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Abstract
The speed of information propagation is finite in quantum systems with local
interactions. In many such systems, local operators spread ballistically in time
and can be characterized by a “butterfly velocity”, which can be measured via
out-of-time-ordered correlation functions. In general, the butterfly velocity
can depend asymmetrically on the direction of information propagation. In
this work, we construct a family of simple 2-local Hamiltonians for understanding the asymmetric hydrodynamics of operator spreading. Our models
live on a one dimensional lattice and exhibit asymmetric butterfly velocities
between the left and right spatial directions. This asymmetry is transparently
understood in a free (non-interacting) limit of our model Hamiltonians, where
the butterfly speed can be understood in terms of quasiparticle velocities.
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Introduction

Understanding the quantum dynamics of thermalization in isolated many-body systems
is a topic of central interest. While memory of a system’s initial conditions is always
preserved under unitary dynamics, this information can get “scrambled” and become
inaccessible to local measurements, thereby enabling local subsystems to reach thermal
equilibrium [1–4]. This scrambling can be quantified by studying the spatial spreading of
1
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initially local operators under Heisenberg time evolution. Under dynamics governed by
a local time-independent Hamiltonian H, an initially local operator near the origin, A0 ,
evolves into A0 (t) = eiHt A0 e−iHt . As A0 (t) spreads in space, it starts to overlap with
local operators Bx at spatially separated locations x. The effect of scrambling is thus
manifested in the non-commutation between A0 (t) and Bx , which can be quantified via
an out-of-time-ordered correlator (OTOC): [5–52]
C(x, t) = <hA†0 (t)Bx† A0 (t)Bx i
1
= 1 − h[A0 (t), Bx ]† [A0 (t), Bx ]i,
2

(1)

where A0 , Bx are local unitary operators, < represents the real part, and the expectation
value hi is with respect to the infinite temperature thermal ensemble.
The OTOC is expected to exhibit the following features in systems with scrambling
dynamics [6, 7, 11, 17, 19, 24, 53–67]: At early times, A0 (t) approximately commutes with
Bx and the OTOC is nearly equal to one. At late times, A0 (t) becomes highly non-local
and spreads across the entire system, and the OTOC decays to zero [11, 14, 21, 25]. At
intermediate times, the operator has most of its support within a region around the origin
defined by left and right operator “fronts” that propagate outwards, and generically also
broaden in time [58,59]. As the operator front approaches and passes x, the OTOC C(x, t)
decays from nearly one to zero. We will restrict ourselves to translationally invariant
systems where operators spreads ballistically with a butterfly speed vB , which is similar in
spirit to the Lieb-Robinson speed [68] characterizing the speed of information propagation.
In these cases, the operator fronts define a “light-cone” within which the OTOC is nearly
zero.
A set of recent papers illustrated that the butterfly velocity can depend on the direction
of information spreading [69, 70]. In one dimension, the asymmetry between the different
r and v l , where the superscript r
directions can be quantified by the butterfly speeds vB
B
(l) represent propagation directions to the right (left). While local unitary circuits can be
‘chiral’ and exhibit maximally asymmetric information transport (corresponding to one
r or v l equal to zero), this chirality is ‘anomalous’ for time-independent Hamiltoniof vB
B
ans in one dimension [71]. Thus, the existence of asymmetric information spreading in
Hamiltonian models was an open question, recently addressed by Refs. [69, 70]. Ref. [70]
constructed models of asymmetric (but not fully chiral) unitary circuits, and obtained
Hamiltonians derived from such circuits that needed a minimum of three-spin interactions
and were numerically shown to have asymmetric butterfly speeds. On the other hand,
Ref. [69] showed how this asymmetry could be induced by anyonic particle statistics.
In this work, we present a complementary and physically transparent way for constructing a family of two-local Hamiltonians with asymmetric information propagation.
Our construction does not rely on particle statistics, nor is it inspired by unitary circuits. Instead, we start with non-interacting integrable spin 1/2 models where the butterfly speed is related to quasiparticle propagation velocities and can be analytically calculated [66, 67, 72, 73]. We show how the butterfly speed can be made asymmetric in such
models, before generalizing to non-integrable Hamiltonians by adding interactions. The
model and mechanism we present for obtaining asymmetric butterfly velocities is orthogonal to prior works on this topic, and provides a counterexample to the claim that one
needs exotic anyonic particle statistics for asymmetric transport [69] — instead showing
how this feature can be simply and generically obtained in solvable free fermionic models.
Indeed, providing ‘minimal models’ for physical phenomena are often helpful in distilling
necessary ingredients, and our work serves this purpose by furnishing much simpler classes
of models with asymmetric information spreading than prior examples in the literature.
2
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Integrable Hamiltonians

In this section, we construct time-independent integrable Hamiltonians for spin 1/2 degrees
of freedom living on an infinite one dimensional lattice. The Hamiltonians only have local
terms acting on 2 spins at a time. These models are exactly solvable, so the butterfly
velocities can be analytically calculated, and demonstrated to be asymmetric. This family
of Hamiltonians parameterized by λ takes the form:
i
J(1 − λ) X h
y
z
hyz σjy σj+1
+ hzy σjz σj+1
2
j
h
i
X
−Jλ
z z
x
hzz σj σj+1 + hx σj ,
2

Hλ = −

(2)

j

where σjx , σjy , σjz are the Pauli spin 1/2 operators located at site j, J > 0, hzz , hx , hyz , hzy
are constants, and the parameter λ lies in the range [0, 1]. This model can be mapped to a
system of free fermions via a Jordan-Wigner representation. When λ = 1, the Hamiltonian
is the well known transverse Ising model with inversion symmetry about the center of the
chain. On the other hand, for λ < 1, the Hamiltonian does not have inversion symmetry
when hyz 6= hzy .
In order to detect the ballistic light cone and asymmetric butterfly velocities, we consider the OTOCs
Cµν (j, t) = <hσ0µ (t)σjν σ0µ (t)σjν iβ=0 ,

(3)

where µ, ν ∈ {x, y, z} and β = 0 represents the infinite temperature thermal state. We note
that the mapping to free fermions allows Pauli operators to be written in terms of Majorana
fermion operators which, in turn, allows an exact calculation of the OTOC (Appendix
A). These OTOCs are shown in FIG. (1). For the case of λ = 0, the Hamiltonian H0
is a combination of two decoupled Majorana chains with symmetric butterfly velocities
(Appendix A), and we observe that the right and left butterfly velocities are equal to each
other despite the lack of inversion symmetry (left panel). For λ = 1, the Hamiltonian
H1 is the well-known Ising model and butterfly velocities are symmetric, as shown in the
middle panel of FIG. (1). By contrast, for the general case λ ∈ (0, 1), the Hamiltonian
does not have inversion symmetry and the OTOCs show asymmetric butterfly velocities
(right panel).
The asymmetry in butterfly speeds for 0 < λ < 1 can be directly understood using
the quasiparticle description of the free model. It is known that the butterfly speed in an
integrable model is the maximum quasiparticle group velocity [66,67,73], and the operator
fronts generically broaden either diffusively or sub-diffusively depending on whether the
integrable system is interacting or not [73].
h
The quasi-particle dispersion for the Hamiltonian in Eq. (2) is λ,1(2) (q) = J (1 −
1/2 i
λ)(hyz − hzy ) sin q + (−) (1 − λ)2 (hyz + hzy )2 sin2 q + λ2 (h2zz + h2x − 2hzz hx cos q)
. The
butterfly speed to the right (left) is the magnitude of the maximal (minimal) quasi-particle
group velocity [66, 67, 73]
r
vB,λ
= max
q

dλ,1(2) (q) l
dλ,1(2) (q)
, vB,λ = − min
.
q
dq
dq

(4)

These are plotted in FIG. (2), where asymmetric butterfly velocities are clearly observed
when λ is ∈ (0, 1). For the special cases of λ = 0 and λ = 1, the right and left butterfly
3
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Figure 1: OTOCs Cxz (j, t) (upper panel) and Cxx (j, t) (lower panel) in the Hamiltonian
Hλ [Eq. (2)] with parameters hyz = 0.5, hzy = −0.25, hzz = 1.0, hx = −1.05, and λ = 0 in
the left panel, λ = 1 in the middle panel, and λ = 0.5 in the right panel. The asymmetric
light-cone is clear in the right panel.
speeds are the same
r
l
vB,0
= vB,0
= 2J max(|hyz |, |hzy |),

(5)

r
vB,1

(6)

=

l
vB,1

= J min(|hzz |, |hx |).

The above results are consistent with the butterfly velocities demonstrated via the out-oftime-ordered correlations shown in FIG. (1). For the case of λ = 0, the Hamiltonian H0
is a combination of two decoupled Majorana chains with symmetric butterfly velocities
2J|hyz | and 2J|hzy |, so the butterfly velocities for H0 is 2J max(|hyz |, |hzy |). For λ = 1,
the butterfly velocities depend on the minimal of |hx | and |hzz |.

3

Non-integrable Hamiltonians

In this section, we construct non-integrable Hamiltonian by adding longitudinal fields
to the free Hamiltonian Hλ [64, 65]. The asymmetric butterfly velocities are estimated
from a variety of measures including out-of-time-ordered correlations, right/left weight of
time-evolved operators, and operator entanglement.
The interacting Hamiltonian on a one dimensional lattice with open boundary conditions is
L−1
i
−J(1 − λ) X h
y
z
H=
hyz σjy σj+1
+ hzy σjz σj+1
2
j=1

+

−Jλ h
2

hzz

L−1
X
j=1

z
σjz σj+1
+

L
X
j=1

L
i JhX
i
hx σjx −
hz σjz ,
2

(7)

j=1

where L is the system size, and hz is a longitudinal field strength. We select the particular
parameters λ = 0.5, hyz = 0.5, hzy = −0.25, hzz = 1.0, hx = −1.05, hz = 0.5, although
none of our results are fine tuned to this choice.
4
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Figure 2: Quasi-particle dispersion relations λ,1 (q) (left panel) and asymmetric butterfly
speeds (right panel) for the Hamiltonian Hλ [Eq. (2)]. The parameters used are hyz =
0.5, hzy = −0.25, hzz = 1.0, hx = −1.05. In the left panel, the star ? denotes the place
where the dispersion relation has maximal or minimal slope, and the solid lines represent
the slope. In the right panel, asymmetric butterfly speeds are directly determined from
the quasi-particle dispersion relations [Eq. (4)].
The longitudinal field breaks integrability and is expected to thermalize the system. For non-integrable Hamiltonians with thermalizing dynamics, the level statistics
is consistent with the distribution of level spacings in random matrix ensembles [74].
Let E0 < · · · < En < En+1 < · · · be the sequence of ordered energy eigenvalues and
sn = (En+1 − En ) be the level spacings. One defines the ratio of consecutive level spacings
rn = sn /sn−1 , and the distribution of rn can be described by the Wigner-like surmises for
non-integrable systems [75, 76]
pW (r) =

1
(r + r2 )W
,
ZW (1 + r + r2 )1+3W/2

(8)

where W
√ = 1, Z1 = 8/27 for Gaussian Orthogonal Ensemble (GOE), and W = 2, Z2 =
4π/(81 3) for Gaussian Unitary Ensemble (GUE), while they are Poissonian for integrable systems. As shown in FIG. (3), the ratio distribution provides evidence supporting
the non-integrability of the Hamiltonian. When λ = 0.5, the Hamiltonian is complex
Hermitian, and its ratio distribution agrees with the Gaussian Unitary Ensemble (GUE).
When λ = 1, the Hamiltonian is real, symmetric and has the inversion symmetry with
respect to its center, and its level statistics in the sector with even parity agrees with the
Gaussian Orthogonal Ensemble (GOE) [64, 65].
We now characterize the asymmetric spreading of quantum information in this model
using two complementary methods for computing butterfly speeds that are known in the
literature. Both methods agree on the estimation of butterfly speeds within the accuracy
l and v r .
of finite-size numerics, and both show a strong asymmetry between vB
B

3.1

Asymmetric butterfly velocities from OTOCs

In this subsection, we estimate the asymmetric butterfly velocities from OTOCs.
As discussed earlier, as the time-evolved operator spreads ballistically, OTOCs can
detect the light cone and butterfly velocities. The saturated value of OTOCs equals
approximately one outside the ballistic light cone and zero inside it. Near the boundary of
α α−1
the light cone, the OTOCs decay in a universal form C(j, t) = 1−f e−c(j−vB t) /t
[66,67],
5
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Figure 3: The histogram of the ratio of consecutive level spacings. It is computed from
32768 all energy eigenvalues of the Hamiltonian [Eq. (7)] with parameters λ = 0.5, hyz =
0.5, hzy = −0.25, hzz = 1.0, hx = −1.05, hz = 0.5, and length L = 15.
where c, f are constants, vB describes the speed of operator spreading, and α controls the
broadening of the operator fronts. In a generic “strongly quantum” system (i.e. away
from large N / semiclassical/weak coupling limits) the operator front shows broadening
which corresponds to α > 1 so that the OTOC is not a simple exponential in t [67].
Nevertheless, the decay can still look exponential along rays j = vt in spacetime,
C(j = vt, t) = 1 − f eλ(v)t , defining velocity-dependent Lyapunov exponents (VDLEs)
which look like λ(v) ∼ −c(v − vB )α near vB [67]. The VDLEs provide more information
about the operator spreading than the butterfly velocities alone.
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Figure 4: OTOCs Cxz (j, t) (left panel) and Cxx (j, t) (right panel) in the Hamiltonian H
[Eq. (7)] with parameters λ = 0.5, hyz = 0.5, hzy = −0.25, hzz = 1.0, hx = −1.05, hz = 0.5,
and length L = 41.
First, as shown in FIG. (4), we observe asymmetric butterfly velocities in relatively
large systems with L = 41 spins. In our numerical calculations, we use the time-evolving
block decimation (TEBD) algorithm after mapping matrix product operators to matrix
product states [77–79], which is able to efficiently simulate the evolution of operators in
the Heisenberg picture. In the numerical simulation, we ignore the singular values sk if
sk /s1 < 10−8 in the step of singular value decomposition, where s1 is the largest singular
value. And the bond dimension is enforced as χ ≤ 500. The OTOCs shown in FIG.(4)
6
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clearly demonstrate asymmetric butterfly velocities.
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Figure 5: OTOCs in the Hamiltonian H [Eq. (7)] with parameters λ = 0.5, hyz =
0.5, hzy = −0.25, hzz = 1.0, hx = −1.05, hz = 0.5, and length L = 14. The left (right)
panel shows the left (right) propagating OTOCs along rays at different velocities. Exponential decay can be observed which is consistent with the negative VDLEs for large
v.
Second, we estimate the asymmetric butterfly velocities from the extracted VDLEs
λ(v) ∼ −c(v −vB )α . Because of the limited computational resources for exact diagonalization, the right and left butterfly velocities are measured by setting the initial local operator
at the boundary j = 1 and j = L respectively. In FIG. (5), the OTOCs exponentially decay
z
z
along the rays with different speed C(1 + xr , xr /v) = hσ1x (xr /v)σ1+x
σ x (xr /v)σ1+x
i
r 1
r β=0
x
z
x
z
and C(L − xl , xl /v) = hσL (xl /v)σL−xl σL (xl /v)σL−xl iβ=0 . For a given velocity v, λ(v)/v
is the slope of logarithm of the left and right propagating OTOCs versus the distance x.
After extracting the VDLEs λ(v) from the OTOCs, here we give a rough estimation of
the butterfly velocities via fitting the curve λ(v) ∼ −c(v − vB )α . In FIG. (6), we obtain
r ∼ 0.29J and v l ∼ 0.66J.
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Figure 6: VDLEs fitted from the left and right propagating OTOCs in FIG. (5) with
the slope equaling λ(v)/v. The parameters c, vB , α can be fitted via the least square
r ∼ 0.29J, αr ∼ 1.52, and
method. Here the results of fitting the last 7 points are vB
l
l
vB ∼ 0.66J, α ∼ 1.61.
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Asymmetric butterfly velocities from right/left weights

Now we turn to the analysis of asymmetric butterfly velocities directly measured from
right and left weights of the spatial spreading operators.
To define the right/left weight, note that every operator in a spin 1/2 system with
length L canPbe written in the complete orthogonal basis of 4L Pauli strings S = ⊗L
j=1 Sj ,
i.e. O(t) = S aSP
(t)S, where Sj = I, σ x , σ y or σ z . Unitary evolution preserves the norm
2
of operators, so
S |aS (t)| = 1 holds for a normalized operator. The information of
operator spreading is contained in the coefficients aS (t). In order to describe the spatial
spreading, the right weight is defined by
X
ρr (j, t) =
|aS (t)|2 ,
(9)
S:Sj 6=I,Sj 0 >j =I

where
the left weight is defined analogously. Because of the conservation of operator norm
P
ρ
j r(l) (j, t) = 1, the weight can be interpreted as an emergent local conserved density
for the right/left fronts of the spreading operator.
Recent studies [58–61] showed that the hydrodynamics for the right/left weight can be
characterized by a biased diffusion equation in non-integrable systems, which means that
the front is ballistically propagating with diffusively broadening width. Thus, when the
r , and ρ moves to
time-evolved operator spreads, ρr moves to the right with velocity vB
l
l .
the left with velocity vB
Here in the numerical calculations of exact diagnolization, the right and left weights
are obtained by setting the initial local operator at the boundary j = 1 and j = L
respectively. The right weight ρr (1 + xr , t) of σ1x (t) is calculated in order to compare the
left weight ρl (L − xl , t) of σLx (t), where xr (xl ) is the distance between the right (left) end
and the location of initial operator. As shown in FIG. (7), the estimated velocities are
r ∼ 0.30J and v l ∼ 0.65J by fitting the times when the weights reach the maximum
vB
B
peak for given distances. This is in very good agreement with the values obtained from
OTOCs in the prior subsection, especially considering the finite resolution of our methods
given the limited system sizes and times accessible to numerics.
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Figure 7: Left panel: the right weights (solid lines) of σ1x (t) and the left weights (dashed
lines) of σLx (t). The parameters in the Hamiltonian H [Eq. (7)] are λ = 0.5, hyz =
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Conclusion and Discussion

In summary, we have constructed a physically transparent family of integrable Hamiltonians with asymmetric information spreading, and shown that this asymmetric transport
persists even upon adding interactions. Exact solutions of the butterfly velocities are
obtained in the integrable models while, in the non-integrable case, the asymmetric butterfly velocities are numerically estimated from different quantities characterizing operator
spreading including out-of-time-ordered correlations and right/left weight of time-evolved
operators. Our constructions present simple mechanisms for obtaining asymmetric transport in simple free-fermion models and spin chains, without invoking notions such as
anyonic particle statistics that were previously thought to necessary for asymmetric transport [69].
Given the constructions and studies in this paper, several open questions would be interesting to explore in the future work. Here we have focused on the information spreading
at infinite temperature in one dimension. How does the asymmetric spreading change at
finite temperature, or in higher dimensional systems? Additionally, it is worth studying
how asymmetries encoded in various quantities are intertwined with each other. For example, does the transport of conserved quantities (like energy) inherit the same signatures
of asymmetry as the spreading of local operators? Is it possible to disentangle them? Our
strategy of starting with free models also seems promising for answering these more general
conceptual questions. For example, these ideas could be explored in higher dimensions by
constructing free models without radially symmetric dispersions.
Finally, probing the asymmetry of information propagation may be also interesting to
explore in many-body localized systems or disordered systems with Griffiths effects, where
the butterfly velocities are zero and the light cones are logarithmic or sub-ballistic.
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Appendix A: Analytic solution of time-evolved operators and
OTOCs in the free model
The Jordan-Wigner mapping allows spin operators to be
Q written in terms of free yMajorana fermions as follows: : σjx = iγ2j γ2j+1 , σjz = ( j−1
k=−∞ iγ2k γ2k+1 )γ2j and σj =
Qj−1
( k=−∞ iγ2k γ2k+1 )γ2j+1 . Then the Hamiltonian [Eq. (2), FIG. (8)] is
i
−J X h
Hλ = (1 − λ)
hyz (−iγ2j γ2j+2 ) + hzy (iγ2j+1 γ2j+3 )
2
j
h
i
X
−J
+λ
hzz (iγ2j+1 γ2j+2 ) + hx (iγ2j γ2j+1 ) .
(10)
2
j

Below, we obtain analytic solutions for time-evolved operator
P for this Hamiltonian
[Eq. (2)] within the Heisenberg picture. Denoting γ0 (t) =
n fn (t)γn and γ1 (t) =
9
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Figure 8: Majorana fermion representation for the Hamiltonian [Eq. (2)]: the solid points
represent Majorana fermions, the ellipses represent the local field at each site, and the
lines connecting Majorana fermions denote the nearest or next-nearest neighobor hopping
terms.
P
the time-evolved operator is σ0x (t) = iγ0 (t)γ1 (t) = i n<m Fn,m (t)γn γm ,
where Fn,m (t) = fn (t)hm (t) − fm (t)hn (t), and the out-of-time-ordered correlations are
X
|Fn,m (t)|2 ,
(11)
Cxz (j, t) = 1 − 2

P

m hm (t)γm ,

n≤2j,m≥2j+1

hX

Cxx (j, t) = 1 − 2
|Fn,2j (t)|2 + |Fn,2j+1 (t)|2
n<2j

+

i
|F2j,m (t)|2 + |F2j+1,m (t)|2 .

X

(12)

m>2j+1

P
Next,Pwe get the analytic solution of time-evolved operators γ0 (t) = n fn (t)γn and
γ1 (t) =
m hm (t)γm in the integrable Hamiltonian [Eq. (2)]. Plugging the candidate
solution into the Heisenberg equation, it is straightforward to get the differential equations
for the coefficients fn (t)

df2n (t)

= −λJhzz f2n−1 (t) + λJhx f2n+1 (t)
 dt


+(1 − λ)Jhyz [−f2n+2 (t) + f2n−2 (t)],
df2n+1 (t)

= −λJhx f2n (t) + λJhzz f2n+2 (t)

dt


+(1 − λ)Jhzy [−f2n−1 (t) + f2n+3 (t)],
where the initial
condition is fn (0) = δn,0 . R After applying the Fourier transformation
Rπ
π
1
1
−inq B(q, t), we get
f2n (t) = 2π −π dq e−inq A(q, t), f2n+1 (t) = 2π
−π dq e
(
∂A(q,t)
= λJ[hx − hzz eiq ]B(q, t) + (1 − λ)2iJhyz sin(q)A(q, t),
∂t
(13)
∂B(q,t)
= λJ[−hx + hzz e−iq ]A(q, t) − (1 − λ)2iJhzy sin(q)B(q, t).
∂t
Then the analytic solution is

iλ,1 t
i
t
Rπ
−λ,2 e λ,2
1
−inq λ,1 e
 f2n (t)
= 2π
,
λ,1 −λ,2
−π dq e
R
π
 f
(t) = 1
dq e−inq λJ[−h + h e−iq ] ×
2n+1

2π

x

−π

zz

i

t

iλ,2 t

(−i)(e λ,1 −e
λ,1 −λ,2

)

(14)
,

h
where λ,1(2) (q) = J (1 − λ)(hyz − hzy ) sin q + (−) (1 − λ)2 (hyz + hzy )2 sin2 q + λ2 (h2zz +
i
h2x − 2hzz hx cos q)1/2 .
P
Similarly the coefficients in the exact solution γ1 (t) = m hm (t)γm are

i
t
i
t
Rπ
1
−imq λJ[h − h eiq ] × (−i)(e λ,1 −e λ,2 ) ,
 h2m (t)
= 2π
x
zz
λ,1 −λ,2
−π dq e
(15)
iλ,1 t
i
t
Rπ
−λ,2 e λ,2
1
−imq λ,1 e
 h
.
2m+1 (t) = 2π −π dq e
λ,1 −λ,2
10

SciPost Physics

Submission

References
[1] J. M. Deutsch, Quantum statistical mechanics in a closed system, Phys. Rev. A 43,
2046 (1991), doi:10.1103/PhysRevA.43.2046.
[2] M. Srednicki, Chaos and quantum thermalization, Phys. Rev. E 50, 888 (1994),
doi:10.1103/PhysRevE.50.888.
[3] M. Rigol, V. Dunjko and M. Olshanii, Thermalization and its mechanism for generic
isolated quantum systems, Nature 452(7189), 854 (2008), doi:10.1038/nature06838.
[4] R. Nandkishore and D. A. Huse, Many-body localization and thermalization in quantum statistical mechanics, Annu. Rev. Condens. Matter Phys. 6(1), 15 (2015),
doi:10.1146/annurev-conmatphys-031214-014726.
[5] A. I. Larkin and Y. N. Ovchinnikov, Quasiclassical method in the theory of superconductivity, Sov. J. Exp. Theor. Phys. 28(6), 1200 (1969).
[6] A. Kitaev, Hidden correlations in the Hawking radiation and thermal noise, In talk
given at the Fundamental Physics Prize Symposium (2014).
[7] A. Kitaev, A simple model of quantum holography, In talk given at KITP Program:
Entanglement in Strongly-Correlated Quantum Matter (2015).
[8] S. H. Shenker and D. Stanford, Black holes and the butterfly effect, J. High Energ.
Phys. 3, 67 (2014), doi:10.1007/JHEP03(2014)067.
[9] S. H. Shenker and D. Stanford, Multiple shocks, J. High Energ. Phys. 12, 46 (2014),
doi:10.1007/JHEP12(2014)046.
[10] S. H. Shenker and D. Stanford, Stringy effects in scrambling, J. High Energ. Phys.
5, 132 (2015), doi:10.1007/JHEP05(2015)132.
[11] D. A. Roberts and D. Stanford, Diagnosing chaos using four-point functions in
two-dimensional conformal field theory, Phys. Rev. Lett. 115, 131603 (2015),
doi:10.1103/PhysRevLett.115.131603.
[12] D. A. Roberts, D. Stanford and L. Susskind, Localized shocks, J. High Energ. Phys.
3, 51 (2015), doi:10.1007/JHEP03(2015)051.
[13] D. A. Roberts and B. Swingle,
effect in quantum field theories,
doi:10.1103/PhysRevLett.117.091602.

Lieb-Robinson bound and the butterfly
Phys. Rev. Lett. 117, 091602 (2016),

[14] P. Hosur, X.-L. Qi, D. A. Roberts and B. Yoshida, Chaos in quantum channels, J.
High Energ. Phys. 2, 4 (2016), doi:10.1007/JHEP02(2016)004.
[15] J. Maldacena, S. H. Shenker and D. Stanford, A bound on chaos, J. High Energ.
Phys. 8, 106 (2016), doi:10.1007/JHEP08(2016)106.
[16] J. Polchinski and V. Rosenhaus, The spectrum in the Sachdev-Ye-Kitaev model, J.
High Energ. Phys. 4, 1 (2016), doi:10.1007/JHEP04(2016)001.
[17] D. Stanford, Many-body chaos at weak coupling, J. High Energ. Phys. 10, 9 (2016),
doi:10.1007/jhep10(2016)009.

11

SciPost Physics

Submission

[18] Y. Gu and X.-L. Qi, Fractional statistics and the butterfly effect, J. High Energ.
Phys. 8, 129 (2016), doi:10.1007/jhep08(2016)129.
[19] Y. Gu, X.-L. Qi and D. Stanford,
Local criticality, diffusion and chaos in
generalized Sachdev-Ye-Kitaev models,
J. High Energ. Phys. 5, 125 (2017),
doi:10.1007/JHEP05(2017)125.
[20] E. B. Rozenbaum, S. Ganeshan and V. Galitski, Lyapunov exponent and out-of-timeordered correlator’s growth rate in a chaotic system, Phys. Rev. Lett. 118, 086801
(2017), doi:10.1103/PhysRevLett.118.086801.
[21] D. A. Roberts and B. Yoshida, Chaos and complexity by design, J. High Energ. Phys.
4, 121 (2017), doi:10.1007/JHEP04(2017)121.
[22] J. Cotler, N. Hunter-Jones, J. Liu and B. Yoshida, Chaos, complexity, and random
matrices, J. High Energ. Phys. 11, 48 (2017), doi:10.1007/jhep11(2017)048.
[23] A. A. Patel, D. Chowdhury, S. Sachdev and B. Swingle, Quantum butterfly
effect in weakly interacting diffusive metals, Phys. Rev. X 7, 031047 (2017),
doi:10.1103/PhysRevX.7.031047.
[24] D. Chowdhury and B. Swingle, Onset of many-body chaos in the O(N) model, Phys.
Rev. D 96, 065005 (2017), doi:10.1103/PhysRevD.96.065005.
[25] Y. Huang, F. G. S. L. Brandão and Y.-L. Zhang, Finite-size scaling of outof-time-ordered correlators at late times, Phys. Rev. Lett. 123, 010601 (2017),
doi:10.1103/PhysRevLett.123.010601.
[26] M. Mezei and D. Stanford, On entanglement spreading in chaotic systems, J. High
Energ. Phys. 5, 65 (2017), doi:10.1007/JHEP05(2017)065.
[27] A. Lucas, Constraints on hydrodynamics from many-body quantum chaos, arXiv:
1710.01005 (2017).
[28] G. Menezes and J. Marino, Slow scrambling in sonic black holes, EPL 121(6), 60002
(2017), doi:10.1209/0295-5075/121/60002.
[29] Y. Huang, Y.-L. Zhang and X. Chen,
Out-of-time-ordered correlators in
many-body localized systems,
Ann. Phys. (Berl.) 529(7), 1600318 (2017),
doi:10.1002/andp.201600318.
[30] R. Fan, P. Zhang, H. Shen and H. Zhai, Out-of-time-order correlation for many-body
localization, Sci. Bull. 62(10), 707 (2017), doi:10.1016/j.scib.2017.04.011.
[31] Y. Chen, Quantum logarithmic butterfly in many body localization, arXiv:1608.02765
(2016).
[32] B. Swingle and D. Chowdhury, Slow scrambling in disordered quantum systems, Phys.
Rev. B 95, 060201(R) (2017), doi:10.1103/PhysRevB.95.060201.
[33] R.-Q. He and Z.-Y. Lu, Characterizing many-body localization by out-of-time-ordered
correlation, Phys. Rev. B 95, 054201 (2017), doi:10.1103/PhysRevB.95.054201.
[34] X. Chen, T. Zhou, D. A. Huse and E. Fradkin, Out-of-time-order correlations in
many-body localized and thermal phases, Ann. Phys. (Berl.) 529(7), 1600332 (2017),
doi:10.1002/andp.201600332.
12

SciPost Physics

Submission

[35] K. Slagle, Z. Bi, Y.-Z. You and C. Xu,
Out-of-time-order correlation in
marginal many-body localized systems,
Phys. Rev. B 95(16), 165136 (2017),
doi:10.1103/PhysRevB.95.165136.
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[45] M. Gärttner, J. G. Bohnet, A. Safavi-Naini, M. L. Wall, J. J. Bollinger and A. M. Rey,
Measuring out-of-time-order correlations and multiple quantum spectra in a trapped
ion quantum magnet, Nat. Phys. 13, 781 (2017), doi:10.1038/nphys4119.
[46] J. Li, R. Fan, H. Wang, B. Ye, B. Zeng, H. Zhai, X. Peng and J. Du, Measuring outof-time-order correlators on a nuclear magnetic resonance quantum simulator, Phys.
Rev. X 7, 031011 (2017), doi:10.1103/PhysRevX.7.031011.
[47] M. Campisi and J. Goold, Thermodynamics of quantum information scrambling,
Phys. Rev. E 95, 062127 (2017), doi:10.1103/PhysRevE.95.062127.
[48] N. Yunger Halpern, Jarzynski-like equality for the out-of-time-ordered correlator,
Phys. Rev. A 95, 012120 (2017), doi:10.1103/PhysRevA.95.012120.
[49] N. Yunger Halpern, B. Swingle and J. Dressel,
Quasiprobability behind
the out-of-time-ordered correlator,
Phys. Rev. A 97(4), 042105 (2018),
doi:10.1103/PhysRevA.97.042105.
[50] S. Syzranov, A. Gorshkov and V. Galitski, Out-of-time-order correlators in finite
open systems, Phy. Rev. B 97(16), 161114 (2018), doi:10.1103/PhysRevB.97.161114.
13

SciPost Physics

Submission

[51] B. Swingle and N. Yunger Halpern, Resilience of scrambling measurements, Phys.
Rev. A 97, 062113 (2018), doi:10.1103/PhysRevA.97.062113.
[52] Y.-L. Zhang, Y. Huang and X. Chen, Information scrambling in chaotic systems with
dissipation, Phys. Rev. B 99, 014303 (2019), doi:10.1103/PhysRevB.99.014303.
[53] S. Sachdev and J. Ye, Gapless spin-fluid ground state in a random quantum Heisenberg
magnet, Phys. Rev. Lett. 70, 3339 (1993), doi:10.1103/PhysRevLett.70.3339.
[54] A. W. Harrow and R. A. Low, Random quantum circuits are approximate 2-designs,
Commun. Math. Phys. 291(1), 257 (2009), doi:10.1007/s00220-009-0873-6.
[55] F. G. S. L. Brandao, A. W. Harrow and M. Horodecki, Local random quantum circuits are approximate polynomial-designs, Commun. Math. Phys. 346(2), 397 (2016),
doi:10.1007/s00220-016-2706-8.
[56] W. Brown and O. Fawzi, Scrambling speed of random quantum circuits, arXiv:
1210.6644 (2012).
[57] A. Nahum, J. Ruhman, S. Vijay and J. Haah,
Quantum entanglement
growth under random unitary dynamics,
Phy. Rev. X 7(3), 031016 (2017),
doi:10.1103/PhysRevX.7.031016.
[58] C. W. von Keyserlingk, T. Rakovszky, F. Pollmann and S. L. Sondhi, Operator
hydrodynamics, OTOCs, and entanglement growth in systems without conservation
laws, Phys. Rev. X 8(2), 021013 (2018), doi:10.1103/PhysRevX.8.021013.
[59] A. Nahum, S. Vijay and J. Haah, Operator spreading in random unitary circuits,
Phys. Rev. X 8(2), 021014 (2018), doi:10.1103/PhysRevX.8.021014.
[60] T. Rakovszky, F. Pollmann and C. von Keyserlingk, Diffusive hydrodynamics of outof-time-ordered correlators with charge conservation, Phys. Rev. X 8, 031058 (2018),
doi:10.1103/PhysRevX.8.031058.
[61] V. Khemani, A. Vishwanath and D. A. Huse, Operator spreading and the emergence
of dissipation in unitary dynamics with conservation laws, Phy. Rev. X 8, 031057
(2017), doi:10.1103/PhysRevX.8.031057.
[62] A. Chan, A. De Luca and J. T. Chalker, Solution of a minimal model for many-body
quantum chaos, Phys. Rev. X 8, 041019 (2018), doi:10.1103/PhysRevX.8.041019.
[63] N. Hunter-Jones, Operator growth in random quantum circuits with symmetry, arXiv:
1812.08219 (2018).
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