (p) —p1)? (p;—pz)2 2R
/ / /
off-energy-shell (pl +py,—P1 _p2) _ (p1 pl) (pz —Pz) _ 0 /
v = a(p?)yu(p ) U(p2)y v(py)s
s () —pr+az VT EPER G —p2 T (py—p2 S P2 2
prEmmante _ oo ypy(pl) L { LI }"U(Pz)}’ u(py)
A ! 2 (p1+p2)*  (p3 +P;)2 a
/ /
off-energy-shell (pl +p, D1 _pz) 0 (pl +p2) (p1+p2) ) - 0
v = a(p)y v(p ) U(p2)y u(py).
A (o +ppr+az PV O or i p 2 T (py+p2 S 2 !

Such a decomposition implies that only the Feynman-like part survives on the energy shell,
i.e., on the condition p7’ + p’ = p? + pJ. Of course, all momenta included are defined on the
mass-shell: p? = pg —p2=m2.

Furthermore, we present the operator of the process of the annihilation of clothed electron
and positron to two photons

dk, dk,dp, dp U
Ko-et oy = J - p(ﬁ p02vrew(kz,kl;pz,pl)c'(kz)cf(kl)b(pz)d(pl), ©
1 1 2
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where ¢ is the creation operator for the clothed photon. Similarly to (8), we separate off-
energy-shell part which goes to zero if energy conservation law satisfied

2

e’m 3 .
Ve-etyy(ka, ki3 P2, P1) = mﬂlﬁ + Py —ky — ky)[vFynman 4 qoffenergy-shell] (10)

,UFeynman — Qj(p1)¢(k1)¢(k2)u(p2)

Fi—Ki+m ’ an
,Uoff—energy—shell — _ll: ﬁ(p1)¢(k1 )¢(k2)u(P2) + ﬁ(P1)¢(k2)¢(kl )U(Pz)]
2 Fi—H.1+m Ho—KH.1—m .

3 Correction to the positronium ground state energy

The problem of describing the bound states in QED in case of the positronium (Ps) has been
considered by using the new interaction (6). Positronium consisting of an electron and a
positron is the simplest bound system in QED. Its ground state (g.s.) has two possible con-
figurations with total spin values S=0, 1. The singlet (triplet) lowest-energy state with S=0
(S=1) is known as the para-positronium (ortho-positronium). For this exposition, we will
restrict ourselves to the consideration of the para-positronium (p-Ps) system.

As noted in [6], the Fock subspace of all the clothed states can be divided into several
sectors (two electrons sector, photon-electron sector, etc.) such that K (2)(ac) leaves each of
them to be invariant, i.e., for any state vector |®) of such sector K (2)(ac)|<1>) belongs to the
same sector. Here we make an assumption that the Ps state belongs only to electron-positron
sector. The corresponding g.s., being the H eigenvector, viz.,

H|p-Ps(P)) = E|p-Ps(P)), (12)
can be represented as
dp,dp
|P;p-Ps) = p_olp_oz Uoo(P;p1,P2)b" (p1)d"(p2)I). (13)
1 P2

In the p-Ps rest system or center mass system (c.m.s.) the eigenvalue equation has the form

dp’

2po¥oo(p) + J V', p)%00(P") = My ps¥oo(P), (14)
Popo

where my,p; = m,- + mg+ + €,p, the para-positronium mass and ¢,ps its binding energy,

Voo(p) = ¥oo(P = 0; p,—p) (since we work in c.m.s.) and V(p’,p) gets out from (6) in

cms. (p=p;=—py, p’ Epll — _Plz)
V(p1, P5, P1,P2) = (Q1d(P5)D(P))Ke-c+ e b (p1)d " (p2)I2). (15)

In the non-relativistic limit (py = p, = m) the eigenvalue equation reduces to the ordinary
Schrodinger equation for the Coulomb potential in momentum space. Therefore we come to
the well-known Coulomb problem with the g.s. energy &, ~ —6.8eV. By considering the
difference between V(p’,p) and the Coulomb potential as a perturbation (it is not evident)
and using the non-perturbative wave function of the ground state

2 v/2ad

T+ ap?p’ (e

Yoo(p) =

3
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from Appendix C in [7] we have computed the energy shift

Ae =—4.7325-10"%eV.

This value surprisingly coincides with those estimations given in [ 7] (see formula (1.1) therein).
In order to verify such a coincidence beyond the perturbation theory, we are addressing the
partial wave decomposition of the positronium eigenvectors that has been successful when
finding the u and w components of the deuteron wave function (WF) [8].

4 The partial eigenvalue equation for para-positronium

In this context, we derive the partial eigenvalue equation for the para-positronium WFs that
belong to the total angular momentum J, viz.,

oo p/de/ _
2po ¥’ (p) + J ——¥ (p )V’ (p,p") = m,p ¥ (p). (17)
0 pOpo

Here V7 (p, p’) is the partial electron-positron quasipotential derived in the momentum repre-
sentation from the new e e*-interaction operator. In turn, we have

V?(p,p’) = ¥’ (Feynman-like) + 0’ (off-energy-shell). (18)

Such a separation implies that only the Feynman-like part survives on the energy shell, where

py = Vp’? +m? =py = /p?+ m?. The task of solving the eigenvalue equation and obtaining
the corresponding positronium states in the CPR is underway (see Appendix C in [9]).

5 Positronium decay rates

The positronium decay to two photons has considered. The corresponding decay rate is given
by (see formula (9.337) in [10])

r= Z J% %nS(k?+kg—Eps)5(kl+k2—P)|Tfl-|2, (19)
0109 2
where the T-matrix element Ty; = (Q|c(k;01)c(ky05)T|Ps) from the initial Ps ground state to
the final state of the two photons, respectively, with the momenta k; = (k(l), ki) and k, = (kg ks)
and their polarizations o, 0,. In this connection, we note an equivalence theorem proved
in [11], that allows us to use a recipe for calculating the S-matrix (T-matrix) in the CPR.

In the rest frame of positronium (P = 0) one can do integration with both &-functions

_T i 2
r=2 2, Jdklleil : (20)

0102

where 121 is the unit vector along vector k.
The positronium state-vector with spin S can be represented as

d
IPs(s) = f p—’gwms(prSMs), 21)
Mg
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where [pSMg) = > (%ﬁh %,uz ISM)bT(p_us)d (pu;)|2) the electron-positron state-vector in
)
the total spin representation and p_ = (py, —p). In the Born approximation where T & Koo+,

one has

T[ N
I'= 2 Z fdk|<k0102|Kee*—wlp'PS)lz’

0102

(22)
d
<ko-10-2|Ke*e+—>yy|p'PS> = J p_p‘poo(P)<k0'102|Ke*e+—>yy|P00) >
0
where (ko,0,| = (Q|c(ko)c(k_o,). Here we use the g.s. Coulomb wave function as an
approximation.
The interaction (9) in an arbitrary frame has the form

(Qle(ky01)c(ky02)K b (poux)d (L)) = 25 5 (23)

101 202 )R e=e+yy D \Palh2 Pi = a2 et

ooy = a3 S = o Ko u(pap)

e P 2 g —H—m =K +m 2raen (24)

+(ky,01 > ky,03),

whence in the static limit (p, , = 0) we arrive to the well known Pirenne-Wheeler result with
['=1am=~ 8.0325-10° sec™! [12,13]. After this by using the CG we get

128
r=—-ma’l(a)® (25)
T
with the integral
oo
1 inh
(@)= | du——""" = 26.7535. (26)
8 (a2/4 + sinh® u)?

0

Now we get the decay rate of para-positronium into two photons I' = 7.9411 - 10° sec™! . The
experimental result [ 14] for this value 7.9909 £ 0.0017 - 10° sec™.

6 Conclusion

We have shown that the UCT method can be successfully applied to the treatment of the bound
states in QED. Our consideration gives one more application of a well-forgotten concept on
the clothed particles in quantum field theory, put forward by Greenberg and Schweber [15].
We have seen that our approach leads to new hermitian and energy independent interactions
between clothed particles including the off-energy-shell and recoil effects (the latter in all
orders of the v2/c? - expansion).
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