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Abstract

We introduce a framework for calculating dynamical correlations in the Lieb-
Liniger model in arbitrary energy eigenstates and for all space and time, that
combines a Lehmann representation with a 1/c¢ expansion. The n'* term of
the expansion is of order 1/c" and takes into account all |3 | + 1 particle-hole
excitations over the averaging eigenstate. Importantly, in contrast to a “bare”
1/c expansion it is uniform in space and time. The framework is based on a
method for taking the thermodynamic limit of sums of form factors that exhibit
non integrable singularities. We expect our framework to be applicable to any
local operator.

We determine the first three terms of this expansion and obtain an explicit
expression for the density-density dynamical correlations and the dynamical
structure factor at order 1/c>. We apply these to finite-temperature equilib-
rium states and non-equilibrium steady states after quantum quenches. We
recover predictions of (nonlinear) Luttinger liquid theory and generalized hy-
drodynamics in the appropriate limits, and are able to compute sub-leading
corrections to these.
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1 Introduction

The Lieb-Liniger model is a key paradigm of integrable many-particle systems [3].
Moreover, it is directly relevant to a range of cold atom experiments both in and out of
equilibrium, see e.g. [4H9]. While the excitation spectrum at zero temperature and
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thermodynamic properties [11] have been known for a long time, the exact solution does
not provide easy access to correlations functions as these encode more detailed information
about the exact energy eigenstates. An exception is the case of impenetrable bosons
[12425], which can be mapped onto non-interacting fermions. In absence of full analytic
solutions valuable insights on the large space and time asymptotic behaviours of correlation
functions at zero and low temperatures were gained by combining exact results on spectral
properties obtained from the Bethe Ansatz with with conformal field theory (CFT) [2627]
and Luttinger liquid theory [28,29] and its recent extensions [30-35]. The last two decades
then witnessed remarkable progress in the computation of zero temperature dynamical
correlation functions by expressing them in terms of spectral representations over the
energy eigenstates of the model. On the one hand it became possible to numerically
evaluate the spectral sums to very high precision for large, finite systems [36}[37]. On
the other hand remarkable analytic progress led to a fairly complete understanding of the
asymptotic behaviour at late times and large distances [38-40]. In contrast to ground
state case and non-interacting theories [41-55] progress on determining finite temperature
correlators in interacting integrable models has been much more limited. The basic idea in
interacting integrable models has been to again use spectral representations and sum over
“the most relevant” states, both for equal time [56-62] and dynamical correlators [63-74).
These summations can again be approached either numerically or analytically.

The numerical approach focuses on finite systems of about a hundred particles in
the case of the Bose gas and works in momentum space, i.e. considers the dynamical
structure factor as a function of frequency and momentum [69]. It then sums the dominant
contributions to the dynamical structure factor in the sense that the f-sum rule is satisfied
to a very high accuracy.

To make analytical progress it is essential to identify the classes of states that give the
dominant contributions in a given range of frequencies and momenta or space and time [38].
Known results suggest that in interacting theories this generally requires the summation
over an infinite number of states. Firstly, the large space and time asymptotics of zero
temperature dynamical correlators in interacting models has been shown to be determined
by an arbitrary number of (soft) particle-hole excitations over the ground state around the
Fermi points and the saddle points of the dispersions of elementary excitations [38,75].
Secondly, it has been shown that the asymptotic behaviours of dynamical correlations
of semi-local operators in thermal and other finite entropy states involves an arbitrary
number of (soft) particle-hole excitations [76] over the macro state of interest. Truncating
this sum to a finite number of particle-hole excitations leads to a result that diverges
in time. In the zero temperature case it has been shown that it is possible to take the
thermodynamic limit of (partial) spectral sums and obtain a representation in terms of
(dressed) excitations in the thermodynamic limit [38,/75]. An analogous result for the
finite temperature/entropy case would be highly desirable, but is not known at present.
In Refs [71}73}74] such an expansion in terms of thermodynamic particle-hole excitations
was conjectured. It is based an phenomenological assumptions on how partial sums over
states in the finite volume combine into thermodynamic form factors. It also exhibits
singularities, whose regularization is not presently known.

Given this state of affairs it is highly desirable to obtain explicit results through ab
initio calculations that do not require any assumptions, i.e. carrying out the spectral sum
in a finite volume and then taking the thermodynamic limit exactly. In order to make
progress in this direction we consider the spectral sum in the framework of an expansion
in the inverse interaction strength ¢! around the impenetrable limit. Strong coupling
expansions have previously been used at zero temperature and for static correlators at
finite temperatures |77-80]. More recently the 1/c contribution for the finite temperature
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dynamical density-density correlation function was determined in |70]. This contribution
has a particularly simple structure similar to that of the impenetrable limit, that does
not carry over to the next orders, and as a consequence until now it has been unclear
how to determine higher orders in this expansion. In the following we develop a method
for calculating the higher orders of this expansion and apply it to obtain the contribution
to the dynamical density-density correlator at order ¢=2. The general idea of the 1/c
expansion, and more generally of strong coupling expansions in integrable models, is as
follows. A consequence of integrability is that N-particle energy eigenstates in a finite
volume can be labelled by N rapidity variables

IA) = A1, ..., AN). (1)

These rapidities are in a one-to-one correspondence with sets of (half-odd) integers {;}
through the quantization conditions in the finite volume

{Al,...,AN}H{Il,...,IN}. (2)

The energy and momentum of these states are given by

N N
=Y "ey) ., PN = Zp()\j) : 3)

Jj=1

where €(\) and p(\) parametrize the energy and momentum of a single-particle excitation
over the vacuum (reference) state. For the Bose gas we have ¢(\) = A2 and p(\) = .
Two-point correlation functions of a local operator O(x) in a given energy eigenstate |X)
thus have spectral representations of the form

MO HOTO0,0N) _ OO0 (30— (P3-Pi)
CUVRERD VD Do -

where the first sum runs over the particle number and the second over all M-particle
energy eigenstates. The matrix elements

(AlO(0,0)|p)
(A (] )

are also known as form factors and, as we will see, admit a 1/c-expansion

Fo(am) =y Fonlld), )

ch
n=0

Fo(A,p) = (5)

where I = {I1,...,In} and J = {Ji,...,Jy} are the (half-odd) integers corresponding
to the rapidities A1, ..., Ay and g1, ..., pas respectively. Similarly E(X) and P(X) can be
expanded in powers of ¢!

S
>
I
NE
%
=
o
>
I
NE
N
=

(7)

n=0 n=0
Denoting the truncation of the sums to order O(c¢=7) by F((Qj) (I,J), EY(I) and PY)(I)

respectively, the 1/c-expansion at order O(c™7) is defined as

D |F((9j)(I’J)|26¢(E<a‘>(1)_E<a‘>(J))t_i(p<j>(1)—P(j>(J))x_ ®)

M=0{p1,....unr}
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We stress that the expansion sums certain 1/c contributions to all orders by virtue of
the fact that although the (exactly known) energies and momenta are expanded inside the
exponentials, the exponentials are not expanded in 1/c. In this sense the expansion is non-
perturbative, and in fact rather different from more standard (diagrammatic) approaches
pursued in [81]. As discussed in detail below is in fact both a 1/¢ expansion and an
expansion in terms of number of particle-hole excitations. At order n in the expansion (i)
only excitations that involve at most || + 1 particle-hole pairs contribute, and (ii) all
terms up to O(c™™) contribute. Importantly, this “mixed” expansion has a well-defined
thermodynamic limit and is uniform in space and time. This is in contrast to both the bare
1/c expansion that is non-uniform, and the bare expansion in the number of particle-hole
excitations that is divergent in the thermodynamic limit.

Expectation values of the form are relevant in two contexts.

1. By working in a micro-canonical ensemble dynamical response functions at finite
temperature can be cast in this form. In the following we will use this to determine
the finite temperature dynamical structure factor in the Lieb-Liniger model.

2. At late times after quantum quenches local observables relax to non-thermal sta-
tionary values [91-94]. It follows from the quench action approach [89,90] to quan-
tum quenches that expectation values in the stationary state in fact involve non-
thermal energy eigenstates at finite energy densities. This has been used to study
the stationary behaviour of certain one-point functions after (particular) quantum
quenches [95-97,99]. A natural extension is then to consider linear response functions
in such steady states [L00,[101]. These can be expressed in the form (), where |X)
corresponds to the non-equilibrium steady state relevant to the quench of interest.

In the following we will consider both these cases and evaluate for the density operator
and general |A).

A brief summary of some of our key technical results is as follows. We show that the
1/c-expansion corresponds to an expansion in the number of particle-hole excitations. This
leads to a dramatic reduction in the complexity of the spectral sum that needs to be carried
out. Interestingly, the contributions of one particle-hole and two particle-hole excitations
are individually divergent in the infinite volume limit L — co. Moreover they individually
depend on details of the “averaging state” |A) beyond the root distribution function in
the thermodynamic limit. Crucially, their sum is not divergent and is independent of the
choice of representative state |A), and is well-defined.

The manuscript is organized as follows. In Section [2| we introduce the Lieb-Liniger
model and recall the key elements of its Bethe Ansatz solution. In Section [3| we report
some important intermediate results on the thermodynamic limit of expressions computed
within the Bethe Ansatz. In Section 4| we discuss the 1/c-expansion up to and including
O(c™2) of the Bethe Ansatz equations, energy eigenvalues, form factors and the spectral
representation of the density-density correlation function. These results are then used in
Section [5| to obtain a fully explicit expression for the dynamical density-density correlator
(and the related dynamical structure factor) in the thermodynamic limit, ¢f. equations
(171)), (166)), (178) and . This constitutes the main result of our work. In Sectionmwe
obtain the asymptotic behaviour of the correlator and structure factor in various regimes.
In particular we perform non-trivial consistency checks of our formulas, and recover known
results from (nonlinear) Luttinger liquid theory and generalized hydrodynamics (GHD)
[83,/84.(88].
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2 Lieb-Liniger model

2.1 Definition

The Lieb-Liniger model [1},2] is a non-relativistic quantum field theory model with Hamil-

tonian
L h2 d2
1= [ |01(@) (= g )00 + et 0 (@it | ©)

where the canonical Bose field v (z) satisfies equal-time commutation relations

[W(x), 9 (y)] = 6(z —y). (10)

In the following we set h = 2m = 1 and impose periodic boundary conditions. In first
quantization @D corresponds to a quantum mechanical system of N particles with positions
0 <zxq,...,2x < L and Hamiltonian

H:é—(%) +2) 8(x; — ax) (11)

<k
For later convenience we define the density operator at position x

o(z) = ¥ (x)(z), (12)

and its time-t evolved version o(z,t) = et (x)e 1,

2.2 The Bethe ansatz solution
2.2.1 The spectrum

The Lieb-Liniger model is solvable by the Bethe ansatz: the energy E and the momentum
P of an eigenstate |A) with N bosons read

N N
=D A PN =N, (13)
i=1 i=1
where the rapidities A = {A1, .., Ay} satisfy the following set of “Bethe equations”
; N\ — Aj +ic
e — TT 2 k=1,...,N 14
e )\k_)\ — sy N (14)
Jsﬁk

It is convenient to express them in logarithmic form

DY A QA | e MmN
— === —arctan
27 L L] T c ’

(15)

with I, an integer if N is odd, a half-integer if N is even. For ¢ > 0, which we will assume
in this paper, all the solutions to this equation are real [3].
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2.2.2 The density form factors

As set out in the introduction, our aim is to calculate the density-density correlation
function in an eigenstate |A)

_ Ao (@,1) 0 (0,0)|N)
(o (2,t) 0 (0,0)) = ) . (16)

Our strategy is to use a Lehman representation in terms of energy eigenstates |u) =
|pe1y -y iy, where {pq,. .., uns} are solutions to the Bethe equations

(A
(o (@7) Z mm

wl*
Alo (0 ix -
Z 3 <</\\|/\§ <)u||l2> #(EZ)~B() +is(P(a) - POV)

it(EA)—E(n))+iz(P(p)—PQX))

(17)

=0 p1<...<pp

The (normalized) form factors of local operators between two Bethe states have been
derived in Refs [102H107]. In the case of the density operator o, the (square of the
normalized) form factor between two eigenstates |\), |u) with respective numbers of Bethe
roots N, N’ reads

2
(Ale©@lm)? _ (00 = 2) Lo O = M) — 1) 7 A= g e

Al — T LVANG, IO =) L=y e
2
_ . e — N 2c 2c
x |det | (VT =V ) 4+ (s — N\ < — >
i,5#p (Z Z) J (H )I@éz}\k}\ ()\*)\) + c2 ()\p*Aj)QJrCQ
(18)
Here p € {1, ..., N} can be freely chosen,
N .
N+
V:t _ HE A 1C (19)

K2 _ . - 9
P A — A\ Eic

and M), is given by [10§]

1 2c
NA: ,]dlet [Z] <1+LZCQ A _)\k) )_LCQ+()\i_)\j)2] . (20)

3 Thermodynamic description of eigenstates

In a finite system of size L all eigenstates of the Hamiltonian are fully characterized by
a set of N Bethe numbers I, or equivalently a set of N Bethe roots A;. The purpose
of this section is to explain how to turn this description into one based on (continuous)
distribution functions of these roots in the thermodynamic limit L. — oo when N scales like
L. In particular, contrary to a common misconception, we emphasize that the usual “root
densities” defined below do not fully characterize an eigenstate in the thermodynamic
limit; this observation turns out to be of crucial importance in our calculation.
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3.1 Root density

In the thermodynamic limit, any sum of a non-singular (piece-wise continuous) function
f over the Bethe roots or Bethe numbers

Sulfl =7 50w, &l =7 S0, 21)
k k

is independent of the precise values taken individually by each I or g, and depends only
on the number of Bethe roots or Bethe numbers in any given interval. This information
is encoded in the so-called root density p(A) > 0 and filling function 0 < x(¢) < 1. They
are defined by the requirement that in the large L limit

Lp(A)d\ = number of Bethe roots in [A, A\ + dA]
Lx(¢)de = number of Bethe numbers Ij/L per length in [¢, ¢ + di]. (22)

In the thermodynamic limit the sums (21)) can be turned into integrals over these functions

Sulfl= [ fO0an, Sulsl = [ (e, (23
The same holds for multidimensional sums of a multivariate non-singular function f, with
1
SL[f]:ﬁ Z f(Aku--w)‘kn)v (24)
K1k
converging to
Sulfl = [ [ SO0 A0 g (25)

As far as expressions of the form and are concerned, an eigenstate in the thermo-
dynamic limit is entirely characterized by the root density p()), or equivalently the filling
function x(¢). To relate these two equivalent quantities, we introduce the function 9¥(\) as
the L — oo limit of a function ¥(\x) = X(%) of the Bethe roots, where I is the integer
associated with A;. Using the Bethe equations ¥(\) can be expressed in terms of x
and p as

IO = x < ALl / ~ arctan (224 p(,u)du) . (26)

2 T J_

The filling function x(¢) and the root density are then related through

p(A) 1 1 / °° 2¢
Jo) "o tan | @y Wl (27)
It is customary to introduce the so-called hole density pj(\) defined by
p(A)
— = p(A A 2

which again contains equivalent information to p(A) or x(¢). When expressed in terms
of the particle and hole densities is known as the thermodynamic limit of the Bethe
Ansatz equations [109]. Finally, the particle density is given by

D= /_OO p(x)dx = Llirn N (29)

Soo L

9
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We introduce the Fermi momentum g defined by

qrp =mD. (30)

Although there is a simple relation between D and g, we will in the following sometimes
use D and sometimes ¢, depending on the physical context at hand. We also denote (in
the units where h = 2m = 1)

W = q%. (31)

3.2 Pair distribution function
3.2.1 Definition

Root densities entirely characterize the value of sums of the type and in the
thermodynamic limit. However, some functions of the Bethe roots cannot be expressed
solely in terms of root densities in the thermodynamic limit, and as a consequence can take
different values in the thermodynamic limit for states that have the same root density. An
example is provided by

90N Ay) (32)
L3 )\ — )
that we will encounter below H The sum in (32) by definition depends on the joint
distribution function of pairs of roots separated by O(L~!), and the latter clearly contains
information beyond that contained in the root density (which does not distinguish between
roots separated by O(L~1)).

We first note that if we impose the constraint |[A; — \j| > € for a € > 0 then ¥ [g]
vanishes in the thermodynamic limit. Hence, it only depends on g(A, A) and its derivatives
at A\. Taylor expanding g(\;, ;) for A; close to \; reduces the order of the pole and makes
the next terms vanish in the thermodynamic limit, so it depends only on g(A, \). Being a
linear functional of g it can be written in the thermodynamic limit in the form

Sacld] = / 7 GO0 (WA, (33)

—00

where the function y_2(\) depends on the state. We call v_2() a pair distribution function
as it encodes information about the joint distribution of pairs of Bethe roots. The index —2
relates to the fact that we are summing over the inverse square of the difference between
two Bethe roots. The pair distribution function y_2(\) characterizes certain properties of
the thermodynamic limit of an eigenstate and is unrelated to the root density p(A). Two
states can have the same p(\) but different y_o(\).

The simplest example is that of (translationally invariant) free fermions, where the
Bethe roots reduce to the single-particle momenta. Here we may construct two sequences
of eigenstates labelled by an integer n, with momenta {\; = 2|i = 1,..., N} and {u =
%7“22#1 = %h = 1,...,N/2} respectively. In the thermodynamic limit both states
are described by a root density p(A\) = 1/n, but the pair distribution functions are different:
v—2(A) = % for the first state and y_o(A) = 1+ % + Xm0 m for the second
one.

The summand does not need to be singular for this to happen: Another example is L > 9(A) (Nigr —
Xi)? if the Bethe roots are ordered A1 < A2 < ... < An.

10
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3.2.2 (Generalized) micro-canonical ensemble and representative states

The (generalized) micro-canonical ensemble average of a local operator O(z) is a priori
defined as

ST,

174
where the sum is over an appropriate “shell” of simultaneous eigenstates of the Hamiltonian
and the local conservation laws of the theory. Cp, is the number of terms in the sum. In
a large but finite volume this means that for thermal averages we fix the energy within
a window that contains an exponential (in system size) number of eigenstates. In the
case of generalized micro-canonical ensembles we fix the eigenvalues of (some or all) of
the local conservation laws in an analogous fashion [89,/110]. It is believed that almost all
states in the sum in have identical local properties, and hence the sum over states
can be replaced by an expectation value with respect to a single typical state |A) in the
thermodynamic limit

1 @) AlO(x)|A

S~ WOWI) _  AOWIN), -
(v|v) L—oo  (A|A)

The state |A) is sometimes called a representative state and we follow this terminology

here. We note that in practice there is a great deal of freedom in choosing a representative

state in a large, finite volume.

3.2.3 Average over representative states

As we have seen above, the thermodynamic limit of the sum cannot generally be
expressed as an integral over the root density, but depends on the choice of representative
state in the finite volume. The thermodynamic limit of these sums involves the separate
function y_o(A) defined in (33). As we will see in the following, in our calculations of
the density-density correlation function the dependence of certain intermediate quantities
on y_2(\) eventually compensate and the end result depends only on the root density.
However, it is a priori possible that in other calculations involving sums of form factors
no such cancellations will occur and the end result will indeed depend on the choice of
representative state through v_2(\) or an analogous quantity.

We now make the following observation. As we have discussed above, averages with
respect to a Bethe state |A) often emerge upon simplifying averages over exponentially (in
system size) many representative states corresponding to a given root density p(A). By
construction such averages will depend only on the density. This then poses the question
what value takes after averaging over all representative states with same root density
in the thermodynamic limit. We now address this issue.

First, we need to define properly which states in a large finite volume L are acceptable
representative states for a given root density. We define a sequence of sets of states to be
complete for the root density p if the corresponding sequence of sets of solutions to the
Bethe equations (&) e all give rise to the density p in the thermodynamic limit, and if
the number of elements of the set &, satisfies

log|& .| = LSyy[p] +o(L), (36)

where Syy|[p] is the Yang-Yang entropy [11]
Syylpl = / [(p(/\> +pn(A)) log (p(X) + pr (X)) — p(A) log p(A) — pu(A) log pr(A) [dA . (37)

11
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In order to build such a set in a large finite volume let us consider a root density p(\) at a
given particle density D = [ p(A)d\. Given the root density we may introduce a particle
counting function by

A
z(A) = / p(x)dx . (38)

Next we choose a “coarsening function” e with the property that e — 0 and Ley, — oo
when L — oo — for example one can take e = % We now split the real axis into np,
“bins” [z, 2L, j+1) containing |Ler| Bethe roots by defining xr, 1, ..., 21 n;,+1 such that
2(xp;) =tep for 1 <i<np+1=|D/er].

Finally we define & as the set containing all the states in a finite volume L that
contain exactly |Ler,| Bethe roots in each of the ny bins [z, xr41]. All states in
S, have Np, = (|D/er] — 1)| Ler| Bethe roots, which for L — oo by construction are
distributed with density p(A). The number of elements of &7 will depend on the number
of “vacancies” in each of the bins, which in turn depend on the values of all the Bethe
roots since they interact via the Bethe equations. However, asymptotically in L, we have
Kri=|L(zriv1 —zri)(p(zri) + pr(zr,;))]| vacancies in each of the bins, so that

ny, ] 0

Using Stirling’s formula in the large-L limit one has
log|&L| = LSyy[p] +o(L), (40)

which shows that & is indeed a complete set of representative states for a given root
density p(A).

We can now state our result for the average of over all representative states with
root density p(\):

. 1 )\“)\ 7.[.2 00 )
lim = > B A )23 g N (pN) + pr(A)p(V)2dX.  (41)
{Ni}i€6L Z#J —o©

A proof of is given in Appendix
We note that if we instead sum over rapidities distributed regularly according to the

inverse of the counting function z~!(\) without imposing that the rapidities are solutions
of the Bethe equations, the sum takes a different value:

1 gD R [ :
P T8 2 TG/ - = TG/LP B JIECREOLS )

If we sum over rapidities distributed regularly according to the inverse of the counting
function z~!()\) and impose the Bethe equations, the sum is not easily expressed in
terms of p, but takes a value different from either or . Hence formula is both
non-trivial and non-intuitive.

3.3 Principal values

3.3.1 Single principal value

The sums ([24)) can be expressed in terms of root densities in the thermodynamic limit,
provided f is non-singular. We have seen in the previous section that for functions f with

12
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a quadratic singularity the thermodynamic limit value of the sum cannot be expressed in
terms of the root density. We now turn to functions that are singular but integrable in a
principal value sense. This is the case of the sum

g )\’L))\

Z#J

We will assume that g and p are continuous. Symmetrizing the sum, we have

g A5) — g0, \)
0 2L2Z A=\ ' (44)

2#]

The function F(z,y) = %y(yx) is regular, so that it has the form of (24) and its

thermodynamic limit can be expressed in terms of p according to

/ /' W“%uwmmmM (45)

Since the integrand is finite, one can remove a small shell |\ — | < € with an error of
O(e), and then un-symmetrize the sum. This yields

Sl = § 92 pptdran, (46)

with the following usual definition of the principal value integral
F(\ F(X
()d)\—l / ()d)\ (47)
A— 1% e—0 [A—pi|>e A— %

Hence, sums of type can indeed be expressed in terms of root densities.
In contrast partial sums like

g( iy Aj)
LZ i — A (48)
]

at fixed j cannot be expressed in terms of the root density in the thermodynamic limit.

3.3.2 Double principal values

Higher-dimensional sums of the form

; Ak)
Srlol = 75 ZJ% )\ ESWE (49)
i
J#k

can be treated likewise, but with subtleties hiding in the fact that ¢ can be equal to k.
Separating out the term with ¢ = k and symmetrizing the remaining sum gives

a(z 7)‘o(k))()‘o(k) - Aa(z)) Sgn .g )‘ )‘ )‘
D)) 9] =
6L3 ;J;B >\ —)\ D =) O — ) Z N — )
J#k
i#k

13
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The first term is regular so that can be used, while the second term is of the type
and can be expressed in terms of y_2(A). In the first term we can remove the region where
IA—p| < eor |[A\—v| <eor|v—p| <ewith an error that is O(e), and then un-symmetrize
the integral. One obtains

& 1 L9 v)pNe(u)pv) L[
o<l _7[ A=) (p—v) dAdud /_Oo g A A)y—2(N)dA, (51)

where the simultaneous principal value in the triple-integral is defined as

F(A7 ,"[/7 V) : ()\ IJ/7 )
BB adpdy = lim [y e —— o qadpdy . (52)
7[ A —pu)(u—v) =0 JouZe = ) (n—v)
[A—v|>e

As shown in Appendix this can be expressed in terms of the successive principal value
triple-integral according to a Poincaré-Bertrand-like formula

oY) pqpay = f - FXIEY) gy qan T
f(k—u)(u—v)dm“d ][(A—u)(u— ) dAdudy / FuAA)dx. - (53)

where we defined

= f s 5O

(54)
F
:/d,u hm/ lim d)\M.
e—0 lv— M|>€ ,U, — Ve —0 lu—A|>¢ A — M
It can also be expressed as
][ FA v d)\dudy—/du][du L ][d)\F A v)
(A=) (e — p—v —p
1 F(A
/dA][du)\ ay T A ) (55)
n Lz
F
/du][dA ][ (/\,u,
A—p
and F(\p, v) F\p,v)
s oy V . y oy V
0BT qadpdy = lim OB qdpdy, 56
f o st B0 Jocse B pn =) (56)

as shown in Appendices Using these principal value integral identities we can rewrite

in the form

S [ 9, v)p(N)p(p)p(v) 5
Boclg] _][ A =p)(p—v) ddud +/_oo

2
g AN [7;;)(»3 W] ar. 67

[e.9]

3.4 Examples of root densities

The calculations presented in this paper hold for a generic piece-wise continuous root
density p(A). Two applications we have in mind is to thermal states and non-equilibrium
steady states after quantum quenches, and we now discuss specific root densities that arise
in these contexts.

14
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3.4.1 Thermal states

Thermal states are characterized by root densities that maximise the Yang-Yang entropy
at inverse temperature § [11]. Defining the so-called dressed energy €4,(A) by

1
YN =T e (58)
the filling function n(A) of a thermal state is such that
car(N) =22 —h — L /OO 2c log(1 + e~ Pear())dy, | (59)
' 277/8 —00 c? + ()‘ - :U’)Q

Here h is a chemical potential that is used to fix the desired particle density D. In practice
one first solves the nonlinear integral equation and then uses to determine p(\)
from the linear integral equation .

A particular case of thermal states is the zero temperature ground state, obtained in
the limit 8 — oo. Its root density satisfies

1 e [P pw
p(A) = om T 7T/_Q mdﬂa (60)

with @ defined such that
Q
/ p(N)dA=D. (61)

-Q

3.4.2 Non-equilibrium steady states

Refs [95,/97] considered a particular interaction quench in the Lieb-Liniger model, where
the system is initially in the ground state of @ for ¢ = 0, and is subsequently time-evolved
with the Lieb-Liniger Hamiltonian at a finite value of ¢. The root density characterizing
the steady state reached at late times was determined in [97] and remarkably allows for a
closed form solution

T da(A/c)
dr(1+a(Xc) dr

Pss(A) = (62)

where 7 =1 [* p(z)dz and

gcs.mijr&rfv)flmz(‘l\ﬁ)fuzm(‘l\ﬁ) ) (63)

a(r) =

with I the modified Bessel function.

4 1/c expansion of the Lieb-Liniger model

In this section we perform an expansion around the limit ¢ — oo at order 1/c? of the energy
levels and form factors in the Lieb-Liniger model, at fixed L and fixed Bethe numbers.
We then expose the consequences it has on the spectral sum in Section m

15
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4.1 The Bethe equations

The Bethe equations admit a regular 1/c expansion at large c¢. In the following, in
order to expand the form factor at order 1/c? we will need the value of the Bethe roots at
order 1/¢3. The Bethe equations at order 1/¢? read

2771 2N

cL

N
2 _

t 337 d i =)+ 0(e?). (64)

k:l k=1

Ai =

This gives the following expression for the Bethe roots in terms of the Bethe numbers at
order 1/¢3

N 4 N 5

2 I 4 1 I; 1 27 1 I — 1.
Ai = — oy - | =T _ ? J O —4 (65
‘ 1+2DL+( ?)L;L+3m3(1+25) L;( 17 +0(c™7). (65)

The alert reader will have noticed that some of the terms contain higher powers of 1/¢
than the order at which we are working, that is 1/¢3. We find it useful throughout the
manuscript to retain certain “resummed” expressions of 1/¢ as they appear in calculations,
both for clarity and convenience since they often happen to compensate each other. In
any case, keeping these resummed expressions in 1/c¢ does not affect the validity of the
equations at the order considered.

4.2 The form factors
4.2.1 Leading order in 1/c of the form factor between two generic states

The behaviour of the 1/c expansion of a form factor between states |[A) and |w)
depends on the “relative positions” of the Bethe numbers of one state to the other. To see
this, let us determine the leading order in 1/¢ of the form factor without making any
assumptions on the eigenstates |[A) and |p). It is then straightforward to see that when
¢ — 00

N
2
Ty = _
V-V, —w;(uk k) +O(c?) (66)
./\/}\Zl-i-(’)(cfl),

while the non-diagonal term in the determinant appearing in the form factor is of order
O(c™3). We conclude that

(Mo * (21— 2> (2

A (plp) LN c

IN=2 Tz — ) (i — g -
> H#]l% .(/\~_)(:-)2 "Dy oty o
1,5 \\ J

We see that the order in 1/c of this expression entirely depends on the roots Ay and pug.
To be specific, let us now denote by I and Jj the Bethe numbers of A and p respectively,
and define

— KL} 0 { Tk} (68)

the number of Bethe numbers present in A and absent from p. If A; and p; have different
Bethe numbers, then from we have \; — p; = O(c?), whereas if they have the same
Bethe number then at least \; — p; = O(c™1). It follows that

(Ale(0) ) * . o
ANy =€) (69)
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Hence expanding in 1/c naturally orders the Lehman representation into an expansion
in terms of number of particle-hole excitations of p above A, i.e. of the number of changes
in the Bethe numbers of g compared to those of A. This means that if one considers
at order ¢~™, then only intermediate states p with v < 3t + 1 contribute to the sum.
We note however that the converse is not true: restricting to e.g. one-particle-hole
excitations would still involve arbitrarily high orders in 1/c.

Since our goal is to compute correlations at order 1/c?, we only need to investigate the
restriction of to one- and two-particle-hole excitations.

4.2.2 Order 1/c? of form factors involving a single particle-hole excitation

In this section we consider one-particle-hole excitations of the state |u) above |A). Up to
reordering the roots, we can assume that the Bethe numbers I, of A differ from those Jj
of p only at a single position a:

Vi#& Ii:Ji, Ja—IaE’I’L#O. (70)

Since the excited particle cannot coincide with an already existing particle, we also have
the constraint
Vi#a I,+n#I;. (71)

This has the following consequences at order 1/c® on the value of the Bethe roots. Using
(65) we have

2mn 2 _
Ma:)\a—’—l}(l—i-QD/C)(l_'_CL)—i_O(c 3)7 (72)

while for ¢ # a, we obtain

4mn (A —Xa)?  27mn 1 [2mn)? _4
P VIS L — N Aa) — oy (28 O™,
a + cL?(1+2D/c) ( c? * 02L< ) 3c? ( L ) +0(e™)

(73)
Using and we can determine the various terms entering the expression of the
form factor at order ¢—2

. 2
Hwﬁ“—l_;@”) DR SPREPY

i#£j Hi — Hj T e i#a iF#a
_ 4mn (Ai — Aa)?
U v/t s S Y
Vi Vi icL ( c? > ’
(Ni = Aj)(pi — 1) <4M>2 1
Il (Y
2 2 T y.)2
Z‘sz (Ai — p15) cL Z-Zij (A —Aj)
j#a j#a
H ()\i—>\a)2 1 8mn Z 1
e (i — Xa)? cL?(1+2D/c) = Ai — A
4\ 2 12 1
— 2 E—— 4
+ (o) [ <in—Aa> +Z(Ai—)\(l)2}’ (74)

i#a i#a
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(i — p1a)? 8mn 1
2 PR ]
(Ai = pa)? cL?(1+ 22) 2 Ai — Aq — 220

i#a i#a - L(1+2D)
41n\ 2 1 2 1
+<m) |:2<Z/\_)\ — 27n ) +Z()\_)\ _ 2mn )2:|’
i#a 7T L(1+22) i#a V1T 0T T(142D)
N 1 A(1 + 2D)2N 2N-2[4N-2

)2 n2N (47-‘-)2N

X [14-0222((/\1’ —Xa)? — %Tn()\z‘ —/\a)+% (272”>2>}7

H
-
>

|
kS
N—
[\
.
-
+
2Jwlo]

i#a
2D\ V!
RO <1+c> | (75)
R S < . B - > = 0™ (76)
B R N Y N R :

Putting everything together we have at order ¢~2

[(A|o(0)|)]? _ (1+%)2i 14 4 27mz< 1 1 )
OWale) 0+ P L2 eL0+%2) L2 = da - iy A= e

4 /2mn\?2 L? 1 1 1 2
+W(T) (12;1+%(A,~Aj)2+2<;AiAaL(f:g?) _Az-—Aa)
Jj#a

+0(c3) . (77)

1
+ 2mn 2)
i#a (i = Aa — L(1+%))

4.2.3 Order 1/c¢? of form factors involving two particle-hole excitations

We now consider two particle-hole excitations. Up to re-ordering the roots of u, we can
assume its Bethe numbers differ from those of A only at positions a and b # a, and thus

assume
Vi#a,b I;=J;, Jo—I,=n#0, Jp—Ih=m+#0. (78)

Since the excited particles cannot coincide with an already existing particle, we also have
the constraints

Vi#a,b I,+n#1I;, Vi#a,b I,+m#I;. (79)

Moreover we must also exclude the case where one of the excited particles fill the hole left
by the other, since this reduces to a single particle-hole excitation and is therefore already
covered. The corresponding constraint is

I,+n#1, Iy+m#1,. (80)
Finally we have to exclude the case where the two excited particles coincide

Io+n#Iy+m. (81)
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From we obtain

) 47 (n+m) -3 i
Ai + 7c(1+%)L2 +0(c?) ifi#a,b

™ 4m(n+m) _: e
=4 2 Ly F ey O = (52

A 2mm dn(ntm) | O(c3) ifi=b.
) ey PO
We can now investigate the form taken by (]@ for these values of roots. At leading
order in 1/c¢ we have

iz N = ) (i = 15) (N = M) (pa — 1)? 1

H#J( J)( - J) _ ( 5)2(/1’ Iub)g 2(1_‘_0(0—1))’ (83)
Hi,j(/\i — 1) (Aa = 1) (Ao — pa)? TL;(Ni — 14)

which, when substituted in yields the following leading order expression of the form

factor for two-particle-hole excitations

2w(n—m
Ao 4 (rm)t Qo= 2o =X + Fissmry)’

= +0(c?).
AN ) L 0Pm? (N = N+ igh7e)* A — M — pitaye)? o

(84)

4.3 The Lehmann representation

We can now write the Lehmann representation for the density-density correlation
functions at order 1/c?. As explained in the previous section, only one and two particle-
hole excitations contribute to at order 1/c?, and the corresponding form factors were
computed at this order in the previous subsections. This leaves us with working out the
phases in the corresponding terms in at order 1/c?.

4.3.1 The phase for a single particle-hole excitation

For excitations with one particle and one hole, it follows from and that

2mn

(P8 = POV) + (EO) — EG) = o7 1| T S

7

2n 2 4d7tn
+(7) 1+4 44D +>\a} +0(3). (85
L(l—l—%) ( cL cQL) L(l-i—%) ( ) ( )
It will be convenient to perform the following change of variable 2’ defined as
46
o = (1 + 22) - g (86)
c
where
|
o=+ z; i (87)
Then the phase becomes
2mn 2mn
z(P(p) — PN)) + t(E(X) — E(n)) = —t +2\, +O(L7?
(P(p) = P(A)) + H(E(X) — E(u)) L1+ 2 | L+ 2 (L)
2mn
+a2' -+ O(c?). 88
IR )
For later convenience we define
0= lim 4, :/ xp(x)dx . (89)
L—oo oo
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4.3.2 The phase for two particle-hole excitations

Using

2n(n +m 2mn 2
af(P(y,)—P(A))—Ft(E(A)—E(M))_(IZ(‘;_)—Ft )\g— <)\a+L(1—|—2£)>
2mm 2 m(n+m)
+)\§_()\b+L(1+QCD)) cL21+2D Aj

1672 16772

2 2 -3
" TAng %)QCQ(n—i—m) ;1 " Dag %)QC(TH_m) +0(c™).

We can express this in terms of 2’ as well

2(P(p) — PO) + t(EQ\) — E(p)) = xm +t [)\2 _ (Aa + L(fi”w))?

2mm

22— (Mt 1;(1+2D)>2 +O(LY

Cc

+0(c?). (90)

4.3.3 The sum over intermediate states

So far we have expanded all the terms arising in at order 1/c%, at a fixed L for
arbitrary eigenstates |A) and |p) with fixed Bethe numbers. We have shown that the
sum truncates to one- and two-particle-hole excitations, and that the resulting terms are
well-defined functions of the excitation parameters n and m.

However, as the Lieb Liniger model is a field theory and not a lattice model it features
an infinite number of particle-hole states even if L is finite, so that is still an infinite
sum even if it involves only one- and two-particle-hole excitations. This creates two notable
problems. The first one is that we encounter infinite sums of the type > 72 fnetk*trike
for n = 0,1,2 which are ill-defined as functions of x,t (except if n = 0 and ¢t # 0). The
explanation for this behaviour is that (o (x,t) o (0,0)), similarly to the propagator of a
quantum particle, should be understood as a probability amplitude that is meant to be
integrated against a smooth and localized function of x and ¢, or, stated differently, that it
must be understood as a distribution in z, t. The second problem is that the 1/c expansion
of a form factor (A|o(0)|p) has been performed for fixed Bethe numbers, whereas in the
spectral sum at fixed c there are always excited states with Bethe roots larger than c¢. This
poses a potential problem of commuting two limits.

In order to address these problems we are going to impose that all the rapidities
involved in the spectral sum are smaller than a certain cut-off A, that can be taken
as large as desired. Firstly, this imposes a restriction of the state |A), in which we are
calculating our expectation value. We require that for all roots |A\;| < A, i.e. that the
density p(A) vanishes for |A| > A; this is a mild restriction in the following sense. In
practice we are interested in the dynamical response in macro states characterized by root
distributions p(\) that decay faster than |A\|~2 for A — oo, which is a necessary condition
for the energy density of the state to be finite (for example in the thermal state the decay
is Gaussian). We therefore can always approximate p(A) to any given accuracy by a root
density pa(A), which vanishes outside the interval [—A, A]. Moreover this truncation can
be done in an infinitely differentiable way, so it does not affect the regularity of the root
density p(A). Secondly, this cut-off also restrains the sum to excited states |p) such
that the |u;| < A, which removes the problem of possible excited rapidities becoming
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larger than c. Hence we define a A-regularized correlation function (o (z,t) o (0,0)), as

2
(o (2.8) 0 (0,0)), = Z Weit(E(A)—E(p,))—i-z‘gc(P(;L)—P()\))‘ -

Vi, [pg | <A

The correlator (o (z,t) 0 (0,0)), defined in this way and expanded in 1/c has a regular
thermodynamic limit L — oo, as we will see below. Now, in order to recover the true
correlation functions , one would like to then take the limit A — oco. It turns out
that such a limit of (¢ (z,t) 0 (0,0)), seen as a function of z,t does not exist. To be more
specific one encounters problematic terms of the form

A
L(Alt, ) = / ety =01, 2, (92)
—A

for which the limit A — oo does not exist (except for n = 0 if ¢ # 0). However, the
limit exists in a distribution sense, i.e. the integral of I,,(Alt, z) over any smooth localized
function of x,t has a well-defined limit when A — oo. This is all we require, since the
correlation function is in any case meant to be integrated with a smooth localized function
of x,t.

To take the limit we perform an integration by part and obtain

xln—1(Alt, x) N (n—1)L,—2(Alt, x) N e A (—1)nTl — giwh

—itA2 An—1
AP, (93
2 2t 2t € (93)

Ln(Alt, ) =

In particular we have

T e~ A _ gih
(At = —TIy(Alt ———C
T2 1 efi:vA_Fei:vA ko e—taA _ gigh
Io(A , — ((7) 7)[ A , _ —ztAA —itA ’
2(Alt,z) o) T2 ) oAlLD) 2 e o
where
lim Io(Alt,z) = / PR TR ift#0,
A—oo o
eix/\ _ e—ixA
Li(Alt,z) = ————, if t =0. (95)
i

Terms like e #A*F@AAR and @A do not have limits when A — oo as a function of x,t.
In a distribution sense however, they vanish when A — oo in the sense that their integral
with any smooth localized function of x,¢ vanishes when A — co. Hence we obtain that

when A — oo I,(Alt, ) tends to I, (¢, ) with ,(0,z) = 0 and

X
Il(tax) = ?tlo(t,l’) >

L(t,z) = <(§t>2 + 2;) Iy(t,x) , (96)

Ip(t,z) = / et iy, t # 0.

—0oQ
One notices that these limits are exactly those obtained by introducing a small imaginary
part in time and taking A — oo
[e.e]

I,(t,z) = lim pte iR g, (97)

e—0t J_o
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However, such a small imaginary part cannot be incorporated from the beginning in ,
since E(A) — E(p) can take both signs when |A) is not the ground state.

These limits will be useful in the following sections in order to take the limit A — oo
of the A-regularized correlation functions.

At order 1/c? we therefore have the following decomposition
(0 (2,1) 0 (0,0)), = D* 4+ C (2, t) + C&(x,t) + O(c™3) | (98)

where C{\Q (z,t) are defined in the following. Introducing the convenient notations

2mn
Aan =Ag + ——577, 99
a,n a L(l n %) ( )
and oD
L'=L1+ =), (100)
c
we have the following contribution at order ¢=2 of the one-particle-hole excitations
2D\2 N
A _ (1+<2) 4 2mn 1 1
=S 5 edmy (o
9=k, AN i#a g
|)\a.,'r;|<A
4 r2mnN2( L2 1 1 1 \2
ram() (X ey U s )
C2L2 L 12 ita oy ()\z — )\j)2 ita )\Z — )\a — L/n >\i - )\a
j#a

1
i_)\a_ngn)

+Z(A

i#a

2)] exp (ix’()\am — o) it (AZ — /\?m) > .

We already neglected a global factor (1 + %)2 that is 1 in the thermodynamic limit, as
well as a O(L~!) contribution in the exponential. We also used ﬁ = ﬁ +O(c73) at
order ¢ 2.

In Figure [If we show the distribution of Bethe numbers for the particle-hole excitations
that are summed over in . Compared to the representative state we have changed a

single integer.

® - ® - ®©@® - - O ©® ©®©® - @ - ©® - - ©® - ©@ ©©®@ - ©

Figure 1: Sketch of a one-particle-hole excitation: positions of the momenta of the repre-
sentative state (empty circles) and the intermediate state (filled circles) respectively, and
position of the holes (dots).

For the two particle-hole excitations the sum in is over the set {a,b} and over
n, m with the constraint p, < pp. Since the form factor is symmetric upon swapping a, b
and n,m simultaneously, this constraint can be taken into account with a factor 1/2 and
with imposing pg # pp- The sum over {a,b} as a set can be transformed into a sum over
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a # b as a couple with a factor 1/2 as well. Hence we have the leading contribution of the
two particle-hole excitations

(n+m)* (A — )\b)Q()\ =X+ Z(n
Cy'(x,1) 2L4 > Z > 22 —or
b m n=m ()\ )\b + L/ Tl) ()\ >‘b L/ m)
(l?é V’L, )\a,n7é)‘i Viy)\b,nﬁé)‘i
|>‘07n|<A )‘b,m7é)\a,n
‘)‘b,m‘<A

M))2
2

X exp | it — + Ay — + 12 | Agn — Ao + — . (101
p( 02 222, 402 = A2 ]+ 2 Dan — Ao+ Ay Ab]) (101)

In Figure [2] we show the distribution of Bethe numbers for the two particle-hole ex-
citations that are summed over in (101). Compared to the representative state we have
changed two integers.

N A

® - ® e ©0® + - O©®@ ©®©® - ® - - O - @®@ - ©@©O©® O

Figure 2: Sketch of a two particle-hole excitation: position of the momenta of the repre-
sentative state (empty circles) and the intermediate state (filled circles) respectively, and
position of the holes (dots).

4.4 Examples of root densities

In this subsection we complete the 1/c¢ expansion of the model by determining the expan-
sions of the root densities introduced in Section [3.4l

4.4.1 Hole density

We introduced earlier the hole density pp(A) in with J(\) given in terms of p(\) in
(27). The hole density is a function of the root density p()\), and for a generic p(\) it

reads at order ¢ 2 -
14 ==
A) = £
pr(A) o

where we recall that D is defined in .

— (V) +0(c3), (102)

4.4.2 Thermal states

Thermal states at finite inverse temperature 8 < oo are defined in terms of the nonlinear
integral equation for the dressed energy and the thermodynamic limit of the Bethe
Ansatz equations . These can be expanded in 1/¢ without difficulty, and we obtain
the following result for the particle density at order 1/c?

1 A@eB)

p(‘r) - 27T 1 + 653324'3(0,5) ) (103)
where
s _, Lijjo(—€) Li %/2(—66’1) + Li_y5(—€P") Lig/p(—e) O(e=3
(67/6) - - mc + 7'(',802 + (C )7
Lig/o(—eP?)  Liyjo(—ePP)Lig q(—e?h

VTBe mBc?
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We recall that h is the chemical potential used to fix the particle number D. In order to
derive (104)) we used the following relations

[t e

oo 1+ ety
o Tt (105)
/ log(1+e ™ ¥)do = —/mLigpn [—e7Y] .
— 0o
4.4.3 Zero temperature ground state
Equation for the ground state root density can be expanded in 1/c to yield
1+ 22
p(A) = 2 1\)\|<Q +0(c?),
=——5+t0 106
Q=115 + 0. (106)

Here 1p is the indicator function, equal to 1 if the affirmation P is true and 0 if it is false.
The Luttinger parameter K = (2mp(Q))? [3] is

AD  AD?
K:1+7+c—2+0(c—3). (107)

5 The thermodynamic limit of correlation functions

In this section we perform explicitly the sum over intermediate states in at order 1/c?
in the infinite volume limit L — oco.

5.1 One particle-hole excitations

Our starting point is C{*(z,t) as defined in (I0I)). In the following we consider the differ-
ent orders in the 1/c-expansion and derive integral representations of the corresponding
contributions to C{*(z,t) in the thermodynamic limit. As we have noted before, we re-
tain certain resummed expressions in this expansion for convenience, an example being
the factor (1 + 22). When we refer to a given order of the 1/c-expansion this should be
understood modulo such factors.

5.1.1 Order

Let us focus first on the leading order O(c"), namely

1+2D i (Ma.n—Aa)+it(A2— A2
P il o Z i@ Can—=Xa)Fit(A2 =22 ) (108)
© ky Aa AN
[Aa,n|<A

We rewrite this as

2D)
1+ o' Can—Aa) Hit(A2 =22 )
Ao = Z Z

a
IAan|<A

Z Z i@ Ok =Xa)Fit(A2=22) (109)

|/\k|<A

1+2D
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Using (25) the sums over a and k can be turned into integrals over the root density p()\),

and the sum over n into an integral with densit

Ao = ﬂ)/ dX p(A /dwﬂ)“ﬂﬁwmmuvwﬂ, (110)

where we used the expression (102)) for the hole density pj, at order ¢=2

5.1.2 Order ¢!

We next turn to the ¢! term

2m™n 1 1
A = cL3 Z Z r Z( ; 2m_>"_)‘>
p Vk )\ ?é)\k Z#a A a L/ 1 a
Aa,n] <A
% ei.l’/()\a,n_>\a)+it(>‘g_>\3;"> . (111)

We rewrite this as

2 1 1
A1:4 CL3 ZZ Z 77”( )\a—27m_)\i_)\a>

i T/
LWy
IAan|<A

iz’ (Aa,n—Xa)+it(A2=)2 )

X e

1+2D 1 1
S (it )

a i#a k
[Ar|<A

o ot o) +it(A2-22) (112)

This term involves either a sum over regularly spaced integers n that becomes an integral
with density +2D/ € in the thermodynamic limit, or sums of the type that can be
expressed as prln(:lpal part integrals over the root density. We obtain

Alzw/::dk p(A)/_AAdM(u—A) [][qf(:“‘Ldu—][j(j‘)Adu]

, y 1422
% ezt(/\Qf,uQ)Jrzx (m—X) <—12—7r0 _ p(ﬂ)) + (’)(Lil) . (113)

Introducing the Hilbert transform p of p by

" p(u)
A) = d 114
50 = f £ du, (114)
permits us to rewrite this contribution in the form
4(1 + %)2 A ~ ~ it( N2 —p2)+iz (u—
Ay = — =t / dAp(A) /A dpspn (1) (1 = X) [p(1) = A(N)] X 1 (=)
+O(L™Y). (115)
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5.1.3 Order ¢ 2: first contribution

We now consider contributions involving the factor

Z 1 1 2_2 1
Ai — A 2”," Ai — Aq _#a (Ai = Aa)(Aj = Aa)

i%a
1 1
+ 7rn ™m -2 7rn s (116)
vy 317 i vy R DY vy w3 Wy
Jj#a Jj#a

which are more delicate. The first term on the right hand side gives rise to a contribution

2mn \ 2 1
A2 = c2L4 Z Z ( r ) Z (Ai = Aa)(Aj — Aa)

a
Ey Aam # A i
\Aa,n\<A Jj#a
. . 2 2
% elwl()\a,n*)\a)Jﬂt(}‘a*’\a,n) . (117)

We rewrite this as

i’ (Aa,n—Xa)+it(A2=A2 )

-’42: 2L4 Z Z (27”1) Ze (/\i—>\a)()\j_>\a)}

z?]
‘)\a n‘<A i#a

j#a

em'(,\k—/\a)ﬂt(,\g—,\g)
62L4 Z Z ’sz: ()\z — )\a)()\j — )\a) ' (118)

<A i#a
j#a

The two terms are of the form and we apply to express them in terms of the
root density p(\) and the pair distribution function y_5(A) defined in (33), with a triple
integral with successive principal values defined in . This yields

_ 8 A —itp2+iz' (- )\)QP()\)P(U)P(U) itAZ—iz’ \
Ay = — =2 duph(u)e ][ TE e dAdudv

-3 / dA / dpal = A2on(r) [ 5 p(0)? = 7-2()] O N aray,
+ 0 +0(L™). (119)

The definition of the successive principal value integral allows us to rewrite it in terms of
p, to give

/ dAp(A / dpepn (1) (1 — A)2B(N) 2l =) Fia! (u=2)

2T / dpa( = %P () [ 5 () = 2] O+ Ny

C2

+ (’)(0_3) +O(L™Y. (120)

5.1.4 Order ¢ 2: second contribution

The second term on the right hand side of (116]) is particularly cumbersome to deal with.
We first treat the case i = j separately, and for all terms with i # j we apply a partial
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fraction decomposition with respect to n, so that we have only one n appearing in the
denominator. Finally we split the sum over n as the difference of sums over vacancies and

particles. Specifically, we have for f(u) = u2ei® vitAa—(Aatu)?))

FCE) _ f(2”") F% = Aa)
2 (Ai—Aa—QT")fj a— P 2 (Ai ) Z AZ—Ak

4,5, L i,n
VE, AanF g Aa,nFEA\i ’L;ék
D\a,n|<A |>\a,n|<A ‘)‘{v|<A
i.ja i#a i#a
Ly 1) oy £
S G n = S By a2
)\a,'nﬁé)\i )\a,n#)\'
o] <A | <A
L,j7#a, i#] L,j#a, 1#£]
S =) = M) (A = M) (A = Ar)
1#], i#k 275]7 J#k
[Ak <A IAk|<A
i,j#a t,j7a

In all these terms, the conditions i, j # a only give rise to subleading contributions in
L, so that they can be discarded. The first term on the right hand side of (121)) gives rise
to a contribution to C{X(ZL‘ t) of the form

9m o Nan—=Aa)+it (A2 =2 )
As = CzL4 Z Z ( >Zz: By Z VI (122)

Aa n7é/\ i#a
|/\a n|<A

As this is proportional to L™* and only involves three sums the dominant contribution
. . 2 .
arises from the double pole. Using >, ., 7712 = 75 for the sum over n, we obtain

8 00 2 -
Au= 5 [ 0o T A 0T N g+ 0 + 0L (123)

5.1.5 Order ¢ 2: third contribution

The second term on the right hand side of gives rise to a contribution

D
A= 1 + 22 Z Z /\k — Aa) i "(Ae=Xa)+it(A2=22) (124)
c2L4 )\ — k)2 ‘
i k;éa
itk

The sum is of the form and according to in the thermodynamic limit gives rise

to integrals over the pair distribution function
8 [ - -
Av=—= [ (A= )2 p(\)y—a(@)e™ T 0= Ndxdy + O(c™*) + O(L7Y) . (125)

2 J_

5.1.6 Order ¢ 2: fourth contribution

The third and fourth terms in (121)) are “hybrid” terms mixing sums over \;’s and sums
over regularly distributed n’s. They give rise to a contribution to Cf (z,t) of the form

1 + 2D 0, it (Man—Aa )+it(A2-22 )
= . 12
As 62L4 Z Z Z ( L/ > )\ —Aa 27rn)()\j _)\i) ( 6)
aAan¢A
;iZi ol <A
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By symmetrizing over i, j, one obtains a sole pole in n, but since n is regularly distributed
and avoids only the pole one can convert the sum into a principal value integral. This
leads to integrals with two successive principal values

d=gp [ [ " (- A0 W 0l f 0, 2
+ 0 +0(L™. (127)

This can be simplified further by expressing the rightmost double integral in terms of p(\).
To that end, let us consider the integral of this term as a function of y with an arbitrary
continuous function ¢(u). Using we have

/dugo(u)][du p() ][dv p(v) :%W(“)()d dudv—/ ()%dp. (128)

w—u u—v w—u)(u—v)

Under the simultaneous principal value triple integral it is legitimate to decompose

m = L (-1 + L) and split the integral into two since |y — v| > €

@(p)p(u)p(v) _ { ewppv) o0 [ epp(v) (o
T e Sy e = f G et + f GRS . (120

We then use to express the two simultaneous principal value triple integrals in terms
of successive principal value integrals

/dwﬂ(u)][ de(_uL][ dvj(_v)v Z/duw(u)][ dv:(_v)v][ du:(_u)u — WQ/cp(u)p(u)Qdu

+ /dugo(u)][ dv PLv) ][du plu) . (130)
W= UuU—v
The first integral on the right hand side is [ ¢(p)p(p)2dp while the third equals minus
the left hand side. Using that this identity holds for any continuous function p(u) we
conclude that 0 () )
p plu Lo T 2
== - — . 131
][dA w5 - T pla) (131)
Putting everything together we obtain
_§ > A 1 2 it(ZN2—p2)+iz’ (u—N)
As =5 dAp(X) du —(p - N)?p(n)%e
8r2 [ A 1 2 _it(AN2—p2) iz’ (u—N) -3
T [ [ g e 2ol +O(E) +O(L).

(132)

5.1.7 Order ¢ 2: fifth contribution
The fifth and fourth terms on the right hand side of (121)) are of the form and give

rise to a contribution

PRS0k DD M= A0)” _iwrumranin(3-3) (133
T 24 —~ (Aj — Xi)(Ni — M)
]7k7éa
z;é], i#£k
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Applying with successive principal values and then using (131) we find

-3 / dAp() / () (1 — N2 ()0

=5 [T av ) [ e e

/ / (0= 1p(N) [F0()? — 7oa(p)] 0214 =N rdy
+0(c ) +0(L™1). (134)

5.1.8 Order ¢ 2’: sixth contribution

Finally, the last term in (116|) gives rise to a contribution

i’ (Aa,n—Xa)Fit(A2=22 )

2mn\ 2 e
A7 = — 02L4 Z Z <L’> izj()\i_)\a 20y (8, — ) (135)

“ Vk >\a n7é>\k i?’éa
Pasnl<A ira

By again decomposing the sum over n as a sum over vacancies minus a sum over particles

we find

16 [ A N T CE
Ar=-— / drp(\) / Aduphw)(u—A>2p<A>p<u>eW HE)Fie (u=)

+0(c ) +O(L™h). (136)

5.1.9 Result for the contribution of one particle-hole excitations

We leave the remaining contributions to C{X(fﬂ, t) untouched, i.e. in sum form, since they
will be cancelled by contributions from two particle-hole excitations to the correlator. Our
final result for C*(z,t) is thus given by

00 A
Cla,t) =0 + (1 + 25)2/ A p(\) /Adﬂ (i) [1 _ %(M ) — 50)
0= N2 — )~ o A)?[pw)f] e

w? it(\*— i’ (p—
02/ d)\/ d/,L A ;,L ph( ) |:3[p()\)]3 _,}/_2()\):| ezt()\Q u2)+ (L—A)

2 e v
+ 072 d)\/ d,u )\ /L) ()\) |:p§g) — %[p(M)P + 7—2(,“1):| ezt()\ —p?)+iz’ (p—A)
+0(c ‘3) +0o(L7h), (137)

where we have defined

OV DR DV L2z

27rn)
a Yk, Aan#Ae
Aa,n|<A i#a i
Jj#a
2mn\ 2 it A2 -2, | +iz’ [Aa,n—Aa]
x<7> A=A n=Aal (138)
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5.2 Two-particle-hole excitations

5.2.1 A partial fraction decomposition

The computation of C2(z,t) defined in (T01)) is slightly different. In order to proceed we
decompose the form factor into partial fractions with respect to n, and then m:

myt Qa= 2200 =X+ T

n?m?  (Ag — Ny + L(f:g%)y()\a — X — L(f:@%))z

(27Tn> 1 2 N 1 N 2
7) @ 0B - T B0 - - BB

+27m 2 n 2(Aa — \p) n 2
L/ 27Lrv/n ()\ )\b 27rm) )\ _ )\b 27rm
2(Aa — A Aa — A Aa — A
L < — o), b2)m 2( g)m
77 Ao — X —F2)2 A — X — 1

_l’_

™ ) [ 2N — Ny) + 27Tm_2(27Lr—?”)2 2(Aa — \p)? ]

( I - 2
SCoNC)
<

27rn) [2(>\a — ) — 2(Ag — \p)? ,2mm .\ 2(2Zn)2]

2 =

_|_

a

(139)

2\ —2 9 2mm 21m\
+ (M= 2o+ 1) e = M) =200 = M) T+ (T

We now use that the sum is invariant under the simultaneous reparametrisations n’ =
m — W and m' = n + M (which corresponds to swapping the position of
the two excited particles) to brlng all the poles into poles in n or m, the only exceptions
being [Z2(Aq — Ap — Z22)] 71 and [Z22(), 221)] =1 which cannot be transformed
further. Next we use the invariance under swapping n, m and a, b simultaneously (which
corresponds to renaming dummy Variables) to bring all the poles into poles in m only,
with the exception of [212 (A, — 27)] =1, We obtain

CMz 1) = 4 i Pan=Aat X m =Nl +it [N =22 22 -X2 ]
2 ) 2[A

b i n ) m
O Nan#Ni Vi My AN
|>\a,n|<A >\b,m7é/\a,n
|>\b,m|<A

’ (%) Aa = Ab (Ao = Ap)?

n 7
7+2—+27+2 — . 140
[m ()\ _ )\b> m 27[r}n 27Ir}n ()\ 27rn) ( )

We now carry out the sums over m and b in order to bring this to a form similar to the
contribution from one particle hole excitations. We will denote the resulting five terms by
>; fori=1,...,5 and treat them one at a time.
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5.2.2 First term X,

In this subsection we take the thermodynamic limit of

2
4 Z Z Z T itPE AT A AL )i Pain = Aat A m —A] (141)
c2 L4 m?2

n m
a#b vy Aan Ak Vi, Ay m#Ni
|>‘ll,’ﬂ|<A >\b,m7£)\a,n
I/\b,m I <A

Y1 =

We begin by splitting the exponential factor

B B I (eit[/\gf)\g,m}+im’[)\b,mf)\b] B 1) e (142)

Performing the sum over m for the second term in (142) gives

2mnN\2 . _ ] _
BB 3 () etk

a

Vk >\an7é>\k
[Aa,n|<A
1 4 1 1
x[g;l—p{ Y oot w09
i#a i, ja wﬁa
[Aj]<A

where

2
N it[A2 =22 ] Hia Dain—Aa] | it [N =23 ] i Do —Ae] _q
5= 274 5 .
c L m

0 b Aam AN Vi, Ay FNs
|)\a n|<A )\b m#)‘a’ﬂ
|)‘b,m|<A

(144)
The advantage of this representation is that the pole in m is now only of order 1. Writing
the sum over m as a sum over m # 0 minus sums over particles one obtains

Z L 2A2 i Do m =] 1] eft[Aa =22 n] i Aan—Ad]
% = C2 A § : § : m2

B0 k) Aa AN
[Aa,n|<A

2
27rn
S D S e [ AL
C b_

Y ke, Aa mEN ib
|)\a n‘<A |>\ ‘<A

4 (2571)2 t[AZ=A2_, ] +ia Aa,n—A
_c2L4Z Z ()\b_)\a_Zﬂn)Q[e PE2 e b]_l}

n L
U0k, itk
[Aa,n|<A

|)‘b m|<A

% eit[Ag—Ag,n]“rifﬂ/[)\a,n_)\a] . (145)

The first term is a sum over regularly spaced integers m with only a simple pole. In the

thermodynamic limit it can therefore be expressed in terms of a principal value integral
2D

1 . . .
with a constant density + . The second term is of type (43 and gives rise to an integral
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over the root density p(A) in the thermodynamic limit. The last term is negligible in L.
We find

+O(A 1LO )+ O(L™Y, (146)

+ = t/ el / dppn (1) (p — )2V =T (=)

where we defined

) it(u?—v?)+iz(v—u)
Ay = 71 ~1), 14
P / du dv o) (e ) (147)

and
QA :71 Z Z 27(7” 2eitp‘g_Ag,n}""ixl[)‘a,n_)\a}
2 L2 — L
“ Vk,Aa,n#)\k
[Aa,n|<A
1 4 1 1
<[5 2 ARt )] 09
i#a i#j, j#a Héa

‘)\]‘|<A

5.2.3 Second term Y,

The next contribution is

2(@)2 ; 2 2 2 2 ;!
Sy = Z Z Z 7 GG AL A=A ] i e —Aa A m =]
62L4 ()\a _ )\b) 2mm

L/
B ke Ao ANk Vi, A FNs
‘)\a n‘<A )\b m;’éAa’ﬂ
|/\b,m|<A

(149)

Writing the sum over m again as sums over vacancies minus particles we have

2Trn )

5y = Z Z Z 6't[Ag—/\gﬁ,\g—,\g’m]+ia:’[,\a,n—,\a+,\b7m—>\b}
CZL4 )\ _)\b) 27rm

b e A n;é)\k

‘)\a 7L‘<A |/\bm|<A

27rn )2

Z Z Z L eit[)\gf/\gyn+)\§f/\ﬂ+ix’[)\a,nf)\a+)\¢7)\b}
02L4 )\ _)\b )\ —/\b)

b
B0 ke Aa ANk ib
|)\a n|<A ‘)\ |<A

8 (22,71)2
Cepm2 2 (Ao — o) (22

n
a#b vy NanFE N
[Aa,n|<A

P2 AN i 2Aan A= M) (150)

)

In the first two lines of (150) the sums over n are regular. The first line involves only
sums of the form , while the second line is of the form and the thermodynamic
limit can be worked out using . The third term, after splitting the sum over n as as
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sums over vacancies minus particles is seen to be negligible in L. Hence we obtain

8 [ A 3Pl (s
Pa=g [ () / dpapn (1) (11 — N)? By 4 (A) 't 1)+ (=)
2
/ dAp(A / dpupn (1) (1 — N)? [gp(/\):} — oo ()| e p? )i (=)
+OAT L) +o(L™h, (151)

where B; () is defined in terms of principal value integrals by

— OO U OO v p(u)ph(v) eit(u271}2) ix(v—u)
N=f af a2 e (152)

A —u)

5.2.4 Third term 33

In this subsection we take the thermodynamic limit of

4 N A2-22 4222 iz [Aa,n—AaFAb,m—A
X3 = 37 > X . 2 Nt i Dan—Rat o m=N] (153)

n m
WO Gk A AN Vi Ay #Ni
|>‘a,n|<A )‘b,'mﬁé)\a,n
|>\b,m | <A

Expressing the sum over m as the difference of sums over vacancies and particles X
reduces to terms of the form (43) that can be readily expressed as integrals over root
densities. We obtain

8033/ 0 A ' 3
B =g / ) / Qo) (e = NtV =N O(ATILY) + O(L 7Y,

(154)

where we have defined
mt — / d’U,][ d’l} — ) zt(uQ—v2)+ix(v—u) ) (155)

5.2.5 Fourth term >4
The next contribution is given by

Z _ 4 2 )\a - )\b eit[)\g—)\gyn-‘r)\%—)\g’m]+ix/[>\a,n_/\a+)\b,m_>‘b]
4 )
2[4 2mm

n m L’
WO Gk A AN Vi Ay AN
|>\a,n|<A Ab,'mﬁé)\a,n
|>\b,m | <A

(156)
and can be treated in complete analogy with 3. We obtain

g [ A | 3
. 02/ ) /Ad“p"(“)(wx’vt — Dy )N THI N L oA LY + O(L7Y),

(157)
where we have defined

J:t _ / du][ dvu ( ) zt(u2—02)+ix(v—u) ] (158)

v—Uu
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5.2.6 Fifth term X5

The final contribution to C5(x,t) is

4 Ao — Ap)?
25:_62L4Z Z Z 27”’”(& b) 27rn)

n m L
WO e NanA Nk Vi Ao N
‘)\a,n‘<A )‘bnn#)\a,n
‘)‘b,m|<A

it[)\37)\§1n+)\27)\§,m]+ix’[)\a,nf)\a+)\b,mf)\b] . (159)

X e

In order to take the thermodynamic limit we rewrite this as

it[AZ=X2  +AZ-A}

4 Ao — Np)2 e
25:_62?2 Z Z ( b) 27rm()\

|42 [Aa,n—=Xa+Xb,m—Ab]

bm

27rn)
e A n;é,\ L
|>\a'n|<Ak |>‘b m|<A
)\ _ >\b 6 [ +)\2 A2]+1xl[)\a n— a+>\i_>\b}
e
@ Aa,nFNp i#b

‘)\a,n‘<A |)\ |<A
2 Git[AZ—AZHAT AT i XAk — A X

4 O — )
B WZ Z Z : (X = M) (A — Ap)

a£b  k i
k#b  i£b
M| <A [Ail<A
(Ao — Xp)? it[A2=2)2 |+ 22|42 (2000 —Aa—A
e a a,n b a,n a b]
02L4GZ# zn: (Aa — Ao + Z51)2
an?”‘b
[Aa,n|<A
- 2L 42 Z i _ib AR AN (160)
k — b
k b
‘)\k|<A

The first two lines are of type (43 while the third and fifth hnes are of types and
(32) respectively. Finally, in the fourth line we use that ) 207 L= ™2 to arrive at

0o A
S5 = / dAp()) / npn() (14 = 2X) o+ Dar = (0 - WBI'M}

—00

(N2 —p?) iz’ (=)

X e
4 [ > 2 ™ 3 ™ p(p) it(A2—p2)+iz’ (u—N)
w5 [ v [T a0 o + BB - 2y e
+OANTLY + o). (161)
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5.2.7 Result for the contribution from two particle-hole excitations

Combining the results of sections we arrive at the following expression for the
two particle-hole contribution to the density-density correlation function

00 A
¢ t) =9+ 5 [ @) [ o) [ = NP+ 2B ) ~ Boralp)

+ (3 —2)\)Cry — Dm/,t} it —pi2) i (=)
2
/ dAp(A / dppn () (A — p)? {T;P()\)g - 7_2()\)} it N2 —p?)+ia! (u=2)

2
/ dAp(A / dp(A = p)? [gp(ﬂ)g + pg) - 2%2(#)] it (A2 —p?)+ia! (u=2)

+ O 1L0) + O( ) (162)

where Q2 has been defined in (148)).

5.3 Density-density correlations in arbitrary macro states for all xr and
t at order O(c™?)

5.3.1 Compensation of divergent parts

As explained above, the O(c~2) contributions due to one- and two particle-hole excitations
are individually divergent in the thermodynamic limit. The divergent parts are given in

(138) and ((148)) respectively. Their difference is

o -0f= 3 2 Z ERyw A MGl Ren =2 (163)

a
Vk >\a n7é>\k Z;,g
J: J#a
Panl<A IXj[>A

Crucially it vanishes for the class of root densities we use in our A-regularization discussed
in Section ie. p(A) =0 for |[A\| > A. We conclude that within our regularization
scheme all divergences cancel at order O(c2), but they do so in a non-trivial fashion:
divergent contributions from intermediate states with one particle-hole excitation precisely
cancel those arising from intermediate states with two particle-hole excitations.

5.3.2 Compensation of contributions that depend on the choice of represen-
tative state

As we have seen above, the contributions from both one- and two-particle-hole excitations
in the thermodynamic limit individually depend on the choice of the representative state
through the pair distribution function y_2(\). Importantly, these contributions exactly
cancel one another and the full correlation function does not depend on the representative
state.

5.3.3 A-regularized correlation function

Combining the results for the one and two particle-hole excitations we obtain the following
result for the dynamical density-density correlator in the A-regularization
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0o A ) .
(o(z,1)0(0,0))a =D* + / dx / Aptfar 4 (N, ) O =)+ (=)
—00 —A
+OAN LY + oL, (164)

where the integrand is given by

oW

Xz, -
FoeOm) = XE) ) + =252 1 0P (165)

Here the contributions due to one and two particle-hole excitations are respectively

Xet O 1) =(1+ 220N n (1) [1 = 2= )~ POV + 5= A (500) — V)

472
+ 5 (=) p()pn(p) |

2

XL 1) =49 on(0) [ (1 = NP[Aws + 2B 4(N) = Baa ()] + (31— 20)Cg — Dot

(166)

)

The function p(A) is defined in and the four functions A, ¢, By ¢(\), Cpr and Dy
are given in (147), (152)), (155) and (T58) respectively.

Some comments on the term 40%2(” —A)2p(\)p(p) pr(p)? are in order. This term arises
from the sum of the contributions involving the pair distribution function y_2(A) in both
C{M(x,t) and CY(x,t). Strictly speaking it therefore involves two particle-hole excitations
as well one particle-hole excitations. Since it does not involve double integrals, as is the
case for the other contributions from CJ(x,t), we have chosen to include it entirely in
XSQ (A, p). It can be interpreted as a “dressing” of contributions arising from one particle-
hole excitations by two particle-hole excitations.

5.3.4 Dynamical correlations

The result gives the thermodynamic limit of the A-regularized correlation function.
We now remove the cutoff dependence by taking the limit A — oco. The resulting ill-defined
integrals are to be understood as distributions following . To express the limit
A — oo in terms of well-defined integrals we consider the expansion of f; (A, 1) around
1 — 00

FoaO ) = 12020 + el ) + oA + o(u) (167)
Defining
3 2 T
Freom) = [(8)*+ 3 — 2] 2000 + [& = i) 00 + foa0p), (168)

it follows from that we can express the limit A — oo of (164]) as a function of x and
t#0

(o (2,1)0(0,0)) = D* + / / Ford O\, )™ i+ =N qxdy + O(L7Y) . (169)

For the energy of a macro state to be well-defined we need p(u) = o(u~=2) for p — oco.
From this we have
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200 = 1 0 2002 + A+ 28,,00)]
80;172 ) = 4(1 ;;5)3/) N _,3 0) - 4Mp(N)2 +4Dp(N) + 2>\fix/¢ +4ABy 4 (N) — 2(1&,7,5} |
)N = 4(1;55)3,)@) D AB(N) + % [QD2 + 8DAB(N) 4 2X25(N)?

+ A2Ayy + 202 By y(A) — 2Dy — 4ACWH . (170)

Alternatively, one can also write, using

(o(x,)5(0,0)) =D* + lim, / / For s\, )N ittt (i=2 q\dy + O(L 7Y .
€= —00 J —00
(171)

5.3.5 Static correlations
The result (169)) is singular for ¢ — 0 since it behaves as %e"”z/ t. However, in a distri-
bution sense we have %e‘xz/t — 0 when t — 0. Defining

FroOn i) = Tim [=120200) = mel () = e + Foa0 )] (172)

we have the following representation of the static correlator as a function of x
(o (2,0) 0 (0,0)) = D? +/ / ForoO\, w)e™ H=Ndxdp + O(L71) . (173)
Alternatively, one can also write

{o(2,0)0(0,0)) =D + lim / / For o\ e T =N axdy + OL™Y) . (174)

e—0t
5.4 Dynamical structure factor in arbitrary macro states for all w, ¢ at
order c?2

Given the correlation function (169) for all x and ¢ we can determine the dynamical
structure factor (DSF) S(gq,w) by taking the Fourier transform

S(g,w) = /_ Z /_ Z [lim (o, )0(0,0)) | =9z (175)

L—oo

It is convenient to decompose S(q,w) in terms of the contributions of one and two particle-
hole excitations, which we denote by S (¢,w) and S (g, w) respectively:

S(q,w) = D%*5(q)d(w) + SM(q,w) + S (q,w) + O(c™3). (176)

In practice we determine the dynamical structure factor by first computing the Fourier
transform ((175)) of the A-regularized correlator (164) and then taking the limit A — oo,
which turns out to be straightforward.
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5.4.1 One particle-hole contributions to the dynamical structure factor

The contribution of the one particle-hole excitations to the DSF S()(q,w) is obtained
from the relation

00 00 00 A
/ dteiwt / dxefiqa: / dAeit)\ina:/\ / due*itu2+iazuf()\, ,U) —

—00 —00 —o0 —A
272 w—g? wtq?
— , 21 2 . 177
o P ey a7
The A — oo limit of (177)) is straightforward and yields at order O(c~?)
2D /2 /12 1 4Sg1’1 (ql) a2 ey 12
S(l)(q,w) :27r2(1 + T)p(WQq? )Ph(w;;? ) m - - (p(w;;? ) - ,O(WQq? ))
8‘(],’ W g W' —g?\\2 47r2|q'\ W 4q' W' +q'?
where we have defined
/ q / 46
q = 57, w =W — 7q 179
1+20 o(1+22) (179)

5.4.2 Two particle-hole contributions to the dynamical structure factor

The two particle-hole contributions involve the functions A, ¢, By ¢+(A), Cyr and D, 4 given
in (147), (152)), (155) and (158) respectively. Their simple dependence on z and t allows
for a straightforward computation of their contribution to the DSF. For example, by first
integrating over x, then over v, then over ¢ and finally over u we find

o) oo 0 A
/ dt/ ot / dA/ dpp(N)pn (1) (3t — 2X) Clyr g —#5)Fi (=)
—00 —00 —00 —A

—27r2/00 d)\/Ad (N pn (1) p(N pn () 3 — 2 (180)
R B S (D Wy TRy e
Here we have set
_ / )\2_ 2 _ (4 2\ — 2 / AQ— 2 / \— 2
2(q' + A —p) 2(q' + A — p)

The limit A — oo of this expression is again routine. It is however not immediately obvious
that the double integral over A and u in is well-defined, since one of the factors in
the integrand exhibits a non-integrable singularity. A closer inspection reveals that this
singularity is cancelled by the product of root densities. We will show below by means of
a change of variable that the double integral is indeed well-defined.

All other terms involving the functions By (), By:(1t) and Dy can be computed
analogously. The term involving A, ; however requires a slightly modified approach, since
following through the same steps as before would split the 1/v? term into a sum of two
quantities that are individually divergent. In order to circumvent this problem we replace
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the 1/v2 by —+— and send € — 0 in the final result. We obtain

v24e2

00 0o 0o A
e [ dwe [ an [ auppn ()8 ) AN (15
—0 —o0 —o0 —A
Sy Ta L [pu)ph(u)p@ph(a)u .t
—00 —A ’q/ + A= M’g

—1d' (= wlpNpr(@p(“5 ) pn(2555) | . (183)

Putting everything together we obtain the following result for the contribution of two
particle-hole excitations to the DSF

20-p)® _ (=p)? 3
82 [ [ A s 322 -
5@ (q, :t/‘ J/ A A &
(@,w) =3 ] P(N)pr(p) p(N) pr (i) RS e
87T2 o) o] 1 _ - )
[ e e (=
— W —a'? W 72
—1¢' (A = w)pN)pr () o) pr () | dAdpe
+0(c?). (184)

dAdy

In order to make the convergence of this integral explicit we perform a change of variables
from A, i to

_ A—p _ w=d' (M)
=1+, P="gys (185)
and define
W =2q¢ zp—q?(1—= W =2 zp+q?(1—=
q1 = 27 ( ) ) q2 = 2 ( ) )
W 42¢'p(1—2)—q'% 2 W 42¢'p(1—2)+q"%2
g5 = qp(qu )—q , Q= qp(Qq/ )+qz (186)

In terms of the new variables we have

2 oo 0o
5¥aw) =5 [ [ hawzpdaap+ O
2

/ 12 — 2 — 2,12
h(a-0.2:0) = pla)na)o(as)ona) [if L R e ]
+p(Q3)Zp2h(Q4) |:(1 . Z)Qp((h)ph((p) . |1 B z|p(w,2_(1?/2)l)h(w,2—;?/2)] . (187)

The integral over p only has singularities that are integrable in a principal value sense,
and after the integral over p has been carried out the integral over z only has a singularity
that is integrable in a principal value sense. We conclude that is well defined and
can be straightforwardly evaluated numerically.

6 Numerical evaluation of the dynamical structure factor
In this section we numerically evaluate the integral representations ([178]), (187 in order to
determine S(q,w) for the two examples of root densities introduced in Section namely

thermal states and the non-equilibrium steady state after a quantum quench from the
ground state at ¢ = 0.
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6.1 Zero temperature

We first consider the zero temperature case for density D = 0.404 and ¢ = 3 in . The
value D/c =~ 0.13 is well within the expected range of validity of the 1/c-expansion. The
same holds true for all other cases considered below. In Figure [3] we present numerical
results for the DSF at order ¢~2 as well as for the one particle-hole contribution S (g,w).
It is well known that at zero temperature the one particle-hole contribution to the DSF
is non-zero only in a certain region of the ¢,w plane for kinematic reasons, and exhibits
(not necessarily divergent) singularities at the edges of its support . We note
that although the DSF is expected to diverge near the upper threshold, the divergence
near the lower thresholds is a consequence of the 1/c expansion, that produces logarithms
instead of a finite behaviour with a fractional c-dependent exponent. Comparing the full
result (left panel) to S (g, w) (right panel) we observe that the contributions due to two
particle-hole excitations significantly modify the numerical values of the DSF within this
region. S (¢, w) is also non-zero outside the region, but this effect is barely visible in the
plot.

) 2 4 ) 2 4
algr algr

Figure 3: S(q,w) (left panel) and S (g, w) (right panel) as functions of ¢ and w at zero
temperature and D = 0.404, ¢ = 3 in ((106)). The color scale is the same for both plots.

6.2 Finite temperature

We next turn to the DSF at finite temperatures. Figure [4] presents numerical results for
the full DSF S(q,w) at order ¢~2 for thermal states with 8 = 5, ¢ = 4 and D = 0.396.
For comparison we also plot the one particle-hole contribution S()(g,w). Like in zero
temperature case, for these parameter values the one particle-hole contribution already
gives a fairly good account of the full DSF. The two-particle-hole contribution modifies
some details that become increasingly significant for ¢ > 2¢r. The main difference to the
zero temperature case is the emergence of spectral weight at negative frequencies and the
“washing out” of the threshold singularities.

In Figure[5] we consider the DSF for a different thermal state characterized by a higher
temperature 5 = 1 and D = 0.38, ¢ = 4. The differences between the S(¢,w) and
S (1)(q,w) are difficult to discern in these plots. In order to get a more precise notion of
the relative contributions of S (g,w) and S®)(g,w) to the DSF for these values of D, ¢
and (3, we show a number of “constant momentum cuts”, i.e. plots of S(¢,w) as a function
of w for fixed ¢, in Figs [6] and [7] Fig [f] gives representative results at “small” momenta,
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Figure 4: S(q,w) (left panel) and S™M(q,w) (right panel) as functions of ¢ and w for a
thermal state with 8 =5, D = 0.396 and ¢ = 4. The color scale is the same for both plots.

algr algr

Figure 5: Left panel: DSF S(q,w) as a function of ¢ and w for a thermal state at inverse
temperature 5 = 1, D = 0.38 and ¢ = 4. Right panel: Same for the one particle-hole
contribution S™M(g,w). The color scale is the same for both plots.

defined as ¢ < grp. We see that the contribution from two particle-hole excitations is
negligibly small. This is in perfect agreement with observations made in Ref. based
on comparisons with numerical computations for a finite number of particles. Our results
makes this observation fully quantitative in the thermodynamic limit in the framework of
a 1/c-expansion.

Fig EI shows how the relative magnitude of S()(g,w) evolves at larger values of mo-
mentum. We see that it grows with ¢ and for the values shown is no longer negligible.

6.3 DSF in a non-equilibrium steady state

In Figurewe show numerical results for S(¢,w) and S ) (q,w) for the root density given in
Section The latter describes the stationary state reached for the interaction quench
of Refs , where the system is initialized in the ground state at ¢ = 0 and density
D = 1/ and time-evolved with the Lieb-Liniger Hamiltonian at ¢ = 4. We observe that
the two particle-hole contributions lead to a slight narrowing of the DSF for ¢ > gp.

41



SciPost Physics

0.6
0.8

3 305
& &

o6 304
=} =}
I} I}

) 0.3
n 0.4 n
H

(NE @ 0.2
&~ &
go2 g

0.1

0.0 0.0

Figure 6: S(¢,w) (red) and SM (g, w) (blue, dotted) as functions of w for ¢ = 0.42qp (left
panel) and ¢ = 0.84¢p (right panel). The parameters are the same as in Figure
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Figure 7: Same as Figure |§| but for ¢ = 1.68¢r (left panel) and g = 3.35gF (right panel).

7 Analysis of the result in limiting cases

In this section we report a detailed analysis of our results for the density-density correlation

function (171)), (166)) and the dynamical structure factor (178]), (187]). The details of the

derivations of the results in this section are reported in Appendix [C|

7.1 Density-density correlation function
7.1.1 Asymptotics of equal-time correlations at zero temperature

At zero temperature with the root density (106)), we obtain the following asymptotic
behaviour at large z and at order ¢ 2

1442 4 457

_n? c
(o(2,0)0(0,0)) =D~ — 22
2
+ ASSEIEE [y (80 1 882 toglageeea] + 22 log? Rae ]
(188)
+ O(x_g)a (189)
where 4D
I1+== —9
A= —5=+0(c), (190)
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Figure 8: S(q,w) (left panel) and one particle-hole contribution S (q,w) (right panel) as
functions of q,w for the steady state root density with ¢ =4 and D = 1/m. The color
scale is the same for both plots.

and ~g is Euler’s constant. This expression is the large = behaviour of the 1/¢ expansion
of the correlation functions, hence one has c large first and then z large.

Combining CFT/Luttinger liquid theory with exact results provides the following pre-
diction for the correlations at large x at fixed ¢

K 2
cos(2qrx) N

_ N2
(o(,0)0(0,0)) = D? = 55y 4+ 4 ST

(191)
with K given in ((107]), and with A; a known constant . If one wishes to compare this
expression with (189)), one is a priori faced with two problems:

(i) If one expands (191]) in powers of ¢~! one has to take first = large and then c large,
which is the reverse of (189)). Hence comparing (189)) and (191)) entails to commute
two limits. This commutation is possible if our expansion in ¢=! ([I89) is uniform in
space.

(ii) There could be corrections to (191f) that are subleading in z at fixed ¢, but become
of the same order as the dominant term once expanded in ¢! (i.e. give rise to log(x)
terms). An example would be a term oc 245 %2, These corrections would be visible

in (189), but not in (191]).

In the case of density correlations in the Lieb-Liniger model it follows from the exact large
x expansion at fixed ¢ that there are no subleading corrections with the property
described in (ii). We thus expand in powers of ¢c~!. Since K — 1 when ¢ — oo the
power-law 272K becomes 72 corrected by logarithms and we find

144D 4 4D?
B 27222

2
+ Al—cos(gcgpas) [1 - (% + 86%2) logz + —7326[)2 log? :L“] +0(c?). (192)

(o(x,0)0(0,0)) = D?

The coefficient A; depends on ¢ but as its representation is rather complicated (with
approximations in [113}/114]) we left calculating its ¢~! expansion for future work. We see
that it agrees with (189) if we identify

Ap = AQ2qpe™®)? 2K L O(c7?). (193)
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In particular the critical exponents are reproduced at order ¢~2. This both provides a
check of our formula, and shows that our 1/c expansion is uniform in space.

7.1.2 Dynamical correlations asymptotics at zero temperature

At zero temperature (with the root density (106])) we can evaluate the asymptotic be-
haviour of the dynamical correlation function at large x,t at fixed

T
= 194
a=g (194)
It is convenient to define . -
, T
of = o= (1+ =)o, (195)
and set
1 if >
o= J1 iflal>gr (196)
-1 if o] <qr
We obtain
zst(Q+0a) 2
(o(x,t)0(0,0)) = D? + Z B, T 1 — vy log(iwat) + ?glogz(iwat) (197)
+ o(t_3/2), (198)
with
t —s% son (t) 1 4 2D)y4
senlte TE U o),
8imz(Q + o)
92 9 / 2 N2
vy = <1+Q) Qtod)  2Qtoa)” s,
e e mc
, —304Q(%+ oa )| e (199)

Ref. [38] derived the full asymptotic expansion at large xz,t for any value of ¢ at
zero temperature. The ¢! expansion of this result at order ¢=2 (without expanding
the prefactors) is in agreement with . In particular the critical exponents vy are
reproduced at order ¢~2. This both provides a check of our calculation and shows that our
1/¢ expansion is uniform in time as well, since the large z, ¢ and large ¢ limits commute.

7.1.3 Asymptotics of dynamical correlations for a generic root density and
Generalized Hydrodynamics

For a generic continuous root density p in the large x, ¢ regime at fixed a (194)) we obtain
the following asymptotic behaviour

(0. 0)0(0,0)) =02 1. T X e@)pn(e) i1+ Z2 [P (@)on(ef) — plof)pf (o)

2] Atlt]
71'2 oo
T {12@/%)2(@’) + 8(ppn)' (o) / sen (o = OpQpm(O)dC
+2(om)0!) [ ' <|p<<>ph<<>d<} Lot D), (200)
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where we recall the definition of o’ in (195)). The first line arises from one particle-hole
contributions, while the second and third lines are two particle-hole contributions. If the
root density is not continuous the leading term in 1/¢ is still correct, but the higher order
corrections may change.

GHD ([83]/84] makes predictions for the coefficient of the 1/¢ term in the density-density
correlator for any value of ¢ [87,88]. For the sake of completeness we summarize the 1/c-
expansion of the GHD results in Appendix The leading term proportional to 1/|¢|
of is in perfect agreement with the order ¢~2 expansion of the GHD results. To
the best of our knowledge this constitutes the most non-trivial check to date of GHD
predictions in an interacting integrable model.

Importantly, we can assess the accuracy of the GHD approximation outside the asymp-
totic large space and time regime by comparing it to the full correlations at order ¢ 2.
In Figure [9] we show our results for the real part and the modulus of (o (z,¢)c(0,0)) for
two thermal states at ¢ = 4 together with the GHD approximation. We see that at high
temperature S = 1 the GHD approximation is surprisingly good even at short times. At
lower temperatures S = 3 the correlation is still very well approximated by GHD, but is
seen to display damped oscillations in the absolute value that arise from the imaginary
part of the correlations that decay as t~2 and is not accounted for by GHD.
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Figure 9: Correlation function C(z,t) = (o(x,t)o(0,0)) in a thermal state for z = 2at
as a function of ¢t at ¢ = 4, for § = 1 and D = 0.38 (left) and f = 3 and D = 0.386
(right). The three curves depict the real part (red), the modulus (green) and the GHD
approximation (dashed blue).

In Figure [10| we present the analogous comparison for a non-equilibrium steady state
with root density . This root density is “less regular” than thermal densities in the
sense that it has a narrower peak at zero. As a consequence, we expect higher Fourier-like
corrections to the oscillatory integral, whereas GHD describes saddle-point-like corrections
only. We indeed observe a more pronounced discrepancy for short or intermediate times,
but the agreement at later times is still excellent, and globally remains very good.

45



SciPost Physics

+0.020 0.020
§ §
w w
2 o015 S o015
Il 1)
X X
&) o
40010 ~—0.010
3 3
£ £
% 0.005, % 0.005
0.000 0.000
0 2 4 6 8 10 12 14 0 2 4 3 8 10 12
twe twre

Figure 10: Correlation function C(x,t) = (o(x,t)c(0,0)) in the non-equilibrium steady
state for x = 2at as a function of ¢t at ¢ = 4, for D = 1/7 (left) and D = 1/(2n)
(right). The three curves depict the real part (red), the modulus (green) and the GHD
approximation (dashed blue).

7.2 Dynamical structure factor

7.2.1 A simplified expression at zero temperature

Equations (178]), (187 for the DSF can be simplified at zero temperature. The one
particle-hole contribution can be written as

2D\4 2 2 2 2 2
1 _(1+7) 2q w® —wi 2q g |W —wi
S( )<Q7w) = Tq‘c |:1 — R 10 w2 — w% + 7'(262 10 m 1w7<w<w+
+0(c™), (201)
where we have defined
2
wila) = |d* +20d1Q| (202)

The contribution from two particle-hole excitations can be simplified by carrying out the
integral over p in (187)

(g wy = —— [ |1 [(5 A (Ze - Z )4 22— 2P 21— 2l
) 47’(2(]/02 oo | 2 * B - * o
I _ 9y (2z—1)q'—22
2¢%(1 — 2)?log | L —22%| — 4¢%(1 — 2)%1 +}1
+2q ( z) og (27 q ( Z) og (22_1)(11_22_ Z_<Zy
2¢' min(|q'z], 2Q)
_ 5 Ly (q)<w<wi(q) |47 - (203)
Here we have defined
min [#20GLPE0 =Py s>
’ 12 / 4
ZJr(Z) = { min w=|2g QZ;/qz (1_Z)|7 _W—Qi_q%%lczl_)q = if0sz=<1 (204)
min [#=20G22 020 —eoprenl] ip s <o,
and I 1Q—q'?
max w2 ng’(i (Z’l)\, wé?ﬂ(g:lq) Z} ifz=1
, 2 ’ 12
Z(2) = § max |22 G 00 il w0 g <y (205)
i [S UG 00 —em@us] e <o
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7.2.2 Behaviour near the thresholds at zero temperature

At zero temperature, the DSF exhibits divergences at certain threshold energies win(g). In
our case, at order O(c~2), the two thresholds occur at w4 (q) defined in (202)). For ¢ < 2Q
we find the following singular behaviour of the one particle-hole DSF near them

1 (1 + 2D) 2w
St )(q,wJr + ow) = W <1 - —log ‘&u — log ’5 wD 1sw<0
1420 2
SW(q,w_ + dw) = (QH) (1 + — log ‘&u o —l— log ’&u e ) 150550
(206)
The analogous results for the two particle-hole contribution are
S(Q)((Ler +5W) = (2 2.2 10g|5OJ‘> 1(5w<0 - (2 202 10g|5w|) 1(5w>0 )
$@ (g - + 0w) = (55 log |dw]) Loso- (207)
e

These limiting behaviours are obtained at large ¢ first, and then w close to w+.
At fixed ¢ non-linear Luttinger liquid theory predicts the exponent of the power-law
divergence near these thresholds [30-34,[38]

S(q,wy + (5w) = 00‘5(4)’”* 15,~0 + Cﬂéw[”* 15,0+ Co+...
S(q,w— + 0w) = C3(0w)*= 1550 + Calsyso + - - - - (208)

Here Cp,1,2,3.4 are c-dependent constants and the exponents p+ have simple expressions
that depend on c¢. The dots encompass less singular pieces |dw|* with a c-dependent
exponent g > p+, and regular pieces Cyéw + O((dw)?). In the framework of the 1/c
expansion these power-laws give rise to logarithms

2

2q log \&ul—i— 2 log\éwl—i-(’)( 3

2q
|dw[it =1 — —log |ow] —|—

2q 2

|owll— =1+ —log |ow] + log |ow] + log |ow| + O(c™?). (209)

These expansions are valid if we take w close to w4 ﬁrst and then consider the large-
¢ limit, and in order to compare with our result we have to commute these two limits.
Importantly, the less singular pieces that are subleading in dw can also produce logarithms
if their exponent goes to 0 when ¢ — co. However, it follows from our asymptotic analysis
in real space that there are no such terms. Comparing (208]) with ( and ( . we
find that our result is in agreement with the non-linear Luttmger hquld predlctlons if we
identify
1

C() R + O(C )
L @+E)?2 2w N .
1
Cy=——+0(c?)
4dme
_ 0+ 2)? 2w- " —2
Cs = 204l W?k 2 +0(c)
Cy=0+0(c?). (210)

In particular we obtain the correct exponents at order ¢~2. This provides a check of our
result for the DSF and shows that it is uniform in ¢ and w.
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7.2.3 Sum rule at zero temperature

The f-sum rule for the dynamical structure factor in equilibrium states reads |111]
oo
/ 5(q,w)wdw = 27 Dg? . (211)
— 0o

In our calculation, this sum rule has to be perfectly satisfied at order ¢2. It is a stringent
test of validity of our formula since it has to be satisfied for all ¢ and encompasses every
single piece of the DSF. At zero temperature we obtain from Equation (201]) that

o0 4
/ SW (g, w)wdw = 2rDg? + @qle +0(c?). (212)

This means that the two-particle-hole DSF (203) S®(¢,w) = 2S®)(¢,w) evaluated at
¢ = 00, must satisfy

/ 5’(2)(q,w)wdw = —§q4Q. (213)

We computed this integral numerically from (203|) for several values of q. We find that
(213) is indeed satisfied within the numerical accuracy of our calculation. The relative
deviations of our results from (213 are around 10~%, which is quite satisfactory.

7.2.4 Detailed balance for thermal states

The dynamical structure factor of a thermal state at inverse temperature 8 should satisfy
the detailed balance relation for all values of ¢, w

S(q, —w) = e P¥S(q,w). (214)

In our calculation the detailed balance relation for S(q,w) should be perfectly satisfied
at order ¢c~2. We note it is a very stringent test of validity of our formulas for S(q,w),
given that a thermal state at finite temperature corresponds to a generic root density
with a complicated ¢ dependence, while for an arbitrary root density there is no particular
relation between S(¢, —w) and S(q,w).

In order to check that our formulas for the DSF satisfy detailed balance at order ¢~2,
we need to evaluate with p(\) given at order ¢~2 in (103)). We found convenient to
define

84|
2

P3P (Lo o (=) (215)

§0(g,w) = 5D (g,)

i.e. the one-particle-hole DSF without the dressed piece coming from two particle-hole
excitations. We recall that E‘)/ and ¢’ were previously defined in (179)). It is straightforward
to check numerically that S™)(g,w) satisfies detailed balance at order ¢2

SW(q,—w) = e W (q,w) + O(c™?). (216)

Hence the following quantity

§)(q,w) = S (q,w) + 8714/ | p(L5) oL Don (=) (217)

evaluated at ¢ = oo should also independently satisfy detailed balance
S (g, —w) = e 7S (q,w). (218)
We find that this indeed holds within the accuracy of our numerical computation, i.e.

within a relative error of 107°. This is quite satisfactory.
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7.2.5 Behaviour at small ¢,w

At small ¢, w with fixed
w
= 21
7= 50 (219)

we find the following behaviour of the DSF

Slaw) = MP (’Y' - %) ph (’/ + %)

q'|
+ 8;2 /_ Z /_ Z [E(;f)fh;;;) [Sgn (u—=A)(27 +u = 3X)p(N)pn(N) (220)
I~ ulo()on()] drdu
+0(q"). (221)
We have set
v = ;q// (222)

Here the term proportional to 1/|g| arises only from the one particle-hole contribution,
while the constant term is due to two particle-hole excitations. This result can again be
compared to GHD predictions, which at order ¢=2 give [83,84,88]

27r2(1 + %)2

i p(v(l + ?))ph (7(1 + ?)) : (223)

Scup(gq,w) =
This is indeed in agreement with the leading term in (221)) at small ¢. It would be
interesting to see whether the subleading terms in (221]) can be obtained by considering
corrections to GHD following Ref. [112].

7.2.6 High frequency tail

Finally we consider the large-w behaviour of the DSF S(q,w) (at fixed ¢) in an arbitrary
eigenstate |A) with a root density p(A\) that decays faster than any power law |\|~" at
infinity. For such states we find

32v2¢"

S(a,w) = =2 (=D = 6%) + oW "), (224)

where ¢ = [u?p(u)du is the energy of the state and § its momentum defined in
. The result arises entirely from the two particle-hole contribution since the one
particle-hole contribution decays faster than any power in w for w — oo. The corrections
to this leading behaviour can all be computed and expressed as a series in w’ ~12 For
example the next term is

4\&‘]/4 R 2 2 / /2 /
) (u—v)*[(u—v)*+ 14¢ (u — v) + 15¢"" + 28¢'v]p(u)p(v)dudv
c w —oo J —o0

+ oW ™. (225)

For eigenstates |A) corresponding to root densities that instead decay like a power law
at infinity it is straightforward to see that the one particle-hole contribution to the DSF
decays at large w with the same power-law. For such root densities the large-w expansion
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of the two particle-hole contribution breaks down at some order because the coefficients
would diverge.

It has been shown some time ago that the large w behaviour of the DSF S(¢q,w) in
equilibrium states is universal, with a decay q*w ™72 for quantum fluids with short-range
interactions [115-117]. This behaviour was also observed to be in good agreement with
scattering experiments |[116]. Our result is in perfect agreement with these findings,
which again confirms that our 1/c¢ expansion is indeed uniform in ¢,w.

8 Conclusions

In this work we have introduced and developed an ab initio expansion of dynamical density-
density correlation functions in the Lieb-Liniger model that can be performed within any
energy eigenstate. It is a combined expansion in 1/¢ and in the number of particle-hole
excitations taken into account in the spectral representation of the dynamical correlation
function. The expansion has a well-defined thermodynamic limit and is uniform in all
x and t, or equivalently all w and ¢q. We have obtained fully explicit and readily usable
expressions for both the correlator and the dynamical structure factor at order O(c2)
which take into account all one- and two particle-hole excitations, Equations , ,
and (T57).

The main obstacle we faced in deriving these results occurs at order O(c2). Indeed,
the leading O(c) term of the expansion is simply the result for impenetrable bosons,
which can be straightforwardly obtained using the mapping to free fermions [3/118]. In
terms of the form factor expansion the only non-zero form factors are those involving a
single particle-hole excitation, and they are all equal. The O(c™!) term is almost as simple
since its form factor expansion is identical to the impenetrable limit case albeit with a
root density dependent numerical modification of the form factors. In contrast the O(c~2)
contribution comes with a number of complications.

As is well-known the form factor expansion generally exhibits non-integrable singu-
larities whenever two rapidities coincide. In the framework of the 1/c expansion these
first arise at order O(c™2) for contributions involving both one- and two particle-hole ex-
citations. The presence of such singularities precludes directly taking the thermodynamic
limit and expressing the spectral sum as integrals over root densities in a simple way.
Indeed, we find that the contributions from both one- and two particle-hole excitations
are individually divergent in the thermodynamic limit, but their sum is not. Even after
compensating the divergent parts they individually depend on the particular choice of rep-
resentative state and cannot be expressed in terms of the root densities. But remarkably,
and reassuringly, their sum — and thus the correlation function — is representative-state-
independent, i.e. depends only on the root density. These cancellations eventually leave a
piece that can be interpreted as a dressing of the contribution due to one particle-hole ex-
citations by two particle-hole excitations. Although this vanishes for the zero-temperature
ground state as well as for any zero-entropy states it is non-zero in general and is crucial for
detailed balance to be satisfied in thermal states. Such a fine-tuned “regularisation” of the
divergences could only be achieved with a careful treatment of the thermodynamic limit
of the exact spectral sum in a finite volume. Anticipating that for other quantities the
representative-state-dependent parts may not always compensate one another we derived
a formula for their average over all representative states for a given root density.

We have verified that our results are in full accord with known results including CFT
and (non-linear) Luttinger liquid theory predictions for zero-temperature critical expo-
nents, thresholds singularities, sum rules, detailed balance relations and high frequency
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behaviour. We have also recovered the order O(c~2) GHD predictions for Euler scale den-
sity correlations in finite entropy states. This constitutes the most non-trivial verification
of GHD in an interacting integrable model. We have also determined corrections to GHD
and compared the GHD result to the full correlator at order O(c~2) outside the asymptotic
regime. We found that GHD provides a rather good description of the correlator even at
short times and distances.

The framework developed in this work is not restricted to density correlations in the
Lieb-Liniger model but is expected to apply to any local operator in any integrable model
that has a well-behaved expansion around a strong coupling limit. One example is the
large anisotropy regime of the spin-1/2 Heisenberg XXZ chain [119,/120]. A significant
complication that occurs in that case is the presence of string solutions to the Bethe Ansatz
equations. The restriction to local operators is crucial as the spectral representation of
two-point functions of semi-local operators such as the field ¢ (z) are dominated by a
completely different set of excited states |76] and does not allow for an expansion in the
number of particle-hole-excitations.

Our work opens up several interesting lines of further enquiry. First, our analysis
should be extended to higher orders in the expansion. The O(c™3) term still involves
at most two particle-hole excitations, but the expansions of the Bethe equations and the
determinant in the expression for the form factors become more involved. Second, the
repulsive Lieb-Liniger model is particularly simple in that the Bethe equations have only
real roots. It would be very interesting to extend our analysis to a model with complex
roots, e.g. the spin-1/2 Heisenberg XXZ chain. Third, our framework is readily generalized
to quench dynamics [121] by combining it with the quench action approach [89,90]. Here
the novel feature is that the spectral sum involves “overlaps” that multiply the form
factors. Finally, it would be interesting to recover results obtained from the 1/c-expansion
considering corrections to GHD as well as the thermodynamic bootstrap program [122].
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the EPSRC under grant EP/S020527/1.

A Double principal values

A.1 Proof of Equation (53)
We start by recalling that a single principal value can be expressed as a regular integral
F(A 1 fFA\pu) —F(=X+2
( ,u)dA:/ Ap) = F(=A+20) 4 (226)
A— U 2 A—
Hence successive principal value triple integrals can be written as

(A, v)
][)()d)\d,udu

/\,Uv (2M )‘:UH )_F()‘v:anM_V)_F(2:U'_)‘7M72:U'_V) v
///[ O =) =) dAdpdy.

(227)
If G(\, p,v) is a function without singularities, then we have
. 1
// G\, p, v)dAdpdr = Lll_I}I;O I3 Z G(xi, zj, k), (228)
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where

(229)

T; = Z )
and i, j, k range e.g. between —L? and L2. In (228) one has the freedom to exclude some

values, e.g. consider i # j, since this only amounts to subleading corrections in L that
vanish when taking the limit. The integrand of (227) is of this type. Hence one can write

F(\ p,v) 1., 1 Flai,xj, xp) — F(—xi + 225, x5, xp)
—2 7 dMdpdr = - lim —
][(/\—u)(u—u) SRS L3Z[ (@i —zj) () — xp)

F(a:i,a:j,2:cj — a:k) — F(Ql’j — .CCi,l’j,2l’j — mk)]

(zi — 25) (25 — 1) (230)

Separating the four sums and changing variables so that the argument of f is always
x;, T, ) leads to

F(\ p,v) a:z,mj,mk)
———— 2 _dAdudv = hIn . 231
[ ooty ng v 2,) () — ) (21)
Z#J
ik

Finally we turn this into a simultaneous principal value integral by adding the condition

ik

F(A7/’L7V) % F(/\,,u,u) xlax]wxl
———————dMdpdv = F ————F———dAdpdr — hm . (232
][(A—u)(u—V) A=p)(p—v) L3Z (z; — ;) (232)

lim Z M = 7T/F(ac,x,:c)d:c, (233)

and obtain Equation ([53)).

A.2 Proof of Equation (56

We note that formulae are direct consequences of Equation , as can be seen by
interchanging the dummy variables.

We start with representation . As the integrand is regular one can impose that
A — | > e and |p — v| > € with an error O(e) + O(€'). This allows one to separate the
integral into four pieces and make appropriate changes of variables so that the argument of
F is always X', i/, /. One sees that in the four cases one has [N — /| > e and |p/ — /| > €.
Hence

F()\a% V) - F()\/mula V/) 1103, /
][ md)\dﬂdu = //\,_N,||>E V= 1) (il = ) dN'dp'dv' 4+ O(e) + O(€),
V/_Nl >¢!

(234)
which is precisely .
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B Proof of Equation (41))

B.1 Reduction to a combinatorial problem

For a given solution to the Bethe equations {\;}; € & we define the set of pairs of
rapidities that belong to the same bin

B={\)|i#7,3k€ {1 n} XAy € [l b (235)
We have
— = = EANAIE VA EAaiie v 2
N B I e R NP Vv S
7£ ()\i,)\j)é ()\i,)\]')géB

Let us show that when the pairs of rapidities are not in B, the sum is negligible. We
observe that

1 Z | f(Nis A < (Ler)? max v |f(A, )]
L3 (N =)~ (|k—p| - 1)2L3 Ciet 7

MN€EXL kL k1]
Nj€lxLp, 2L pt]

(237)

provided that |k — p| > 1, i.e. if the bins to which \; and A; belong are not adjacent.
Here Cy = miny[p(y)]~! is a constant independent of the representative state and of the
bins. Indeed, in this case we have |A; — \j| > (|k — p| — 1)Coer, and there are (Ler,)? pairs
of roots. Since there are D/e;, bins, by summing over p and k these contributions are
O(L%L), and since Le;, — oo, they are negligible in the thermodynamic limit.

If the bins are adjacent we have

1 (i ) _ Ch 1 log(Le)

3 OIS <20 Y o = o(el)

L3 2 (Ai = A2 = L (n +m)2/L2 0T ),
Aie[mL,k,mL7k+l] 0<n,m<Ley,

N E[TL kt1,%L k42] n+m=0

(238)

with 7 another constant independent of the representative state and of the bins. Since
there are D /ey, bins and Lej, — oo, these contributions are also negligible in the thermo-
dynamic limit. Hence we have

)‘17 )‘ o 1 f()‘h )‘J) 0
L3 Ty ) =73 D s oY), (239)
(}\i,)\j)EB

with the o(L%) being independent of the representative state. Hence we also have

1 )\l,)\ . 1 1 F(is Aj)
li 1 — = (24
Ll_{{,lo‘@ﬂ Z 3;: AV s = 67| Z I3 Z N — X)) (240)

{Ai}iEGL {Ai}iGGL ()\i,/\j)EB
Writing
J(Xis Aj) < J(is Aj)
_— 241
> "2 L Goar 241)
(/\i,/\j)e
)\z7>\ E[CCL k790L,k+1]
we have
1 1 FOu) &1 1 FOui, A)
73 2 Z Z 73 Z 2
6] {Ai}i€6, L (AisA;)eB (Ai = 4)) k=1 Se {\}iee, L i#j (Ai = 4))

XisNjE[TL kT L k41)

(242)
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To go further and decouple the average over the representative states one needs to ensure
that the modification of rapidities in one bin does not notably affect the distance between
rapidities in another bin. From the Bethe equations, a modification of order e¢; of DL
rapidities modifies the distance between two rapidities ¢,j in the same bin by an order
%DLE £(Ai—A;j), which is indeed subleading compared to A\; —A;. Hence one can assume at
leading order in L that the rapidities decouple, and given a bin k, sum over the rapidities
of the other bins without modifying the values of the rapidities inside bin k. Thus one
can write

o 2 T 2 ioaP
|6L‘ {N\i}i€6L i#] ()\ )\J)
X N ElTr kL k1]

_ AL VNG § 24
(KL,k) Z L3 Z ()\Z‘ —)\j)2 +0( )7 ( 3)
I_LeLJ {/\¢}¢EGIZ Z#]
N E[TLkTL kt1]

with 6’2 C &j, the subset of & containing states whose rapidities outside the bin
(@1 k, 2 k+1] are fixed to those of an arbitrary representative state, and

Kr; = |L(xri+1 —20:)(p(xri) + pn(zrg))] - (244)

is the number of vacancies in [zr;, 2 i+1]. Since around A two consecutive vacancies are
separated by m at leading order in L, we can write A; — A; as an integer times

A ETASETTNCTAE for A; and A; in the same bin [z}, i, 1, g+1]. This yields

1 1 f(i, Aj)
D@ X O
= {\}ie6y L (Ai,\)EB (Ai = Ag)

1A f (L TL) 5 1
7 W(P(xhk) + pn(zL k) > e

k=1 LL&LJ Ic{lz"'vKL,k}i{jEI
[I|=|Ler] 77

+o(L). (245)

This reduces the problem to evaluating the large K, M limit at fixed K /M of the following

combinatorial quantity
1
Cuk = Z Z =k (246)

Ic{1,..,K}ijel
|[Il=M  #j

B.2 The generating functions

To simplify the expression of Cjr i, we would like to recast the sum over pairs of integers
into a sum over (next-nearest-)neighbouring integers. We exactly rewrite Cps g in the form

M m
Cux=2)_> > > ! . (247)

m=1j=1 a1<...<apg i>0 (aj-i-im - aj+(i+1)m)

€{1,...K} j+(i+1)m<M

A= ¥ T arman? @9

a1 <..<apys >0 (aim B a(i+1)m)
{1 K} (i+1)m<M

Introducing
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with ag = 0, we have

M m K
ek =233 (]: D ol (249)

Let us now determine the asymptotic behaviour of C][\?]K for large K, M at fixed K/M.

Summing separately over aq, ..., a;,m, one obtains the following recurrence relation
] K—-M+m a 1 (K —am ) ]
m m T M— m
CM,K = Z (m —1 > [ a2m C maK_am] ’ (250)
am=m m

where we use conventions such that C][\Zn]K =0if K < M or M < m. Indeed, the factor

(“m_l) counts the number of possibilities for the first m —1 particles between 1 and a,, —1,

m—1
while the factor (") counts the number of times this 1/a2, term will appear in all the
subsequent configurations for a,,1,...,aps. Introducing the generating functions
fml( ] " (a—1\ ()
m m _ —m M K
Cie) = Y Ciik SRR DD S e -
M,K>0 M,K>0 a=m
(251)
this recurrence relation implies that
xmym
Ct(a,y) = S (a,y) + o Ol (). (252)

(I—y)m
Expressing S (z,y) as

m a—1
[m] — (m—l) a 2
St (z, y) 1_y(1+m); e (253)
we obtain the following generating function
a—1
A=y (1)

Clml(z, ) = it mtlye (s

(1= y(1+2))? 75 (wy)k(1 — y)m=1=k ; a?

B.3 Asymptotics of the coefficients

We now use Ref. [82] which shows how to determine the asymptotic behaviour of combina-
torial coefficients from the analytic behaviour of their generating functionﬂ One obtains

2Specifically, in order to have only a simple pole in the generating function as in [82], we define

Cl(a,y) = [ y)du. (255)
0
We then integrate by parts
- 1—y)" (n) o
C)(z,) = o mi)ye
(1 —y(1+2)) 7o (wy) (1 —y)m—tk az;l a?
- (a—l) (256)
@ 1 d u™(1—y)" m-1) a—1
- du — — y .
/0 1—y(1+u) du 3707 uy)k (1 — y)m—iow azzl a?

M/K
1-M/K
and y =1 — M/K. The second term gives negligible contributions because the z integral will give rise to

a multiplicative factor M 1.

and use Theorem 1.3 and Corrolary 3.21 of [82] on the first term, where in their notations « =
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(5 (25 A5 AT () (5] e

This implies that
m i a— m K
Ol e = (PG = 0l + 03 ). (258

and substituting this into (249) we obtain at leading order

(1+0(M™1)). (259)

Cari = [2 S mCy

m=1

Using the asymptotics (257)) one then finds in the limit M, K — oo at fixed K/M

Crric = 7;21\/‘[? <A§> + O((ﬁ)). (260)

B.4 Conclusion

Coming back to (245]), we have when L — oo

p(xrk) + pn(TLk)

M ~ Ley, , K ~ Lep, , (261)
P(HJL,k)
which yields
1 1 F(Ni, Aj)
I 2. f Z (i — N2
{Xi}:i€6 A7) (262)
2
= §Z 2Lk TLk) (p(xr k) + pr(zie))p(@rr) + o(LY) .
k=
In the limit L — oo we then arrive at the result
1 F(Ais Aj)
lim —— v = (A A)( M)p(A)2dh. (2
Jm e Y A / FON(P) + pr()p0dA. (263

{A\i}i€6 17&3

C Derivations of the results presented in Section

C.1 Correlation functions
C.1.1 Asymptotics of static correlators at zero-temperature

The study of the asymptotic behaviour of (173) at large x at zero temperature reduces to
the asymptotics of the Fourier transform

o0 .
= / fluw)e ™™ du, (264)
— 0o
of a given function f(u). These asymptotics depend on the regularity of the integrand,

hence at leading order on points of non-analyticity of f on the real axis. We have the
following behaviours.
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e If f(u) has a discontinuity A = f(ud) — f(uy) at up and is otherwise regular, then
for x — oo

e~ tTuo

fla)=A—— +0(=7?). (265)

1T

This is straightforwardly obtained with an integration by part.

o If f(u) ~ Alog" |u — ug| for u > ug and is regular and bounded for u < ug, then

. _Ae*?zuo 1 1 f -1
flo)y=3 i (OQg’prlHO(z) tn=b (266)
A i (log ‘$|+2p1 10g‘$|+p2) +0(5) ifn=2.
Here the constants p; 2 are given by
s
P1=7E+ 5 sen ()
2 (267)
. T
P2 =g +imypsen (z) -

where g is Euler’s gamma constant. If f(u) ~ Alog" |u — ug| for u < ug and is
regular and bounded for u > wg, then the result is multiplied by —1 and pi, ps are
changed to their complex conjugates p7, p5.

These relations are obtained from the relation
/ e Wydy = T(1 + a)fi(z —i0)] 17, (268)
0

expanded around o = 0.

o If f(u) ~ Alog™ |u — ug| for both u < up and u > ug, then we have

e~ tTuQ

() —TAE +0o(2) ifn=1
) = —izTu
2r A= (log || + v&) + o(L) ifn=2.

T

f (269)

These equations directly follow from the previous results.

In order to determine the large = behaviour of the correlation functions, we also need
zero-temperature result for p(z) defined in (114))

_1+2D/c
B 27

A+Q
A=Q

and the large x behaviour of the functions A, o, Cy 0 and D, o defined in (147)), (155)) and
(158)) respectively

) log ] , (270)

log ||

A:v 0 — + O(.TO)

' 212
C:v() — O(ZL‘_I) (271)
Dyo=o(z™1).

The asymptotics of Cy ¢ and D, ¢ follow from (300]) and (301) for a generic root density.
As for A, integrating (147)) by parts we obtain for a generic root density

/
Az = ][ M(e“@—“) — D)dudv +izCyp . (272)

v—1Uu
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Specializing to zero temperature at leading order in ¢!, it yields

1 [Q @) 1 [Q eg=(=@-w) 1
Apop=-— | ————du—-— | —————du+izC 273
that is 200 i .
1 T iU —tu _ 9
Apo = — / e T Gu+iaChy
47; . u (274)
og |x
== +0(29).

As for the B, () and By o(p) terms, they require a special treatment since they cannot
be decoupled from the A, p1 integrals. The B, o()\) term involves the following functions

ful) = / )N By o(A)e=Md), (275)

—00

for n = 0,1,2, whose we wish to determine the asymptotic behaviour at large x, by
computing its Fourier transform f,(q) = [*_e " f(2)dz. We have (at leading order in

c b

oo o plut A+ q)
q) =27 / / ) p(u) A2 dudA. 276
)= [ | pptey e (276)
Specializing this relation to the ground state root density we obtain
; 1@ A+ min(Q,—Q + A+ g))sgn (A + ¢)
() = — dX. 277
fald) 47r2/Q|A+QIO ‘ A—Qsgn(A+q) (@77)

We note that the non-integrable divergence near A = ¢ is compensated by the argument
of the log going to 1 in this limit. In the vicinity of ¢ = Q) we have for n > 0

1 [@ ar
fu(Q+ / lo ‘ dX\ + o(n
1 (@ 2 (- [* 1 v 0
1 dA 1 d
Ja@—m) = 472 Q)\+Q0g)\—Q + 472 /0 v—1 %2y —1 vtolr),
(278)
where the last integral is fo vl log ’ ‘ dv = —73, so that fn has a discontinuity at @)
of
T ; _ (=)
Jing [fn(Q +1) — ful@ n)} =5 (279)
Similarly we find
. 2 Q"
tim [fu(~Q 4+ ) = ful-Q -] =~ 35, (280)
and f,(¢) does not have discontinuities elsewhere. This implies that
1 sin(Qu) 1
folw) = 487z +o(z™)
iQ cos(Qr)
_ 281
i) =~ ) o) (281)
_ Q% sin(Qx) -1
fa(z) = T y— +o(x™).
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Then one builds the full B, g(\) term from the functions , in particular by taking
into account the remaining oscillatory p integral. One obtains that the B, o(\) term gives
contributions that decay as cos(2¢pz)/2z? and of order ¢~2, which are encapsulated in the
result in the O(c™?) term of the A in (190). A similar analysis shows that the By (u)
term also gives contributions that decay as cos(2qpx) /2.

From these various relations, it is straightforward albeit tedious to determine the
asymptotics of the static correlation functions. Putting everything together we find that
XSE)Q)()\, w) given in (|166)) contributes to the large-z behaviour of the density-density cor-
relator as follows:

e O(c") contribution of chl,())()" 1)

1+ 4D 4 407
—#(1 — cos(2grx)) , (282)

e O(c 1) contribution of X(l())()\,/J,)

z,

_4D(1 4+ 4Dy cos(2qp)

3 - log |2qre x| 4 o(z7?), (283)
e O(c2) contribution of XS’%()\, 1)
17?21222 COS(;;IF ) Jog? 2qre ™ x| + O(L82re), (284)
e Contribution of Xg())O\, )
D o) o fagreal + O(2He2). (285)

This establishes ((189).

C.1.2 Asymptotics of dynamical correlations zero temperature

The study of the asymptotic behaviour of (164) at large x,t¢ at fixed a = J; at zero
temperature reduces to the study of an oscillatory integral of the type

I(z,t) = / - Fu)etw* =i udy (286)

In this regime, the integral is dominated by the point where the phase has an extremum
as a function of u, which is o defined in (195). If f is regular and ' in the support of f,
then we have

ﬁei sgn (t)7r/4€—ia’2t

2

1

I(2,1) ()4 @) = o™ (@)) + O ). (28)

If f has singular points one has to combine with the results of Section

The correlation function is expressed as a double integral, one over \ with a
factor p(A) and one over p with a factor pp(u). Because of the very particular structure
of p(\) at zero temperature , the saddle point « necessarily lies within the support
of either p(A) or pp(p), but not both. Hence if |a| > gp, the X integral is dominated by
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boundary effects as in the static case, while the u integral is dominated by the saddle
point. If |a| < gF, the converse holds true.

Let us detail the case |a] > gp (the case |a| < ¢p is very similar). We perform a
change of variables A - A+’ and g — p+ o' in in order to move the saddle point
to 0, which results in shifting the arguments of the root densities by o’. The i integral is
then simply evaluated at p = 0, while the X integral is dominated by the vicinities of the
points Q — o’ and —Q — . Using the results for with z = —2¢(Q — ') we obtain
the leading contribution from @ — o’ to the integral over Xg’t)()\, W), with + = sgn ()

e_ngn (t)% (1 + 27)4 eit(Q_al)2 41+ % ’ (Q — a’)z LT
47r% ’t’% 2it(Q — o) |: ¢ on (@~ o) [log ’4th} + v F 25}
.8 1422 2(@ [1 ]4Qt(Q \+ 7} + o)
02 Qﬂ— 08 Q + TE :F ? C .
(288)

The leading contribution from —@Q — o’ to the integral over ng (A, p) is obtained
analogously

N2
C(@+al )| log ]4@16(%—1__0;/)} + s £ ig|

e—isgn (3 (1 + L)4 eit(Q+a’)2 4 1 +
t]2 2it(Q+O/)[ ¢ 2r

} + O(t%—?)] .
(289)

2

1422
( ;) (Q+a’>2[1og\4czt(%+ R

In order to determine the asymptotic behaviour of the two particle-hole contribution
)

Xa.t (A, 1) we require the asymptotic behaviours of the functions Aaarr i, Coarrr and Dagry g

defined in (147), (155)) and (158)) respectively. We find

log || 0
Agart = — 92 +0O(t") ,
Cowrtt = ot ™),
Dogrry = o(t™) (290)

The results for Coory and Dagry again follow from (300) and (301) for a generic root
density. As for As,+ s, we integrate by parts to express it in the form

AN} /
Aot Z][ plut &)piv + o) (eit(“L”z) — 1)dudv

V—1U

— 2it // p(u+a)pp(v + O/)eit(”L”Q)dudv — 2itDagret - (291)

A saddle point approximation on the second double integral shows that the second line is
O(t"). Specializing to zero temperature we then have at leading order in ¢~*

1 2R qu, 2 _
A2a’t,t _ 47r2/ 7[€zt(u2 2u(@Q—a)) 1]

u
1 2Q du it(u?2—2u «@
- 47r2/o —le Hum=2u(@+a)) _ 1] 4 O(t9), (292)
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which can be further simplified

1 20t qu, i(u2 /t—2u(O—a 1 2@ du i(u? /t—2u(Q+o
Aza't’t:zm?/o e ))_1]+47T2/0 W gite/e=2@ ) 1) 1 O(s)

~ loglt|
22

+0O(tY). (293)

Finally there are the contributions of the B, ¢(\) and B, ;(i) terms. One can perform
an analysis similar to the static case and obtain that they are both O(t=3/2). Their
contributions are encapsulated in the result in the O(c¢™2) term of the By in (197)). Putting
everything together we obtain the leading contribution from the vicinity of @ — o’ to the
double integral over X(Q)()\, 1)

x,t

§ e IORAG DY QR T gl
2 A73/2|¢[1/2 2it(Q — o) (Q@—a) [—%2 +O(t )} : (294)

The analogous result for the contribution from the vicinity of —Q — o/ is

4 6—sgn(t)z'7r/4(1+ @)4 eit(Q+a")?
c

2
2 A3/2|t[1/2 2it(Q + o) (@+a) [

log |¢|
272

+ 0(t0)} o (29)

C.1.3 Euler scale asymptotic behaviour

In this section we will assume p to be continuous. If it is not continuous the leading 1/t
behaviour is unchanged, but the 1/¢? corrections might differ.

For a generic continuous root density at large x,t and fixed o = g;, the two integrals
over A and p in the correlation function are both dominated by the saddle point at
o. Applying to the one particle-hole contribution gives

m(1+22) p(e)pn(e’) | im(1+22)° 0" (@) pn(e’) = ple’) ()]

i 4] +0O(t73).  (296)

The contribution due to two particle-hole excitations is more subtle and requires de-
termining the asymptotic behaviour of oscillatory integrals with principal values, whose
saddle point falls on the singularity. The general strategy is to write each singularity as

ot > sgn (€)e A= qe (297)
A—p 20 ’
and then to carry out a regular asymptotic analysis of the multiple oscillatory integrals
successively. The sgn (£) factors introduce discontinuities which result in contributions on
top of those from the saddle points.
Let us treat the case of C,; in detail. We write

t .
Crarte = 55 // / p(e + u)pn (o +v) sgn (€)= ==/ qudude (298)

and then apply a saddle point approximation to the u and v integrals using (287)) to obtain

t o
Cuaa = 3 [ desen(©| Lol + §)on(e’ +9)

—00

+ 47;‘1‘ ("(o/ + o/ +§) = p(e/ + §)ofi (o + 5))] +0(7). (299)
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This can be simplified by performing an integration by parts on the £ integral of the
subleading term

Canns = imsgn (t) [ pl€)on()sen (o - )¢
+ ﬁ (p(a")ph(e') = o' (')pn(a))) + O(™2). (300)
Similarly one finds for the Dy ; term
Daoes = imsen(®) [~ ple)pn(€)€semn (o -
3 [0 (@) = (e ) = e hon(a)] +O). (@00

To deal with the A, ; term we use that in a distributional sense

G e / leieP 1 (302)

and then carry out a similar analysis to obtain
Aawea = =211t [~ pOpm(OIa’ ~ €€ + (0, (303)

This leaves us with the By (\) term. It is not possible to determine the asymptotics of
B, +(X) at fixed A and then carry out a saddle point approximation of the resulting integral
as the asymptotic expression for B, ;(\) becomes singular at the saddle point A = o/. The
full contribution involving B, ;(\) to the correlation function islﬂ

—p?4u—v?) iz (p—Atv—u) )
Xou= [ dnf drdudo A e (r) . (300)

We rewrite this as a six-fold integral
Xouins = / / o + Npn(e! + w)pla’ +w)pn(a’ + v) sgn (€) sgn (C)

_ )% O = u? —0?) it (v—u)+iCtA—u) gy dpd \dpudédd (305)

and then perform saddle point approximations on the u, v, A, i integrals. This gives

2 2
Xowrs = =T [ [olal = §)ontanle’ + GE)onla’ + §) 5 sen (€ sen (0
X et =5 dgd¢[1 + o(t")] . (306)

We now carry out the integral over £, which does not have saddle point and is dominated
by the discontinuity of the integrand at £ = 0 using

/f(g)eisgdﬁ = —f(OJr);f(O—) _F(04) = £1(0-)

2 +0(s7?), (307)

3Here and in what follows we assume that ps(u) is a continuous function of y that decays to zero at
infinity so that the integral exists. The case where pp(u) is the actual hole density is then obtained as a
limit of the resulting expression.
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where f is a function with discontinuities only at zero. This gives

25 (o))
Xoaitp = _pZz(t)/_ |C|P( )p(a + ) _Ztidg[l +o(t%)]. (308)

This last integral also has a saddle point at zero, but with a coefficient that is not differ-
entiable, so that one cannot apply (287]). Approximating ¢ = 0 in the p’s at leading order
in ¢, one can integrate the remaining terms to obtain

7T2

KXot = ﬁp(a/fph(a,ﬁ + 0(’72) . (309)

The contribution involving B () is given by

;o N ezt()\z petuc—v?)+iz(p—A+v—u) \ 2 0y )
o= [ s e (= N () (310)

and can be analyzed in a similar way. We start by rewriting it as a six-fold integral

Yours = — / [ otal + Non(a’ + (e’ + wpnla’ + 0)sen (€)sen (0
x (A — p)2eitO —ptu?—v?) itt(v—u)+iCtn—u) q dpd \dpded¢,  (311)

and then perform saddle-point approximations on the A, u, u, v integrals
7T2 / S 1, CHE 1o €N —ites
Yoot = ——— sgn (€)¢[¢]p(a )Ph(Oé + §)P(a + T)Ph(a + §) 2d€d¢

64t// sen (1|60 (@n 0 + §)o(e' + SE)pn(e’ + §)

=80/ (@ )pn (o + §)p(a’ + 55) pn(a’ + §) — Cp(a)ph (@ + §)p(a” + 55) pr (e’ +§)
= 8p(a)pp (o + 5)p(a” + F) pn (o’ + §) + Cpla)on (o’ +§)p" (o) + ) pu (o + 5)
= ¢p(a)pn(a + 5)p(a” + 54 (o’ + )}e‘i@d&dc. (312)

We next perform the integral over £ in the large ¢ limit using (307)). After some rearrange-
ments we obtain

2 0
Vaure = - p(@)nla’) [ Ja’ = p@)on(Oc
2 0

[ o=l @)@ €)0m ) ~ ol @l

v
4t2

+ p(a")pr (@) p" () pn(C) — (@) pu(a’)p(C)pr(¢) | dC

71_2

S22

71'2 oo
—Wp(a')ph(o/)/ sgn (o — Q)" (C)pn(C) +2p(0)p(O))dC +o(t7%) . (313)

—00

e}

[p(a)pl (&) + 20" (o) pr(a)] / sgn (o — ¢)p(¢)pr(¢)d¢

— 00

Putting everything together we arrive at (200)).
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C.1.4 GHD predictions

The GHD result for the asymptotics of the density-density correlator is [87,88]

(e 9]

(o(z,t)o(0,0)) = / 5(z —v(\E) p(A) (1 = D(N)) {qdr()\)rdA : (314)

—00

with p, ¥ defined in and , and where the other functions are defined as follows:

1 A—v o0 2¢ dN
F()\,V) = ﬂ_arctan( B ) +/0002—f-()\—)\/)2 19()\/) F()\Cl/)g s

=1~ | T aN) D) OF(N, NN |

oy
=5 + o)
¢ (N) = 22 — / 2 W) F (v, Ny | (315)

These equations can be straightforwardly solved in a 1/c-expansion up to order O(c~?)

1+ 22 21p(N) A—a 2
p(A) +ph()‘) - o ) 19()‘) - m ’ F()\,Oé) ~ e + @(5 - DO() )
_2)\—4d/c droyy 2D
U(A)_71+2D/c y g ()\)—14‘77 (316)

where D and ¢ are defined in and (89). Substituting (316) back into (314) precisely
recovers the leading contribution in (200)).

C.2 Dynamical structure factor

C.2.1 Behaviour near the thresholds at zero temperature

We start from the simplified expression of the DSF at zero temperature and will
assume ¢ > 0 for simplicity. We note that when z — +00 we necessarily have Z, < Z_,
so that the only possible region that can lead to a divergence of the integral is the region
z close to 0. In this region we first set

w=q¢"+24Q -1, (317)
with > 0 small, and investigate the values taken by Z,. We find for z close to zero

*q’2+q/2z+n

Z.(2) = S (1=2) if z>0,
i —0" Q"2 3,
2¢'(1-2) ’
—n+ 12 .
1y if 2> 5l
— /2_ 12 .
Z_(2) = W 1f0<z<2q%, (318)
—q°—4q4'Q+q? 24y
5/ (1—2) if z<0.

We observe that for small z we have Z_ < Z, if and only if z < in which case

o,
Zy —Z_ = %. Substituting this expression back into (203]), we find that among the

contribution proportional to 17z, only the term % is non-integrable when z — 0.
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However, its divergent part is exactly cancelled by the term in the third line of
proportional to 1,_<w<w,. All other terms in the first two lines of give a finite
O(n°) contribution because they are integrable for z — 0. This leaves the contribution
proportional to 1, <y« for z > which leads to a logarithmic singularity in 7.

_n_
2q/2 )
Setting an arbitrary upper limit in the integral since its modification amounts to a O(n°)
correction we have

1 ! 2¢' min(|q'z|, 2Q
S (g, w) = chg/ [_ (;2 12Q) dz +O(n°)
2(1’2
B q 0

We now turn to singularities above the upper threshold. Taking > 0 to be small and
setting

w=q"+24Q+1, (320)
we find for z ~ 0
_ /2+ 2, .
W if2>0,
— +¢’ ;
Z+(Z)— "72;];ZZ , if —m<2<0,
—q"—4¢'Q—q"z—n . n
20 itz <~
’7+q, = if >0,
Z-(z) = {—?1 ’—4q'Q+q?z—n . (321)
5 (1—2) if 2z<0.
We observe that for z close to zero we have Z_ < Z, if and only if z < —m, in
which case Z, — Z_ = %. Above the threshold we have 1, <u<o, = 0 so that the
last term in 1D vanishes. Of the remaining terms only the one proportional to Z*;Z‘
diverges near z = 0, so that
1 2q' (¢’ +2Q) Z+ 7Z_
5@ / 1-2) " —"=d:+ 0
(@.9) = 1303 2/(1 - P27 de + O
/
_ 0
= —Wlog Inl+O(°). (322)
The behaviour near the lower threshold is obtained through a similar analysis.
C.2.2 Behaviour at small q,w
We start by writing the two particle-hole contribution as
87T r_ 12 / 12
5@ (g, / / PO 1) ) [ofar)pnlae) — (L5t )on (<58°) | azdp
) (A=) A=p)? =g’ A=p)|
772/“’ /°° = ek kS = =
(@ +A=pld" +A—pl
- _ 872
< pNpn(w)p(Npn(p) dAdp = —5-(T1 + P2), (323)

where Wq 5 denote the first and second terms respectively.

65



SciPost Physics

The integral for ¥; with ¢q,w — 0 at fixed v = 2“’—(]/, is well-defined and finite. In this
limit we have g3 = ¢4 = v+p(1—2) and ¢; = g2 = v —pz. Changing variables to v = y—pz

and u = v+ p(1 — z) we have
o= ([ sttt =) (7 AD =AM 00 ) o). (a2

As for Uy | we first perform a change of variables from ptov=q¢+ A —p

2 2 )
XH{ '(v /;]7)—2/\—q/ 512)7—2?\11/ +2¢ — 20
YWilv —¢' —¢=—5— 45—
— / o
e L= a1l 0= gy, )
v

We now observe that the four p factors are invariant under the change of variable

27—2)
v = q’% (326)

We apply this change of variable to all the terms except

(v—q)?
g (327)
q 2v
and express the term
202 5
127—2)\—¢q’ (3 8)

Ch A T
as one half of itself plus one half of itself after the change of variables. We obtain for ¢’ > 0

:—2/ / Non(d + A= 0)p(q + X — v+ ¢ 22D py (¢ + A + ¢ D=2
sgn (v) q 202

o ywnpel Dy 329

27—2)\—q/[ v 22 —2¢(v+y—A)+¢? (329)

2 2v — 2\ — ¢’
S U U PO Rk S S
2y —-22—¢ 2v

) ] dAdv.  (330)

Since there are no non-integrable divergences in the integrand at small v, in this represen-
tation one can set ¢’ = 0 in the p terms as well as in the integrand, at small ¢’. It yields

o A B e A (e

We obtain then the claimed result.

)] dAduo(q?) .
(331)

C.2.3 High frequency tail

We start with the representation for the two particle-hole contribution to the DSF
expressed as a single double integral. We first decompose the double integral into the two
regions |¢' + X\ — p| > € and |¢' + A — p| < € and focus on the latter part. Since we have
assumed that p decays faster than any power law at infinity A has to remain smaller than
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any power law of w for the integral not to vanish at any order O(w™"). Since |¢'+A—u| < €
the same holds true for . But this implies that X necessarily grows as w'/2, which makes
this contribution vanish at any order O(w™"). Hence at any given order O(w™") we can
impose |¢ + X\ — p| > e. This removes all poles in the integrand of and one can
consider all contributions separately. Moreover, since p decays faster than a power law at

W' _q/2 w/+q/2

infinity the term proportional to p(*5/=)pn(*5.,/—) is negligible at order O(w™").
We then split the p integral into the sum of positive and negative u parts and perform
the change of variables

2u—q —X—V2 ifp>0,
2= (332)
2u—q — A+ V2w ifpu<0.
This way the DSF can be brought to the form
g = [ f Az [pNp(= + Fr(zAe)) ga (20 w)
—0o0 —q' A —V2u"
X pn (FEFE2D) oy (2 [y (2, A, w) + LAY
oo —¢' A V2!
Yy az[p(Nn(= + f-(2. M e)g— (2. )
X pp (FHLEA=Y2Y o (o4 fo (2,0 W) + qu,?m)} A
(333)

where the dots indicate subleading corrections that decay faster than any inverse power
in w and

1¢% +2¢'242¢ A — (A — 2)?
2 V2wt (2 — ¢ — N) ’
1672 [_4>\+(A—q’—z$\/ﬂ)2
AN+ ¢ — 2T V2W)IA+¢ — 2T V2w Aq —2F V2w
A+q —2F V2w)(A—¢ — 2 F V2w)?
4w — 8¢'\ — 4¢'?

N2 420 4 ¢ + 22 + 2202
_|_

Aq —z—V2w
A+d =2 F VI = = 2 F Vo)’ ]

f:t('z?)\vw) ==+

gi(27 )‘a OJ) =

+2 +3A+ ¢ + 2+ V2w)

334
A2 4+ % 4+ 22wz + 22 + 4Ng' — 20z F 202w (334)

We now observe that any part of the integral where the argument of one of the two p’s
grows as a power-law in w will give contributions that decay faster than any power-law,
since p is assumed to decay faster than any power-law at infinity. From the expression of
f+ one sees that z cannot grow faster than w'/4. Consequently, with an error that goes
to zero faster than any power law in w one can replace the limits of the integrals and the
arguments of the p;’s by +o0o. This gives

1 [e's) 9]
5(2) (Qaw) = 47_‘_2/ / p()‘)p(z + f+(za )‘aw/)) g+(27 )\,W’)dZd)\

+ ﬁ /_Z /_Z p(N)p(z + f-(2,A,0")) g—(z, A, w')dzdA + ... (335)
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/—1/2
;

We now expand fi(z,\,w') and g+(z,\,w’) in Laurent series in A, A — z and w
and Taylor expand p(z + f1(z, A\,w')). This produces terms of the type p(A)p(® (2)A0(A —
2)%! ~¢/2 with a,b,e > 0 integers and d a positive or negative integer. We integrate this by
parts a times over z so that the integrand involves only p(z), and then write the full result
52 (¢,w) as one half of itself plus one half of itself after swapping the dummy variables
A and z. We observe that there remain only positive powers d > 0, and one obtains the
first two terms of the expansion '~ /%, w2 stated in the text.
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