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Abstract

Magnetohydrodynamics is a theory of long-lived, gapless excitations in plas-
mas. It was argued from the point of view of fluid with higher-form symmetry
that magnetohydrodynamics remains a consistent, non-dissipative theory even
in the limit where temperature is negligible compared to the magnetic field. In
this limit, leading-order corrections to the ideal magnetohydrodynamics arise
at the second order in the gradient expansion of relevant fields, not at the first
order as in the standard hydrodynamic theory of dissipative fluids and plasmas.
In this paper, we classify the non-dissipative second-order transport by con-
structing the appropriate non-linear effective action. We find that the theory
has eleven independent charge and parity invariant transport coefficients for
which we derive a set of Kubo formulae. The relation between hydrodynam-
ics with higher-form symmetry and the theory of force-free electrodynamics,
which has recently been shown to correspond to the zero-temperature limit of
the ideal magnetohydrodynamics, as well as simple astrophysical applications
are also discussed.
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1 Introduction

Hydrodynamics is a theory of gases, fluids and other collective systems at long time scales
and long distances [1,2]. The framework in which it is formulated is that of a gradient
expansion written in terms of local hydrodynamic fields, resulting in an infinite series
of zeroth-order hydrodynamics, first-order hydrodynamics, second-order hydrodynamics
[3,4], and higher orders [5-7].

In the absence of dissipation, one can formally attempt to write a hydrodynamic theory
in the language of the standard action and use the variational principle to derive the
dynamical equations of motion. Such approaches have been successfully implemented in
the study of equilibrium fluids [8,9] and can even be used out-of-equilibrium to compute, for
example, the thermodynamical transport coefficients, which generate no entropy [10,11].
Beyond equilibrium, however, standard field theory necessarily fails as it is unable to
correctly account for dissipative effects, which generate entropy. What has transpired in
recent years, however, is that hydrodynamics can be consistently formulated as an effective
dissipative field theory by using the language of the Schwinger-Keldysh formalism [12-21].

The question of whether a non-dissipative fluid could in principle exist arose with the
work of [11], which analysed constraints on conformal second-order transport imposed by
the absence of dissipation (or entropy production). A natural example of such a system
is the holographic fluid dual to the Einstein-Gauss-Bonnet theory. In this theory, it is
known that a “formal” limit exists that takes the shear viscosity to zero, n — 0 [22].
Since the entropy production in a conformal fluid is dominated by a single first-order
term proportional to n, this implies that in such a limit, only subleading effects, if any,
could generate entropy. The fact that even in the absence of first-order effects, second-
order hydrodynamics can indeed continue to generate entropy was observed through a
detailed, non-perturbative analysis of second-order transport coefficients in this theory in
Refs. [23-25]. These investigations pointed to the fact that a genuine nondissipative fluid
requires additional structure in order for it to be realisable. In this work, we propose that
such scenario could exist in the context of plasma physics at extremely strong magnetic
field regime.

Plasma is an ionised gas described by the theory of magnetohydrodynamics (MHD)
[26-28]. In the standard language, MHD is a collective theory of coupled hydrodynamic
and electromagnetic degrees of freedom. In the work of Ref. [29,30], MHD was recently re-
formulated and generalised to describe any plasma by using the language of higher-form (or
generalised global) symmetries [31]. The theory uses the fact that beyond conserved energy
and momentum, the conserved number of magnetic flux lines crossing a two-dimensional
spatial surface gives rise to a conserved two-form current, or V,J* = 0, where J*” is
an antisymmetric tensor. This two-form current is the Noether current of a U(1) one-
form symmetry, that is ensured by the absence of magnetic monopoles, and is treated in
the same footing as energy-momentum tensor in the hydrodynamic gradient expansion
scheme. The conservation for the electric flux, on the other hand, is explicitly broken
by the presence of ionised medium and is irrelevant in the hydrodynamic setup®. The
connection between this formalism and the one where the derivative expansion procedure
is applied to the gauged ordinary U (1) current j* ~ V, F"" in [33] can be found in [34,35].

Unlike in an ordinary relativistic fluid, ref. [30] argued that their formulation allowed
one to take the zero temperature limit (7" — 0) of MHD and end up with a consistent,

3In other words, we assume that the life-time of the electric field excitation is much shorter than the
characteristic time scale set by temperature and magnetic field. For higher-form symmetry formalism
where the conservation of electric flux is only slightly broken, or equivalently when the mentioned life-time
is comparable to the macroscopic time scale, see e.g. [32]
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hydrodynamic theory of a dissipationless plasma. Since the only dimentionless parameter
is B/T?, where B is the strength of the magnetic field, one can equivalently think of
this limit as the limit of an extremely strong magnetic field, B — oo. In this limit,
the theory enjoys enhanced spacetime symmetry, which is manifest in emergent boost-
invariance along the magnetic field lines. This additional symmetry, along with other
symmetries of the plasma allow one to write down hydrodynamic constitutive relations,
which permit no first-order gradient terms and no (vector) entropy current. Transport
beyond the ideal limit is dominated by second-order hydrodynamics. In effect, Ref. [30]
predicted that all first-order transport coefficients in a plasma necessarily have to vanish
as T?/B — 0. This prediction was verified in a dual holographic model by [36].

Motivated by the question of better understanding this enhanced symmetry limit of
the cold plasmas, in this paper, we extend the work of [30] and construct a fully non-
linear theory of a zero temperature plasma. We do this by writing down a dissipationless
effective action, which automatically ensures that the system is closed and produces no
entropy. Beyond the verification of the linearised sector of the theory from [30] and the
constraints that appeared there, here we will obtain the full set of (non-linear) second-
order transport coefficients as well as the relevant Kubo formulae. Due to the complexity
of the combinatorics involved in constructing the relevant set of tensors, we will implement
a computer algebra algorithm — an extensions of the one used to construct third-order
hydrodynamics in [5] — which employs the xAct library in Wolfram Mathematica [37].

The second motivation for this work is an interesting connection between the T' = 0
theory of magnetohydrodynamics and Force-free Electrodynamics (FFE) known mainly
from astrophysics [38-40]. Beyond the observation that both theories posses the same
global symmetries, the fact that the equations of motion of FFE are identical to the zero-
temperature limit of magnetohydrodynamics with a one-form global U(1) symmetry was
recently shown in Refs. [41,42].

FFE has been widely used to describe the phenomenology of the magnetospheres of
compact astrophysical objects such as neutron stars, Kerr black holes [43], active galactic
nuclei and, more recently, binary black holes [44]. In these scenarios, one can think of the
magnetosphere as consisting of an electromagnetic field coupled to plasma. The plasma is,
on the one hand, dilute enough so that its contribution to the equation of state is negligible.
For example, its energy density is about fifteen order of magnitude lower than the one of
the electromagnetic field in the pulsar’s magnetosphere (see e.g. [45] for a review of the
astrophysical setup). At the same time, the plasma density is high enough to screen the
electric field. In the language of global symmetries, this means that the conservation of the
electric flux is explicitly broken so that the only conserved charges in the IR dynamics are
energy, momentum and magnetic flux as in the above hydrodynamic setup. The equations
of motion for FFE, however, are not written in terms of the conservation laws but in the
following way:

V(PTG =0,  PFL, = (V,\FA“> Fu=0, &¥F,F,=0. (L1

The first equation is the conservation of the magnetic flux, which upon the standard
identification of the two-form current associated with a one-form symmetry, i.e. J* =
%6“”""Fpg, becomes the conservation equation V,J*” = 0 used in the construction of
MHD by [30]. The second equation is the force-free condition indicating that the force
JHFy, exerted on the plasma by the electromagnetic field vanishes, with j* oc V, F'"# being
the gauged U(1) current. The last equation, called the degeneracy condition, indicates that
a probe charge cannot be accelerated along the magnetic field lines in the magnetosphere
(since E-B = 0). The degeneracy condition together with the condition that the magnetic

field dominates, F*F,, = —|E[* + |B|?* > 0, allows one to write F},, = d},0'9,,0?, where

4
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{o', 0%} are the coordinates orthogonal to the “worldsheet” of the magnetic field lines.
This treatment of the magnetic field lines as of strings was implemented in the context
of FFE by [39]. A more formal geometric approach to this formalism, as well as various
astrophysical applications of it, can be found in a review by Gralla and Jacobson [46].
Note also that FFE description neither depends on the microscopic details of the charge
sector j# nor on how it is coupled to the electromagnetic sector. This already hints at
the connection between FFE and hydrodynamics as they are both macroscopic effective
theories that are independent of the microscopic details.

What is apparent from the above discussion is that both the extreme limit of MHD and
FFE work at negligible temperatures, have the same conserved charges and are indepen-
dent of the microscopic details. However, the formulation with higher-form symmetries
provides us with several advantages. Firstly, it allows us to systematically couple a plasma
to the external background field b, (which parametrises the external charge injected into
the system). The other potential improvement comes from the fact that FFE has a built-in
assumption: the degeneracy of the magnetic field lines parametrised by P ~ e#*?F,, F,,,
vanishes. While this makes the system of equations in (1.1) well-behaved and relatively
easy to solve, it fails to describe many of the phenomena that happen in the magneto-
spheres of compact astrophysical objects. In particular, the inability to accelerate charged
particles implies that the magnetosphere in FFE description cannot lose its energy in
terms of photons. This contradicts the fact that we do observe radio-wave emissions from
pulsars (see e.g. [47]). In addition, it also means that FFE cannot account for the observed
phenomena such as jets and cosmic ray bursts. In the astrophysics literature, the condi-
tion P > 0 is lifted by phenomenologically introducing resistivity to the system by various
approximations, resulting in multitudes of models, see e.g. [45] for discussion on origin of
the emission and [48] for a review of various models of this type. On the other hand, the
systematic gradient expansion of conserved currents in hydrodynamics with higher-form
global symmetries allows the possibility of having non-zero P from derivative corrections,
namely P = P(9, 0?2, ...). This possibility was pointed out in [42]. Additionally, as already
discussed above, if one constrains the temperature of the system to be low compared to
the scale of interest, it was argued in [30] that the first derivative corrections must vanish
as well. With the classification of second-order transport, we can systematically single
out terms which are responsible for the charge acceleration along the field lines. Together
with the Kubo formulae, the transport coefficients (analogous to the viscosity) can then be
obtained from microscopic theory. Given that FFE also makes appearance in various situ-
ation other than compact astrophysical objects (such as solar corona [49] and topological
insulators [41]), we hope that the classification presented here will provide a systematic
way to analyse force-free electrodynamics and its connection to the underlying microscopic
theory.

The remaining sections of the paper are organised as follows. We start by briefly re-
viewing the construction of the hydrodynamic effective action and discuss how to organise
the derivative expansion in section 2. We explain the relevant hydrodynamic variables
which are analogous to the fluid velocity and the chemical potential in an ordinary fluid
as well as how to organise them into the effective action in section 2.1. And we outline the
procedure and algorithm we use to classify all the possible terms in the effective action with
two derivatives in section 2.2. There are eleven possible terms in the effective action that
contribute to the conserved currents T+, J#¥. This is our main result and it is presented in
the same section. We then study how these new second-order transport coefficients affect
the correlation functions in section 3. In subsections 3.1 and 3.2, we study the long-lived
modes analogous to Alfvén and magnetosonic waves in the strong magnetic field limit and
identify the correlation functions which encode the corresponding sound poles. The Kubo
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formulae, which relate the transport coefficients controlling the second-derivative terms to
the two-point and three-point functions, are presented in section 3.3. A short discussion
on the applications of this formalism, including the transport coefficient responsible for
the aceeleration along the field lines of a simple model of the magnetosphere is presented in
section 4. We conclude our work and discuss some immediate open problems in section 5.
Four appendices containing useful formulae and computational details are also provided.

2 Effective action

Effective action is an organised way to construct hydrodynamics given the global sym-
metries. In this work, where we consider a theory of a conserved energy and momentum
TH as well as a conserved two-form current J*”, the generating function is obtained by
coupling the theory to a background metrics g, and the two-form background gauge
fields by, in the Schwinger-Keldysh formalism,

Z[Gspurs bsw) = <exp iy (=1 /d4x —gs (;T;‘”gsw + J;Wbs,w> > . (2.1)
s=1,2 SK
Here the label s = 1, 2 denotes the source which couples to two sets of degrees of freedom,
one evolving forwards on the complex time contour while the other one evolving backwards.
This generating function is the result of integrating out the soft degrees of freedom from
the effective action W, namely

Z[Gspws bsuw] = SKD[(DS] exp (iW[gsqu bspw (I)SD ’ (2:2)
where @, denotes two sets of soft hydrodynamic degrees of freedom. In the classical limit,
where one can ignore the statistical fluctuations (such as in large N theories), the path
integration can be performed with the saddle point approximation. The coupling between
®; and P9 results in dissipative effects (such as viscosity) and in their absence one can
split W into two pieces that only depend on s = 1 and s = 2 fields, respectively,

W = W[glp,uv bl,u,ya (I)l] - W[QQuuv bQ,ul/; @2] . (23)

We will argue that the action for the theory with strong dynamical magnetic field can be
written in the above form and this will be justified in the next section.

The variables {gs, bspv, s} are to be combined into objects which are invariant under
diffeomorphisms and gauge transformations of the background fields,

Gspv — Gspv T 2V(Mfsy), bsuy — bsuy + QV[M)\SV] , (2.4)

as well as internal symmetries of ®;. These objects will be referred to as hydrodynamic
variables. Demanding that the action can only depend on such variables, one can proceed
to write down all the possible combinations of them that form scalars to construct the
effective action, up to the desired order in the derivative expansion. Once W is obtained,
the constitutive relations can be obtained in the following way:

2 oW 1 oW
T = ——— | JW = —— . (2.5)
vV=909,w V=9 0bu,
The invariance of the generating function Z under the background field transformations
in Eq. (2.4) implies that these two currents satisfy the following Ward identities:

v, T" = HY,,J", V" =0, (2.6)
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where H = db is the 3-form field strength of the 2-form background field b,,. Note that
since we are not working with two copies of the hydrodynamic variables, we will drop the
subscript s for the rest of this work. We would also like to point out that, as apparent
from the above equation (2.6), the hodge dual of (db),,» plays the role of the external
vector current j% . that is injected into the system (see e.g. section ILA. of [30] for
more details).

With this formalism in place, let us summarise our strategy for constructing the hy-
drodynamic theory of MHD in the strong magnetic field limit. Firstly, we identify the
hydrodynamic variables, constructed from (a single copy of) gu.,b, and ®. Then we
write down all possible scalars which constitute the effective action W up to the second
order in the derivative expansion. And the constitutive relations are obtained by varying
this effective action. This procedure has also been applied to obtain the effective action
for dissipationless relativistic fluid in [11], which we follow. Once this is done we can then
use the effective action to find the linearised and non-linear solutions of the theory.

This approach implies that the theory is dissipationless and we shall justify this as-
sumption in the next section. In the following sections, we will show that the strong
magnetic field limit B/T? — oo forbids terms at the first order in the derivative expan-
sion. Moreover, the entropy current vanishes thus justifying the decoupling between the
two sets of Schwinger-Keldysh degrees of freedom in (2.3) as well as our construction with
non-dissipative effective action.

2.1 Formalism for non-dissipative fluid with one-form global symmetry

There are several ways to arrive at the dynamical variables for the zero temperature
MHD employed in this work. From the point of view of a fluid with conserved number of
strings [30] (see also [29]), the constitutive relations at the zeroth order in the derivative
expansion are:

™ = (e + p)ut'u” + pg"” — pph*h”, (2.7a)
JH = p(uPhY — u”ht) (2.7b)

where u” is the fluid four-velocity and h* is a unit vector parametrising the direction of
the string. The thermodynamic quantities satisfy the first law and extensivity condition,

dp = sdT + pdu e+p=sT+ up, (2.8)

where besides the usual energy density €, pressure p, temperature 1" and entropy s, we have
an equilibrium string/magnetic flux density p and its corresponding chemical potential p.
As one enters the regime where the temperature T is negligible, the usual fluid variables
can be combined into a specific form which preserves the SO(1,1) rotation between u*
and h*, namely

TH — —eQM 4 pIlT", T = put” (2.9)

where, in terms of the original variables, we have:

ut” = uth” —u’ht (2.10a)
QY = —uku” + W*hY = u# u™ (2.10b)
T = gt — QM (2.10¢)

It is postulated in [30] that the corrections to MHD at low temperature can therefore be
obtained by writing down the higher-derivative tensors constructed from u#”, Q*" and II*¥
which preserve the boost symmetry between u* and h*. Insisting on using these variables
has several physical consequences:
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e there is no first derivative rank-two tensor (both symmetric and anti-symmetric) that
can be constructed out of {u”, Q' TI#}. This is in agreement with the fact that the
system which remains at zero temperature does not dissipate heat. This observation
is also confirmed in the case of strongly interacting holographic plasma [36] where
all the transport coefficients at the first order in the derivative expansion vanish.
Consequently, the leading-order corrections to the system can only appear at the
second order in the derivative expansion.

At this point, one may proceed to write down all possible combinations of both sym-
metric and anti-symmetric rank two tensors constructed from the second derivatives of
{utv, Q* 11"}, Note however, that not all tensors one can construct are independent as
derivatives of certain variables are related to one another via the conservation law (2.4) at
the zeroth order in the derivative expansion. In terms of hydrodynamic variables, these
relations are
= Py M B ay aB1T.
Vap = puPII\"Vaugy — p’(u)uAaH +Vau® 4+ Hopy u® 1L (2.11a)
1,7V qug, =0 . (2.11b)

Procedure outlined above has been employed to construct the higher-derivative expansion
for charged neutral fluid [3-5]. A slight drawback of this approach is that one is also
required to construct the non-equilibrium entropy current which constrains certain combi-
nations of transport coefficients to either vanish or be positive definite (see e.g. [4,50,51]).
Instead, one can use an additional crucial property of the zero temperature MHD to bypass
this step, namely that

e The fact that the free energy is independent of temperature implies that the equi-
librium entropy density, s, vanishes. Moreover, the entropy current which can be
constructed from the Schwinger-Keldysh effective action is

ulj v MhV 14

where £ is the effective Lagrangian associated to the Schwinger-Keldysh effective
action W and Lx s is the Zo-KMS conjugate of the Lagrangian [16,52].

In the enhanced symmetry system, the entropy current is not invariant under the
SO(1,1) rotation and has to vanish. This implies that there is no entropy production
(Vust = 0) and the effective action (2.2) splits into two copies as in Eq. (2.3) due
to the general argument of [19,52] 4.

As a result, we argue that the effective action for strong magnetic field limit of MHD
can be described by the following effective action:

W = /d4x —gLess = /d4x\/—7g<p(,u,) + £2> + 0(d%) (2.13)

where L9 is a combination of linearly independent two-derivative scalars constructed with
w, ut QM and 1T, Here we assume that the theory admits a gradient expansion and
we will be focusing on the leading correction, which is at the second order in derivatives.

A sharper statement can be made using an effective action construction [42] (for the
discussion of the effective action for a more conventional hydrodynamics see e.g. [54,55]).

4While the vanishing of the entropy production generally implies the decoupling between Schwinger-
Keldysh copies, there are exceptions like a parity odd fluid or a system with an anomaly, as shown in [53].
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A first step in this approach is to specify the relevant light degrees of freedom ® alluded to
in the introduction. The first relevant degrees of freedom are the two fiducial coordinates
ot = {o',0?} which label the string/magnetic flux lines on the plane perpendicular to
them. Additionally, each magnetic flux line is associated with a phase, exp (z i) L a#dx“),
where L is the spatial curve parametrising this flux line, as illustrated in Fig 1.

exp(iL2 a,(x) dx”)

exp(iL ay(xl) dx")

1

Figure 1: Labeling of the magnetic field lines by the coordinates o’ on the plane perpen-
dicular to the “strings”. Each field line is parametrised by a U(1) phase exp ( / I a“dm“).

Here the phase a,, transforms together with the background field b, see (2.4), in the
following way:
by = by + (0uAy — OLA,) a, = a, — Ay . (2.14)

There are two advantages for choosing these light degrees of freedom. Firstly, it makes a
line operator which is charged under the one-form U(1) manifest. Namely, one can define
a 't Hooft line W(L) = exp (iq I; a#(y)dy“) of charge ¢ and show that it satisfies the

Ward identity °

oz —y)W(L), where yel. (2.15)

(BMJ“”(x))VV(L)::iq 0

Ozy
Secondly, from a more practical point of view, the invariance of the effective action under
the shift (2.14) implies that Euler-Lagrange equation for a, is nothing more than the
conservation of magnetic flux or the number of strings i.e. 9,J"" = 0.

One can now construct the effecting action W from {o?, a, }. Note however that these
variables cannot appear in an arbitrary form due to their spurious nature. This can
be taken into account by demanding that the effective action has to be invariant under
additional internal symmetries of the fields ¢ and a,. This means that the effective action
can only contain certain combinations of {o?, a, }, which turns out to be the hydrodynamic
variables u, u#”, Q" and II"*" discussed at the beginning of this section. This procedure

5This is analogous to the Ward identity of the local operator O(y) with charge ¢ under the ordinary
(zero-form) U(1) global symmetry i.e.

(95" @) 0Ww) = ig6" @ = 1)OW) .

where j* is the conserved current of the ordinary global symmetry. For more details on how this is related
to canonical quantisation see e.g. [56].
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has been done for similar construction of the effective action for superfluid [54], ordinary
fluid [55,57,58] and recently extended to fluid with higher-form global symmetry in [42].
For completeness, we summarise the setup in [42] in the remaining of this section where
the internal symmetries are:

(i)

Reparametrisation symmetry : This is due to the fact that the physical quantities
cannot depend on the choice of parametrisation {¢!, %} in the plane perpendicular
to the strings. Thus, one demands that the action has to be invariant under the
following reparametrisation symmetry:

ot — 0" (07), (2.16)

This is analogous to the volume preserving diffeomorphisms for the ordinary fluid
[55]. From this one can define an object akin to the fluid velocity in the following
way:

S
w =t | 22| S, = 20),0'0,0% . 2.17
( Socﬂsaﬁ/2 o " g ( )
This definition has the same property as the one defined via u* and h* in Eq. (2.10a)
and satisfies u"”u,,, = —2. However, it is only invariant up to a sign of det[0c’/J0].
Thus, only products of even numbers of u*” or combination with odd power of u*”
and p can enter the effective action. The reason for the latter scenario will be
apparent in the discussion below. At zero-derivative order, the only two non-trivial
combinations of u*” are
O =yt ™, TR = g — QP (2.18)

[0}

By construction, one can see that these hydrodynamic variables satisfy the following
relations:

Q1 4 = v I+ u™ =0, QF I =T1* Q% =0 (2.19)

«

and, of course, Q*Q,,, = II"II,, = 2. One can therefore think of Q" and II*¥ as
projectors of a vector onto a plane along and perpendicular to the string worldsheet,
respectively.

One-form chemical shift symmetry : Due to the fact that the 't Hooft line W

is define via an integral along the string, one can shift the one-form phase a, by

Wy (0!, 02) that only depends on the coordinates perpendicular to the string:

a, — a, + w“(al, 02) , (2.20)

which yields the line operator with the same charge, via (2.15). For the effective the-
ory to be independent of such ambiguity and the shift symmetry of the background
fields (2.14), W can only depend on the following combination:

f1 = QreQ¥P (bog + 20,a4)) - (2.21)

One can then define a scalar quantity out of f MY which turns out to be the chemical
potential p for the one-form U(1) symmetry,

W= Fu (2.22)

Notice that f’“’ /e has the same property as u*” when acted upon by the projectors
QM and II*”. At the zeroth order in the derivative expansion one may concluded

10
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that they are identical. This is not generally true as they can differ by a derivative
correction. This is nothing but the manifestation of the fact that the fluid variables
are defined up to derivative corrections, commonly known as the frame choice [1]
(see also [2] for more recent discussion). It is nevertheless convenient to impose this
condition at all orders in the derivative expansion ©:

= put (2.23)

Note that, from the definition in Eq. (2.21), f# is invariant under o? — o’ with
det[do?/d0'7] = —1. Thus, the combination pu*” is invariant under the reparametri-
sation of ¢’. This implies that the terms with odd number of u** can be made
invariant if they are accompanied by odd powers of p.

Before moving on, we shall comment on the relation between this choice of variables
and the more conventional FFE formulation in e.g. [39]. There, the field strength tensor
FHY = (*f)‘”’ is simply written as F* = SH = 28[ualﬁy]a2, where S*¥ appears in Eq.
(2.17) and the magnetic flux is trivially conserved. The key difference here is that, in the
formalism outlined here, there exists a conserved current J*” representing the conservation
of magnetic flux but J* £ fH except at the zeroth order in the derivative expansion!
This allows one to go beyond the unrealistic assumption of E - B = 0 in the conventional
FFE formulation.

To sum up, we argued that the dynamical variables & = {ai,au} have to appear in
the following combination: even number of u*¥, projectors Q* and IT*¥, the scalar p?
or products of an odd number of p with an odd number of u*”. The remaining steps
are to organise these quantities order by order in the derivative expansion. Following the
approach in [11], we write down all possible scalars at the second order in derivatives,
which is the leading-order correction, modulo terms that can be related to one another
via ideal limit equations of motion (2.11a)-(2.11b).

2.2 Classification of the second-order effective action

In this section, we will outline the procedure to construct the effective action for T2 < B
MHD up to the second order in the derivative expansion and summarise the result. Using
the formalism outlined above, the resulting effective action build from o, a, and the
background fields g, by, is

Loy =p(n) + as'™ +ZBZ +Z% )+ 0%, (2.24)

where p(u) is a scalar function of the chemical potential p, which turns out to be the
thermodynamic pressure. The higher derivative terms are composed of independent scalars
(@) sz(-ﬁ ) and 5(7) each multiplied by a function «, 5; and ~;, respectively, referred to as
transport coeﬁiczents. To justify the gradient expansion, we shall restrict our setup to a
situation where there is a hierarchy of scales, namely the characteristic IR length scale set
by 0 ~ w, k, the thermodynamic scale set by the chemical potential ;1 and a microscopic

length scale £ ppicro satisfy:

k 1
“ < 1 < @— (2.25)

ﬁ ’ ﬁ \//jgmicro

5Similar choice has also been used in the construction of the effective action of the charge-neutral fluid
in [11] where the entropy current is chosen to have no derivative corrections. We will discuss the frame
choice for this setup again in section 2.3.
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Note that p is the chemical potential for the magnetic flux density and therefore has
the dimension of [length]=2. In addition, for the gradient expansion to make sense, one
requires that the scalars {c, f;,v;} are nonsingular in the limit where \/[tlimicro — 0. In
short, we require that the transport coefficients are finite and only depend on p in the limit
where the microscopic length scale is infinitesimally small. We will return to this issue at
the end of this section with an explicit example where the implication of this assumption
becomes more transparent.

We shall proceed to outline the derivation of the effective action (2.24). Let us first
consider the possible structures at the zeroth order in the derivative expansion. There is
only one scalar at this order, namely the chemical potential y. Thus the effective action
can only be a scalar p(u) at this order. As we proceed to higher-order corrections, it is
useful to write down all the possible (un-contracted) tensors at a given order. For the
first-order terms, we can build a scalar out of the following objects

(Yo, Voul, Hopy} . (2.26)

We can see that all of the first-order derivative-terms have an odd number of indices and
the terms without derivatives all have an even number of indices so there are no scalars at
the first order in T' = 0 MHD. Note also that not all quantities listed above are independent
as the derivatives of thermodynamic quantities are related to certain divergences of u*” via
the equations of motion at the zeroth order (2.11a)-(2.11b). Note also that, because there
is no vector at the zeroth order, one cannot even build either symmetric or antisymmetric
rank-two tensor at the first order in the derivative expansion. This implies that all the
transport coefficients at this order must vanish as pointed out in [30].

The second-order terms are the main result of this work. Out of the list of all hydro-
dynamic variables, the second derivative scalars can be obtained by contractions of the
following tensors:

(VouVott, Vo Vopt, VouNeut V,Veut”, VutVu®?,

i (2.27)
Vit Hapy, Vou""Hapy, HopyHpoxs VopHapy, Rapys} -

Combinatorially, there are about over two hundred combinations of contractions. Of
course, not all of the scalars constructed in such a way are independent. One can reduce
the number of scalars by requiring that the scalars are not related to one another via ideal
limit Ward identity Eq. (2.11a) and that they do not differ from one another by a total
derivative. The latter condition came from the fact that the total derivative pieces do not
contribute to the constitutive relation and was also employed in [11] for charge neutral
fluid. In addition, one can use properties of hydrodynamic variables

Normalisation and projective properties of u*” (see Appendix A.2)

)
(ii) Projective properties of H = db (see Appendix A.3)
) Jacobi identities for u*” (see Appendix A.4)

)

We also impose that all the scalars are invariant under all the fundamental discrete
symmetries: the charge conjugation (C), time-reversal (7) and parity (P). The
discrete charge assignments of the hydrodynamic variables is discussed in Appendix
B.2.

By implementing this procedure, we find that the effective action at the second order
is captured by eleven independent scalars (more details regarding this procedure are pre-
sented in Appendix B.1 while the Mathematica code used to implement these steps can

12
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be found in [59]). There is no first-order derivative terms and the second order derivative
pieces can be categorised into three classes with respect to the power of the three form field
strength of the 2-form source H = db. There is one scalar which depends quadratically in
H with the transport coeflicient «,

(@ = Hpoy Hgg JIPTIT QM (2.284)

Similarly, there are two terms which depend linearly on H with the corresponding trans-
port coefficients [;,
sgﬁ) = Hw,{uaﬂm‘*m”vyum ,
s = Hps P IDP QMY gy
And lastly, there are eight scalars that do not depend on H whose transport coefficients
are y;,

(2.28D)

39) = Rawéuaﬁuw ) ng) = Roz'yfﬁ’éﬂaﬁﬂmS )

s = Ropygs TP Q00

sfﬂ) = uPuPTINVY gus, Votigy s?) = u P TINY guaA Vit (2.28¢)
s = IPTI MY 515, Voytian | s = IOPTIPOMY g1 A Vit

sz(g) = HO‘BHV‘SQ’\“VWuoé,\V(wgN )

The transport coefficients «, 5; and ~; associated to these higher-order derivative-terms
have to be determined by the microscopic correlation functions via Kubo formulae (derived
in section 3.3). These transport coefficients are dimensionful quantities whose units can
be easily determined from the effective action i.e.

o~ [length)?, B~ [length]’, 5~ [length]~> (2.29)

In typical hydrodynamic setup e.g. [1,3,5], the transport coefficients only depend on the
thermodynamic quantities thus implying that combinations a|u| = @, £; and 7, /|u| = ¥
are dimensionless quantities independent of u. This assumption also implies that 81 =
B2 = 0 due to the fact that s? and sg are not invariant under the reparametrisation
symmetry (2.16).

This strict p-dependence can be relaxed as one allows &, 8; and 4; to also depend on
uﬁfnicro i.e. the microscopic theory’s length scale in the units of macroscopic length scale

However, one has to restrict how the transport coefficients depend on £y for the

gradient expansion to be well-defined. For example, it could happen that

1
vi=lpl 7y ), for  m>0 (2.30)
(Mgmicro)n

which diverges in the limit where the microscopic energy scale 1/lyicro — 00. We shall
restrict our analysis to the case where this does not happen otherwise the gradient expan-
sion will breakdown. Consequently, one now allows s’g and sg to be added to the effective
action, e.g.

/81 = Mgrznicro (62 + O(Eilicro)) ) 62 = M£12111cro (C3 + O(Erznicro)) (231>

for some constants co and c3. It is important to note that these coefficients depend
explicitly on p and not its absolute value. This is done so so that the combinations ﬂisf
are invariant under the reparametrisation symmetry (2.16) as pointed out in [42].

"This situation can happen in e.g. D3 /DT branes where the Landau pole scale can appear in the thermo-
dynamic quantities [60] and in the transport coefficients of weakly coupled QED at finite temperature [61].
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Lastly, we check how the second-order terms transform under the standard discrete
symmetries: the charge conjugation (C), parity (P) and time reversal (7). It turns out
that all scalars listed above are invariant under all C, P and 7. This property can be easily
derived using the discrete charge assignments for the hydrodynamic variables which we
report on in Appendix B.2.

These are the main results in this work so let us summarise them here. Assuming
that the gradient expansion can be performed, we find that there are eleven second-order
corrections to the effective action for plasma at strong magnetic field. They consist of one
term « which depends quadratically on H = db, two terms ; which depend linearly on H
and eight terms ~y; that only depend on the curvature and derivatives of the “fluid velocity”
u”. All the terms presented here are invariant under all discrete C, P, T symmetries (the
rest of the allowed independent structures that are odd under these discrete symmetries
are also presented in Appendix B.1. The rest of this paper will explore the consequences
of these second-order transport coeflicients.

2.3 Constitutive relation and frame choice

Upon varying the effective action with respect to the background metric g,, and the
two-form gauge field b,,,, one finds the constitutive relations which can be written in the
following form:

TH = (e +62) D + (p + 0p) T + 5 1) + 60 T the

(2.32)

J = (p+0p) ut” + 3@2(2) + Shoy
where d¢, dp, dp, tH”, s"¥ are scalars and (traceless) rank-two tensors at the second order in
the derivative expansion. Different subscripts under the tensors t*”, s*” in (2.32) represent
how they transform under SO(1,1) and SO(2) symmetries. More precisely, the tensors
t’é”o(l’l), t’glé@), they, transform as tensor representations of SO(1,1) and SO(2), and a
vector representation of SO(1,1) ® SO(2), respectively. In practice, they can be obtained
from TH¥ via the following projections:

(,8275) T = —(e + 0e) U+t 1, (2.33a)
(I, 1) T = —(p + 6p) I + 15y, (2.33b)
1 v v [e% v
= <Q“aH 549 anﬂﬁ) To8 = ¢ (2.33¢)

and taking the trace of Eq.(2.33a) and Eq.(2.33b) enables us to separate de, dp and the
traceless parts t’S“é(Ll) and thO(2)' Similar procedure can be used to obtain dp, s’“S”'O(Q) and
Shaw from J# 8. The full constitutive relations at non-linear level with curvature and the
background field b, turned on can be found in Appendix D and the linearised constitutive
relations with flat metric and vanishing background field can be found in Appendix C.
These constitutive relations are cumbersome in practice and we believe that it is much
more convenient to work with the effective action directly.

Before discussing the advantages of this decomposition, let us discuss one subtle issue
of hydrodynamic description. As emphasised in the relativistic hydrodynamics’ literature
(see e.g. [1] and, for modern review [2,62]), the out of equilibrium values of the chemical

8The constitutive relation for J** does not contain the sgg(l 1) part because it always vanishes. s’é‘é(l H
would be the SO(1,1) part of J*” without the scalar part proportional to u*” so it can be defined
as Sglé(l 1y = (Vs — Qa5 + uuap) J*. But this projector vanishes because of the Jacobi
identity (A.21) so sG55 1) = 0.
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potential p and the two-index velocity u#*” have no unique definition. While in the effective
action construction we impose the condition that f“” = put’ without any derivative
corrections for convenience, this is not a necessary condition . In fact, at the level of
the constitutive relations we have a freedom to redefine the chemical potential and u*” by
second-derivative quantities in the following way

p— w4 opp(9%), u — u + Suky (97) (2.34)

where dup and du’ are a scalar and a tensor of our choice, usually chosen to simplify the
constitutive relations. Let us first see what happens to the constitutive relations when we
redefine the chemical potential. It turns out that the only terms affected by the choice of
i are scalars de, dp and dp, namely:

de — 0 + ﬁdup, op = dp+ pdur, op — dp+ @5/@ . (2.35)
ou ou
This indicates that we can choose dup to eliminate one second-order correction to &, p or
p. The choice of u*¥ is more subtle. Firstly, one has to realise that du*” transforms as
a product of vector representations in SO(1,1) and SO(2) while u*” in equilibrium only
transforms under SO(1,1), see [30] and Appendix A.2 . We find that the second-order
tensors that can be affected by this choice are

thy = thiy — (4 p) (W', 0uf’ + dutuy), (2.36a)
St — St + POUR (2.36b)

indicating that one can remove either ¢ or siZ by appropriate choice of dufy’. This
freedom is referred to as a frame choice and various choices of hydrodynamic variables
have been employed in the literature 1. In [30], the choice where R = p received no
second-order derivative-corrections was made. However, in the current work, it is more
convenient to use the constitutive relations obtained directly from the effective action
without making additional redefinition.

It is worth mentioning that the frame choice is not innocuous. As shown in the case of
the fluid with ordinary U(1) global symmetry, inappropriate frame choice yields unphysical
non-hydrodynamic mode that can lead to instabilities even in the stationary fluid [63] (see
also [64,65] for recent discussion). We will soon see in Section 3 that here the linearised
perturbation also contains non-hydrodynamic modes but, fortunately, they do not lead to
instability. Furthermore, the pole we found cannot be removed by the frame choice.

For our purpose, the decomposition (2.32) singles out the terms that are unaffected
by the frame choice, namely s’éVO(Q). This SO(2) component of J* is responsible for the
acceleration of the charged particle along the magnetic field P = E - B ~ €,,,,J" J,
namely

€upo ' IP7 = peu,,pgu“”sgl(/)@) + 0(8?) (2.37)

as sgyo(m is the only component of J*¥ that is orthogonal to u#”. This allows us to single
out the terms in the effective action that are responsible for P > 0 in a strong magnetic
field.

9Similar issues have been discussed in the context of the effective action for the charge-neutral relativistic
fluid in [11,55] (see also [16,21]) and equilibrium partition function of a fluid with one-form global symmetry
in [35]

OFor example, in the case of a fluid with ordinary (zero-form) U(1) global symmetry, the choice of
temperature 6T, chemical potential dur and fluid velocity du’ is commonly used to eliminate de, dp so
that T""u, = —eu”, and is known as Landau frame [1]. See also [2] for discussion concerning different
frame choices.
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3 Linearised perturbation and correlation functions

We follow the approach of extracting two-point (and three-point) correlation functions
of [66] (see also [2,67]). This approach, known as variational method, can be done by
defining the one-point generating function

i = 90%sf g _ OSess
09w Sbyu

: (3.1)

The retarded correlation functions are then obtained by varying the one-point generating
function. Following the convention of [66], we write down one-point generating functions
up to the cubic order in the perturbations dg, b as

OTH (x) = —% / d*a’ (G%lpa(a:, ') (5gpg(x/) + 2G%Z’pg(x, ') (5bpg(a:')>
+ i/d4x'd4x" (G%ﬂ:,:’}a’aﬂ(x,x’,x")égpg(x')5gag(x")
b O (0 )50 (1) b (a”) + T B (1) (a”) )
ST (z) = —% / e’ (G%lpa(x,x/) Sgpo (@) + 2G1P (3, 2) 6bpg(x’)>

+ i/d‘lx'd‘lx” <G§?§f”a6(1‘,:c’,x”)5gpg(w')5gag(x”)
b S G 0,0 1)y (0500 (1) + G55 Sy ()b () )
(3.2)
where G%E}p “, Gfﬁ’{g 8 with A,B,C =T,J are fully retarded two- and three-point corre-
lation functions evaluated in flat space with vanishing external background gauge field (for
the procedure to obtained different kind of real-time correlation functions see e.g. [68]).
The fluctuations and eigenmodes of the theory can be studied in two different ways.
A more conventional one is to vary the effective action w.r.t. the metric and gauge field
to obtain the stress-energy tensor T*” and J*”. Then one applies the Ward identity to
find the spectrum. The second way is to utilise the effective action formalism by writing
the fields 0% and a,, as
ol =2t + 7't x,2) ,
a, = %,uzdt + a,dat (3:3)

for i = z,y. Upon implementing (3.3) in the action and varying with the background
fields 6g,., 0b,., obtaining the Euler-Lagrange equations for 7; and a,, becomes extremely
efficient. These two approaches compliment one another and, given the lengthly effective
action, serve as a good consistency check. It is also helpful to note the relations between
variables in these two approaches, namely

(S/L = 6taz — 8zat y Uti = —({_)Zﬂ'i s UZi = atﬂ'i . (34)

3.1 Propagation along the magnetic field line

When the perturbation is a function of (¢, z), the relevant equations of motion that contain
nontrivial modes are the Ward identities of the transverse channel, namely

V,TH = HJ5,  V,J"=0, (3.5)
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where i = {x,y}. The fluctuations of u*” that constitute the above equations of motion
are Ju!" and du*. Turning off the metric and the two-form gauge field fluctuations, we
find that the conservation of two-form current gives

ot + 0,u* =0 . (3.6)

This equation is automatically satisfied in the effective action setup where
ult = —o,m u? = o . (3.7)
The conservation of transverse momentum then yields the wave equation for the field ;
pr(0F + 02 )m; — 2(ya — 75) (07 + 92)°mi = 0 . (3.8)

The above equation can be obtained in two independent ways. One can either substitute
the solution (3.7) into the linearised constitutive relations in Appendix C and plug T
into the Ward identity !'. Equivalently, one can find the Euler-Lagrange equation of the
effective action (2.24). The spectrum of this sector is

2 2 2 Hp 2
w* =k, w 5 — ) + k. (3.9)
This indicates that the first mode, which is the zero temperature limit of the Alfvén wave,
received no correction from the second-order derivative-corrections. On the other hand,
the new gapped mode sets the scale where the hydrodynamic expansion breaks down.

It is not uncommon that the second-order hydrodynamic contains non-hydrodynamic
modes. We can argue that the gapped mode is outside the regime of validity of hydro-
dynamics since, at k, = 0, the spectrum becomes w/u ~ p/p, assuming that (v4 — v5)/p
is of O(1). It is also possible that this mode can be removed upon the field redefinition
procedure.

To compute the correlation functions for the fluctuations of this type, it is useful to
couple the theory to background metric and gauge field. The solution for m;, in Fourier
space, can be written in terms of the perturbations of g, and b,,, namely

1

i(w, k) = ————
mi(w, k2) 2P (w, k2)

{ (wdgri + k20giz) — 2(wdbz; + kz6by;)
(3.10)
— (w? = K2) 2074 = 75) (3gss + h095)) + B (kdbr — wibss) } ,

where the polynomial Pj is

Palw, k) = (W = k) (pp — 2(a — 75) (* — k7)) (3.11)

With this information at hand, one can proceed to extract the correlation functions which
contain the pole describing the spectrum (3.9). Only the correlators involving J%, .J*¢ Tt
and T% encode the propagating mode. This can be seen by considering the one-point
generating functions in the presence of small metric and gauge field fluctuations:

i w?pp 1p
T = <p - k2(71 — ) + u)2—k:2> dgri — wk (’71 — Y4+ w2—k:2> 09z

2wp
w2 — k2
k

+ (k‘(;btz + w5bzi) , (3.12)

2p* — f1(w? — k?)

Jti —
4P+ (w, k)

) (kSby + wbzi)]

"This is consistent with the equation obtained in the linearised constitutive relations in flat space in [30]
where we can identify v1 = 2(y4 — 5)
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We can extract the correlation functions which contain the pole using the prescription
(3.2). For example, we have

titi 2 wpp ti,zi k?

Grr(w k) =p—kn-m+—5—5, G =—5"13 (3.13)
Interestingly, there is no pole in the energy density and one-form charge density corre-
lation functions. This may seem odd at first but it can be understood as a consequence of
string reparametrisation symmetry. Effectively, this symmetry freezes the temperature to
zero. This, together with the fact that there is no fluctuations in ”string number density”
along the direction of the string, indicates that there is no propagating mode in the longi-
tudinal channel. This can be explicitly seen as the only relevant degree of freedom in the
longitudinal channel, namely dpu = 2(9,a; — 0,a.), can be solved in terms of the sources as

/1.2 /.2 /
Op = 20by, + } (U - 271]%) 0gst + £ (09aa + 59yy) + 1 (M + N > 0922 — ﬁw/ﬂﬁgm .
2 X 2x 2 X X
(3.14)
where y denotes the susceptibility x = 9dp/Ju. One can see that, unlike 7;, the solution
for du contains no pole for the propagating mode.

Before moving to a different perturbation channel, let us point out that the gapped
mode in (3.9) cannot be removed by the frame choice. This can be seen in the follow-
ing way. Instead of using the effective action, one can equivalently use the constitutive
relations for the linearised perturbation in Appendix C. We will find that for the second
derivative correction listed in Appendix C the only non-zero contributions are

thow =11 (07 — 02) Su'* | t2 = 11(07 — 92)sul" | (3.15)
for ¢ = x,y in the transverse direction. The equations of motion for this system yield

0T+ = (e + p)(Opu'® — Du'™) + Optlly, + Ostih, =0, (3.16a)
8, J" = p(Opu’ — 9,u*) =0 . (3.16b)

These equations can be solved and one finds that the transverse mode’s spectrum is gov-
erned by

(w? — k?) (1 - Eilp(oﬂ - k2)> =0 (3.17)

and one finds that the gapped mode is governed by 1/v;. One might think that by choosing
Landau frame we will be able to get rid of this mode but this turns out not to be the case.
By changing the frame choice u*” — w*” + duf” where du;” is in the v ® v representation,
we find that the appropriate duf” that will remove the v ® v part of the stress-energy
tensor according to (2.36a) is

141
E+p

141
eE+p

Sull = (02 —9Hou® ,  Su¥F = (02 — 0%)ou™* . (3.18)

This leads to the new additional structure in s)Z,, = pduf” and the new equation of motion
in this new frame is

8MT“i = (e +p) (atuiz - azuti) =0, (3-19a)
Oy J" = p (Opu" — 0,u™) + p (8pouf + 9.6ui') =0, (3.19b)

yielding the same spectrum with the gapped mode in Eq. (3.17). In addition, one can
choose the frame in which 6p = 0 and sh, = 0 as in [30] and obtain the same spectrum
discussed here.
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We should note that while the gapped mode is outside the regime of validity of hy-
drodynamics, it is a mode that generically appears in the gradient expansion of this type.
One example that shares close similarity with our construction is the effective theory of
long strings in the context of confining flux tubes in gauge theory (see e.g. [69,70]). In
a formulation presented in e.g. [71,72], the effective theory describes the dynamics of the
string displacement (analogous to o', 02 in our context) which depends on the coordinates
along the string (which is a (¢, z)-plane in this case). The derivative expansion for long-
string theory is then performed with 0o ~ u chosen to be a zero-derivative object and the
mass gap is also generated by the higher-order derivative-terms similar to our setup.

3.2 Propagation perpendicular to the magnetic field line

As the fluctuations become functions of (t,z), one can show that the fluctuation of u'®
decouples and the resulting equation of motion for the propagating mode in the ideal limit
is

PO — (e + p)0yu™ =0,

3.20
PO 4+ 0pp =0 . (3:20)

This yields a simple wave equation with the speed vﬁ/j = p/(px), where the susceptibility
X = Op/Ou. Note that the v, = 1 if we use the equation of state p oc pu?. The same
spectrum can be obtained with the effective action approach by varying the action w.r.t.
7 and a,, which are the only two relevant degrees of freedom in this configuration. These
quantities can be related by

= 87571'33 s (5/,6 = —28taz . (321)

Similar procedure can be carried out with the second-order derivative. Note that, in
order to extract the correlation function, we couple the theory to the background metric
and gauge field. The solutions for 7, and a, can be written schematically as

1
7‘('1, = m (Alﬂ{l}(;guy + B#V(Sbuy> 9 (3223)
M ) VT
1
o, = M(A{f”&gw + Bg”&bw,> , (3.22b)
M W, Ry

where the coefficients A%y, B’y are functions of w, k;, thermodynamic quantities and
transport coefficients. It is also worth noting that only metric and gauge field perturbations
that are even under y — —y enter the above expressions. The important part is the zeroes
of the polynomial le\l/[ which encode the spectrum of the propagating mode. This can be
written explicitly as

Py = noxw? — 0% — 2x (74 — 5)w + 2x(76 + 77 + 18)w?k> . (3.23)
The above polynomial has a wave-like solution which can be written as

2

k
w=tuyk|l+ o (0%4(74 —v5) — (v +v7 + ")/8)> + O(k*. (3.24)

19



SciPost Physics

This agrees with the spectrum derived from the linearised constitutive relations in [30],
further discussed in appendix C. One may also notice that there is a non-hydrodynamic,
gapped mode at w? = 4up/2(v4 — v5). This is the same gapped mode discussed in the
previous subsection which lies beyond the regime of validity of hydrodynamics.

In the parity odd channel, the relevant hydrodynamic degree of freedom is u*¥ = Oym,.
The correlation functions in this channel have no hydrodynamic poles. This can be seen
athrough the solution for u*¥ in the presence of the background sources which is

1
2771\L4(cu7 k)

u™ = Oy = [( — pp + 2w (74 — 5) — k(272 + 273 — Y6 — V7 — 78))5%3/

+ ijx(_2(’72 + ’73) + v + 7+ 78)69501/ - kazﬁl (kx(;bty + W5bxy) - 2p6byz] .

(3.25a)
The spectrum encoded in the polynomial

1
Pii(w, ka) = w? (74 = 5) = S0 — 15k, (3.25D)

indicates that there is only a gapped, non-hydrodynamic mode.

3.3 Kubo formulae

In this section, we will utilise the resulting generating one-point functions to extract a list
of simple Kubo formulae. The general scheme will be to substitute the solution for m; and
a, obtained in (3.10), (3.14), (3.22) and (3.25a) into the generating one-point functions
so that they can be expressed in terms of the sources. Then, applying the definition of
two- and three-point functions in (3.2) to obtain the two point correlation functions. The
transport coefficients can be extracted from the derivative with respect to w, k, or k, of
these correlation functions in the limit where w, k* — 0. It is convenient to consider the
correlation functions which have no poles.

3.3.1 Kubo formulae from two-point functions

Firstly, the one-point functions involving stress-energy tensor expanded up to the order
k2 and k2 are

lim lim T = (—p+ k2 (y2 — 73 — %6 — 18)) 09y + O(K2) , (3.26a)
w—0 kz—0

/
lim lim T%* = Bégzz + <_p + kz (71 — /Wl)) dgst (3.26b)
w—0 ko—0 X

- <2+§ + k2 <%+76+’77+'78>>5gzx
X X

p P P
+(2 ? k§(72—’Y3+’Y7+X’Y:§>>59yy7
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lim - lim T = (p + k(43 + 74))5gm : (3.26¢)
lim - lim T = (p— pp — k2 (v2 =3 — Y6 — 18)) 09ty (3.26d)
k2
-2 <p+;(272—73—%-—78)> by
. ) 1 2 2 1
lim - lim T = 5 (e + 1°x = 2k (va = 75 = 1753)) 091 + 5€ 00aa (3.26¢)
1
+ 9 (5 - 2k32c(72 - N’Vé) 59yy

1
+ 3 (5 — 2y — 2k:2('yl + 3+ 75 — H’Y:/’))) 092
+ (2ux — K251 — 2Kk275)0by. .

The two-form current one-point functions relevant for Kubo formulae are

. : tr _ 2 é — i —

}JIH%) klxlmOJ = —p0gz: + 2 ( + k3 <,u 2 (74 75)>> Obey (3.27a)
lim  lim_ J*¥ = 8ak2dbyy, (3.27b)
w—0 ky—

Jim lim J% = _h k25byz — 2k2adby, — b 5 k2ogy: . (3.27¢)
uljg% kligojtz = <,ux /{2 <’)/3 — i)) 0Git + pPOGra (3.27d)

B
+ (p+ 2k375) 89y + < px + k3 <73 +50) ) 0ge

lim lim J¥* = — —k—f’%(z — 3 —96—g) | 8 +fk256 (3.27¢)
lim lim J¥* = p P V2= Y3 %6~ ) | 09y + 5KiP10gy: 4le

1 2
- —k?gﬁl Obyy + 2 <_p + 2 %’Yg + k‘ioz + kiﬁQ) dby. .
1 T 1

These one point functions can be combined and immediately give us the following
seven Kubo formulae. Note that the r.h.s. are evaluated at k, = 0 or k, = 0, after taking
the derivatives:

1
= _75,3 G (w = 0,ky, k, = 0) (3.28a)
By = (ak Gt 4 92 Gl ) : (3.28b)
Bo = —0} G (w = 0,ky, k. = 0) , (3.28¢)
o = —%Gzng‘yjyz(w = 0, kg, k2 = 0) + 07 G (w0 = 0, kg, ko = 0) (3.284)
1
7= —y + Za,izG;i}’yy(w =0,k =0,k,) , (3.28¢)
p? [
g = Za,zlef;yZ(w =0,kg, k. =0) — 5 (po + Bo) . (3.28f)

There are five remaining transport coefficients that cannot be determined by the above
two-point functions. These remaining coefficients v1, v3, Y4, V5, Y6 enter the two-point
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functions only in the following linear combinations which cannot be disentangled:

= é (02.G17 (@ = 0,kas ke = 0) = B2, G5 (w = 0,kas ke = 0)) , (3.290)

Y3+ Y6 =72 — 8 — %%Gi}yf”(w =0,k: = 0,kz) (3.29b)

Vi — Y5 = pb1 — faﬁzatﬁx(w =0,k; =0,k.) , (3.29¢)
Y+t = %8,32G§?;$(w =0,ky; =0,k;) . (3.29d)

At this point, the assumption about the form of v3 can be of use. If one assumes that
the transport coeflicient 3 can only depend on 4, one immediately finds that s /|u| = 5.
One may also relax this assumption and allow the transport coefficient to depend on the
additional microscopic length scale £, namely ~v3/|p| = F3(f?). Still, this requires that 73
cannot be singular when 1?2 — 0 allowing us to fully determine 3 from 4. Once this is
obtained, one can determined 74 using Eq.(3.29b). This leaves us with the two remaining
linear combinations ~y; 4+ 4 and 4 — 5 which can be computed via

1 T, lT

Y14+ ys = —v3 + 58,1(}% (w=0,ky =0,k.) , (3.30a)
M2 ta,t

Y= = b — O GT (w = 0,k = 0,k2) . (3.30b)

This indicates that if one manages to find one of the coefficients among 1, 74, 5 we can
use the two above equations (3.30a) and (3.30b). Unfortunately, we cannot find any of
these transport coefficients individually from the two-point functions.

3.3.2 Three-point correlation functions

It turns out that the Kubo formula for v; can be obtained by considering the three-point
function of the stress-energy tensor. As the three-point correlation functions are much
more involved than the two-point functions, we will simplify the situation slightly. Firstly,
it is sufficient to set all the fields to be only z—dependent (namely w = 0 and k; = 0).
Secondly, we wish to turn off the background fields which source the fluctuations m; and
a, in this channel. Using the solutions in Egs. (3.10) and (3.14), one can see that the
sources for these modes at w, k, = 0,k, # 0 are

{59tt7 59:(:3[:7 5gyya 6gzzy 599027 6gyz} and {5bta:a 6btya 5btz} . (331)

As a result, we can turn off these background fields and consistently turn off m; and a,,.

The next step is to express the one-point generating functions T*” and J*¥ up to
the second order in the (remaining) background field perturbations. The required Kubo
formula can be obtained from T, which can be written as

T(2) = .t 3 (0 10) 602y (=) — 2 — ooy (2)+

(3.32)
1
+ 5 (4714 2075) (9:002y)" + (271 + 173)09y 0209y + O(25)

where the ellipses denote the terms linear in the perturbations of the background fields
and the contact term. Applying the definition of the three-point function (3.2) and Fourier
transforming into the momentum space, we find that

1 xY,T
T" = iG?T% y(kza q/:') 5ga:y(kz)5gxy(Qz) =
. (3.33)
=~ ) (e 3 (6 +12) ) 8y 02150, ()
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The coefficient 3 can be obtained via the two-point function (3.29a) and therefore, we
find that the Kubo formula for ~; is

1
271 = -3 — 59k, G ™ (k2 qz) - (3.34)

Once this is known, one can immediately obtaine the transport coefficients 4 and then
5 directly from Eq. (3.30). We thereby conclude the computation for the Kubo formulae
for the second-order transport coefficients, which consist of seven transport coefficients «,
B1, B2, v2, 3, Y7, s obtained solely from two-point functions and three coefficients ~q,
4, ¥5 which require one three-point function.

4 Applications: Force-free Electrodynamics and the accel-
eration by a magnetosphere

In this section, we will discuss how the second-order derivative-corrections improve the
description of the conventional FFE. The most transparent way to compare the two setups
is to look at the effective action. Firstly, the FFE action can be written as [39]

Lrpp = _% (0,0'0,0% — (1 2))° (4.1)

which is nothing but F? = F,,, F*” when the field strength is written as F},, = 28[N01(9V] o2
There is no one-form U(1) phase a, in this formulation and thus the higher-form global
symmetry is not manifest in the FFE formalism. In the formulation presented in this
work, we can see that the Lagrangian in (4.1) is nothing but £ = 1u? with the one-form
chemical potential p? defined in Eq. (2.22) of section 2.1. With the new hydrodynamic
framework, we consistently identify all the possible ways to couple the external charge
Jexternal = *db , up to the second order in the derivative expansion (via s(@) and SEB )
(2.28a) and (2.28b), respectively). And there are also nontrivial terms at the higher orders
in the derivative expansion. In terms of the above conventional FFE language, the action
presented in Section 2.2 can be written (schematically) as

in

2
L=Lrrg+ Zw}(,f)RWpUF“”FW + ..., where FH — eﬂ”f)‘fa[palag]ﬁ (4.2)
and (...) denotes the other ten structures in the effective action. This should come as no
surprise since FFE is applicable to a system which is not a free Maxwell theory but a
strong dynamical magnetic field coupled to charged matter. The Lagrangian in (4.2), and
Section 2.2, should therefore be thought of as the most general effective Lagrangian for
such plasma obtained after integrating out the massive degrees of freedom that are not
the fluctuations of the string, {o!, 02} and the degrees of freedom describing the one-form
phase a,.

As already pointed out in [42], the framework of higher-form symmetries allows us to
move away from the limit where the acceleration along the magnetic field line parametrised

by P ~ E - B vanishes. In the relativistic notation, this comes from the fact that
P~ €uvpa I IP7 = p GWWUWS;%@) '

where s’;(')@) is the second-order correction to J*¥ which transforms as a tensor in the

SO(2)-representation, see Section 2.3. This enables us to address the regime beyond the
simplistic approximation of FFE and has phenomenological consequences as discussed
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in the introduction. We shall focus on the two configurations considered in [42]: uniform
magnetic field and the Michel monopole solution. The latter is a toy model approximation
to the magnetosphere of compact, conducting objects (such as pulsars). This improves the
analysis in [42] as we classify all the possible terms that can enter the effective action at
the second order. Note also that s’é”om is the only component of the constitutive relations
(2.32) that, by itself, is independent of the frame choice (discussed in Section 2.3).

It turns out that the transport coefficients which govern 3@2(2) originate from only

three terms in the effective action, namely the term with coefficient « in Eq.(2.28a) and the
terms with coefficients §; in Eq.(2.28b), see Appendix D for the expressions. Additionally,
in the absence of the external charge represented by b,,,, we find that only the term with
coefficient [ controls the electric field parallel to the magnetic field line P ~ E - B. This
result greatly simplifies our analysis and, as a result, we find that (i) the uniform magnetic
field has P = 0 up to the second order in the derivative expansion and (ii) E - B for the
Michel monopole is non-zero and has the same form as in [42] 2.

4.1 Plane wave

In this case, the dynamical variables have the profile as those in the Section 3, namely
1
o =uz, o=y, = 51 dzdt (4.3)

The solution is time-independent and, as expected, sglé)@) = 0 along with the whole
second-order derivative-correction to J#”. One can also study perturbations around this
equilibrium solution, like in Section 3. Substituting the solution for the perturbation, both
with the propagation along and perpendicular to the magnetic field line yields 3’5'6(2) =0
in the absence of sources for the background fields g, b,,. This statement can also be
made for a linearised perturbation aligned in any direction w.r.t. the magnetic field line
and is consistent with the analysis that used linearised constitutive relations in [30].

4.2 Michel monopole

Michel monopole [73] is a toy model for a magnetosphere of a rotating compact object,
such as a star or a pulsar, and serves as a starting point for more realistic setups such as
a rotating black hole [43]. In the FFE framework (equivalently, the zero derivative case of
our setup), this solution is nothing but a rotating monopole whose magnetic flux can be
written in the spherical coordinates in the following way (see e.g. [46]):

wJ = F = qsinfdf A d<d¢ —Qd(t — 7")) : (4.4)

where the current is trivially conserved. Before analysing the effects of the second-order
transport in this system, let us pause to discuss its physical implications. To make this
solution realistic one typically constructs a magnetic dipole by replacing F' — F'sign[cos 6]
which flips the sign of the monopole charge between the upper and lower hemispheres 3.
The magnetosphere is assumed to be far from the compact object and the spacetime is
approximated to simply be the Minkowski space. By replacing the metric to be that of
the Kerr black hole and the time coordinate ¢ in Eq. (4.4) to the outgoing Eddington-
Finkelstein coordinate u, one recovers the Blandford-Znajek solution [43] (see also [46]

12The authors of [42] considered only a single derivative-correction in the effective action, which is
V&7 (db)ag~, in their notation. In our notation this term translates to Hog,Vu?? = 2(35[3) — sgﬁ)).
13This procedure results in a non-zero current along the equator known as current sheet [74], see also [46]

for discussion in the language of exterior derivatives.
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for other solutions of this class). In the effective action language, the Michel monopole
solution translates into the following solution [42]:

=0, oP=¢-Qt—-r), a=-Ldt. (4.5)
2r
In terms of the hydrodynamic variables p and u*¥, we have the following non-zero com-
ponents:
w=q/r*, ul" =1, u'? = —-Q | ut =—Q, (4.6)

with v = —u"*.

We will now show that the second-order derivative-term 8‘5“6(2) is non-zero for this
solution with the source b,, turned off. This results in a non-zero electric field along
the “magnetosphere”. The parameter P can be easily computed with the help of the
projective properties of Jut”. First of all, we assume that the transport coefficients «, 3;
and ~; are small parameters so that the Michel monopole solution in the presence of the
second derivative corrections can be written as

B= 7”% + 5“(0" ﬁ,’}/z) ) ul” = ugy + 5uuy(avﬁa7’i) ) (47)

where uf” is the Michel monopole solution at the zeroth order in Eq.(4.6) and dut” is
in v ® v representation of SO(1,1) ® SO(2). One notices immediately that altering the
profile of hydrodynamic variables according to (4.7) does not affect the SO(2) component
of J*, see discussion in Section 2.3 (alternatively, one can check this statement directly
from non-linear constitutive relations in Appendix D.3). In addition, the wedge product
of du A sg0(2) simply vanishes as du has a component in the SO(2) representation. Thus
the P ~ E - B at the second order in the derivative expansion is

9p v
P~ (p0+a 018 ) o (157 + 00 ) 88001 = Pocuvpoth” Sy + 0%, B%,.)  (48)

where, pg = Op/Ou obtained at the zeroth order in the derivative expansion and the
ellipsis denote the other products of the second-order transport coefficients. All in all, this
means that the parameter P for the Michel monopole at the leading order in the transport
coefficients can be obtained from the zeroth-order solution Eq.(4.6).

The above analysis is rather general and we expect the same argument to be applicable
to more realistic solutions. Nevertheless, let us return to the Michel monopole solution.
The component s SO (2) can be obtained either by varying effective action w.r.t. b,, and ap-
plying the appropriate SO(2) projections or simply read off from the expressions presented
in the Appendix D. Contracting it with the uf” and Levi-Civita tensor in the spherical
coordinates yields the following expression for the magnetic flux per unit flux density:

P/p~ 3 qQ < 8%) cosf . (4.9)

This result has the same form as proposed in [42]. The Kubo formula which relates this
transport coefficient to the microscopic correlation function can be found via the two-point
correlation function (3.28c). This result implies that the non-zero E - B is strongly tied
to the existence of an additional length scale fpicro in the transport coefficients. In other
words, if the transport coefficients 3; can only depend on the thermodynamic variables,
it will imply that 93;/0pn = 0. The way out of this conundrum is that there exists an
additional length scale ;o so that 3; can be a nontrivial function of ]u|€mlcm This

possibility has already been discussed in [42] and what we did here is to point out the
precise terms in all possible second-order derivative-structures that are responsible for this.
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5 Discussion

There are two ways to read this work. The first story can be seen as an investigation
of the strong magnetic field limit p/T2 > 1 in the higher-form symmetry formulation
of magnetohydrodynamics of [30]. At the ideal limit, there is a symmetry enhancement
corresponding to the SO(1,1) boost along the magnetic field line which alters the hy-
drodynamic degrees of freedom. If one insists that such a symmetry persists through the
higher orders in the derivative expansion one finds that the leading-order corrections come
from the second-derivative terms, as all the first-order structures are not invariant under
the emergent SO(1, 1) symmetry. In addition, it forces the entropy current to vanish iden-
tically, making it a genuine non-dissipative theory in hydrodynamic framework. The goal
of this work is therefore to classify the leading-order corrections to the “ideal fluid” limit
by utilising the framework of hydrodynamic effective action . We then further explore
how they affect the correlation functions and provide the Kubo formulae which link the
macroscopic EFT to the data from a microscopic theory.

The other way to read this story is through the lens of force free electrodynamics
and its application to magnetospheres of astrophysical objects. These systems have the
same global symmetries and exist also in the regime where the temperature is negligible
compared to the magnetic flux density. The common way to describe these systems strictly
implies that the P ~ E - B is zero which contradicts the fact that we observe the energy
emission form objects such as pulsars. As proposed in [42], the second-order derivative-
corrections to the fluid with one-form global symmetry may provide a path for a more
realistic EF'T for this family of systems. To this end, using the classification of the second-
order transport, we single out the transport coefficients which are responsible for the
non-zero P of the magnetosphere of the Michel monopole solution and their corresponding
Kubo formulae. One key result is that the non-zero E-B requires the transport coefficients
to depend on at least one additional length scales. This came from the second-order terms
similar to the one proposed in [42] and we show that there is no other structures at this
order in the derivative expansion that affect this process. It would be very interesting to
compute these transport coefficients from a known microscopic theory to better understand
the role of such length scale as well as compare it with the observed pulsars’ spectra in
e.g. [47].

As for the open problems and future directions, an interesting exercise would be to
pin point the role of transport coefficients in an interesting physical setup. For example,
some transport coefficients of the type ~; influence the leading-order corrections to the
propagating modes in the uniform magnetic field while the coefficient s is responsible for
P > 0 in the Michel monopole background. It would also be interesting to understand
these effects in a more realistic setup such as the magnetosphere of the Kerr black hole,
particularly the leading-order corrections to the Blandford-Znajek process [43] and the
stability of such solutions [75, 76].

One should keep in mind that the present construction assumes that the theory admits
a gradient expansion. While being a standard practice, this is a very strong assumption
and is not always valid. For example, in the typical fluid, the thermal fluctuations generate
non-analytic terms which invalidate the derivative expansion beyond the first order in 341
dimensions [77,78]. Fortunately, as the dissipative terms are not allowed by the emergent
SO(1,1) symmetry, one may argue that the fluctuations are negligible due to dissipation-
fluctuation theorem . Nevertheless, it would be extremely useful if there would be a

The origin of this type of non-analytic property can also be traced back to the coupling between
Schwinger-Keldysh partners, see e.g. [20]. In our setup, the vanishing of the entropy production implies
that such coupling is zero.
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different mechanism that breaks the gradient expansion or a way to systematically prove
the validity of the gradient expansion for this type of fluids.
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A Useful identities and properties

A.1 Notation

Here we summarise our notation. For symmetrisation/antisymmetrisation of indices we
use round/square brackets on them with an appropriate % factor in front, e.g. tW) =
5 (" +tvm), t] = 3 (" — ). And the angle-brackets denote traceless symmetrisation
with respect to the appropriate projector () = % (o Q3 + QY W3 — Q) t* or
) = %(H’”QHVB + HIIV IIH 5 — H“”Hag)taﬁ depending whether u, v are SO(1,1)- or
SO(2)-indices.

For the derivatives we use two notations, V, t* g  =1t*"g ., for covariant deriva-
tives (with respect to the metric) and 0, t“ 5. =1t*g ., for partial derivatives.

A.2 Projective properties of u"”

The variable u*¥ arises from the enhancement of two directions generated by u* and h*,
which are independent in MHD at non-zero temperature, to a surface with SO(1,1) sym-
metry. u¥ is an element of the symmetry group of its complement in the antisymmetric
representation. We can build a symmetric tensor out of u*:

QI = gy, (A1)

which acts as a metric on the SO(1, 1)-invariant surface. Additionally, the product struc-
ture of the symmetry groups in MHD at T' = 0 means that the metric on the 4-dimensional,
background space-time can be decomposed into:

g = QR LTI = I = g QR (A.2)

where II*” is the metric in the SO(2)-invariant sector. The fact that u*” belongs purely
to the SO(1,1)-sector of the theory defines the first constraint on it:

QF u™ = a0, = u“aua5u5” =ut . (A.3)
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The second constraint on v is its normalisation 1°:

u iy, = =2 . (A.4)
The above relation, together with (A.3), implies that Q**Q,,, = Q*, = II*11,, =I1I*, =2

(in four-dimensional space-time).

A.2.1 Properties of V,ut”

Now that we know the full set of constraints on u*” we can calculate derivatives of these
constraints and analyse what they imply for V ,ut".

The first constraint we will analyse is the projective property of u*” (A.3). Its deriva-
tive takes the following form:

Vul = QF VYV u™ + V,ul Q" — u“aul’ﬁvpuaﬁ . (A.5)
Projecting the above equation onto SO(2)-sector we find:
I, 11 5V u™® = 0 . (A.6)
We can also contract (A.5) with u”,,*:
(u? Q0 4+ Q° u, MV u =0, (A7)
which after using the decomposition:
Vo ul = Q1o QY 5 A, 4+ TTH 1Y 5B, (117 5 + T4, QY 5)C, 7 (A.8)
gives us:
QY sV, uP =0 . (A.9)
So the constraints (A.9) and (A.6) together imply that:
(L ITY 5 + TTH, QY 5)V ju™? = V ul | (A.10)

which means that V,u#" belongs, in the last two indices, to the mixed, vector-vector part
of SO(1,1) ® SO(2). We will denote this shortly as V,u*” € (v®v)*”. Similar derivation
can also be made for a perturbation du*” with fized background fields g,, and b,, which
shares the same projective property.

The derivative of the norm (A.4), u,, V,ut” = 0, is a trivial consequence of the fact
that V,uf € (v ® v)* so it does not generate a new constraint.

A.2.2 Properties of V,V u"”

In the case of the second derivative of u*¥ we proceed in the same way as in the previous
section. We first calculate the second derivative of the constraint (A.3) and using the
decomposition of V,V,u* in the last two indices into the three sectors of the SO(1,1) ®
SO(2) symmetry group:

VoV ul = Q1o QY g A, %0 4+ TTH TV g B, 0 + (LI 5 + TTH 0 5)Cr ™ (A1)

we find the constraints on the tensors Agpo‘ﬁ, ngaﬁ and Copaﬁ . In this case all three of
these tensors are non-zero but the first two can be rewritten in terms of products of V ,u*”

15This normalisation agrees with u** = 2ul*h"1.
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and the antisymmetric part C[ap]o‘ﬁ of the last one is controlled by the curvature terms

only:
Az, = 2ulMQVET 0 AV Jugy (A.12)
Baplw _ —QUQBVUU[“QV,;UV],B , (A13)
2C[Jp]oc6 _ Rapowuwﬁ + R(Tpﬁ“/uoé7 ) (A.14)

This means that only V,V ut” € (v ® v)" contributes a new, independent tensor
structure at the second order in derivatives.

The second derivative of the norm (A.4), the same as in the case of its first derivative,
does not generate new constraints. The second derivative of the norm is trivially satisfied
when we apply the projective properties of V,V ,u*” and V ,ut".

A.3 Projective properties of H,g,

As in the case of u/”, we can also write down constraints on H,g, coming from its pro-
jective properties. These properties come from the fact that H,g, is antisymmetric in
its three indices and both projectors Q*” and IT*¥ live in a two-dimensional submanifolds
of the four-dimensional space-time. This means that there exists a set of coordinates in
which Q* and II*” are non-zero only if their indices take values in a two-coordinate subset
(different for each projector) of the four coordinates describing the full space-time. And
this implies that:

QOOPOMH, g, =0, (A.15)
TP TIM Hyy = 0 (A.16)
because there will always be a pair of repeated indices on H,g, 16

We can also take derivatives of the above constraints to obtain the projective properties
of the derivatives of H,g,. For V,H,z, we find:

QPO JHopy = 2H o, ul 0TI QMIYONY Jusy — Heop P TI7QHPQY TV Jus, |
(A.17)

TP TIMY y Hypy = 2Hop,u TNV TIHO TV Jusy — Ho o uf TV TIFPITYY s,
(A.18)

A.4 Jacobi identities for u*”

Apart from its normalisation (A.4) and the projective property (A.3), the variable u”
satisfies also Jacobi identities. This can be understood as either a property of the an-
tisymmetric product which defines u*” in terms of u* and h* (u* = 2ul*h*!) or as a
property of the antisymmetric representation of SO(2), which u*" is.

The lowest-order Jacobi identity for u*” takes the following form:

3ulBy N = @By e P ruer =0 (A.19)
Contracting the above with uy* gives:

utP QI 1P 4y frQen = 0 | (A.20)

'6Constraint (A.15) is always true as the SO(1,1)-sector described by Q" is always two-dimensional.
However, the orthogonal sector characterised by IT*” has dimension d — 2 in d-dimensional space-time so
constraint (A.16) does not exist in higher dimensions than d = 4.
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and contracting this identity further with ug” and changing p — 3:

QB —yeuPr — QPTQ = . (A.21)

There are also higher-order Jacobi identities [79] involving products of more variables
uM” and more indices interchanged cyclically, as well as more possible contractions of them.

At the level of the products of three u-variables we have 17:

uleBy N — (A.22)

together with all the possible contractions, similarly to (A.20) and (A.21).

We will not analyse any higher-order Jacobi identities here as they are not needed for
our study of 2nd-order MHD. But it should be kept in mind that corrections at three-
derivative-order and higher may require them. It is also important to mention that deriva-
tives of these Jacobi identities do not generate any new constraints. This statement was
only checked at the level of one and two derivatives. But it seems natural that this
statement would generalise to any number of derivatives.

The power of Jacobi identities comes from the fact that they can be treated like
projectors that annihilate any tensor that they are projected onto. This way contracted
with any tensor structure they produce many new identities for those tensor structures.
This is the most involved part of the process of generating lists of independent scalars,
vectors and tensors at any derivative-order in MHD at zero-temperature.

A.5 Variations of hydrodynamic variables

Following their definitions in terms of the massless degrees of freedom in terms of o, Qs Guv
and b, in Section 2.1, the variations of the physical quantities under metric and gauge
field perturbations are 18

1
Sulv = —iuWQO‘B(Sgag , (A.23a)
1
Sy = fiumﬁagaﬁ + uP8byg (A.23b)
SOM = ulgagu’’ — QOB 5,4 (A.23c)

and oI1" = dg*” — 6Q*¥. Here we use the notation dgh” = —g“ag”ﬂégaf;. We would like
to emphasise the role of the spacetime index which is crucial to the constitutive relations
derived from the action. Unlike the ordinary fluid four-velocity u* where du* = —g"”du,
(see e.g. [11]), we have

1
Ouy” = =5 (uy®w"” + w,*u"?)dgas — T, 0P gag, (A.24a)
1 af arr B a, B
5uw, = §'Uzluyw 59046 + (Up, IL,” — H,LL Uy )6904,3 (A24b)

These variations with respect to the background fields are consistent with the variations
of u# and h* at finite temperature that were obtained in [30,41].

This is the only antisymmetrization of indices on u®?u"u** that gives a new, independent identity.
Others reduce to ul*?u"* = 0.

8The results we obtain here are a generalization of the constraints on the derivatives of u*” as the
covariant derivative of the background metric g, vanishes but variations can have a non-vanishing effect
on the metric.

30



SciPost Physics

B Computations details

B.1 More details on the classification of the second-order terms in the
effective action

In this section, we will further elaborate on the algorithm we use to generate the second-
order derivative-terms in the effective action. The code which implements these steps,
Scalars.nb, can be found in [59]. Let us recall all the structures with two derivatives of
the hydrodynamic variables in Eq.(2.27):

(VouVott, Vo Vopt, VouNeut, V,Veut”, VutV,u®?, (B.1)
Vou Hapy, Vou'"Hagy, HapyHpoxs VoHagy, Rapys} -

All of the above terms have an even number of indices so all of them can be contracted
into scalars. In order to reduce the number of scalars we generate by considering all the
possible contractions of the terms in (B.1) with zeroth-order terms

{u, QW T} (B.2)

we will only take the (v&v)*-part of V,u# and V(,V 5 u*” because we know from sections
A.2.1 and A.2.2 that those are the only independent contributions to (B.1). Furthermore,
because we are only considering contractions into scalars here we will project onto the
(v®v)-sector with w#,I1" g instead of the full projector (w# 11" +1I*,w" g) as both parts
of that projector generate the same scalars, up to a sign.

After obtaining all the different scalars from all the possible contractions we use the
Jacobi identities, as presented in section A.4, to eliminate scalars related by such identities.
By applying Jacobi identities as projectors onto (B.1) we generate a set of identities for
scalars at the second order in derivatives. And we use these identities, together with the
projective properties of H,g- from section A.3, to reduce the list of scalars obtained from
all the possible contractions of (2.27) down to the following 27 scalars:

ngtguaﬁ u?® Ra,yggl_[aﬁ gl
ReypsT1%P070 H oy Hps, TIYPTIVO A"
Hg 50 11,0V H o psu® T WAN
uaﬁHW‘stV,ﬁu&VﬁuM Hagvawﬁu
waﬁvawﬂu VPV
waﬁvﬁvau Hgg,{uaﬂuwl_[)‘”v«,ua,\
Hs, TIPTIO WA uPuVTINY g, Vot
H“6H75w’\’iv5u§ﬁv7ua,\ uﬁma‘svawvuﬁg (B.3)
Hﬁvwa‘svo‘ukum uaﬁnwvéHaﬁ,y
Haﬁw%mvﬁuwwuw Ho‘ﬁﬂww)‘“una,\chuB,.i
ua’BHV‘SVO‘uV(;um Haﬁwwvo‘uv(sum
710‘&1[7511)"{Vgua)\vtguﬁ,,.i Ho‘ﬁﬂ"ﬂsw)‘”Vguw\vcguW
uPTI V5V gtgn %WV 5V gttay
Hs,u®PTITINV y g,

Next we apply the leading equations of motion (2.11a)-(2.11b) to further reduce the
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number of independent scalars to 14:

Submission

Ry psuPu® Ry psTIOPTIY
RepsT1¥P070 H oy Hps, TP TIVO2"
Hisu®Pu P TINY g His 1P WA Y g
uo‘ﬁuwﬂ’\“v5u(s,§vyua,\ HQ’BHV‘Sw’\“Vﬁu(s,ﬁvﬂ,ua,\ (B.4)
uaﬁﬂA’éVgHam Haﬁﬂww)"{vyumv(;um
uaﬁuwﬂ)"{v/guw\v§u.m HO‘ﬁHW‘Sw)‘”VBua)\Vguw
uO‘BHV‘SV(;VBum HﬁgﬁuaﬁHwHAHV)\ucw

In the last step we consider each scalar in the above list multiplied by an arbitrary
function of the chemical potential f(u) and integrate them by parts to eliminate the
second derivatives of u/” and the derivatives of H,g,. And once again applying the
leading equations of motion (2.11a)-(2.11b) we find 12 independent scalars:

Raﬁ/g(;ua'gu’yé RM&;H‘IBHV‘S

af, 6 aB1779, AR
Roqps 11w H oy \Hpgs JIP I w
Hﬁgnua5u75HA“V7uaA Hgg,{HaﬂHV‘sw/\”V«,uaA
uPuVTINY g, Vot TP WAY s, Vot (B.5)
HQBHVCSUJ)\HV,YU@)\V(;UBH uo‘ﬁlﬂ‘sﬂ’\“vﬁua;\v(guw
TPTIWAY guan Vst Hpsxu® T TIMV \

Eliminating the last scalar in the above list because it is not CP7T-invariant we arrive at
scalars in (2.28a)-(2.28c).

There is also the possibility of using the Levi-Civita symbol €,5,5 in constructing the
second-order scalars. This would produce the following scalars in addition to (B.5):

é A
675)\Vltioég,wuo‘ﬁu7 R

€600 Homp H g pu®Pu P TIA TTVTTPY
enknggtgpuaﬁuwu”)‘H“”HPUVyu(w
€apr HsuouPTIOTIFMIM WPV
€600 Hpppu™Pu P TIFATIV TPV
ealg)\yuaﬁﬂ'yaﬂm‘ﬂwwpgV(;uwvuu,w
evgxauo‘ﬁu”"sﬂ’“"\HWHp"V”uanvyu/gp
675,,0uo‘ﬁu'y‘sﬂ'{)‘ﬂ“l’ﬂp"V“uaﬁvpum

STTRA
675)\0ua5u7 IV ITP?V puak V pugy

6 A
ewp\ylfim/guuo‘ﬁu7 R

€600 Hopr Hapupu®Pu TR TV ITPY
eag)\l,H,{Wuo‘ﬁﬂwﬂ'”\ﬂ“”wp”v(guw
€00 H gy u®Pu P TIFATIV TPV y
€630 Hppu™Pu P TIFATI TPV i
6(1551,ua'BH75H”AH“”wpUV,iuwvuw\g
engVuo‘ﬁuv‘SH”’\HWwp”Vguvaum

4 A
emswuaﬁtﬂ I TIMYITPOV ok V pugy,

(B.6)

It is important to notice that because the Levi-Civita symbol is totally antisymmetric in
all of its four indices, all of them have to take different values. This means that in our
separation of indices into the SO(1, 1) and SO(2) sectors we have that:

1
ST TP QT 3,5 = STPOT (0070 — Q707 a5 =
1
§HpaHuBupaeaﬂ76u'y§

(B.7)

And this last form of the Levi-Civita symbol is what we used to generate (B.6). It is
then straightforward to check that all of the terms in (B.6) are not invariant under charge
conjugation C and the parity P assigned in appendix B.2.
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B.2 Discrete charges (C,P,T) of hydrodynamic variables

In this section, we elaborate on the discrete charge assignment of the hydrodynamic vari-
ables. This analysis has already been done for fluid with 1-form global symmetry in [30,41]
and we simply specify this information to the limit where there is an emergent SO(1,1)
symmetry. We will also follow the conventions in mentioned papers where all thermody-
namic quantities are invariant under all C, P, T symmetries.

A few properties is worth mentioning. Firstly, as the action contains the combination
So [ d4a;J“”bW, it implies that b,, and J*” must transform in the same way under
the discrete symmetries. From this, one can deduce how u*” transforms via the definition
p ~ ut (b, +...) noting that p is chosen to be invariant under all C, P, T transformations.
This should be contrasted with the string reparametrisation symmetry o' — ¢’ with
det [00’/0c] < 0 which acts effectively as an additional discrete transformation for the
hydrodynamic variables (which we denote by R in the table below). In the latter case, the
chemical potential u, density p and u*” switch sign while the current J*¥ does not. The
table summarising the transformations of relevant hydrodynamic variables is presented
below.

C P T R
au au (807 _ai) (_807 8@’) au
Jwv —Jr (J()i7 _Jij) (_JOZ" sz) Jw
utv —uMv (UOi, _uz’j) (—UOi, uz’j) M
0 7 7 0 —H
H,\ —H\ (—Hoij, Hijr) (—Hoij, Hiji) | Huox

C Linearised constitutive relations

Using the effective Lagrangian (2.24) we find in the flat-space, flat-gauge-field limit at the
linear order in u 19 :

de = (1) u T Uy 55 + O(0%) (C.1a
p = ((2) U™ Uy g5 + O(9?) (C.1b
Sp = 5uO‘BH75u&%55 + 0(53) , (C.1c

tsoa, = ~ 20 w IO ugs 5+ O(0%) | (C.1d
tooe = 2@ u TN w5, 4+ 0(0%) (
thiw = —2uHleqIv)B (1/0 I1%Uqn g5 + V1 Q" Uap 76 + 12 Hvduaﬂﬁg) + 0%, (Caf
S50 = 0+0(%) (C.1g
Shey = 2QlkleTyvIB (ﬁo U g5 + 1 QU 5 + Do Hw‘suaﬁy,yo +0(8?) . (

The fact that we obtain dp, g, # 0 in the linearised theory shows that we are working

in a different frame than [30]. The transport coefficients ¢, n and v depend on the chem-
ical potential p and they can be related to the coefficients «, 5; and ~; in the effective

1976 clarify, the linear order is the part that survives an expansion of the effective degrees of freedom
around a constant background, u*” — u}” + du"” and only contains terms up to the first order in du. The
linearisation and taking the flat-space, flat-gauge-field limit are performed on the most general T#" and
JH” 80 on the results in appendix D. This is because the variations of the action and accompanying them
integrations by parts can generate linear terms in the flat limit from terms in the action that are nonlinear
and/or contain curvature or gauge field.
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Lagrangian (2.24) via:

e(pw) = —p(p) +pp' (1), p(p) =1'(1) , (C.2a)

Ca) = —W + 271 (1) + 295 (p) — s () + 3(p) — va(pe) (C.2b)
Gy = =000 = 21700 = P s < a50) + ) 2, (C:20)
E=—5P1n) (C:24)
N1y = —W + 271 (1) + y3(p) + 7a(pe) (C.2e)

Ny = —ve() — 13(1) — (1) — pya(p) + 272(p) (C.2f)

= a0) + L) ) 425000 + 220 (C.20)

vi = =2v4(p) + 275(1) (C.2h)

va =6(1) +73(1) — 8(p) — 272() (C.2i)

vy = —%/32(,“) ) (C.2j)

v = —%5100 : (C.2k)

7= 6ok (C.21)

Note that we can also allows the transsport coefficients to also depends on additional scale
as discussed in Section 2.2 and it will not change the conclusion of this appendix.

As mentioned earlier, the appearance of f and 7; in our results simply comes from
the fact that the variations of the effective action give a different hydrodynamic frame
than the one adopted in [30]. One can show that by changing frame, as presented in Egs.
(2.35)-(2.36b), to the one with dp, stg,, = 0 the transport coefficients in T transform as
follows:

Sy = Gy — Mg ) (C.3)
p(p) >

— — , C4

C2) = C2) P’(M)C (C4)

Vo = Vg — P (C.5)

VU — Pl (C.6)

1/2'—>I/2—u52. (07)

Additionally, the authors of [30] proposed a condition on transport coefficients which
arises from the constraint that makes the equations of motion not overdetermined, namely

(VuTH) Qi + 1 (V"™ )y = 0 . (C.8)

While this relation is obviously satisfied at the zeroth order, it imposes a constraint on the
second-order transport coefficients. It was shown by [42] (see their appendix C), that this
relation follows from the diffeomorphism invariance of the action generated by a vector
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field £* in the SO(1,1) plane i.e. £&* = Q*¥¢,. In our case the above constraint generates
the following condition for the transport coefficients:

p(1)
e’ (1)

vo +ve — (i + D) = (*C(l,l) +1a,) T+ u(¢ - 51)) ; (C.9)

which is satisfied by the expressions in (D.2a)-(C.2l). Using the mappings of the transport
coefficients under the frame change into the frame with dp, s, = 0 we can also show that
this condition becomes:

v+ 2 = (*C(Ll) + 0, + Vl) ) (C.10)

e’ (1)

which agrees with [30]. It is also worth noting that the above condition is also satisfied
in our frame choice by the expressions in (D.2a)-(C.2i) since the transport coefficients in
JH cancel each other out independently, 7y + 7o =0 and ( — 3 = 0.

D Full non-linear constitutive relations with curvature and
field strength

While we strongly recommend working at the level of the effective action when possible,
we still would like to list the full constitutive relations for completeness. Recall that the
decomposition of the constitutive relations (2.32) is:

T = —(e + de) @ + (p+ 0p) I + 15, 1y + e 50(2) +the, s

JH = (p+dp) U“”+S’§”( )+Sv®v :

We first address structures appearing in each second-order piece and then show how they
are related to transport coefficients a, B; and 7; in the effective action. These results
are obtained via the variation of the action with respect to the background metric and
two-form gauge field. Its implementation can be found in the file Action.nb in [59].

D.1 Second-order scalars

The scalars de, dp and dp obtained by varying the effective action are:

de = () u ﬂﬂvéum 55+ C ' 1) Mmuaﬁu'yé + C ) 1) Mﬁéﬂaﬁl‘[vé
+ C(l’ a'yﬁénaﬁg’ya + C(M) Uaﬁu'ygﬂ)\puép;ﬁumw + C((Yi)) uaﬂuwﬂ)\puak;ﬁuwﬁ
+ C((va HO‘BHA";Q)“’U&, Sllarey + C(;ﬁl) HaﬁH%Q)‘pua)\;ﬁuw;d
+ C(Ws) I QM g, UBp;s T C 1 1) Hﬁépuaﬁuwn)\p“akw (D.1a)
+ C(ﬁQ) Hgs HaﬂHWaQ)\pua Ay T C 1 1) aﬂHWaHaﬁv;é

+ () HaonHpsp 1P QY 4+ 0(9°) |
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5]9 - C(Q) UQBHMSUCW;,BJ + C((;)l) Rory,BéUOCBUWS + C((;)g) Ra,yﬁ(sﬂaﬁﬂvé

4 4(74) uaﬂu’yén/\pu(;p‘ﬁua/\;'y + C((%) uOB U TIMu on:BlUnp:s

+ Q(%) IO s, guiansy + C( TP 0N U e s

+ o) TN gy s + (ot Hispuu? T g (D.1b)
+ C(ﬁz Ha,BH'yzSQ)\pua ey C(Bs) a,BHmsHaB "

T g Wﬂgapnaﬁmémp +0(0%) ,

op = C~ uaﬁﬂwéua’y;gcs + E(M) Ra,y/g(suaﬂuvé + 5(72) Rawg(sﬂaﬂﬂ’ﬂs

+ ¢0s) Rawénaﬂgw + () uaﬁu”’éﬂ’\pu(smguww

+ 5(75) uo‘ﬁuwﬂ’\pua,\;guw;g + 5(%) HOLBH’Y(SQApu(;p;5uoé/\;,y (D.IC)

+¢Om) H@/BH’Y(SQ)\PUOM;BU,YP;& + ¢0s) HafBHVJQApua/\Wuﬁp;é

+CB2) Higs TP 0Ny + () Hopy Hps TIYPTI QN + O(0°)
The transport coefficients ((1 1), () and CN correspond to the corrections to de, dp and
dp, respectively. The superscripts on transport coefficients follow and expand on the
numbering of scalars used in the effective action. And the coefficients without superscripts
correspond to terms that contribute to the linearised theory and follow the notation of [30].

The above transport coefficients correspond to the coefficients in the effective action in
the following way:

Sy = —W +271(1) + 275 (1) — p73(1) +3(1) — ya(p) (D.2a)
) = mt(w) 02 = wb() = () (D.2b)
Gy = =P s i) GG = o (D20)

—y3(p) 4+ pya(p) — va(p)

G5 = = (1) — () + 5 (1) + 1295 (1) + s (1) — () (D.2d)
¢ = (1) + (1) = Y6 () + 295 (1) = (1) — va() +3s() +72() , (D-2e)
com p()* 2 (1) )i (w)  p()* v ()" (1) () + 1) + 9a() . (D21
@D ()2 P (1) P (1)’ ! L
¢ = 6(1) + 3 (1) + s (1) — (1) — 232(p) (D.2)
G = 29 () + Br (1) + 495 (1) — 4 () — 244() (D.2h)
G = wBs() = Bal) = Br() — 295(n) ¢ *ﬂl( ) +5(1)
(D.2i)
¢y = el () (D.2j)
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/

p()v3 (1)

C2) = —6(p) — 2y7 (1) — ) + y3(1) — y8(p) + pya(p) — 272(p) (D.3a)

G =m0, 6 = nalo) = 2 = P sa) — 25040 — ()
(D.3b)
St = =71 (m) +76(m) + 277 () + p(?(v;)(“ ) Y3(1) + vs(p) +v2(1) (D.3¢)
oy = =) = 125 () + () = () SOy = () + pa(p) . (D.3d)

(o) P()vs(p) p(W)yz(p) ()5 (1) D
G(g) p,(u) 76(“) + p,(u) 77(“) + p/(ﬂ)g ( 36)

)P (p" (1) | p()vs(p) ()75 (1)
Pt T g W T
S = 6(1) + 73(18) — 232(1) (D.3f)
Cor) = 4 () — 295 (n) ¢ = 2(n) — Balp) (D.3g)
o) = =) o) = —alu) (D.3h)
-1
¢=—50M, (D.4a)
¢ =(p) (02 = 4(u) (D.4b)
¢ = ~4(n) SREEAME (D.4c)
Z00 = LB+ o), O = L) — SB ) F o) (DAd)
¢O7) = ~(n) ¢0s) = %52(#) +g(u) (D.4e)
%) = By () + 2a(p) (D.4f)
¢ =d(u), (D.4g)
D.2 Second-order symmetric tensors

There are three symmetric rank-two tensors t’;”o(l’l), t’él(’)@) and t,,7, which transform as

SO(1,1) and SO(2) tensors, and a product of vectors under SO(1,1)®S0(2), respectively.
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By varying the effecitve action w.r.t. the background metric, we find:

o1 = =200 uH T g5 4+ 0% RaqsslI*PQ QM2

(L,1)
+27}(("75)) WPy UGN +2TIE%)) MBI QHIAQIY)

PUsp;gtiary

((Y )) HaﬂHWSQ(Hl/\Q‘V>p“a>\;ﬁuvp;5 + 2778,81)) HQBHWSQ(W\QW”“&/\w“ﬁp;é (D.5a)
+277((1B )) Hgs HQBHWSQ(M)\QIVWU Ay _,_277?33)) WA Qv i B5:
+ 208 Has PP QU 00y 4 20 Hoon His EPTIPQURQMP 1+ 0(5%)

(v3) R

t’é”O(Q) = 212 uaﬂﬂ(#lvl‘[ll'ﬁuad;ﬁv + 277((’27)2) RM@HV‘;H(“'O‘HMB + 277(2) awél—[(#laﬂll’)ﬁg’ﬂs

+ 27781) uo‘ﬁtﬂ‘sﬂ(“‘)‘ﬂ'”>pu(;p.5ua)\.7 + 27785) uaﬁuWSH(uP\HIV)puw\;Buw;a

+ 27]§7)6) H’Y5H<M(XH| >5Q>\Pu6p BlUariy + 277(7)7) H75H<M|O¢H| >/BQAPUB)\;O/UJW);5

(2

+ 277((3;571) el Por PUyralispp + 277(’2?72) HWSH(H'QHWWQAPUMWUBM

(
(D.5b)

+ 277§2)1) Hpspu® PV TIHATI Py o 4 277((6)271) Hs, JIOTIHIOTIMBQN gy

+277((5)2, ) Hgs Hvéﬂ( lappiv)B QAPUQ)\»)/‘I’QT/(IB)S) QBHWWHlV)‘;HamW

(2

+ 205 Hoopn s, TP TIHOTIVAQN 1 0(6°) .

In the case of the above tensor structures the superscript on the transport coefficients
denotes the scalar that is the trace of the corresponding tensor, again following and ex-
panding on the numbering of scalars used in the effective action and the scalars in the
constitutive relations earlier. And the numbers after comma number the tensors with
the same trace. Because the off-diagonal (v ® v)-components below are trivially traceless,
the superscripts on their transport coefficients carry only a greek later to indicate their
structure (number of field strengths H) and a number after comma.
e = —2u u(“lo‘HW‘SHl”)Bum;ﬁ(g 2y U(M‘QHW)BQW&U%@WJ . u(“laﬂwﬂly)ﬁuaﬁw(g

+ 21 Ramauﬁvu(u\aﬂll/ﬁ + 2,002 Raﬁwnﬁ’YH(ulaQ\VW

+2u(1:3) umu(“'aﬂ)‘pﬂ'”)éuﬁpwum;5 + 214 uﬁyu("'aﬂ/\pﬂ‘”)‘;u[gmvuaa;)\

+ 92p(1:9) u67u(“|aﬂ)‘pﬂ|y)5ua>\;pu&;;.y + 2p(1:6) HﬁVH(MaQ)\PQ|V)5UIBPWUQ)\;6

+ 92,007 HB’YH(MQQAPQ|V)5U6)\;QUW);6 + 2,18 HIBWH(MCVQ)\PQWWUMS;pua)\;ﬁ (D.5¢)

+ 2,81 u(u\Oc1‘[751'[|V)BHO[BAY;(S +2,(8:2) u(u\aHW)ﬁQ%HaM;é

+ 2u(8:3) Hawuﬂvu(ulaHApH\V)%ﬁ/\;5 + 984 uO"BH(“WQM‘SHM(g;ﬁ

+ 2u/(8:5) H,ngﬂﬁ'yﬂ("'aQ/\ley)éua)\;5 + 9,/(8:6) Hm;pl‘[ﬁv'l—[(u|04Q>\I)Q|V)5uﬁ)\W

+ 92087 Havpﬂﬁ“’ﬂ(“laﬁ)‘pmV)éulg)\;(s + 2,(B:8) Ha,ypﬂlaVH(“laQ)‘le”)aulgg;A

+ 20 H g\ H 5, IPTIWQA QM 1 0(57)

The transport coefficients can be written in terms of «, 5; and ; as follows:

p()1 (1)

IO 2vi(p) + (1) + yalp) (D.6a)

N1 = —
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) = =) = va(1) — 1)

77851)) = p(‘g;ﬁ)(“) + vy (1) = 271 () + prya () — v3() + pya () — valp)

NG5 = =7 () = (1) = () + () +12(8) ,

2.1 / //
77871)) _ _p(/g(zﬁ 2(u) P(I;?Z;)(M) n p(p)*y (%)3 (1) (1) + 4200
PUP) — )+ 200

ngi)) = v6(1) +v3(1) — 272(1)

n = —Ba(n) D =~ ,

niy ) = =291 (1) — 29% (1) — 294 (n) |

niyy = —alu) ,

Ny = —v6() — 13(1) — (1) — pya(p) + 272(p)

03 =), 13 = —ve(w) —vs(e) () +2(p) |

niay = =) + 76(1) — 7a(1) + (1) — V2(1)

(75

Ny = = () = 75(1) + (i) — 3 (i) + 1295 (1) — k() + 72 ()
77(”6 = —y6(1) — v3(p) + s(p) — pya(p) + 272(p)
o
“Qé§ﬁnwmm
gy = =) nigy® = () + (1) — 292(p) |
nigr = —Bu(1) — 29 (1) — 4 (1) + 295(1) o2 = Balu) + 29%(n) |
gt = —Ba(n) , ngy) =5(1)
778)) = —2a(u)
vo = —(u) + B ) ) + 20 ()
P (1) ’
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Submission

vi = =2v(p) +275(1) . v2=6(1) +y3(1) —s(p) — 272(p) (D.8b)
O =2+ 20500) + (), o0 =) - PO s
V) = — iy (1) + v6 (1) + 73() + k() — s (1) + 2075 (1) — 292 () | (D.8d)
v = () — Y6 (1) + 2075 (1) — v3(1) — g (i) + s () — Apva(p) + 272(#)( -
D.8e
s 2e(m)m(p) ~ 2p(p)vs(w) pp ()5 (1)
o) 271 (p) P 275(p) + () (D.8F)
-2 (’; ??j)(” ) _ ol )Z,?Ef;lp W) 4 200 + 2095 00) — 232000
(o) _ 20(m)Yi (k) B p()vs(p) 2p(1)v4 (1)
7 ) 271 (1) —v6(p) + EIm) 3vs(p) + T (D.8g)
— 2794(p) + vs(p) + 4v2(p)
0D = 0() = D ) — () — 220 (D.3h)
V8 = 291 (1) + 273(1) + 27a() — 272 (1) (D-8i)
VB = _Bo() | v = 8 () (D.8j)
V0D = () + 294 (1) — 22 (1) — () V0D = ), (DK)
V85 = — By (1) — 2v6(1) — 45 (1) + 294 () + 874 (1) (D.8l)
6 — By(y1) — W B 2p(g/)(1§,; ) ZP(M)Z%L/;)ZPHW () . (D.8m)
VO = —pBh(p) +28a(p) + Bu(p) , v = () — Ba(p) (D.8n)
V() =285 (1) + da(p) . (D-80)

D.3 Second-order anti-symmetric tensors

Similarly to the symmetric tensors, the antisymmetric tensor components s’;é(l’l), sg’(’)@)

and sﬁév can be obtained by varying the action w.r.t. the 2-form source b,,. It turns
out that the SO(1,1)-components obtained this way are all proportional to u*” so they
are contained in §p, at this order in the derivative expansion. The non-zero components

p p .
550(2) and s, are:

V ( bl
502 = 2(2)
+ 2

aﬁn[uhnlvwgz\puémﬂum;)\ + 424

1) ROWB(SUCVﬁH[MI“/HlV}cs + 2778):2) uaﬂﬂ[m'yH'l’]‘;QApuw\;au(gp;/g

8)74) uPTMTIFITIYO s tayn (D.9a)

+ 2007 TIP3 sy + 205" TIOTIMPQY H

+ 277(( o 2 H s u TN TIFO T 277
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shipy = 200 WMy g5, 4 2y TIHC QP QM0 g0 5 + 205 TP QI04 5.,
+ 200D R psucPTIEN QIO 4 05(002) eS0TI QIMPy 5 sy,
+ 2003 ST QMg sy + 200 WP IPATIF QP gy
+ 200 ST QMY gy sy + 2008 @ BTIATIIQIPY o5 g1,y (D.OD)
958D Hﬁy}\uaﬁﬂg)\ﬂ[uhg\V]puép;a +925(82) Hﬂvn[ulag\u]éHwM
68 Hﬁ/\puaﬁﬂ(s’\ﬂ[“wﬁ‘y]puav;6 1 op(BY) Hﬁwuaﬁﬂ(s’\ﬂ[uwﬁ‘”]pua&;,\
L 25(85) Haﬁ/\uo‘ﬁﬂ‘”‘ﬂ[’m@V}puép;v + 2i(8:6) Hﬁwkuo‘ﬁﬂ&\ﬂ[“'VQ'V}puaa;p
+20(®) H s Hap uP I TIFNQMP 4 0(57) .

The transport coefficients of the SO(2)-components are related to those in the effective
action via

i 1 i 1
?7((;’1) = 552(#) ; n((;)’z) = *gﬁl(ﬂ) , (D.10a)
_ 1 1 i 1
iy = 3B2(m) = 581() i = —5B20) (D.10b)
_(v5) _ pP(WBy(w) 1
77(2) - 2p,(,u) 252(/1) ) (DIOC)
ity = —aw) iy = o) (D.10d)
(8, p(p)e (p
57 = at) - PR (D.10¢)
and similarly for the (v ® v)-components:
3 1 i 1
v = —5P2(n) v =561k (D.11a)
1
vy = 55w (D.11b)
sen — 1 2 _ 1 1 s
v = =561 v = o Ba(p) + 5uba(n) . (D.lle)
_ 1 (pB(p) 1 N 1
(1:3) — = _ PP 2 (v4) — =
705 = (1) #09) = () (D.11¢)
70N = —2p0/ () + 2a(p) 772 = 2a(p) (D.11f)
758 = —By(n) + 20() PP = —2a(y) , (D.11g)
N 1 N
P09 = —2B(u) | P9 = —2p0/ (), (D.11h)
7 = 40/ (1) | (D.11i)

41



SciPost Physics

References

1]

2]

[10]

[11]

[12]

[13]

[14]

[15]

L. Landau and E. Lifshitz, Fluid Mechanics, b. 6. Elsevier Science, ISBN
9780080570730 (1987).

P. Kovtun, Lectures on hydrodynamic fluctuations in relativistic theories, J. Phys.
A45, 473001 (2012), doi:10.1088/1751-8113/45/47/473001, 1205 .5040.

R. Baier, P. Romatschke, D. T. Son, A. O. Starinets and M. A. Stephanov, Relativistic
viscous hydrodynamics, conformal invariance, and holography, JHEP 04, 100 (2008),
doi:10.1088/1126-6708,/2008,/04/100, 0712.2451.

P. Romatschke, Relativistic Viscous Fluid Dynamics and Non-Equilibrium Entropy,
Class. Quant. Grav. 27, 025006 (2010), doi:10.1088,/0264-9381/27/2/025006, 0906.
4787.

S. Grozdanov and N. Kaplis, Constructing higher-order hydrodynamics: The third
order, Phys. Rev. D93(6), 066012 (2016), doi:10.1103/PhysRevD.93.066012, 1507.
02461.

S. Grozdanov, P. K. Kovtun, A. O. Starinets and P. Tadi¢, On the convergence of
the gradient expansion in hydrodynamics, Phys. Rev. Lett. 122(25), 251601 (2019),
doi:10.1103 /PhysRevLett.122.251601, 1904.01018.

S. Grozdanov, P. K. Kovtun, A. O. Starinets and P. Tadié, The complex life of
hydrodynamic modes (2019), 1904.12862.

K. Jensen, M. Kaminski, P. Kovtun, R. Meyer, A. Ritz and A. Yarom, Towards
hydrodynamics without an entropy current, Phys. Rev. Lett. 109, 101601 (2012),
doi:10.1103/PhysRevLett.109.101601, 1203.3556.

N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Jain, S. Minwalla and T. Sharma,
Constraints on Fluid Dynamics from Equilibrium Partition Functions, JHEP 09, 046
(2012), doi:10.1007/JHEP09(2012)046, 1203.3544.

G. D. Moore and K. A. Sohrabi, Thermodynamical second-order hydrodynamic coef-
ficients, JHEP 11, 148 (2012), doi:10.1007/JHEP11(2012)148, 1210.3340.

J. Bhattacharya, S. Bhattacharyya and M. Rangamani, Non-dissipative hydro-
dynamics:  Effective actions wversus entropy current, ~JHEP 02, 153 (2013),
doi:10.1007/JHEP02(2013)153, 1211.1020.

S. Grozdanov and J. Polonyi, Viscosity and dissipative hydrodynamics from effective
field theory, Phys. Rev. D91(10), 105031 (2015), doi:10.1103/PhysRevD.91.105031,
1305.3670.

P. Kovtun, G. D. Moore and P. Romatschke, Towards an effective action for relativis-
tic dissipative hydrodynamics, JHEP 07, 123 (2014), doi:10.1007/JHEP07(2014)123,
1405.3967.

F. M. Haehl, R. Loganayagam and M. Rangamani, The Fluid Manifesto:
Emergent symmetries, hydrodynamics, and black holes, JHEP 01, 184 (2016),
doi:10.1007/JHEP01(2016)184, 1510.02494.

M. Crossley, P. Glorioso and H. Liu, Effective field theory of dissipative fluids, JHEP
09, 095 (2017), doi:10.1007/JHEP09(2017)095, 1511.03646.

42


http://dx.doi.org/10.1088/1751-8113/45/47/473001
1205.5040
http://dx.doi.org/10.1088/1126-6708/2008/04/100
0712.2451
http://dx.doi.org/10.1088/0264-9381/27/2/025006
0906.4787
0906.4787
http://dx.doi.org/10.1103/PhysRevD.93.066012
1507.02461
1507.02461
http://dx.doi.org/10.1103/PhysRevLett.122.251601
1904.01018
1904.12862
http://dx.doi.org/10.1103/PhysRevLett.109.101601
1203.3556
http://dx.doi.org/10.1007/JHEP09(2012)046
1203.3544
http://dx.doi.org/10.1007/JHEP11(2012)148
1210.3340
http://dx.doi.org/10.1007/JHEP02(2013)153
1211.1020
http://dx.doi.org/10.1103/PhysRevD.91.105031
1305.3670
http://dx.doi.org/10.1007/JHEP07(2014)123
1405.3967
http://dx.doi.org/10.1007/JHEP01(2016)184
1510.02494
http://dx.doi.org/10.1007/JHEP09(2017)095
1511.03646

SciPost Physics

[16]

[17]

[18]

[19]

[20]

P. Glorioso, M. Crossley and H. Liu, Effective field theory of dissipative fluids (II):
classical limit, dynamical KMS symmetry and entropy current, JHEP 09, 096 (2017),
doi:10.1007/JHEP09(2017)096, 1701.07817.

F. M. Haehl, R. Loganayagam and M. Rangamani, Topological sigma models &
dissipative hydrodynamics, JHEP 04, 039 (2016), doi:10.1007/JHEP04(2016)039,
1511.07809.

K. Jensen, N. Pinzani-Fokeeva and A. Yarom, Dissipative hydrodynamics in super-
space (2017), 1701.07436.

H. Liu and P. Glorioso, Lectures on non-equilibrium effective field theories and
fluctuating hydrodynamics, PoS TASI2017, 008 (2018), doi:10.22323/1.305.0008,
1805.09331.

X. Chen-Lin, L. V. Delacrétaz and S. A. Hartnoll, Theory of diffusive fluctuations,
Phys. Rev. Lett. 122(9), 091602 (2019), doi:10.1103/PhysRevLett.122.091602, 1811.
12540.

K. Jensen, R. Marjieh, N. Pinzani-Fokeeva and A. Yarom, A panoply of Schwinger-
Keldysh transport, SciPost Phys. 5(5), 053 (2018), doi:10.21468/SciPostPhys.5.5.053,
1804 .04654.

M. Brigante, H. Liu, R. C. Myers, S. Shenker and S. Yaida, Viscosity
Bound Violation in Higher Derivative Gravity, Phys. Rev. D77, 126006 (2008),
doi:10.1103 /PhysRevD.77.126006, 0712.0805.

S. Grozdanov and A. O. Starinets, On the universal identity in second order hydro-
dynamics, JHEP 03, 007 (2015), doi:10.1007/JHEP03(2015)007, 1412.5685.

S. Grozdanov and A. O. Starinets, Zero-viscosity limit in a holographic Gauss—Bonnet
liquid, Theor. Math. Phys. 182(1), 61 (2015), doi:10.1007/s11232-015-0245-7, [Teor.
Mat. Fiz.182,n0.1,76(2014)].

S. Grozdanov and A. O. Starinets, Second-order transport, quasinormal modes and
zero-viscosity limit in the Gauss-Bonnet holographic fluid, JHEP 03, 166 (2017),
doi:10.1007/JHEP03(2017)166, 1611.07053.

P. M. Bellan, Fundamentals of plasma physics, Cambridge University Press (2008).

J. Goedbloed and S. Poedts, Principles of Magnetohydrodynamics: With Applica-
tions to Laboratory and Astrophysical Plasmas, Cambridge University Press, ISBN
9780521626071 (2004).

J. Goedbloed, R. Keppens and S. Poedts, Advanced Magnetohydrodynamics: With
Applications to Laboratory and Astrophysical Plasmas, Cambridge University Press,
ISBN 9781139487283 (2010).

D. Schubring, Dissipative String Fluids, Phys. Rev. D91(4), 043518 (2015),
doi:10.1103 /PhysRevD.91.043518, 1412.3135.

S. Grozdanov, D. M. Hofman and N. Igbal, Generalized global symmetries
and dissipative magnetohydrodynamics, ~ Phys. Rev. D95(9), 096003 (2017),
doi:10.1103/PhysRevD.95.096003, 1610.07392.

43


http://dx.doi.org/10.1007/JHEP09(2017)096
1701.07817
http://dx.doi.org/10.1007/JHEP04(2016)039
1511.07809
1701.07436
http://dx.doi.org/10.22323/1.305.0008
1805.09331
http://dx.doi.org/10.1103/PhysRevLett.122.091602
1811.12540
1811.12540
http://dx.doi.org/10.21468/SciPostPhys.5.5.053
1804.04654
http://dx.doi.org/10.1103/PhysRevD.77.126006
0712.0805
http://dx.doi.org/10.1007/JHEP03(2015)007
1412.5685
http://dx.doi.org/10.1007/s11232-015-0245-7
http://dx.doi.org/10.1007/JHEP03(2017)166
1611.07053
http://dx.doi.org/10.1103/PhysRevD.91.043518
1412.3135
http://dx.doi.org/10.1103/PhysRevD.95.096003
1610.07392

SciPost Physics

[31]

[32]

33]

[42]

[43]

[44]

[46]

[47]

[48]

D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized Global Symmetries,
JHEP 02, 172 (2015), doi:10.1007/JHEP02(2015)172, 1412.5148.

S. Grozdanov, A. Lucas and N. Poovuttikul,  Holography and hydrodynam-
ics with weakly broken symmetries, Phys. Rev. D 99(8), 086012 (2019),
doi:10.1103 /PhysRevD.99.086012, 1810.10016.

J. Hernandez and P. Kovtun, Relativistic magnetohydrodynamics, JHEP 05, 001
(2017), doi:10.1007/JHEP05(2017)001, 1703.08757.

J. Armas and A. Jain, Magnetohydrodynamics as superfluidity (2018), 1808.019309.

J. Armas and A. Jain, One-form superfluids & magnetohydrodynamics (2018), 1811.
04913.

S. Grozdanov and N. Poovuttikul, Generalised global symmetries in holography: mag-
netohydrodynamic waves in a strongly interacting plasma, JHEP 04, 141 (2019),
doi:10.1007/JHEP04(2019)141, 1707.04182.

J. Martin-Garcia, zact: Efficient tensor computer algebra for the wolfram language
(2002), http://www.xact.es/.

P. Goldreich and W. H. Julian, Pulsar FElectrodynamics, 157, 869 (1969),
doi:10.1086/150119.

T. Uchida, Theory of force-free electromagnetic fields. i. general theory, Phys. Rev.
E 56, 2181 (1997), doi:10.1103/PhysRevE.56.2181.

S. S. Komissarov, Time-dependent, force-free, degenerate electrodynamics, 336(3),
759 (2002), doi:10.1046/j.1365-8711.2002.05313.x, astro-ph/0202447.

P. Glorioso and D. T. Son, Effective field theory of magnetohydrodynamics from
generalized global symmetries (2018), 1811.04879.

S. E. Gralla and N. Igbal, Effective Field Theory of Force-Free Electrodynamics, Phys.
Rev. D99(10), 105004 (2019), do0i:10.1103/PhysRevD.99.105004, 1811.07438.

R. D. Blandford and R. L. Znajek, Electromagnetic extraction of energy from Kerr
black holes, 179, 433 (1977), doi:10.1093 /mnras/179.3.433.

C. Palenzuela, L. Lehner and S. L. Liebling, Dual jets from binary black holes,
Science 329(5994), 927 (2010), doi:10.1126/science.1191766, https://science.
sciencemag.org/content/329/56994/927.full.pdf.

V. S. Beskin, Magnetohydrodynamic models of astrophysical jets, Physics-Uspekhi
53(12), 1199 (2010), doi:10.3367 /ufne.0180.201012b.1241.

S. E. Gralla and T. Jacobson, Spacetime approach to force-free magnetospheres, Mon.
Not. Roy. Astron. Soc. 445(3), 2500 (2014), doi:10.1093/mnras/stul690, 1401.6159.

F. Jankowski, W. van Straten, E. F. Keane, M. Bailes, E. Barr, S. Johnston and
M. Kerr, Spectral properties of 441 radio pulsars, Mon. Not. Roy. Astron. Soc.
473(4), 4436 (2018), doi:10.1093 /mnras/stx2476, 1709.08864.

J. Pétri, Theory of pulsar magnetosphere and wind, J. Plasma Phys. 82(5), 635820502
(2016), doi:10.1017/S0022377816000763, 1608.04895.

44


http://dx.doi.org/10.1007/JHEP02(2015)172
1412.5148
http://dx.doi.org/10.1103/PhysRevD.99.086012
1810.10016
http://dx.doi.org/10.1007/JHEP05(2017)001
1703.08757
1808.01939
1811.04913
1811.04913
http://dx.doi.org/10.1007/JHEP04(2019)141
1707.04182
http://www.xact.es/
http://dx.doi.org/10.1086/150119
http://dx.doi.org/10.1103/PhysRevE.56.2181
http://dx.doi.org/10.1046/j.1365-8711.2002.05313.x
astro-ph/0202447
1811.04879
http://dx.doi.org/10.1103/PhysRevD.99.105004
1811.07438
http://dx.doi.org/10.1093/mnras/179.3.433
http://dx.doi.org/10.1126/science.1191766
https://science.sciencemag.org/content/329/5994/927.full.pdf
https://science.sciencemag.org/content/329/5994/927.full.pdf
http://dx.doi.org/10.3367/ufne.0180.201012b.1241
http://dx.doi.org/10.1093/mnras/stu1690
1401.6159
http://dx.doi.org/10.1093/mnras/stx2476
1709.08864
http://dx.doi.org/10.1017/S0022377816000763
1608.04895

SciPost Physics

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[62]

[63]

[64]

[65]

T. Wiegelmann and T. Sakurai, Solar Force-free Magnetic Fields, Living Reviews in
Solar Physics 9(1), 5 (2012), doi:10.12942/lrsp-2012-5, 1208.4693.

J. Bhattacharya, S. Bhattacharyya, S. Minwalla and A. Yarom, A The-
ory of first order dissipative superfluid dynamics, JHEP 05, 147 (2014),
doi:10.1007/JHEP05(2014)147, 1105.3733.

S. Bhattacharyya, Constraints on the second order transport coefficients of an un-
charged fluid, JHEP 07, 104 (2012), doi:10.1007/JHEP07(2012)104, 1201.4654.

P. Glorioso and H. Liu, The second law of thermodynamics from symmetry and
unitarity (2016), 1612.07705.

P. Glorioso, H. Liu and S. Rajagopal, Global Anomalies, Discrete Sym-
metries, and Hydrodynamic Effective Actions, JHEP 01, 043 (2019),
doi:10.1007/JHEP01(2019)043, 1710.03768.

D. T. Son, Low-energy quantum effective action for relativistic superfluids http:
//arxiv.org/abs/hep-ph/0204199v2.

S. Dubovsky, L. Hui, A. Nicolis and D. T. Son, Effective field theory for hydrodynam-
ics: thermodynamics, and the derivative expansion, Phys. Rev. D85, 085029 (2012),
do0i:10.1103/PhysRevD.85.085029, 1107.0731.

E. Lake, Higher-form symmetries and spontaneous symmetry breaking (2018), 1802.
07T74T.

A. Nicolis, R. Penco and R. A. Rosen, Relativistic Fluids, Superfluids, Solids
and Supersolids from a Coset Construction, Phys. Rev. D89(4), 045002 (2014),
d0i:10.1103/PhysRevD.89.045002, 1307.0517.

L. V. Delacrétaz, A. Nicolis, R. Penco and R. A. Rosen, Wess-Zumino Terms for
Relativistic Fluids, Superfluids, Solids, and Supersolids, Phys. Rev. Lett. 114(9),
091601 (2015), doi:10.1103/PhysRevLett.114.091601, 1403.6509.

B. Benenowski (2020), https://github. com/BartiB2/MHDTO.

A. F. Faedo, D. Mateos, C. Pantelidou and J. Tarrio, Holography with a Landau pole,
JHEP 02, 047 (2017), doi:10.1007/JHEP02(2017)047, 1611.05808.

P. B. Arnold, G. D. Moore and L. G. Yaffe, Transport coefficients in high tempera-
ture gauge theories. 1. Leading log results, JHEP 11, 001 (2000), doi:10.1088/1126-
6708/2000/11/001, hep-ph/0010177.

L. Rezzolla and O. Zanotti, Relativistic Hydrodynamics, OUP Oxford, ISBN
9780191509919 (2013).

W. A. Hiscock and L. Lindblom, Generic instabilities in first-order dissipative rela-
twistic fluid theories, Phys. Rev. D31, 725 (1985), doi:10.1103/PhysRevD.31.725.

P. Van and T. S. Biro, First order and stable relativistic dissipative hydrodynamics,
Phys. Lett. B709, 106 (2012), doi:10.1016/j.physletb.2012.02.006, 1109.0985.

P. Kovtun, First-order relativistic hydrodynamics is stable (2019), 1907.08191.

45


http://dx.doi.org/10.12942/lrsp-2012-5
1208.4693
http://dx.doi.org/10.1007/JHEP05(2014)147
1105.3733
http://dx.doi.org/10.1007/JHEP07(2012)104
1201.4654
1612.07705
http://dx.doi.org/10.1007/JHEP01(2019)043
1710.03768
http://arxiv.org/abs/hep-ph/0204199v2
http://arxiv.org/abs/hep-ph/0204199v2
http://dx.doi.org/10.1103/PhysRevD.85.085029
1107.0731
1802.07747
1802.07747
http://dx.doi.org/10.1103/PhysRevD.89.045002
1307.0517
http://dx.doi.org/10.1103/PhysRevLett.114.091601
1403.6509
https://github.com/BartiB2/MHDT0
http://dx.doi.org/10.1007/JHEP02(2017)047
1611.05808
http://dx.doi.org/10.1088/1126-6708/2000/11/001
http://dx.doi.org/10.1088/1126-6708/2000/11/001
hep-ph/0010177
http://dx.doi.org/10.1103/PhysRevD.31.725
http://dx.doi.org/10.1016/j.physletb.2012.02.006
1109.0985
1907.08191

SciPost Physics

[66]

[67]

[68]

[74]

[75]

[76]

[77]

78]

G. D. Moore and K. A. Sohrabi, Kubo Formulae for Second-Order Hydrodynamic Co-
efficients, Phys. Rev. Lett. 106, 122302 (2011), doi:10.1103/PhysRevLett.106.122302,
1007.5333.

P. Arnold, D. Vaman, C. Wu and W. Xiao, Second order hydrodynamic coeffi-
cients from 3-point stress tensor correlators via AdS/CFT, JHEP 10, 033 (2011),
doi:10.1007/JHEP10(2011)033, 1105.4645.

E. Wang and U. W. Heing, A Generalized fluctuation dissipation the-
orem for monlinear response functions, Phys. Rev. D66, 025008 (2002),
do0i:10.1103/PhysRevD.66.025008, hep-th/9809016.

M. Teper, Large N and confining flux tubes as strings - a view from the lattice, Acta
Phys. Polon. B40, 3249 (2009), 0912.3339.

O. Aharony and Z. Komargodski, The Effective Theory of Long Strings, JHEP 05,
118 (2013), doi:10.1007/JHEP05(2013)118, 1302.6257.

M. Luscher and P. Weisz, String excitation energies in SU(N) gauge theories
beyond the free-string approximation, JHEP 07, 014 (2004), doi:10.1088/1126-
6708/2004/07/014, hep-th/0406205.

O. Aharony and E. Karzbrun, On the effective action of confining strings, JHEP 06,
012 (2009), doi:10.1088/1126-6708/2009/06/012, 0903.1927.

F. C. Michel, Rotating Magnetosphere: a Simple Relativistic Model, 180, 207 (1973),
doi:10.1086/151956.

Bogovalov, S. V., Acceleration and collimation of relativistic plasmas ejected by fast
rotators, A&A 371(3), 1155 (2001), doi:10.1051,/0004-6361:20010201.

H. Yang and F. Zhang, Stability of Force-Free Magnetospheres, Phys. Rev. D90(10),
104022 (2014), doi:10.1103/PhysRevD.90.104022, 1406.4602.

H. Yang, F. Zhang and L. Lehner, Magnetosphere of a Kerr black hole immersed in
magnetized plasma and its perturbative mode structure, Phys. Rev. D91(12), 124055
(2015), doi:10.1103/PhysRevD.91.124055, 1503.06788.

Y. Pomeau and P. Résibois, Time dependent correlation functions and mode-mode
coupling theories, Physics Reports 19(2), 63 (1975), doi:10.1016/0370-1573(75)90019-
8.

P. Kovtun, G. D. Moore and P. Romatschke, The stickiness of sound: An absolute
lower limit on viscosity and the breakdown of second order relativistic hydrodynamics,
Phys. Rev. D84, 025006 (2011), doi:10.1103/PhysRevD.84.025006, 1104.1586.

I. Alekseev and S. Ivanov, Higher Jacobi identities, ArXiv e-prints pp. 1-7 (2016),
1604.05281.

46


http://dx.doi.org/10.1103/PhysRevLett.106.122302
1007.5333
http://dx.doi.org/10.1007/JHEP10(2011)033
1105.4645
http://dx.doi.org/10.1103/PhysRevD.66.025008
hep-th/9809016
0912.3339
http://dx.doi.org/10.1007/JHEP05(2013)118
1302.6257
http://dx.doi.org/10.1088/1126-6708/2004/07/014
http://dx.doi.org/10.1088/1126-6708/2004/07/014
hep-th/0406205
http://dx.doi.org/10.1088/1126-6708/2009/06/012
0903.1927
http://dx.doi.org/10.1086/151956
http://dx.doi.org/10.1051/0004-6361:20010201
http://dx.doi.org/10.1103/PhysRevD.90.104022
1406.4602
http://dx.doi.org/10.1103/PhysRevD.91.124055
1503.06788
http://dx.doi.org/10.1016/0370-1573(75)90019-8
http://dx.doi.org/10.1016/0370-1573(75)90019-8
http://dx.doi.org/10.1103/PhysRevD.84.025006
1104.1586
1604.05281

	Introduction
	Effective action
	Formalism for non-dissipative fluid with one-form global symmetry
	Classification of the second-order effective action
	Constitutive relation and frame choice

	Linearised perturbation and correlation functions
	Propagation along the magnetic field line
	Propagation perpendicular to the magnetic field line
	Kubo formulae
	Kubo formulae from two-point functions
	Three-point correlation functions


	Applications: Force-free Electrodynamics and the acceleration by a magnetosphere
	Plane wave
	Michel monopole

	Discussion
	Useful identities and properties
	Notation
	Projective properties of u
	Properties of u
	Properties of u

	Projective properties of H
	Jacobi identities for u
	Variations of hydrodynamic variables

	Computations details
	More details on the classification of the second-order terms in the effective action
	Discrete charges (C,P,T) of hydrodynamic variables

	Linearised constitutive relations
	Full non-linear constitutive relations with curvature and field strength
	Second-order scalars
	Second-order symmetric tensors
	Second-order anti-symmetric tensors

	References

