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Abstract

We extend our exploration of nonstandard continuum quantum field theories in 2 + 1
dimensions to 34 1 dimensions. These theories exhibit exotic global symmetries, a pe-
culiar spectrum of charged states, unusual gauge symmetries, and surprising dualities.
Many of the systems we study have a known lattice construction. In particular, one of
them is a known gapless fracton model. The novelty here is in their continuum field
theory description. In this paper, we focus on models with a global U(1) symmetry
and in a followup paper we will study models with a global Zy symmetry.
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1 Introduction

Common lore states that the low-energy behavior of every lattice system can be described
by a continuum quantum field theory. However, some recently found lattice constructions,
including theories of fractons (for reviews, see e.g. [1,2| and references therein), violate this
lore.

Our study was motivated by the question: how can the framework of continuum quantum
field theory accommodate these examples?

This paper is the second in a series of three papers addressing this question. The first
paper [3] focused on models in 2 + 1 dimensions, while this paper and [4] study 3 + 1-
dimensional systems. Here we limit ourselves to system whose global symmetry is continuous,
and in particular U(1), while [4] will discuss systems based on Zy. (A followup paper [5]
explores additional models.)

Our discussion here (and in [3,4]) uses a number of new ingredients:

e Not only are these quantum fields theories not Lorentz invariant, they are also not
rotational invariant. In [3], the 2+1-dimensional systems preserve only the Z, subgroup
of the SO(2) rotation group, while here and in [4] only the S; subgroup of the SO(3)
rotations is preserved. Sy is the cubic group generated by 90 degree rotations.

e We continue the investigation of [6,3], emphasizing the global symmetries of these
systems. As always, the discussion of the symmetries is more general than the specific
models. The symmetries here are not the usual global symmetries; we refer to them
as exotic global symmetries. We also gauge these global symmetries.

e Perhaps the most significant new element is that we consider discontinuous fields. The
underlying spacetime is continuous, but we allow discontinuous field configurations.
Starting at short distances with a lattice, all the fields are discontinuous there. In
standard systems, the fields in the low-energy description are continuous. Here, they
are more continuous than at short distances, but some discontinuities remain.

Throughout this paper we will consider only flat spacetime. Space will be either R3 or
a rectangular three-torus T?. The signature will be either Lorentzian or Euclidean. And
when it is Euclidean we will also consider the case of a rectangular four-torus T*. We will
use x with 4 = 1,2, 3 to denote the three spatial coordinates, 2" for Lorentzian time, and
7 for Euclidean time. The spatial vector index i can be freely raised and lowered. When
specializing to a particular component of an expression, we will also use (¢, z,y, z) to denote
the coordinates with ¢ = 2°, 2 = 2!,y = 22, 2 = 2®. When we consider tensors, e.g. A;;, we
will denote specific components as A,,, etc.



When space is a three-torus, the lengths of its three sides will be denoted as ¢ (or
explicitly, £*, ¥, ¢*). When we take an underlying lattice into account the number of sites
in the three directions are L = % (or explicitly, L*, LY, L?).

Summary of (3]

Since this paper is a continuation of 3], we will simply review its main results here and
refer the interested reader to [3] for the details.

Most of the discussion in [3] focused on the XY-plaquette model [7], whose 2 + 1-
dimensional continuum Lagrangian is [7-13] (related Lagrangians appeared in [14-16])

_Ho 2 i 2
£ =2 000)" - 5 (0:0,0) .

G~ +2m.

A key fact about the model (|1.1]) is that the dispersion relation is

1
2 2
w® = —(k.k,)”. 1.2

pop 12)
This means that the low-energy theory includes modes with arbitrarily large k., provided £,
is small enough. Similarly, it includes modes with arbitrarily large k,, provided k, is small
enough. This is an intriguing UV /IR mixing and it underlies many of the peculiarities of
the system.

This model has two dipole global symmetries [3]. They are subsystem symmetries; i.e.
they act separately at fixed x or separately at fixed y. We referred to these two different
symmetries as momentum and winding symmetries. The model and its symmetries are
summarized in Table [Il

An essential part of the analysis was the use of discontinuous field configurations. Clearly,
we must consider discontinuous fields whose action is finite. More interestingly, we also en-
tertained some discontinuous fields, whose action diverges[] For that we had in mind a lattice
with lattice spacing a. This turns out to be meaningful because these field configurations
carry a conserved charge and they lead to the lowest energy states carrying this charge.

Our analysis in [3] concluded that all the states carrying momentum and winding charges
have energies of order % A conservative approach simply discards them. Yet, we found it
interesting to explore their properties as they follow the Lagrangian ([1.1)). We did emphasize

Tt is well known that the Euclidean path integral is dominated by discontinuous configurations with
infinite action. We do not see a relation between this fact and the phenomena we study here.
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Lagrangian

% (30425)2 - i(aac

0,0) B(00¢™)* — 5 (0,0,0™)”

dipole symmetry

momentum

winding

(1o,12) (Jo = poOop, J™ = —ﬁaxayﬁb) (Jo = 5=0,0,0™, J™ = 5=0p¢™)
currents O Jo = 0,0, ™
charges Q% (x)=$dyJo =), N50(x — x4)
Q"(y) = fd%]o > 5 N5y — ys)
$da@Q"(x) = § dyQy y)
energy O(1/a)
number of sectors L*+LY—1
dipole symmetry winding momentum

(127 10) (ny 1 axay¢’ J = ! 80¢> (ng = ﬁoao(b$y7 J = ——8 0 ¢xy)
currents O Jy? = 0% 0vJ
charges Q¥ (x) = $dyJy¥ =3 WEi(x — x,)

Qr(y) =9¢ deo =23 W5d(y — ys)

f dzQ3 () = ¢ d?Jwa Y)
energy O(1/a)
number of sectors L*+1Lv—-1
duality map o = % =42

Table 1: Global symmetries and their charges in the 2 + 1-dimensional scalar theories ¢ and

¢"Y. The energies of states that are charged under these global symmetries are of order 1/a.




in 3] that this analysis is not universal and can be contaminated by certain higher deriva-
tive corrections to the minimal Lagrangian (|1.1)), but these corrections do not change the
qualitative behavior.

The momentum and winding states have energy of order %, with ¢ the physical size of the
system. This means that if we take the large volume limit £ — oo before the continuum limit
a — 0, these states have zero energy. They correspond to different superselection sectors in
this infinite volume limit. However, if we take the continuum limit ¢ — 0 at fixed volume
(with or without taking later the large volume limit £ — 00), then these states are heavy.

Surprisingly, the theory based on (1.1)) is self-dual. The Lagrangian of the dual field ¢™¥
is

— @ TY\2 i zY\2
£= 5007 — 5= (0:0,0”)

6 ~ T+ 2 (1.3)
ﬁo=4—7r2, fi=47p .

As in standard T-duality in 1 4+ 1 dimensions, the role of the momentum and winding
symmetries is exchanged by the duality. See Tables [1f for details.

Our earlier paper [3] also considered the gauge theory based on the global symmetry of
(1.1). This gauge theory had been studied in [17,8/18,19.,|10,/11,20]. (Related models were
discussed in [21-28}15}29,/16,130,31,(13].) The gauge fields are Ay and A,, with the gauge

transformation
A(] — A() + 6004 ,

Amy — Axy + amya (1.4)
a~ o+ 27.

There are no A,,, A,, components. This theory has a gauge invariant electric field
Emy - 80Axy - &caon (15)

and no magnetic field. Its Lagrangian is

1, 0
St gy (1.6)

€
In many ways it is similar to an ordinary U(1) gauge theory in 1+ 1 dimensions. It has
a f-parameter and no local excitations.

Its spectrum includes excitations with energy of order g*fa with a the lattice spacing and
¢ the physical size of the system. In the continuum limit, we take a — 0 with fixed ¢. Then
these states have zero energy. Alternatively, if we take the large volume limit ¢ — oo before



(2+1)d Lagrangian spectrum

scalar theory ¢ B (0pp)? — ﬁ(@mﬁyqﬁ)z gapless local excitations
charged states at order % , L@
pla > pola
U(1) tensor gauge theory A éEgy + %Exy no local excitations — gapped

charged states at order g(a

Zy tensor gauge theory %gb‘”yExy no local excitations — gapped
large vacuum degeneracy

Table 2: Spectra of the continuum field theories discussed in [3]. Depending on the order of
limits a — 0 or £ — oo, the energy of the charged states goes to zero or infinity.

the continuum limit, they have infinite energy.

In [3] we also considered certain charged states with order 1/a different nonzero charges.
Such states have energy of order one and the precise value of their energy can be contaminated
by higher derivative corrections to the minimal Lagrangian (|1.6]).

A Zy version of the tensor gauge theory was found by Higgsing the U(1) gauge theory
using a scalar field ¢ (as in ([1.1))) with charge N. We dualized ¢ to ¢*¥ (as in (|1.3))) to find
a BF-type description

N
) 1.7
—GVEL, (1.7
of the Zx tensor gauge theory.

The resulting theory turned out to be dual to a non-gauge theory of Zy spins interacting
around a plaquette [3]. These theories are known as Ising-plaquette theories and they had
been studied extensively (see [32] for a review and references therein).

Just as its parent U(1) theory is similar to an ordinary U(1) gauge theory in 1 + 1
dimensions, this theory is similar to an ordinary Zy gauge theory in 1 + 1 dimensions.

We summarize the theories studied in 3] and their spectra in Table [2]

Outline



The goal of this paper (and of the later paper [4]) is to extend the discussion in [3] to
3+ 1 dimensions. Here we will focus on models with continuous global symmetries analogous
to (1.1) and (1.4) and in [4] we will consider Zy theories analogous to those of [3].

In Section [2, we will discuss the global symmetries of these systems. Unlike the 2 + 1-
dimensional systems of [3], here we will have more options for the representations of the
spatial rotation group and they lead to several interesting exotic symmetries.

Section (3| will analyze the 3 + 1-dimensional version of . We will refer to it as the
¢-theory. The discussion will be similar to that of the 2 + 1-dimensional theory. The main
difference between them is that the 3 + 1-dimensional ¢-theory is not selfdual. As in 2 + 1
dimensions, we will find momentum and winding states with energy of order %

In Section {4}, we will consider another non-gauge theory. We will refer to it as the gg—
theory. This theory differs from the ¢-theory in two crucial ways. First, the dynamical
field (5 is not invariant under rotations. It is in a two-dimensional representation of the
cubic group (see Appendix . Second, unlike the ¢-theory, its Lagrangian is second order
in spatial derivatives. Again, we will find momentum and winding exotic symmetries and a
rich spectrum of states charged under them. The momentum states have energy of order é
(as in the ¢-theory). But the winding states have energies of order a. This is unlike the case
in the ¢-theory, where they are both at %, and it is also different from the winding states of
an ordinary compact scalar whose energies are of order one.

In Sections[5] and [6], we will consider gauge theories associated with the global momentum
symmetries of the ¢-theory (Section |3) and the (;B—theory (Section , respectively. Therefore,
we will denote the gauge fields by A and A, and we will refer to the theories as the A-theory
and the fl—theory.

Certain aspects of the gauge theory of A have been discussed in [17,8,|18}/19,9,/12] (see
[21428,/15,294(16}, 30} /10, 11,31,/13.)20] for related tensor gauge theories). The gauge theory of
A is related to gauge theories discussed in [8,/12]. These two gauge theories have new exotic
global symmetries, analogous to the electric and the magnetic generalized global symmetries
of ordinary U(1) gauge theories |33]. And they have subtle excitations carrying these global
electric and magnetic charges.

We will show that the A-theory is dual to the é—theory and the A—theory is dual to the
¢-theory. In every one of these dual pairs the global symmetries and the spectra match
across the duality. (See Table[3|and Table ) This is particularly surprising given the subtle
nature of the states that are charged under the momentum and winding symmetries of the
non-gauge systems and the subtle nature of the states that are charged under the magnetic
and the electric symmetries of the gauge systems.

These two dual pairs of theories, A/ gZA> and A/ ¢, will be the building blocks of the Zy



encrey

number of sectors

§ dz@w + § de QW 4§ dyQlnv =
O(1/a)

L*+1LY+17—-1

Lagrangian %(80g5i(jk))2 — %(814;@%("]'))2 ﬁEijEij — ﬁB[ka[mk
Eij = (%Aij — 87;8]‘140
Blijie = 0iAjx — 0 Ay
(2,3) momentum magnetic
tensor symmetry (J([)”]k = [100ol | JiI = [10),0)) (J([)”]k L Bk Jii = L Ei)
currents By I = pi ik — g ik
charges QE(2)=§dx § dyJi™7 = > Weid(z = 2)

(3',2)
tensor symmetry

winding electric

(Jéj _ %akék(ij), JkG) — %aﬂék(ij)) (Ju

2 EZJ Jkili — 2 BU“]J)

currents

charges

cnergy

number of sectors

oI = O4( JWid 4 Jlkiliy
aiajJé] - O

(z,y) = § dzJg” = W2(x) + W(y)
(W, () ()) (W () +1,W2(y) = 1)

O(a)

207 4 2LY +2L7 -3

duality map

Table 3: Global symmetries of the U(1) tensor gauge theory A and its dual $ Above we
have only shown charges for some directions, while the others admit similar expressions.
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enerey

number of sectors

Lagrangian F(000)" = 3;(0:0;0)° oz g BV — 3 B
B = 9yAY — 9, Ay
B = £0,0; A
(1,3') momentum magnetic
dipole symmetry (Jo = poOod, J* = —/%81'87#5) (Jo= 5B, J9 = L£EY)
currents OoJy = %&8]- J
charges Quy(2) f dx ¢ dyJy = Z W,,0(z — )
" " fﬁ dZQacy j; dy@zz f deyz
encrey (25) 0(1/a)
number of sectors L*+ LY+ L7 -2
(3,1) ) winding ) electric
dipole symmetry (Jy = 50079, J = 5-009) (J5) = — 2 E” J = %B)
currents 80Jéj =007 J
oIk =0 Ik
charges QCY,z2) = fcizye(g:’y) (dzJ5® +dyJg”) = > Wi é(z — z,)

$dz2Q(C, z) = ¢ dzQ(CY*, x)
O(1/a)

2L +2LY +2L7 -3

duality map

Table 4: Global symmetries of the U(1) tensor gauge theory A and its dual ¢. Here ij is
a curve on the 77 plane that wraps around the 7 cycle once but not the j cycle. Above we
have only shown charges for some directions,lgvhile the others admit similar expressions.



tensor gauge theory in [4], which is the continuum field theory for the X-cube model [34].
More specifically, the Zy continuum field theory can arise from Higgsing the U(1) gauge
group of A by a charge N matter field ¢, or from Higgsing the U(1) gauge group of A by a
charge N matter field quS The two descriptions are equivalent to each other at long distances.

Appendix [A] will review the representations of the cubic group and our notation.

2 Exotic U(1) Global Symmetries

2.1 Ordinary U(1) Global Symmetry and Vector Global Symmetry

Consider a 3 + 1-dimensional quantum field theory with an ordinary U(1) global symmetry
that is associated with a Noether current J,. The current conservation equation is

8", =0, (2.1)
or in non-relativistic notation
aoz]o - 8ZJZ y (22)
where i = 1,2,3 is a vector index of SO(3).

This can be generalized to currents in other representations of the rotation group.

One example is the vector global symmetry whose currents are (Jg, J7%) [6]. The SO(3)
representations for the time and space components of the currents are Rime = 3 and Rgpace =
1 ® 3 &® 5, respectively. The current obeys the conservation equation

ot = 0;J7" . (2.3)

The currents (J¢, J7*) can be further restricted by an algebraic condition such as J¥ =
—J7" 80 that (R time, Rspace) = (3,3). The conserved charge is

mazim%, (2.4)

where C is a closed two-dimensional spatial manifold and n; is the normal vector to C. This
is a non-relativistic one-form global symmetry [6]. If the currents further obey a differential
condition

aJi =0, (2.5)

then the dependence of Q(C) on C becomes topological. This is a relativistic one-form global
symmetry [33].

11



Alternatively, we can restrict Rgpace to a singlet 1, and the currents obey
The conserved charge is
QC) = j[d:vi Jé (2.7)
c

with C a closed one-dimensional spatial curve. An example realizing the (R time, Rspace) =
(3,1) current is a compact boson ® in the continuum, ® ~ & + 27. The current

Ji=0'd, J=0y® (2.8)

satisfies the conservation equation (2.6 trivially and the charge Q(C) = fc dz'0;® is the
winding charge. In this case the currents satisfy a differential condition

I, =T, (2.9)

making the dependence of Q(C) on C topological.

In the following we will consider more general currents with R, in a tensor represen-
tation of SO(3) or a subgroup thereof.

2.2 U(1) Tensor Global Symmetry

Let the time component of the current be J!, where the index [ is in the representation R tme
of the rotation group. Denote the spatial component of the current as J. The currents
obey a conservation equation

oJd = 0,0 . (2.10)

We could impose further algebraic constraints on J* so that it is in a representation R space
of the rotation group. We will call the symmetry generated by the currents (JI, J) the
(R time> Rspace) tensor global symmetry.

The global symmetry charge is obtained by integrating J{ over the entire space

Qf:/ Ji, (2.11)

or a closed subspace C
Q) = j[ Jo (2.12)
c

where the index [ is contracted with the integral measure and is suppressed. The subspace

12



is chosen such that the charge is conserved

agwyié%%zﬁ@ﬂ:m (2.13)

where again the index [ is contracted and is suppressed.

Often the time component of the current satisfies some differential condition (such as
9;Ji = 0). This can restrict the dependence on C. Then, Q(C) can be independent of certain
changes in C or even be completely topological. Algebraically, this condition performs a
quotient of the space of charges.

As an example, let us take the time component of the current Jéij ) to be a symmetric
tensor of SO(3), i.e. Rijme = 1695. For the spatial component J*() we impose an algebraic
condition

JkD =0 (2.14)

to restrict its representation Rgyace to 3 @ 5.E|

The currents (Jéij), JE)Y with (Rtime; Rspace) = (1 @® 5,3 @& 5) obey the conservation
equation

00§ = 0 JHD (2.16)

Using the algebraic equation ([2.14]) and the conservation law

G = 0,0;05"7 (2.17)
is conserved
8G = 000,0; 157 = 90,0, T = 0. (2.18)
In some applications we also set
G=08,0,J"=0. (2.19)

We will be particularly interested in a more general case where only the cubic symmetry
S, subgroup of the full rotation symmetry SO(3) is preserved. The vector representation 3

%In this discussion with the SO(3) rotation symmetry, the vector indices i, j, k can be the same. In other
parts of the paper where the rotation group is the cubic group Sy, the indices i, j, k are never equal, i # j # k.

3In general, a tensor T°U%) isin 3® (1®5) =3® 33 5@ 7 of SO(3). The algebraic condition sets the
totally symmetric combination in (3 ® 3 ® 3)° = 3 ® 7 to zero, and then the current J*(9) only includes
3 @ 5. More explicitly, the 3 and 5 components of J*() are

T — 5, TR @Gk — giGe) _ Lk )i (2.15)
’ 3

13



of SO(3) reduces to the standard representation 3 of S;. On the other hand, the traceless,
symmetric representation 5 of SO(3) decomposes into 2@ 3', where 3’ is the tensor product
of 3 and the sign representation 1’ of Sy.

The symmetric traceless tensor current (5,5) of SO(3) splits into several currents under
Sy. We will be interested in symmetries with the currents (3',2) and (2,3’) of S, and will
impose a variant of ([2.19)). These symmetries will be realized in Section |4] and Section .

(2,3') Tensor Symmetry

Let us consider a case where we have only one of these two currents. Consider the tensor
global symmetry with currents (Ji7F, Ji7) in the (2,3') representations (see Appendix .
We label the components of the representation 3’ by two symmetric indices ij with i # j.
The current conservation equation is

Qo JUIF = i ik — o Jik (2.20)
We define a conserved charge operator by integrating over the ij-plane:

Q] (xk) — jgdxid;pj J(gij]k, (no sum in i, j) . (2.21)

Note that these charges are not independent. Since J(gij k4 J[[,j iy J([)ki]j = 0 (see Appendix
A,
7{ dz* Q1! + 7{ dz' QUM + ]4 dr? Q% = 0. (2.22)

On a lattice, there are L* + LY 4+ L* — 1 such charges where the —1 comes from the condition
on their sum.

(3',2) Tensor Symmetry

Next, consider a different tensor global symmetry with currents (J&7, Ji9%) in the (3/,2)
representations (see Appendix . The currents obey the conservation equation

0o Iy = Op(JHN 4 JikilEy (2.23)
and we impose the differential constraint

G=00,0,J7 =0. (2.24)

14



For every point (z7,2%) on the jk-plane, we define a charge operator by integrating along
the x* direction:

Q' (27, 2%) = j{d:ﬁi JIF (2.25)

The charge operator is conserved 9yQ%(x’,2*) = 0 because of the conservation equation
(2:23) and the fact that the three indices of J*¥ are all different/[]]

How does the charge operator, say, Q*(x,y) depend on the coordinates x,y? Consider
the double derivative

0:0,Q (x,y) = %dz 0,0, J5Y =0, (2.26)

where we have used the differential condition (2.24)) 0,0,J5Y = —0.(0.J§* + 0,J§7). This
means that

Q*(z,y) = Qi(x) + Q;(y) (2.27)

and only the sum of their constant modes is physical. Similar statements are true for the
other Q*(z7, z*).

On the lattice, there are L* + LY — 1 conserved charges @)% (where the —1 comes from the
zero mode), rather than L*LY of them. Adding all three directions the number of charges is
2L* 4 2LY + 217 — 3.

2.3 U(1) Multipole Global Symmetry

Next, we further generalize the tensor global symmetry . Consider a continuum field
theory with operators (J{, J&) where the index I and K are respectively in representation
Riime and Rgpace of the spatial rotation group. We assume that the operators satisfy the
following identity[]

00Ty = 00y - 05, T fRE o 1 (2.30)

4If we do not have the differential condition , G = aiangf is still conserved at every point, i.e.
0oG = 0. If it is spontaneously broken, we have many soft modes. If it is unbroken, then we have a separate
conserved charge at every point in space.

5Tt might happen that the operator identity can be integrated to

O T =0, JU 1 1 9, 0,, -0, JK phizinzai 1 (2.28)

jnfl
with well-defined joi T and JUil I A necessary condition for that is
JE=a05 " (2.29)

This has the effect of reducing the number of spatial derivatives in the right hand side from n to n — 1, but
adds another operator Jlil T , which is not present in (2.30). We will focus on the case (2.30) and assume
that it cannot be integrated.

15



where f}'(ljz"'j"’ "is an invariant tensor. There might be further differential conditions on
these operators. We will refer to the symmetry generated by the currents (J{, JX) the
(R time, Rspace) multipole global symmetry.

Our characterization of the global symmetry is in terms of the currents and their local
conservation equations. This formulation of the symmetry is independent of the global
topology of the spacetime. This is to be contrasted with the perspectives in, for example,
[15,/16], where the emphasis was on the symmetry charges defined in infinite space.

We now discuss two dipole global symmetries that are compatible with the cubic group
Sy. These two symmetries will be realized in Section [3] and Section [6]

(1,3') Dipole Symmetry

Consider currents (Jy, J*¥) in the (R ime; Rspace) = (1,3") of S;. We label the components
of the representation 3’ by two symmetric indices ij with i # j. They obey

1 .
80J0 — §8i8jJ”
= 0,0,J% + 8,0,J°" + 8,0,.JY* ,

(2.31)

where the factor % comes from the index contraction of 7j. There are three kinds of conserved
charges, each integrated over a plane:

Qij(2") = ]{dxijgdxjjo. (2.32)
They obey the constraint:
§ 5Q,.(0) = f dvQucty) = §d:Qu(2). (233
On a lattice, we have L* 4+ LY 4+ L* — 2 such charges.
(3',1) Dipole Symmetry

The second dipole symmetry is generated by currents (Jéj ,J) with (Rtime; Repace) =
(3,1) of Sy. They obey the conservation equation:

o Jy =0T, (2.34)

and a differential condition
I =ik (2.35)
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For any closed curve C*¥ on the xy-plane, there is a conserved charge

Q(C™, z) :fé ( )(deS“” +dyJg¥) . (2.36)
rTVe(x,y

The differential condition implies that the charge Q(C*,z) is independent of small
deformation of the curve C*¥, but depends on the z coordinate. Therefore, on the zy-plane,
the conserved charges are generated by Q(C;¥, z) and Q(CyY, 2). Here C¥ is a closed curve
that wraps around the x direction once but not the y direction, and vice versa. There are
similar charges on the zz and yz planes.

Finally, there are constraints among these charges:

fzaez ) = §asoiera).
ez = f dvarer ). (2.37)
 asQier.0) = § ey,

On a lattice, we have 2L* 4+ 2LY + 2L* — 3 such charges.

2.4 Gauging Global Symmetries

Let us gauge the multipole global symmetries (which include the tensor global sym-
metries as special cases). We couple the currents J{ and JX to background fields.
Since for n > 1 this is not a standard conserved current, this is not ordinary gauging of
a global symmetry. We introduce gauge fields (Ao, 1, Ax) and add to the Lagrangian the
minimal coupling

Ao, 1JE+ (1) A T (2.38)
Because of (2.30)), the terms ([2.38]) are unchanged when the gauge fields transform as

Ao, 1 — Ao, 1+ o1,

o 2.39
Ag — A +0;,0;, - -+ 0;, \p fi27m I ( )

This means that there is a redundancy in the fields Ay ; and Ak, which generalizes ordinary
gauge symmetry (or better stated, ordinary gauge redundancy). We will refer to (2.39) as
the gauge symmetry of the system.

Note that the gauge parameter A\; is in the representation Ryjye. If Jé is subject to a
differential condition, then integrating by parts shows that some deformations of A; do not
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act on the gauge fields. This means that A; is itself a gauge field. This is familiar in the case
of higher-form global symmetries and their corresponding higher-form gauge fields.

3 The ¢-Theory

In this section we discuss a 3 + 1-dimensional continuum field theory of ¢ with dipole global
symmetries (2.31]) and . The ¢-theory is the continuum limit of the 3 4+ 1-dimensional
version of the XY-plaquette model in [7,3]. Certain aspects of this continuum field theory
have been discussed in [713].

3.1 The Lattice Model

The XY-plaquette model is defined on a three-dimensional spatial, cubic lattice with a phase
variable e'®s at every site s = (2,9, 2). Let L*, LY, L7 be the numbers of sites in the z,y, 2
directions, respectively. We label the sites by s = (%, ¢, 2), with integer #* = 1,--- , L', Let
a be the lattice spacing. When we take the continuum limit, we will use 2° = a2’ to label
the coordinates and ¢ = aL’ to denote the physical size of the system.

The variable ¢, is 2m-periodic at each site, ¢s ~ ¢ + 2w. Let m; be the conjugate
momentum of ¢,. They obey the commutation relation [¢,, 7] = ids . The 2m-periodicity
of ¢ implies that the eigenvalues of 74 are integers. The Hamiltonian is

H = gZ(WS)Q - KZ ZCOS(AU¢S) ) (3-1)

s i<j s

where A:cygbs = st - gbs-‘r(l,0,0) - ¢s+(0,1,0) + ¢s+(1,1,0) and similarly for A:cz¢s and Ayzqss‘ The
second term in the Hamiltonian is a sum over all the plaquettes in the three-dimensional
lattice.

This lattice system has a large number of U(1) global symmetries that grows linearly
in the size of the system [7]. For every point Z, in the z direction, there is a U(1) global
symmetry that acts as

Ul)zgy: ¢s = s+, Vs=(2,9,2) with & = 2, (3.2)

where ¢ € [0,27). Similarly we have U(1)y, and U(1)s associated with the y and z di-
rections, respectively. There are two relations among these symmetries. The composition
of all the U(1);, transformations with the same ¢ is the same as the composition of all
the U(1)y, transformations with the same ¢, and the same as the composition of all the
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U(1);, transformations with the same ¢. This composition rotates all the ¢,’s on the three-
dimensional lattice simultaneously. In total, we have L* + LY + L* — 2 independent U(1)
global symmetries.

3.2 Continuum Lagrangian

The continuum limit of the XY-plaquette model is a real scalar field theory with Lagrangian

£ =" 000 — = (0.0,0)?
2 A (3.3)

1
= B0 — 5 100,00 + 0.0:0)* + (0,0.07]

where 1y has dimension 2 and g is dimensionless. This is the 3 + 1-dimensional version of
the ¢-theory (L.1]) in [3].

The equation of motion is
1
po0ah = —p (8§8§¢ + 020%¢ + 8583@ . (3.4)

Locally, the field ¢ is subject to the gauge symmetry
o(t,x,y,2) ~ d(t, x,y, 2) + 2rw”(z) + 2rw(y) + 27w’ (z), (3.5)

where w'(z") € Z [3]. Because of this gauge identification, the operators 9;¢ are not gauge-
invariant, while e, 9,0;¢ with ¢ # j are well-defined operators. Globally, the field ¢ is not
a single-valued function, but a section over a nontrivial bundle with transition functions of
the form . An example of such a nontrivial configuration on a spatial 3-torus is

x T
¢(t7$»y7 Z) =27 E_x@(y — yO) + g%@(l‘ — ;[;0) _ EIZJ

(3.6)

We refer the readers to [3] for more discussions on the global issues of the ¢ field.

3.3 Global Symmetries and Their Charges

We now discuss the exotic global symmetries of the continuum field theory.
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3.3.1 Momentum Dipole Symmetry

The equation of motion (3.4)) implies the (1,3’) dipole global symmetry (2.31)
1 .
0o Joy = §aiajjw (37)

with currents [9]

Jo = oo,

) o 3.8
Ji— _Loigig. (3.8)
u

We will refer to this symmetry as the momentum dipole symmetry. This symmetry is the
continuum version of (3.2) on the lattice.

The conserved charges ([2.32)) are
They implement

Ot x,y,2) = ot 2y, 2) + f7(x) + [(y) + [7(2). (3.10)

In (3.5)), we gauge the Z part of the momentum dipole symmetry, so that the global form of
the symmetry is U(1) as opposed to R.

3.3.2 Winding Dipole Symmetry

Since 0;¢ is not a well-defined operator, we do not have the ordinary winding global sym-
metry, whose currents are J§ = %8"(;5, J = %&mb.

Instead, we have a (3',1) dipole global symmetry ([2.34])
AJI =0T, (3.11)

with currents 1
Jy = —0%
0 27T (b )

1 (3.12)
J=—0p0.
5,009
The currents are subject to the differential condition ([2.35))
I =ik (3.13)
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We will refer to this symmetry as the winding dipole symmetry. Note that this symmetry is
not present on the lattice. This is similar to the absence of winding global symmetry in the
lattice version of the standard XY model.

The conserved charge (2.36]) is

Q(C™,2) = . (dx0u6 + dydys ) (3.14)

27 Jesve(ay)

where C* is a closed curve on the zy-plane. The charges for other directions can be similarly
defined.

3.4 Momentum Modes

In this subsection we discuss states that are charged under the momentum dipole symmetry
E3.

We start by analyzing the plane wave solutions in R3!:
¢ = etttk (3.15)

The equation of motion ({3.4]) gives the dispersion relation
1
2 _ 212 | 1212 | 1.27.2

Classically, the zero-energy solutions w = 0 are those modes with at least two of the three
k;’s vanishing. In particular, there are classical zero-energy solutions with k, = k, = 0
but arbitrarily large k,. The momentum dipole symmetry maps one such zero-energy
classical solution to another. Therefore, we will call these modes the momentum modes.
Classically, the momentum dipole symmetry appears to be spontaneously broken, while the
winding dipole symmetry does not act on these plane wave solutions.

Similar to the ¢-theory in 2+ 1 dimensions, this classical picture turns out to be incorrect
quantum mechanically.

Let us quantize the momentum modes of ¢:

ot x,y,2) = ¢"(t,x) + ¢ (t,y) + ¢°(¢, 2) (3.17)

where ¢'(t,x") is point-wise 27-periodic. They share a common zero mode, which implies
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the following gauge symmetry parameterized by ¢*(t), c¥(t)

¢ (t, ) = (L) + (1), U(Ly) = d(Ly) (), ¢t 2) = (L 2) — (1) — (1)
(3.18)

The Lagrangian of these modes is

L

% drdydz [cﬁx(t, z) + ¢Y(t,y) + ¢* (L, z)] i
= % {MZ ]{ dz ()2 + 024* jf dy(¢¥)? + °¢¥ ]{ dz(¢%)? (3.19)
+20* % dydY f dz® + 209 f dzg® ]f dz¢® + 20° 7{ dzd® jf dyq&y]
The conjugate momenta are
7' (t, 2") = po (ﬁjfk o+ @k%d:cjéj + ij{dxkék) : (3.20)
They are the charges of the momentum dipole symmetry
Qij(z") = po ]{ da'dz? 0y = 7 (") . (3.21)
The gauge symmetry implies that the conjugate momenta satisfy
II= j{dazwx = %dywy = jl{dzwz. (3.22)
The Hamiltonian is

1 . o
H=—-"— ' U(rh)?2 — 2I1%| . 2

Minimally Charged States

The point-wise periodicity (3.5)) implies that the conjugate momenta 7 are linear com-
bination of delta functions with integer coefficients. The lowest energy state has,

™ =0r—x), 7w =0y—vy), 7T =0z—=2) (3.24)
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with some xg, 49, 20. It corresponds to

Gb:lmw §(x —x0) + 90(y — yo) + £76(2 — 29) — 2] (3.25)

The minimal energy of the charged mode is

1

= g [+ 0+ £)3(0) — 2] (3.26)

We see that quantum mechanically the momentum modes have energy of order §(0) = % (see
[3] for more discussion). The classically zero-energy configurations give rise to infinitely heavy
modes in the continuum limit. The momentum dipole global symmetry is restored
quantum mechanically. This is qualitatively similar to the ¢-theory in one dimension lower

[3).
General Charged States

More general momentum modes have
Qy:(2) = ZNM — z),
Q.(y) =7 (y Z 30 (y — ys)
Quy(2) = 7°(2) = Z N..0(z — 2,),
N = ZNMZZ BZZNM,

where the N’s are integers and {x,}, {ys}, {2} are a finite set of points on the z,y, z axes,
respectively. On a lattice, there are L* 4+ LY + L* — 2 different charged sectors. The minimal
energy with these charges is

(3.27)

2u05wMz Z o T £5(0 Z 2,4+ 0°5(0) Y N2, —2N?| . (3.28)
Y

which is of order %

3.5 Winding Modes

Next, we discuss states that are charged under the winding dipole symmetry (3.12)).
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The winding configurations can be obtained from linear combinations of ({3.6)):
) T T
ot 2.y, 2) = 2 ZW;fg (v =ys) + 55 D_WyaOlw —za) =W yMy]

T z 4 x 2T
+ 27 E;Wx'y@(’z_z’y)—i_g_znga@(x ) w gzgx] (329>

< y : Y?
+ 2 g—zzﬁ:WZﬁ@(y—yﬁ gyz — WY MZ]

where Wj, € Z and WY =37 W/, =3, W/,
The winding dipole charge is

Q) = fdw O0ip = Z o(a* — o), (3.30)

where ij is any closed curve on the 7j-torus that wraps around the 7 cycle once but not the

7 cycle. They obey
]{ dz*Q(CY) = f dr'Q(C}7) = Wk, (3.31)

The Hamiltonian for this winding mode can be computed in a similar way as in [3]

H= Zﬁy (3 (W )25(0) + 02 ) “(W24)25(0) — <me)2]
L@ E
f% N (W2)%6(0) + 02 (Wy,)*8(0) — (Wyzy] (3.32)
L B >
+ i%y eZZ(W;)?(s(O)+ex2(wga)25<0)—(WZI)?] .

We find that the winding modes have energy of order %, which diverges in the continuum

limit.

3.6 Robustness and Universality

We end this section by mentioning two subtle issues that were discussed in the 2 + 1-

dimensional version of this model in [3].
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First is the issue of robustness. As we saw, the theory has a large symmetry and in the
continuum limit, all the charged states carry high energy (of order 1/a or higher) under this
symmetry. Therefore, operators carrying charges under those symmetries are irrelevant in
the low-energy theory. As a result, the model is robust under small enough deformations
that violate this symmetry.

Second is the universality of the computation of the energies of these charged States.ﬁ
We argued in [3] that analyzing them using the minimal Lagrangian leads to correct quali-
tative conclusions, but the detailed quantitative answers could be modified by some higher
derivative terms. Since the discussion of these two issues is identical to that in [3], we will
not repeat it here.

4 The &—Theory

In this section we discuss a 3 + 1-dimensional continuum field theory of ngﬁ with tensor global
symmetries (2.20)) and (2.23). It is the continuum limit of a lattice model that we will
introduce.

4.1 The Lattice Model

On a three-dimensional spatial, cubic lattice, there are three U(1) phases at every site
s =(2,9,2),
ei(i):(yZ)7 eiég(m)7 eidgz(wy) (41)

bl

. ) L aw(yz) | Gy(az) | sz(zy)
subject to the constraint P S A S

Let 759 be the conjugate momenta of qy;(ij ). Here we slightly abuse the notation because

the momenta 7@ do not sum to zero. Instead, the above constraint implies a gauge

ambiguity:
Wf(yz) ~ 7Tg(yZ) +c, Wé/(zz) ~ i) e ﬂg(ﬂcy) ~ 7Tj(ivy) + e, (4.2)

separately at each site.

6We thank P. Gorantla and H.T. Lam for useful discussions about the universality of these models.
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The Hamiltonian is

H=14 Z [(W;ﬂ(yz) — 7Tg(w))2 + (Wg(zr) — 7Tj(my))2 + (Wj(zy) — W;ﬁ(@ﬂ)f]

- K Z [ cos(¢ s+ 1 ,0,0) ¢x(yz ) + cos( ngz(%)l 0) be = ) + COS(QSES:C(%O 1) Cbz(xy))]
(4.3)

This system has a large number of U(1) global symmetries. For every point 2, there is
U(1);, global symmetry that acts as

qgésv(yZ) N gb?(w) +, D 5 Gy _ ¢§(wy) — ¢§(wy) :

©o Ay . (4.4)
V s=(z,9,2) with 2= 2%,

where ¢ € [0, 27). Similarly we have U(1)z, and U(1)y, for every point 2, and g, respectively.
Note that the composition of all the U(1)z,, U(1)g,,U(1)s, is trivial. Therefore on a lattice,
we have L* + LY + L* — 1 such U(1) global symmetries.

4.2 Continuum Lagrangian

The continuum limit of the lattice model discussed above is a theory of ¢‘U% in the 2 of S,
with Lagrangian

r— NO( ¢”k)) (akggk(ij)y, (4.5)

subject to the constraint (;Aﬁ”(yz) + ¢y ) 4 qﬁz 2y) = (0. Here the coefficient jig, i have mass
dimension 1.

A field in the 2 can also be expressed as @7 (see Appendix . It is related to ¢*(9) by:
) — Gkl g glkali
1 -, - (4.6)
lifle — —(ik) _ Ri(ki)y
¢ 3 (¢ ¢’™)

We have qbl (k) gb = 3(15[ ]kquk In the gb[”]’“ basis, the Lagrangian is

r— %(aoé[mk)z _ g [ak<qg[ki1j L é[kj]i)} ?
_ Ho [(aogg[zy]zf + (80g5[yz]”)2 + (aogg[z:r}y)ﬂ (4.7)
{ [@@gm]y ~ qg[yzlx)} L [ay(qg[yz}x B Qg[xylzﬂ L [ax(qg[a:y}z B gg)[zx}y)} 2 } |

oIS
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subject to the constraint (ﬁ[my}z + (ﬁ[yz}x + (ﬁ[zx]y = 0. For clarity, we will write many of our
expressions in both the ¢U%) and the ¢l“* bases below.

The fields éi(j k) are point-wise 27-periodic in a way compatible with the constraint (ﬁ‘”(yz)—l—
#¥®) + p*@) = (0. Locally, we impose the following three gauge symmetries:

§*WD) Gt Gy o GuGn) 4 or®(z) ) ¢~ P — 27®(z)
$*WD) ~ 5P ot (y), @Y~ gvE) R o @) 4 o (y)) | (4.9)
§*W) 0 P 4o (2), GV~ QYT — 2mw(z), )~ )

where w'(z') € Z is a discontinuous, integer-valued function in z'. It follows that while
eiék(ij),ﬁk(ﬁk(m are well-defined, operators such as (‘9zg£‘”(yz) are not. Note that these iden-
tifications leave the Lagrangian invariant and are compatible with the constraint &x(yz) +
Gueo) 4 Getan) — .

4.3 Global Symmetries and Their Charges

We now discuss the global symmetries in the continuum (;B-theory.

4.3.1 Momentum Tensor Symmetry
The equation of motion in the ¢iU%) basid
[0 ") = i [263&“’“) — 07 — 8,3(;3’““)} ., (nosumini,jk)  (4.10)

or in the ¢lI* basis

1o 2Pk = [3@2@[% + GlikTy — 2(liik 4 gg[jk}i)] _ (4.11)
“In the QASW]’“ basis, this gauge symmetry becomes
vzl | glvdle 4 %wz(gj) gl o lealy _ %ﬁwz(@ gl lewle %ﬂwm(x) 48

and so on.
is important to take the constrain BiGik) 4 i (ki) 4 Bk(i) = 0 into account when eriving the equation
81t is i tant to take th traint ¢*UF) 4 @I () 4 GF(I) = 0 int t when d th, t
of motion.

27



These are recognized as the conservation equation (2.20)) for the tensor global symmetry
(5.29) whose current is in (2, 3'):

Ty = fin 0"

Jii — ﬂakggk(z‘j) . (4.12)

or ik AL
T = fio Do

T = (10 (GR 4 kil (4.13)

We will refer to the symmetry generated by this current as the momentum tensor sym-
metry. This is the continuum version of the symmetry (4.4)) on the lattice.

The charge operator is
QU (z%) = [Loj{dxifdxj Ao (no sum in i, ). (4.14)
Note that ¢ dzQ + ¢ dzQ¥* + ¢ dyQ®* = 0. Q1*¥(z) implements

GO L e oy R L G _ iy e L et (4.15)

The integer part of the momentum tensor global symmetry is gauged (4.9)), so that the global
form of the symmetry is U(1) as opposed to R.

4.3.2 Winding Tensor Symmetry

Consider the following currents in the (3',2) in the ¢U®) basis

ij 1 2k (ig
Joj = %&caﬁ’“(”,

1 (4.16)
Jgiiw — L g g
27 ’
or in the ¢ld* basis
T = Lol 4 Gty
n (4.17)
JUk — g, Blidlk
27
They obey the conservation equation of the (3',2) tensor global symmetry ([2.23))
oy = Op(JWil 4 Jlkiliy (4.18)
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Since ¢F() + $iUF 4+ Giki) — 0, the current obeys the differential constraint (2.24)
9,0;J7 = 0. (4.19)

We will refer to the symmetry generated by this current as the winding tensor symmetry.
This symmetry is not present on the lattice.

The charge operator is
Q" (2, 27) = j{dxk Jy = Py %dmk D) (4.20)
m
The differential condition (.19 implies that Q*(z% 27) is a function of z* plus another
function of x7.

4.4 Momentum Modes

We now discuss states that are charged under the momentum tensor global symmetry (4.12]).

We start with plane wave solutions of the equation of motions in R*?,
qzg[z‘j]k _ C«[ij]keiwt—l—iki;ri : (4'21)

with constant C17!* in the 2. The dispersion relation is

~ A

H Ho
ﬁw—zﬁ&@pm}w@+a@@+@@+@@pm, (4.22)
leading to
W = Mﬂ (K2 + K2 K2) o\ (B2 k2 + K2)2 = 3(k2K2 + K22 + k2k2) | | (4.23)
0

For either solution w?, the fields are

A

ik — O (k2 — k2) (% W 3’fi) el (4.24)

with constant C' and for both signs in (4.23)).

The limit where two of the components of the momenta go to zero and the third one is
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generic, say k;, k, — 0, is interesting. Here for the branch with the plus sign,

’;
W2 = 02 (4.25)
it

we can take the limit of the solution (4.24]) above

PP =0, AT = _glaly = Celwrttikar (4.26)

In the branch with the minus sign, the energy is zero
w_=0. (4.27)
We expand the solution for small k,, k, and divide by some common factor to obtain
gg[zy]z — 90k | gg[yz]m _ qg[zm]y — _ Otz (4.28)

This means that we have zero energy states with arbitrary k. as long as they have vanishing
momentum in the z and y directions. These modes are spread in z and y, but can have
arbitrary z dependence.

We can state the previous result as follows. The classical Lagrangian of the ¢ theory
admits the following classical zero-energy solutions:

") = 4, (y) — 6.(2),
V) = . (2) — dy(x) (4.29)
) = () — oy (y)

labeled by three functions éz(x") They are time independent because they have vanishing
energy. These classical configurations are related to each other by the momentum tensor
symmetry . This explains the classical infinite degeneracy of the ground states.

In order to quantize these modes, we give them time dependence qgl-(t, r%) and study their
effective Lagrangian. The gauge symmetry implies that g%z is pointwise 2m-periodic,
bi(t, x') ~ ¢y(t, 2') + 2w (z') with wi(a?) € Z. The ¢;’s share a common zero mode, giving

rise to a gauge symmetry:

A~ ~ ~ ~ A ~

Ga(t,x) = Gu(t, ) + (), Dy(ty) = dy(ty) +c(t),  G:(t 2) = ¢=(t,2) +c(t) . (4.30)
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The effective Lagrangian of these modes is

~ ~

p=80 far fay faidy - b7+ G- 62+ - )]

/]0 1 Ay 1 A Y (4'31)
— FOpxpy e il P52 — i i
= et §;£K%¢xwg g;mmy(%dx@>(fﬁx¢0 .
Let us quantize these modes. The momentum conjugate to ngSZ is
. . IR Ad A Al A . 1 g 1 4 . .
(o) = 070 (2@@,:&) -2 f Al — 7§ dxkqﬁk) itk (432)

The gauge symmetry (4.30)) implies that these momenta are not independent

%dmwx(t, ) + %dyﬂy(t,y) + J(I{dzwz(t, 2)=0, (4.33)

The conserved charges are expressed simply in terms of these momenta
QUM (1) = /lofdxjdxkﬁog%[jk]i = —% fda:jdxk@g%i — ¢ — ) = —7i(t, ') . (4.34)

The Hamiltonian is
H= Z%dmlwzéﬁ — L= 5 Z Eifdxi(ﬂi)z ! j{dx’ﬁri 2 (4.35)
-~ ! gtz & 3 ‘

This can be checked by substituting the expression (4.32)) for 7" in terms of ;.

Minimally Charged States

The point-wise periodicity ¢;(t, %) ~ ¢;(t, %) + 2nwi(2?) implies that 7* is a linear
combination of delta functions with integer coefficients. The lowest energy charged states
are of the form

™ =0(x —xy), 7w =-0y—vy), 7 =0 (4.36)

with energy

(4.37)

General Charged States
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More general charged states are labeled by ngq,ny,3,n., € Z:

Q¥(z) = —77(2) = =Y nyad(@ — xa),

QF(y) = —m¥(y) = = > nypd(y —yp), (4.38)
B
Q[my}(z) = —7TZ<Z) = — ZTLZ,},(S(Z Z’Y) )

subject to the constraint (4.33)

D Naat D Myt Y nay =0 (4.39)
@ B vy
The minimal energy with these charges (4.38)) is

3 T 2 2 z 2

() (5] ()

These momentum modes have energy order %, which becomes infinite in the strict continuum
limit.

(4.40)

4.5 Winding Modes

In this subsection we discuss states that are charged under the winding tensor symmetry
(4.16]).

The gauge symmetry (4.9)) gives rise to the winding modes:

Jx(yz) _ Z z - " zy(y)z
¢ %ew( L ) M

) _ o Y 2 )2 Wilz)z 441
¢ 2 ( ) + W ) 2m— (4.41)
- W( )y Wi (y)z

z(zy) x Y _ —y — T
¢ 2% (VV (z )+Wz(y)) 2r—, 2

where we have 6 such integer-valued VV;(x’) € 7. These winding modes realize the charges
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(4.20]) of the winding tensor symmetry,
1 .
@ a) = o7 § 0.5 = W(a) + W), (142
m

and similarly for the other two charges.

Consider two winding modes that differ by the following shift

W (x) = Wi(x)+1,

(4.43)
W¥(y) = Wi(y) -

While the winding charge (4.42) is invariant under this shift, ¢*() changes by a momentum
mode ¢, (t, z) (use (4.41)) and then (4.29)):

W) Gowa) 4 Q%EZ 7
PICONNICORN Wt (4.44)

0z’
sz acy) ¢z zy)

Therefore, the difference between them is a mode we have already discussed and we can focus
on just one of them. On a lattice, we are left with 2L* + 2LY 4+ 2L* — 3 different winding
sectors.

Let us compute the energy of the winding modes (4.41]). We will focus on W7(x) and
W¥(y). Their contribution to the Hamiltonian is

H= E%dmdydz( 8. @¥))?

=28 o fanwzer o f azor e fawze) )]

There are similar contributions from the other 1W’s. Since the values of W;(z*) are inde-

(4.45)

pendent integers at every point in %, the energy of a generic winding mode is of order a.
To see this more explicitly, we can introduce a lattice regularization with discretized space
2t =1,2,---, L Then the Hamiltonian takes the form

277-2:& = T (52 T — T
H == [eya;wz (2)? + ¢ a;wg( + 2a° ZW Zwy (4.46)
T= Y=

If we only have order one nonzero W’s (rather than order 1/a of them), then the energy of
such winding mode is of order a.
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The momentum and winding states of the ¢-theory have energies of order 1/a (Sections
and . The same is true for the momentum modes of the gz@—theory (Section .
Therefore, we can study the strict continuum limit in which these states are absent, or we
can also include them in the Hilbert space. Being the lowest energy states with these charges,
their analysis is meaningful.

This is not the case for the winding states of the gg—theory of this section. Their energy is
or order a — it vanishes in the continuum limit. Therefore, the spectrum of the theory must
include these winding states.

An Important Comment

The fact that the winding states have energy of order a, which vanishes in the continuum
limit, leads us to an important comment.

Consider the configuration

Toz) — _geey) — o [T oy — Yo(r -z - 1Y
V) =0,

It seems like a valid configuration in our continuum field theory, because it is periodic when

¢ is circle-valued. We are going to argue that it is not a valid configuration of the continuum
theory.

The configuration (4.47)) has

Tx(yz 1 Y Y
@¢@>—%{ﬁ®@—yﬂ+@&x—mw—ﬁﬁ : (4.48)

The existence of the delta function means that its energy is of order 1/a. Furthermore, its

winding tensor charge (4.20))

1 ~

@ = - § dud.57) = 0(y — o) (4.49)
2m

is not single-valued along the y direction. This reflects the fact that the underlying lattice

theory violates the winding tensor symmetry at energies of order 1/a.

Configurations like are not present in the strict continuum limit. Their infinite
action makes them irrelevant. Furthermore, we argue that we should not consider states in
the Hilbert space constructed on top of such configurations because they do not carry a new
conserved charge. In this respect, states built on top of these configurations are different from
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the momentum and winding states of the ¢-theory (Sections and and the momentum
states of the ¢-theory (Section .

Note that we did not have such a subtlety in the ¢-theory (see Section . There, the
winding dipole symmetry was also absent on the lattice and was present only in the
continuum limit. However, there the lowest states charged under the winding symmetry
were at order 1/a. Therefore, they were meaningful.

There is another way to state why a configuration like should not be considered in
the continuum field theory. We imposed on our continuum field theory the gauge symmetry
and then studied field configurations twisted by this gauge symmetry. The gauge
symmetry on the lattice is larger. It includes arbitrary 27 shifts at every spacetime point
preserving ¢2V? + ¢4 4 52 — 0 The configuration is a twisted configuration
by this larger gauge symmetry, but it is not a twisted configuration of the smaller gauge
symmetry . To see that, note that the transition function at y = ¥

éx(yz) (t, x,y =0, z) - éw(yz) (t, xz,y =0, z) + 27]'@(1‘ — xo) , (4_50)

is not one of the identifications in (4.9).

4.6 Robustness and Universality

Let us discuss deformations of the minimal Lagrangian (4.5)) of the ¢-theory.

We start with the issue of robustness. Without imposing any global symmetry, we can
perturb the theory by the local operator eid" " Naively, such a term gives the field gg a mass
and gaps the system. But since this local operator is charged under the momentum tensor
symmetry , it creates a momentum mode with energy of order 1/a (see Section .
As a result, this operator is irrelevant in the low-energy theory. Therefore, in the continuum
limit (@ — 0 with fixed system size ¢'), the model is robust under such small deformations.

Next, let us discuss the universality of our computations for the energy of various charged
states. For example, we can add to the minimal Lagrangian

9(0,000° )2 (4.51)

Since it has two more derivatives than the leading term (8y¢**¥))2, we should scale g ~ a2.
Therefore it has no effects on a generic plane wave mode.

However, such a higher derivative term does affect the momentum modes. For these
modes, T ~ 0y is a sum of delta functions and the additional derivatives in (4.51]) are not
suppressed. More precisely, the term (4.51]) shifts the energy of the momentum modes by
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g/a® ~ 1/a. Therefore, the quantitative value of the energy of the momentum modes in
Section is not universal and receives 1/a correction from the higher derivative terms.
However, their qualitative behavior is universal. This similar to the momentum modes in

the ¢-theory of Section [3|and in [3].

Next, consider the following higher derivative term
9(0,0.¢7¥))? (4.52)

with g of order a?. Again, such a term has negligible effects on the generic plane waves, but
it does affect the winding modes. For example, consider the following winding mode

G0 —

Ty(zx z

OV = —2m W (x), (4.53)
sz%éww

where W (x) is an integer-valued function. If W (z) is nonzero only at finitely many points,
then the energy of this state is order a. The term shifts this energy by g/a ~ a.
Therefore, the energy of these states remain zero in the continuum limit a — 0 (with fixed
¢%). States with order 1/a nonzero W (x) have energy of order one and they receive corrections
of order one from terms like . Therefore, the computation of their energy using the
original Lagrangian is not universal. To sum up, while the zero-energy states are
not lifted by these higher derivative terms, the finite energy states do receive quantitative
corrections. Nonetheless, the qualitative features of these charged modes are universal. This
is similar to the electric states in the 2 4+ 1-dimensional U(1) gauge theory of A in [3]. In
Section [f], we will see that this is also similar to the electric states of the 3 + 1 dimensional
A-theory, which is in fact dual to this theory (see Section [5.8]).

5 The A Tensor Gauge Theory

In this section we gauge the (R time, Rspace) = (1,3") dipole global symmetry (2.31)). We will
focus on the pure gauge theory without matter, which is one of the gapless fracton models.

The gauge fields (Ay, A;;) are in the (1, 3’) representations of Sy. The gauge transforma-
tion is
Ao — A() + 80(1/, Aij — Aij + 0,0]04, (51)
where « is a point-wise 27-periodic scalar. The gauge parameter « takes values in the same
bundle as ¢ and requires nontrivial transition functions (see Section .
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We define the gauge invariant electric and magnetic field strengths E;; and By, as

Eij = a0*’4z‘j - 81’83'1407

(5.2)
Bl = 0iAj, — 0; A,

which are in the 3’ and 2 of Sy, respectively.

Let space be a 3-torus with lengths ¢* ¢, ¢*. Below, we will repeatedly consider a large
gauge transformation of the form (3.6))

B x B Y B oy
a =27 [f—x(%(y Yo) + gy@(x xg) Ewﬁy] (5.3)
which gives rise to the gauge transformation
1 1 1
Apy(t, iy, 2) ~ Agy(t,z,y, 2) + 27 g—xé(y — o) + g—y(S(az — o) — R (5.4)

5.1 Lattice Tensor Gauge Theory

Let us discuss the lattice version of the U(1) tensor gauge theory of A [17,8,/18,/19,9,/12].
Instead of simply reviewing these papers, we will present here a Euclidean lattice version of
these systems.

We start with a Euclidean lattice and label the sites by integers (7, &, 9, 2). As in standard
lattice gauge theory, the gauge transformations are U(1) phases on the sites n(7, 2,7, %) =
e (7%:9.%)  The gauge fields are U(1) phases placed on the (Euclidean) temporal links U,
and on the spatial plaquettes Uy, Uy., U,.. We also write U, = €47 and Uy = eiaAij
where a is the lattice spacing. It is clear that U, is in the trivial representation of the cubic
group and the plaquette elements U;; are in 3’ — the two indices are symmetric rather than
antisymmetric. Note that there are no diagonal components of the gauge fields Uy, Uy, U..
associated with the sites. This theory is sometimes called the “hollow rank-2 U(1) gauge
theory” [19].

The gauge transformations act on them as

U, (7,2,9,2) = U-(7,2,9,2)n(7,
Usy(7, 2,9, 2) = Usy(F, 2,9, 2)0(F, 2,9, 2)n(F, & + 1,9, ) "n(7, 8 + 1,§ + 1, 2)n(7, 2,5 + 1, 2)

and similarly for U,, and U,,. The Euclidean time-like links have standard gauge transfor-
mation rules and the plaquette elements are multiplied by the 4 phases around the plaquette.

The lattice action can include many gauge invariant terms. The simplest ones are asso-
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ciated with cubes in the time-space-space directions and in the space-space-space directions

A

Loye(7,2,9,2) = Ur(7, 2,9, 2)U-(7, 2 + 1,7, 2 1U (ﬁfc+ Lg+1,2)U(7, 2,9+ 1,2)7"
V2,0, 2) T Uy (7 + 1,
L)y (7,2,79,2) = Uyy (7, 2,9
(5.6)

and similarly for the other directions. Terms of the first kind, which involve the time direction
are the analogs of the square of the electric field and terms of the second kind are analogs
of the square of the magnetic field.

In addition to the local gauge-invariant operators (|5.6)), there are other non-local, ex-

tended ones. One example is a “strip” along the x direction:
HUM (7,2,9,2), (5.7)

More generally, the strip can be made out of plaquettes extending between Z and
Z 4+ 1 and zigzagging along a path on the xy-plane. Similar operators exist using the other
directions.

In the Hamiltonian formulation, we choose the temporal gauge to set all the U,’s to 1.
We introduce the electric field E, such that %Ep is conjugate to the phase of the plaquette
Up, where g, is the electric coupling constant. %Ep has integer eigenvalues. This definition
of the lattice electric field differs from the continuum definition by a power of the lattice

spacing, which can be added easily on dimensional grounds.
Gauss law is imposed as an operator equation
G(&,5,2)= > B =0 (5.8)
p3(%,5,2)
where the sum is an oriented sum (¢, = £1) over the 12 plaquettes p that share a common
site (z,7, 2).
One example of such a Hamiltonian is

= > B+ Z (Liwy)z + Liyzja + Lizaly + c.0) - (5.9)

m

plaquettes cubes

Instead of imposing Gauss law as an operator equation, we can alternatively impose it
energetically by adding a term > . G? to the Hamiltonian.

The lattice model has an electric tensor symmetry whose conserved charge is proportional
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to

LZ
ZExy(£07Q072) ) (510)
z2=1

for each point (g, 7o) on the xy-plane. There are similar charges along the other direc-
tions. This charge commutes with the Hamiltonian. The electric tensor symmetry rotates
the phases of the plaquette variables U,, at (2o, 7o) for all 2. Using Gauss law , the
dependence of the conserved charge on p is a function of zy plus a function of gp.

5.2 Continuum Lagrangian

The Lagrangian for the pure tensor gauge theory without matter is

1
£=55BuE = 55 BupBY" . (5.11)

Note that the coupling constants g., g,, have mass dimension 1. The equations of motion

are 1 1
?aOEij = g—gak(B[kﬂj + Bpiji) » (5.12)
&-@Eij == O,

where the second equation is Gauss law.

From the definition ([5.2)) of the electric and magnetic fields, we have
OoBlrijj = OnEij — 0iEy; (5.13)

which is analogous to the Bianchi identity in standard gauge theories.

5.3 Fluxes

Let us put the theory on a Euclidean 4-torus with lengths ¢7,¢% ¢Y ¢*. Consider gauge field
configurations with a nontrivial transition function at 7 = ¢":

Ty
x 0y

T Y
g—w@(y - yo) + E—y@(% — JIO) —

g(T) =27 |: (514)

We have Ay (T 4+ 07, 2,y,2) = Agy(T, 2,9, 2) + 0,0,9(r). Such configurations have nontrivial,
quantized electric fluxes

T2
Cry(T1,22) = j{dT/ dxfdyExy € 21Z. (5.15)
1
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In particular, the flux can be nontrivial when the integral is over the whole (7, z, y) spacetime.
The Bianchi identity ([5.13]) implies that

0z€ay(T1,22) = 0. (5.16)

Therefore, the flux e;, only depends on zi, 5.

The magnetic flux is realized in a bundle with transition functions g) = 0 at z = (%,
gy = 0at y =1 and

) x zy
9 = 2m | 1,0z = 20) + 0y — %) = 1 (5.17)
at z = ¢*. This means that
Aij(Ta T,Y,z= gz) = Aij(Tv x, Y,z = O) + azajg(z) (518)

and A;; periodic around the other directions. The only nonperiodic boundary condition is

1 1
Ary(Ta xr, Y,z = ‘gz) = Amy(7—>x7 Y,z = O) + 27 |:€—y5(.f - IO) + K_x(s(y - yO) - (519)

zpy

and therefore

1 1 1
j{dzde[zx]y = 27r?§dx {E—yé(x — ) + g—x5(y — o) — Efcéy] =2m0(y — yo) ,

1 1 1
FaudsByn, =25 | 3G~ 20)+ G0l — )~ o | = 2n0le ) (520

vy 0
j[da:dyB[xy]z =0.

By taking linear combinations of similar bundles with transition functions in other direc-
tions, we realize the more general magnetic flux

x2
b[yz}x(xlu-rZ) = / dx%dy]{dz B[yz]:c € 21, (521)

and similarly for the other components of the magnetic field. In particular, the flux can be
nontrivial when integrated over the whole space (z,y, z). The Bianchi identity implies
that

8Tb[yz]m(x1, :L‘Q) =0. (5.22)

Therefore, the flux by,.), depends only on x,z,. It is conserved.
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The magnetic symmetry is absent on the lattice. However, the flux quantization of the
continuum theory can be traced to the lattice. It is associated with products of observables
that are constrained to be one on the lattice and the quantized value in the continuum arises

2min

from writing them as e“™". It is crucial that the integer n is meaningful in the continuum.

The magnetic flux ([5.21]) corresponds to the product Hy : Liyz» = 1 on the lattice. Similarly,
the electric flux ((5.15)) corresponds to the product HTy Ly = 1 on the lattice.

5.4 Global Symmetries and Their Charges

We now discuss the global symmetries of this continuum tensor gauge theory.

5.4.1 Electric Tensor Symmetry

Let us define a current with (R time, Rspace) = (3',2) as

Ji— EEij
g2
N ¢ 9 N (5.23)
Jkli — — Bkl
9m

The equations of motion for A;; and Ay (5.12) are recognized as the conservation equation
(2.23]) and the differential condition ([2.24)) for the (3', 2) tensor global symmetry, respectively.
The symmetry generated by (5.23)) will be called the electric tensor symmetry.

The conserved charge for the electric tensor global symmetry is

S 2
Q¥ (2%, 27) = ?j{dxk E;; (5.24)
and the symmetry operator is
k(. i 2d) — Ak (i Y] 2 k
U (B;a",27) = exp [iBQ"(2',27) ] = exp z? dz"E;; | . (5.25)

Naively, the charge generates A;; — A;; + c(z’, 27), but combining it with a gauge transfor-
mation A;; — A;; + 0;0;c, we can let it generate

The electric tensor global symmetry maps one configuration of A;; to another with the same
electric and magnetic field strengths. This is similar to the electric one-form global symmetry
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in the U(1) Maxwell theory, which shifts the gauge field by a flat U(1) connection [33].

The charged objects under the electric tensor symmetry are the gauge-invariant strip
operators

W (21, 29,C™) = exp [z/ dz% (de Az +dy Ay.)| (5.27)
21 Ccry

where C* is a closed curve in the zy-plane. This is the continuum version of the gauge-
invariant operator on the lattice. We will refer to this operator as the Wilson strip.
Under the gauge transformation (5.4), only integer powers of the Wilson strip are gauge
invariant. Similarly we define W (2%, 2% C%) for the other directions with C¥ a curve on the
ij-plane. (Recall our convention, i # j # k.)

At a fixed time, the line operator U*(53; yo, z0) and the strip operator obey the equal-time
commutation relation

U (B 50, 20) W (21, 22, C¥) = ePTET W T (21 25, C™¥) U (B3 90, 20) if 21 <z29< 29,
(5.28)
and they commute otherwise. Here I(C*, ) is the intersection number between the curve
C" and the y = yp line on the xy-plane. The exponent [ is 27-periodic, since the charged
objects have integral charges. This means that the global structure of the electric tensor
global symmetry is U(1) rather than R. Similar commutation relations hold true for ¢ and
W in the other directions.

5.4.2 Magnetic Tensor Symmetry

Let us define

JEw = S plilk.
} 12”” (5.29)
Ji = —FU.
27

Then the Bianchi identity (5.13)) is recognized as the conservation equation ([2.20]) for the
(2,3") tensor global symmetry. We will refer to this symmetry as the magnetic tensor
symmetry.

While the continuum theory has both the electric and magnetic tensor global symmetries,
the latter is absent on the lattice.

The conserved charge operator for the magnetic tensor global symmetry is

. 1 : S
QUl(z*) = %Y{daﬁj{daﬂ Bk (no sum in 4, 7). (5.30)
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The symmetry operator is

U7 (B; ), 5) = exp [Z—QB / dw’“]{dwlfdxf Blidlk
T Sk

It is a “slab” of width z§ — 2% which extends along the i, j directions.

(no sum in i, j, k) . (5.31)

The magnetically charged objects under the magnetic tensor global symmetry are point-
ik (i)

like monopole operators. The monopole operator e can be written in terms of the dual

field ¢*(9). See Section [5.8]

5.5 Defects as Fractons

Having discussed various extended operators defined at a fixed time, we now turn to observ-
ables that also extend in the time direction, i.e., defects. In the U(1) tensor gauge theory
where Gauss law is imposed as an operator equation, there is no dynamical charged particle
in the spectrum. The defects capture in the low energy theory the physics of probe charged
particles that are infinitely heavy. Constraints about the motion of particles are captured
by constraints on the spacetime trajectories of the defects. Here these constraints arise from
the gauge symmetry. In particular, we will see that the defects exhibit the characteristic
behaviors of fractons.

The simplest defect is a single particle of gauge charge +1 at a fixed point in space
(x,y, z). It is captured by the gauge-invariant defect

exp [z/ dt Ao(t,x,y,z)| . (5.32)

[e.o]

Importantly, a single particle cannot move in space by itself — it is immobile — because of
gauge invariance. This is the hallmark of a fracton.

While a single particle cannot move in isolation, a pair of them with opposite charges —
a dipole — can move collectively. Consider two particles with charges 41 at fixed x; and x-
moving in time along a curve C in the (y, z,t) spacetime. This motion is described by the
gauge-invariant defect

T2
W(zy,x9,C) = exp {z/ dx /(dt@on + dyA,, + dzA;,) (5.33)
T C

Note that the integrand fc (dt0,Ag + dyAsy + dzA,, ) is gauge-invariant for any curve C
without endpoints, e.g. running from the far past to the far future. More generally, we can
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have a pair of particles moving in directions transverse to their separation. The operators
(5.27)) are special cases of these defects where C is a closed curve independent of time.

By combining two defects of the form ([5.33)), one separated in the x direction and the
other in the y direction, we can have two particles with charges +1 at (z1,y1) and (z2,y2)
moving together along the z direction. They are represented by the defect

exp {z/ (0, Ag dxdt + 0,A¢ dydt + A, dydz + A, dxdz) (5.34)
strip

where the strip is a direct product of line segments C between (z1,y;) to (z2,y2) on the
xy-plane and a curve z(t) on the zt-plane. More generally, by combining more defects of
the kind , the line segments C can be replaced by a continuous curve extending from
(x1,91) to (xq,ys) on the xy-plane.

Finally, while a single fracton cannot move by itself, it can move at the price of creating
several more fractons. For example, consider the following defect

exp z/ tho(t,ﬁo,yo,Zo)}

r ooxl Y1
X exp —z’/ / dady Ay (T, 2,9, zo)}
L xo Yo

X exp Z/ dt AO(t7x17y0720>:| €xp |:Z/ dt AO(t7x07y1aZU>:| €xp |:_7'/ dt A0<t,$179172’0>}

(5.35)
The defect in the first line represents a single fracton of charge +1 as (xo, yo, 20). Then, at

time 7 it is acted upon by the an operator, written in the second line. The result is three
fractons; two charge +1 fractons at (x1, %o, 20) and (xg, y1, 20) and a charge —1 fracton at
(21,41, 20). Their motion is described by the defect in the third line.

5.6 Electric Modes

In this section we analyze the perturbative spectrum of the theory.

Let us consider plane wave mode in R*! in the temporal gauge Ay = 0:
Ajj = Cyy ekt (5.36)

with constant C;; in the 3'. The equations of motion give the dispersion relation 17,12

4 2
Im Im
w? ?w‘l - 2?&(1@3 + k2 + k2) + 3(k2k) + K2K2 + K2kZ) | =0, (5.37)
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There are three solutions for w?:

2

W = Je | (K2 k2 K2) o\ (B2 + K2+ K2)2 — B(K2KZ + K22 + K2K2) |

(5.38)

For generic k;, the wy = 0 solution can be gauged away by a residual, time-independent

ikyr+ikyy+ik.z

gauge transformation with a ~ e and it should not be considered physical. The

other solutions with generic k; lead to a Fock space of states — “photons.”

The situation is more subtle as we take some of the k;s to zero. For example, consider
plane waves with k, = k, = 0. The equations of motion reduce to

2
Im 42 2 2 2
r Oy Agy =20, A4y, OjAy. = 0jAs. =0. (5.39)
Restricting to the zero-energy solution w = 0, we find two independent plane wave solutions
with arbitrary C,, and C,,. Equivalently, in position space, there are two families of solutions
that are independent of x, y:

Ay =0, A.=F(2), An.=F(2), (5.40)

for any functions Fy (z) and F} (2). They can be thought of as the k,, k, — 0 limit of the
w_ solution and the wy solution. However, when k, = k, = 0, neither solution ({5.40) can be
gauged away by a residual, time-independent gauge transformation (with finite support in
R3).

Similarly, we have two families of zero-energy solutions for each of the z and y directions.
Allin all, we have six zero-energy solutions Iy, (), F¥, (v), F.(y), Fy.(2), Fy,(z), F7,(2), each
a function of one spatial coordinate.

These zero-energy solutions are a consequence of the electric tensor global symmetry
(5.26]), which maps one solution to another, while leaving the electric and magnetic fields
invariant. For this reason we will refer to these modes as the electric modes.

We now quantize these classically zero-energy configurations on a spatial 3-torus with
lengths ¢*, 0¥ ¢*. For later convenience, we will normalize these modes as

L i.(xi)+l J(27). (5.41)

W= il pitii

Let us focus on Auy(t,z,y,2) = 5[5t x) + £ f2,(t,y). The quantization of the other 4
functions f;; can be done in parallel.
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The quantization of these modes proceeds as in the 2+ 1-dimensional tensor gauge theory
A (1.4). See Section 6.6 of [3]. In the end, the Hamiltonian for these modes is

2
Ge T T B e M
H= {ey]{dx(nwf + ¢ %dy(l’[gy)Q + 2%@ nyfdy sz} ) (5.42)

where 1%, (), I1¢, (y) are the conjugate momenta.ﬂ They have integer eigenvalues, 112, (x), 11, (y) €
Z at each point z and y. Furthermore, they are subject to an ambiguity

(113, (), T2, () ~ (I3, (=) + 1, T, (y) — 1) . (5.44)
In fact, the charge of the electric tensor symmetry (5.24) is the sum of II's

9 _ _
@) -5 7{ d2E,, = T2 (2) + TV (1) (5.45)

Including the charges from the other directions, we have 2L* + 2LY 4+ 2L* — 3 such charges
on a lattice.

Let us discuss the energy of these modes. Since ﬁiy(mi) have independent integer eigen-
values at each point x', a generic electric mode has energy order a, which goes to zero in
the continuum limit. This is similar to the electric modes of the tensor gauge theory
in 2 + 1 dimensions [3].

5.7 Magnetic Modes

In this subsection we explore gauge field configurations in nontrivial bundles characterized by

transition functions g(;). These configurations realize the magnetic tensor symmetry charges
(15.30)).

Minimally Charged States

The simplest nontrivial bundle with minimal magnetic tensor symmetry charges is char-
acterized by the transition function in (5.17)). Let us find the lowest energy configuration in

9More precisely, ﬁ;fy(x), f[gy(y) are the conjugate momenta for
fr (t,o) = f= (t +1 dyfy (t,y), fv(t,y)=fu(t +1 dxfr (t 5.43
xy(’m)_ :L’y(7x) ﬁ ya:y(vy ’ Ty ’y)_ Ty ’y) E xmy(’m) ( . )

See [3] for more details.
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this bundle. We start with a simple example of a gauge field in this bundle

1 1 1
Axy = 271-3 |i_5($ - .CIZ'()) + —5(3/ - yO) - :| 5

2Nz Iz ey (5.46)
A,=A4,,=0.
Its magnetic field is
2 | 1 1 1
Blajy = = Blyz)e = A b—yfs(x — xg) + @5(34 —Yo) — m} y Bley. = 0. (5.47)

which realizes one unit of the (2, 3’) tensor global symmetry charge (5.30)). Its energy is

1 9 9 9 87?2 1 -

Every other configuration in this bundle can be written as a sum of ((5.46) and another
gauge field in the trivial bundle a;;:

z |1 1
Auy =20 | 5800 = 0) + 00— ) -

sz = Agz, Ayz = Gy -

+afacy7

W} (5.49)

The energy of this configuration is
1 ) o (1 1 1 \\?
ﬁ fd]?dydz [(awayz - ayawz) + (ayamz - E_Z <€—y5(l’ - l’o) + é_x(s(y - yO) - W))

or [ 1 1 1 2
(5.50)

where we assumed that at the minimum a;; are independent of z. The minimization of this

energy is determined by the equation of motion for a;;

2 (1 1 1
ax |i28xayz - 8yagcz - f_z (g_yé(x - .1'0) + £_$5<y — yO) — M)] = O,

2r (1 1 1
Oy {2311@9& — Oaty: — - (E—yfs(x = 20) + 750(y = y0) — gwy)} =0.
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This is solved by

(y. = E*Z;y [@(x — Z0) — gx] + fi-(), (5.52)
am:;éx [9(y—yo) Z,] + fax(2)

where f7 (z) and fY (y) are two periodic functions that can be absorbed into the electric

modes that we have already quantized in Section [5.6]

We conclude that up to a gauge transformation and additive zero energy configurations,
the minimum energy configuration in this bundle is

Ayy = 27— {ld(m—xg)—l—i(ﬂy—yo)— ! ]

oz |y % =0y
e o 4] =
Ay, gjgy [@(x —xzq) — %} :
Its energy is ,
%@ [(ﬁ + )5(0) g] , (5.54)

which is indeed smaller than the energy ([5.48]).

Note that the energy of this magnetic mode is of order % and diverges in the continuum

limit.
General Charged States

Next, we consider linear combinations of the configurations in (5.53)) with those in the

other directions:

¢ |1 i 1 ij j ' wy
Aij=2m ok [@ ZW](S(?C — ) + EZI/I/J.%(S(wJ—JJé)—gigj]

B
k|

o [ZW,ﬁﬁ@(xk—x ) — W]kx

0ifs >
W= Y Wi = YW
a 3

(5.55)
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The transition function g as we go along the x* direction is

_ W e
=27 Zéﬂ 102 —2t) +Z€’ —xﬁ) W]gz‘gj ,
(5.56)
= S = W
a B
Not all these bundles are inequivalent. Consider a gauge transformation
alt,z,y,z) = 27rm ZU)Z@ )+ 27r€ v Zw%@ Y —Yp)
(5.57)

:cyz

+27r—Zw (x — z4) 47rw€z£y£2,
with w = Y7 wy = > wh = 27 w} and all the w’s are integers. This gauge parameter
does not have the appropriate transition functions discussed in Section [3] Rather it changes
the transition functions by shifting the W’s by

Woo — Wil tws, Wi — WG+ wh,
W = W22 4ul, W — W 4, (5.58)
W S WY bl WY = WY ol

Hence two sets of W’s label the same bundle if they are related by ([5.58]).

The underlying lattice theory does not have the magnetic symmetry and does not have
well-defined such bundles. These bundles and the corresponding symmetry are present only
in the continuum theory. Yet, we can consider the points z¢, to be chosen from a lattice
with L’ sites in the 2° direction. Then, we have 2L% + 2LY + 2L* — 3 integers W’s, and
L* 4+ LY + L* — 2 integer w’s. Therefore the number of distinct bundles is L* + LY + L* — 1.

The magnetic field of ((5.55)) is

Bum= = | LS Woks oty s 2 S ks k) -
ik = 7 g_kz J80(a — ) + 7 D Wie(t — o) — T
ol

T zk(s 2 ik (. k W
7 ngW (z" — 2, EZW’W (x _xV)_W (5.59)
v

T i 1 ii ) .
+ wzwjéx—x —Ezwjéé(xj—x]ﬁ)]
B
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The magnetic tensor symmetry charge is

QW(z") = Gy fdx’ j{ da’ By, = Z (W,ﬂ’i — W,i’;) §(zh — xﬁ)
gl

(5.60)
=— Z Wi, 6 (2" — xi) :

where we have defined W;,, = W,ﬁ’; — W,gi with 4, j, k cyclically ordered. The minimal energy
with these charges is

671'2 . . . 2 1 . . 2
7 7{ i (o2 _ 1 7{ iUkl
A > [E dr' (Q7F)" =3 ( A Q" ) ]

7

2
= % [5(0) (6”” > W2+ éyzﬁjwjﬂ + 0 ZWg) (5.61)
1 2 2 27
. (ZWM> +(Zwyﬁ> +(ZWM>
@ B8 Y

5.8 Duality Transformation

In this subsection we perform a duality transformation on the tensor gauge theory of A. We
will arrive at the ¢ theory of Section 4l This duality is similar to the duality between an
ordinary 2 + 1-dimensional gauge field A, and a compact real scalar .

The duality we present below is a continuum duality. It is related to the lattice duality
in [17] in the same way as the continuum T-duality of the compact scalar in 141 dimensions
is related to the duality of the lattice 1+ 1-dimensional XY-model. Our dual field qg is circle-
valued rather than an integer on the lattice. Also, ngﬁ is in the two-dimensional representation
of Sy and hence the sum of its three components vanishes, while in the lattice version, the

three components are subject to a gauge identification.

We work in Euclidean signature and denote the Fuclidean time as 7. We start with the
Euclidean Lagrangian

1 ij 1 ijlk
- T .
- 2(27T)B J (aTAij a aiajAT a Eij) + WT()E[ e <aiAﬂ<f - 8ink - B[ij]k) )

where Eij,B[ij]k,éij,E[ij]k are independent fields in the appropriate representation of Sj.
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They are not constrained by any differential condition. If we integrate out these fields, we
find the original Lagrangian in terms of (A,, 4;;).

Instead, we integrate out only E;; and By, to obtain EY = %EU and By, = %E[ij]k-
The Lagrangian then becomes

2
g = =. g ~ ~r 72 ~. .
Lp=-ByB m [idlk 0, Aij — 0,0;A,) + ———EW* (9,A;, — 8, Au) .
KDY Tt 3272 o) (04 iAr) + 2(27?) (9:Ajk = 95 Aix)
(5.63)
Next, we integrate out the original gauge fields (A,, A;;) to find the constraints
0, B = —g,(EW 1 plkiliy
"=l ) (5.64)
0,0;BY =0.
They are solved locally in terms of a field gg[iﬂk in the representation 2 of Sjy:
Bii = _ o, (G 4 Gkl |
(@ 6 (5.65)
— aTqb[mk
The tensor gauge theory Lagrangian can now be written in terms of Gliil*:
2 2 2
Im i e ki 2 [k
C o, ik [ Jlkili 4 [J1}7 5.66

subject to the constraint qg[""/’y]z + qg[yz}x + gzg[zx]y = 0. Importantly, there is no gauge field in
this dual description of the tensor gauge theory.

The nontrivial fluxes of E;;, Byjjx (see Section } mean that the periods of B, Elilk
are quantized, corresponding to the periodicities of ¢ in (4.9)).

Going back to the Lorentzian signature, we have

2
EY — j_;ak(¢[k113 + ¢[kJ]l) ’

2o (5.67)
Blijie = ﬁ%(ﬁ[mk
The Lorentzian Lagrangian is
2
r— 9Im Im_(g ¢[z]]k> [ (gg [kili ¢k¢J]Z) ) (5.68)
32m? 32 3272
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Comparing with (4.5), the duality maps

2
fo=2m, =2 (5.69)

Under the duality between the A and the (5 theories, the winding modes of (5 are mapped
to the electric modes in the A theory. Indeed, their charges, and , and their
energies, and , agree. Similarly, the momentum modes of ngS are mapped to the
magnetic modes in the A theory. Again, their charges, and , and their energies,
and , agree. As in every duality transformation, the quantum effects on one
side — the energies of the momentum modes of é and of the electric modes of A — appear
classically on the other side.

Finally, we summarize the analogy between the 3 + 1-dimensional A tensor gauge theory
and 2 4 1-dimensional ordinary gauge theory in Table [f]

5.9 Robustness and Universality

Since the U(1) A-theory is dual to the ¢-theory of Section , the issues of robustness and
universality for the ¢-theory in Section directly applies to the U(1) A-theory.

Let us comment more on the robustness issue. The microscopic global symmetry Gy is
the electric tensor symmetry . By contrast, the global symmetry Gz of the continuum
field theory not only has Gyy, but also includes the magnetic tensor symmetry . The
latter is absent on the lattice.

In the continuum field theory, there is a Gyy-invariant, local (monopole) operator vio-
lating the magnetic symmetry. In the dual description using the QAS field, this local operator
can be written as ¢4 Naively, as in the famous Polyakov mechanism in 2+ 1-dimensional
U(1) gauge theory [35], perturbations by this local operator would ruin the robustness of
this gauge theory. However, this is not the case here, because this operator is irrelevant. One
way to see this is that the magnetic modes created by this operator carry energy of order
1/a (see Section and . Therefore the operator ¢’ is irrelevant in the continuum
limit (a — 0 with fixed system size ¢'). We conclude that the U(1) A-theory is robust under

small perturbation by this local operator.m

10Note that this conclusion depends crucially on the continuum limit we consider here. For example, the
authors of [17] considered a different limit and argued that the lattice gauge theory of A is not robust against
perturbations by the monopole operator.
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gauge
symmetry

field strength

charged object

magnetically

charged object

(2+1)d
U(1) gauge theory

A, — A, + 0,

Ei - 80141 - &Ao
B,y = 0, Ay — 0,A,

exp [z $ dxiA,}

monopole

exp [i]

(34 1)d
U(1) tensor gauge theory A

Ao — A(] + 800(
Aij — Aij + 8,@04

Lagrangian BB — 4By B™ 592 i BV — 3 By B
flux $dr ¢ da'E; € 27 $dr f;? de' ¢ dr' E;; € 27
$dx § dyB,, € 277 fff da' § dz? ¢ da® By, € 27
Gauss law OFE; =0 0;0,E7 =0
com aoEi = 8jBij éaoEij = ﬁ@’“(B[kiU + B[kj]i)
Bianchi 6OBmy = OxEy - ayEx 8OB[ij]k = &Ejk - 8]‘E'Z']€
identity
electric electric 1-form electric tensor
symmetry exp [Zi—f $ dxiEj} exp [z% § dzF EZ»J}
magnetic magnetic O-form magnetic tensor
symmetry exp [@% f dx f dyBxy] exp [z% f;} dx’ f dx’ f dx* B[jk]i]
electrically Wilson line

Wilson strip
k
2

exp [z f;,f dz* 5(;0 (do' Ay + dmjAjk)}

monopole

exp [ig)k(ij)}

Table 5: Analogy between the 3+ 1-dimensional U(1) tensor gauge theory A and the ordinary
2 4 1-dimensional U(1) gauge theory.
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6 The A Tensor Gauge Theory

In this section we gauge the (R time, Rspace) = (2, 3') tensor global symmetry (2.20)). We will
focus on the pure gauge theory without matter. Certain aspects of this tensor gauge theory
have been discussed in [g].

The gauge fields are (A7% Ai7) in the (2,3') of S;. The gauge transformations are

Aé(jk) _>Aé(jk‘)_|_aod/i(jk)’

A = A+ 9aM). oy

where the gauge parameters ¢*U%) are in the 2. The gauge parameters &%) are point-wise
2m-periodic, subject to the constraint that 62 + av**) 4 42(*¥) = (. Globally, this implies
that the transition functions can have their own transition functions (see Section |6.3)).

The gauge-invariant field strengths are
B = 9,AT — 9, Ay,

A DR (6.2)
B = 500,47,

which are in the 3’ and 1 of Sy, respectively.

6.1 Lattice Tensor Gauge Theory

In this subsection we discuss the U(1) lattice tensor gauge theory of A. We will present both
the Lagrangian and Hamiltonian formulations of this lattice model.

For each site (7, #, 9, 2) on a Euclidean lattice, there are three gauge parameters //'U%) (# &, 7, ) =
e NEE0.5) (with i #£ j # k) satisfying 772 pv(E)#@v) = 1 at every site. This means that
the gauge parameter is in the 2 of Sy in the notation of Appendix [A]

The gauge fields are placed on the links. Associated with each temporal link, there are
three gauge fields 20" (7,%,7, 2) satisfying U e r2@v) — 1 e, they are the 2 of Sy.
Associated with each spatial link along the % direction, there is a gauge field U¥ in the 3'.

The gauge transformations act on them as

and similarly for U¥* and U=®.
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Let us discuss the gauge invariant local terms in the action. The first kind is a plaquette
on the 7z-plane:

LT3(7,2,4,2) = U™ (7, 2,9, 2) U2 (7, 2,9, 2 + 1) UM (7 + 1, 2,9, 2) "L U@ (7, 2,4, 2) 7}
(6.4)
and similarly for L™ and L™. This term becomes the square of the electric field in the
continuum limit. The second kind is a product of 12 spatial links around a cube in space at
a fixed time:

L(7,2,9,2) = UY(7, 4,3, 2) U= (7,2 + 1,4, 2) U (7,4,§ + 1,2) " U™ (7, 4,3, 2)
X UV(5,2,0,2+ 1) U (7,8 + 1,9, 2+ YU (7,2, 0+ 1,2+ DU (7,2,9,2+ 1)
x U™(7,2,9,2) U (7,2 +1,9,2) U7, 2+ 1,5+ 1,2) U™ (7, 2,9+ 1,2) "
(6.5)

This term becomes the square of the magnetic field in the continuum limit. The Lagrangian
for this lattice model is a sum over the above terms.

, T,
U+

In addition to the local, gauge-invariant operators ([6.5)), there are other non-local, ex-
tended ones. For example, we have a line operator along the z* direction.

Lk

10" (6.6)

k=1

As in Section [5.1] in the Hamiltonian formulation, we choose the temporal gauge to set
all the U295 to 1. We introduce the electric field £ such that Q%Eij is conjugate to the

phase of the spatial variable U% with Je the electric coupling constant. It differs from the
electric field in the continuum by a power of the lattice spacing, which can be added easily
on dimensional grounds.

At every site, we impose Gauss law
GFW(2,,2) = B¥(2,9,2 + 1) — E¥(&,§,2) — B*(2 + 1,9, 2) + E*(2,§,2) =0 (6.7)

and similarly Glvlz = (0 and Gl = 0.

The Hamiltonian is a sum of (E)2 over all the links plus a sum of L over all the cubes,
with Gauss law imposed by hand. Alternatively, we can impose Gauss law energetically by
adding a term 3. [(GF¥%)? 4 (GF*v)? 4 (G1%)?] to the Hamiltonian.

The lattice model has an electric dipole symmetry whose conserved charges are propor-
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tional to
Le Ly
> ET(E g0, %0), > BV (@0, 3, ) - (6.8)
z=1 =1

There are 4 other charges associated with the other directions. They commute with the
Hamiltonian. These two electric dipole symmetries rotate the phases of U¥ along a strip on
the zx and yz planes, respectively.

6.2 Continuum Lagrangian

The 3 + 1-dimensional Lagrangian for the pure tensor gauge theory of A is

C— %EE - iB (6.9)
Note that g. has mass dimension 0 and §,, has mass dimension 1. The equations of motion
are

% OB = —% VB,

Je Im (6.10)

BT — 9 EM =0.

Equivalently, the second equation, which is Gauss law, can be written as 20FE% — &' ki —
dEM =0,

There is also a Bianchi identity

N 1 A

6.3 Fluxes

Let us put the theory on a Euclidean 4-torus with lengths ¢7, ¢* (¥ ¢*. Consider a bundle
with transition functions g;) at 7 = (":

say) _ salys) _ 2TZ y(aa)
9o =90 = 9o =V (6.12)
This means that
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Such gauge field configurations realize a nontrivial electric flux:

ez, y) = ]{dT]{dz E™ € 2. (6.14)
The Bianchi identity implies that
0,0, (z,y) =0 (6.15)
and therefore the electric flux can be written as
EV(w,y) = & (@) + EV(y) (6.16)

Electric fluxes along the other directions are realized in similar bundles.

To realize the magnetic flux, we consider a bundle whose transition function at z = ¢* is

~z(yz z z
779 = —or [Z0(y — yo) + 20(z — 29) — 2| |

(@) e 2 tvez

V) 6.17
Iy =0, (6.17)
Sa(ay) __ ar(y2)
Iy = 9@

the transition function at y = ¢¥ is

~w(yz) _

Iy =0,

VD) _ 2 O(r — Loy — o) - 2

g = —2m | 20 —w0) + 70z = 20) — 7] (6.18)

~z(xy) _ ~y(ex)

I T TIw
and there is no nontrivial transition function at z = ¢*, i.e. Lf]fz()” ) = 0. This means that as
we go around the z direction, the gauge field changes by

Al(r,0 =7, y,2) = A(r,0 = 0,,2) + Ohittyy (6.19)

and similarly for the y, z directions.

We should make some comments about the transition functions (6.17) and (6.18)).

First, these transition functions have their own transition functions. For example, the

transition functions gfé;j ) on the yz-plane have their own transition functions at y = ¢v:

G Ly ) _ong(s — ), ghGR)  grn)  gslen g

(
() (@) Y (x) (@) (a

;Ey) +210(z — 2z9) . (6.20)
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Such a need for transition functions for transition functions is standard in higher form gauge
theories.

Second, we argued in Section that the configuration should not be included
in the ngﬁ continuum field theory. Its energy is of order 1/a and it is not protected by any
global symmetry. In fact, it violates the global winding tensor symmetry of the light modes.
However, here the transition functions (6.17)) and (6.18) are similar to (4.47). Why should
we include them? The point is that unlike the é—theory, here these transition functions

do not violate any global symmetry. Furthermore, as we will see below, the energy of the
configurations with these transition functions are of the same order, 1/a, and they are the
lightest states carrying the global symmetry charge. We conclude that when studying singu-
lar configurations in the continuum A gauge theory, we must consider gauge transformations
and transition functions that are not important in the continuum qg—theory.

Third, as always, the transition functions can change by performing non-periodic gauge
transformations. For example, the transformation

Ty xyz
—0O(z — 29) — (mgygz ,

x
-0y — o) + 20y

z
Oz — o) + 4oy

52W2) — _pEEy) — 9 [
« & T Iz
avEE) —

(6.21)
exchanges x with z in (6.17) and (6.18). While changing the transition functions, this does
not change the bundle.

Using the transition functions (6.17]) and (6.18])

fdyj{dzB fdz@ azgf ;cy 2716 (x — x0)

j{dxfdyB j{dya 8Z§(Z fy = 2m0(z — 2p), (6.22)

j{dz]{da:B fdz@ az =2718(y — yo) -

By taking linear combinations of such bundles, we realize the general magnetic flux

b = / dxjfdy]{dzé € 21, (6.23)
z1

and similarly for the other directions. The Bianchi identity (6.11)) implies that
0.b=0. (6.24)

Hence the magnetic flux is constant in time.
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These fluxes correspond to operators that multiply to 1 on the lattice. The electric flux
(6.14) corresponds to the product []. . L™ =1 on the lattice. Similarly, the magnetic flux
(6.23) corresponds to the product Hy 5 L =1 on the lattice.

6.4 Global Symmetries and Their Charges

We now discuss the global symmetries of the tensor gauge theory of A.

6.4.1 Electric Dipole Symmetry

The equation of motion (6.10)) is recognized as the current conservation equation

D JY =0T (6.25)
with currents 5
Jy = - EY
9 f (6.26)
J = — B.
Im

The second equation of (6.10]) is an additional differential equation
I T =0, (6.27)

imposed on Jéj . We will refer to (6.26|) as the electric dipole symmetry. This is the continuum
version of the lattice symmetry .

The charges are

2 ~ A~
QIC™,2) = —= dr E** + dyEzy) (6.28)

ge Ccryve(z,y) <

where C™ is a closed curve on the xy-plane. The differential condition (6.27)) implies that
the charge is independent of small deformations of the curve C*¥. The symmetry operator

26 = nEzs [y z
o] A (de vy E ) . (6.29)

Here the strip is the direct product of the segment [z, 25] and the curve C*¥ on the zy-plane.
Similarly, we have operators along the other directions. The electric dipole symmetry acts

is a strip operator:

u(ﬁ;zla Zzacxy) = exp {—’i
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on the gauge fields as
A% — A% 4 &Y (x) +
e o A g () 1 e (a), (6.30)
A o A () +

parametrized by six functions ¢ (z?) of one variable.

The electrically charged operator is a line operator
Wk, 27) = exp {z]{d:vk A“] : (6.31)

This is the continuum version of the gauge-invariant operator on the lattice. U and
W* obeys the following equal-time commutation relation

U(B; 21, 20, C™) W (o, 20) = e PIE W) W2 (4o, 20) U(B; 21, 20,CY), i 21 < 29 < 23,
(6.32)
and they commute otherwise. Here I(C*, ) is the intersection number between the curve
C*™ and the y = yo line on the xy-plane.

Only integer powers of W* are invariant under the large gauge transformation &*(#) =
—&Mk) = %g—fk &) = 0. Tt then follows that the exponent 3 is 2w-periodic. Therefore, the

global structure of the electric multipole global symmetry is U(1) not R.

We also have gauge invariant strip operators:
A ZQ A A A
P(z1,29,C) = exp {z/ dz}{ <0ZAyzda: — 0, A% dy — ayAxydyﬂ , (6.33)
21 C

where C is a closed curve on the xy-plane.

6.4.2 Magnetic Dipole Symmetry

The Bianchi identity (6.11]) is recognized as the current conservation equation

1 .
OoJoy = éﬁﬁj(}” (6.34)
with currents 1
Jo=—8,
2 (6.35)
JI = — [
27
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We will refer to (6.35)) as the magnetic dipole symmetry. This symmetry is absent on the
lattice.

The conserved charge operator of the magnetic dipole global symmetry is

Qe = 5 pio' faw . (6.36)

The symmetry operator is a slab with finite width in the k£ direction

Uij(B; 2% %) = exp [zﬁ / da® Qm(xk)] = exp [Z? / da® %dw’j{dm] B (6.37)
K T Jak

7

The magnetically charged objects under the magnetic dipole global symmetry are point-
operators. They are monopole operators. The monopole operator €’® can be written in

terms of the dual field ¢. See Section [6.8]

6.5 Defects as Lineons

There are three species of particles, each associated with a spatial direction. A charge +1,
static particle associated with the z° direction is described by the following defecﬂ

exp [z / thgU’“)} . (6.38)

[e.9]

A particle of species z¢ can move in the zi-direction by itself. This motion is captured
by the following line defect in spacetime

Wi(:cj, 2%, C) = exp {z/ (flé(jk)dt + Ajkdxiﬂ , (6.39)
c

where C is a spacetime curve on the (¢, z')-plane representing the motion of a particle along
the z'-direction. The particle by itself cannot turn in space; it is confined to move along the
x'-direction. This particle is the probe limit of the lineon.

A pair of lineons of species, say, z with gauge charges +1 separated in the z direction
can move collectively not only in the x direction, but also the y direction. This motion is

1We can study the Euclidean version of this defect and let it wind around the Euclidean time direction.
Then, invariance under the large gauge transformation 6°0%) = —47(*) = 27rZ &k = 0 quantizes the
charge.
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captured by the defect

P(21,2,C) = exp {z/ dz/ (@flg(yz)dt + 0, A% dx — 0, A% dy — %A”ydyﬂ (6.40)
z1 C

where C is a spacetime curve in (¢, x,y). We will refer to this dipole of lineons as a planon
on the (z,y)-plane.

In the special case when C is at a fixed time, then the defects (6.39) and (6.40) reduce
to the operators (6.31)) and (6.33]), respectively.

6.6 Electric Modes

In this subsection we study states that are charged under the electric dipole symmetry (6.26]).

Consider plane wave modes in R*! in the temporal gauge flé(j M =0

Ald — C«ij eiwt—i—ikixi : (6.41)
with C in the 3'. The dispersion relation is
g2
wh |2 w? — K2KD — kIR — kKD = 0. (6.42)

e

There are three solutions for w?.

Consider first the case of generic momenta. Two of the solutions have zero energy w? = 0.
They are the two residual pure gauge modes. The remaining one is

9
w? = %
Im

(K22 + k2k2 + kD) (6.43)

It leads to a Fock space of “photons.”

When two of the momenta, say k, and k,, vanish, the energy is zero for all k.. Let us
study it in more detail. In this case, the equations of motion become degenerate, and we
have three solutions for w? all having w? = 0.

The analysis of the gauge modes is different than for generic momenta. In order to
preserve k, = k, = 0, the gauge transformation parameter must be independent of z,y,t
and therefore it leads to a single pure gauge mode

AW = 9,67 A¥ = A" = 0. (6.44)
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In position space, the remaining two zero-energy solutions are
AW =0, A”=F¥(z), A" =F"(2), (6.45)

for any functions F¥*(z), F**(z). Combining all three directions, we have 6 zero-energy
solutions, each a function of one variable.

These modes are acted by the electric dipole symmetry (6.30). Therefore we will refer to
them as the electric modes.

Let us quantize these modes on a 3-torus with lengths ¢* (Y, (%

JUR B . 1 . A
A= S + ). (6.46)

We will focus on A®¥; the analysis of the other two components is similar. The Lagrangian
for these momentum modes is

L= %ei {zyfdx(fgyf + £"”7§dy(f;y)2 n 27{da:f§yj§dyf;y} . (6.47)

The quantization of these modes is identical to that of the momentum modes of the 2 + 1-
dimensional ¢-theory (1.1)). See Section 4.1 of [3] for details.

The conjugate momenta are

! (L, ) =

(ﬁyffy(t, x) + ]{ dyfé”y(tvw) )
<£’”f;y(t,y) + %dwﬁ”%t,x)) :

N2 0z
get (6.48)

Tl (ty) = Iz

They are subject to the constraint:

]{ dor™ (z) = ]{ dym(y) . (6.49)

The point-wise periodicity of f*¥ implies that their conjugate momenta 7 are linear com-
binations of delta functions with integer coefficients:

«

Q(C ) = —mi¥(x) = Y Nib(x —wa),  Q(CI.y) = —m¥(y) = Y N§o(y — ),
E

Nv=3"Ni=> Ny, NI NjeZ.
a B

(6.50)
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Here {z,} and {ys} are a finite set of points on the x and y axes, respectively. C;Y is a
closed curve on the zy-plane that wraps around the z° direction once and does not wrap
around the other direction. Note that the momenta are the charges Q(Cy?, x), Q(C3Y,y) of
the electric dipole symmetry.

The minimal energy with these charges is

H:% €I;<N;a)25(0)+£y§(Ngﬁ>25(0)_<ny)2 : (6.51)

which is order é The charges and energies of the modes 7T§j associated with the other

directions can be computed similarly.

6.7 Magnetic Modes

In this subsection we discuss states that are charged under the magnetic dipole symmetry
(16.35]).

Minimally Charged States

The bundle realizing the minimal magnetic dipole symmetry charge is characterized by
the transition functions in (6.17) and (6.18]). The minimum energy configuration in this
bundle is:

N Y T Ty LY
A" =21 | —0O(x — Oy — —§(z — 29) — 2
T [MZ (= 20) + 7O = v0) + 7700 = %) Erﬁyﬁz] ’ (6.52)
AV = A =0.
Its magnetic field is
- 2
B = él‘ﬁjﬁz [056(x — o) + Y6(y — yo) + £70(z — 20) — 2] (6.53)
As a check, note that it is consistent with (6.22]).
The energy of this minimally charged state is
= fd jfd ]{d B e e e)5(0) - 7] (6.54)
= x 2B = —— - :
2 Y PRI ’

which is of order %
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General Charged States

A more general gauge field configuration carrying the magnetic dipole charges is

Azy _ Y x Ty 2Waxy
A" =921 W?Wxa@(.@ - xa> + W%Wyﬁ@(ZU - yﬁ) + (z 0y ;Wz75(2 — Z’Y) — W s

Av: = 4# =0,
Woar Wys, Wery €2, W= Woa=» W= W.,.
«a B8 Y

(6.55)
Its bundle is characterized by the following transition functions. The transition functions at

x = 0% are

~AT\Yz < y yz
g(m()y )= _or [Zz > W,50(y — yp) + w 2 Wer®(z = 2) = W£y122] ’
B

~y(za (6.56)
i =0,
~z(zy) _ ~x(yz)
I@) = Y@
The transition functions at y = ¢V are
~x(yz) _
Iy = 0,
~y(zx T xrz
= e £ S0t - £ Tt ) W] e
g
G2y quza)
I = I

And the transition functions at z = ¢* are trivial, i.e. Q?Z()” ) = 0. The bundle is labeled by
the integers W, o, Wy, W .

As in the A theory, the underlying lattice theory here also does not have the magnetic
symmetry and such bundles. Nonetheless, we can consider the points z¢, to be chosen from
a lattice with L? sites in the 2 direction. Then, we have L* + LY + L* — 2 distinct bundles
where the —2 comes from the constraints in (6.55)).

The magnetic field is

b= ﬁxéyfz Z Waad(@ = 7o) + ¥ 26: Wysd(y —yp) + €7 ; W..0(z — 2,) — 2W

(6.58)
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This realizes the general magnetic dipole symmetry charges
1 A
Qy:(x) = %j{dy]{dzB = ZWmﬁ(:p — 4),
Qza(y ]{ dz ]{ dzB = ZWy65 (v —ya), (6.59)
Quy (2 f{ da f dyB = ZWMcS

(6.55)) is the the minimum energy configuration with these charges. Its energy is

dm 2 z§ 2 2
H= W[ ZW +£46(0 Z 20+ 070 O)EWM—QW ., (6.60)

which is of order %

6.8 Duality Transformation

In this subsection we will perform a duality transformation on the U(1) tensor gauge theory
of A and show that it is dual to the non-gauge theory of ¢ in Section .

Let us rewrite the Euclidean Lagrangian as

1 n 1 -
EE — ~5 i +?B2
29: Im
; ) . (6.61)
Bi-< Al _ Ak(z‘j)_@z‘j) LB 200,47 — B
+ 3am P (9 O Ak + 5B ( 500,

where now £, B Bij, E are independent fields.

If we integrate out the Lagrange multlphers Bz], E, we recover the orlgmal Lagrangian
(6.9). Instead, we integrate out E¥ B to obtain EY = de B and B = zng The La-
grangian becomes

P nn L B
Lp= 25 BB, + 2 F
B gt P T g2 . (6.62)

7 . "L Ny 7 . n. .
B.. Al _ 9, ARGI) — EH:0. AT
T 2en Y (& - )+ 2(2m) 90
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Next, we integrate out Al k), A to find the constraints

&Bij = 6¢8jE,

. b (6.63)
(‘?kBZ-j — @Bkj =0.
These constraints are locally solved by a real scalar ¢
Y i® (6.64)
E=0¢.
The Euclidean Lagrangian written in terms of ¢ is then
9n > O 2
Lp = -2m (5 e _(9;0:0)2. 6.65
B = 1672 00+ 552(0:059) (6:65)

The nontrivial fluxes of E¥, B (see Section [6.3) mean that the periods of By;, E are quantized,
corresponding to the periodicities of ¢ in (3.5)).

When we Wick rotate to the Lorentzian signature, we have

T -
EY = -=290'0¢,
47

B=12mp,
A 0¢7
and the Lagrangian is
In_(906) — Yo (0,0,6)? (6.67)
L=-="-(0 — —=£(0;0,0)". :
1672 D00)" ~ 555 (0059)
Comparing with (3.3), the duality map is
~2 1 ~2
po=Im == e (6.68)

82’y 82

Under the duality, the momentum modes of ¢ are mapped to the magnetic modes of
A. Indeed, their charges ([3.27) and (6.59) and their energies and match. The
winding modes of ¢ are mapped to the electric modes of A. Again, their charges and
and their energies (3.32)) and (6.51)) match.

Finally, we summarize the analogy between the 3 4+ 1-dimensional A tensor gauge theory
and 2 + 1-dimensional ordinary gauge theory in Table [6]
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gauge
symmetry

field strength

Lagrangian g%E’Z-Ei — £%Bxmey 2;3 Ei ;B — $B2
flux f dr f dx'E; € 217 f dr f dz*E € 217,
$dx $ dyB,, € 217 f;g da' ¢ da? § de* B € 217
Gauss law OE;, =0 OFEi — §ipk = ()
eom 60E, = 8jBZ~j % 80EAij = —é 818j3,
Bianchi 0By = 0,E, — 0, E, B = 10,0,
identity
electric electric 1-form electric dipole
- i » af i foki | fokj
symmetry exp [zj—fj $dx Ej] exp [—Z% fz,f dz* fc (dm Eki dﬂEm) ]
magnetic magnetic 0-form magnetic dipole
symmetry exp [z% $dz ¢ dmey} exp [z% f;f dz' ¢ da? § dz® B}
electrically Wilson line Wilson line

charged object

magnetically
charged object

(2+1)d
U(1) gauge theory

A, — A, + 0,

Ei == 80141 - &AO
Bay = 0,A, — 0,A,

exp [@ $ dx"Ai]

monopole
exp [iy]

(3+1)d
U(1) tensor gauge theory A

Alg(ij) _>A§(ij)+ao&k(ij)
A — AT 4 Gk

B = 19,0;,A

exp [z $ dxk/lij}

monopole
exp [i¢]

Table 6: Analogy between the 34 1-dimensional U(1) tensor gauge theory A and the ordinary
2 + 1-dimensional U(1) gauge theory.
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6.9 Robustness and Universality

As we saw in Section , the U(1) A gauge theory is dual to the ¢-theory of Section .
Therefore the same conclusions on robustness and universality in Section hold true for
the A theory as well.
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A Cubic Group and Our Notations

The symmetry group of the cubic lattice (up to translations) is the cubic group, which
consists of 48 elements. We will focus on the group of orientation-preserving symmetries of
the cube, which is isomorphic to the permutation group of four objects Sy.

The irreducible representations of Sy are the trivial representation 1, the sign represen-
tation 1’, a two-dimensional irreducible representation 2, the standard representation 3, and
another three-dimensional irreducible representation 3’. 3’ is the tensor product of the sign
representation and the standard representation, 3' =1’ ® 3.

It is convenient to embed Sy C SO(3) and decompose the known SO(3) irreducible
representations in terms of Sy representations. The first few are

SO3) D S,
= 1
3
203
1®3¢3
= 1920303

© N 0w o=
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We will label the components of Sy representations using SO(3) vector indices as follows.
The three-dimensional standard representation of Sy carries an SO(3) vector index i, or
equivalently, an antisymmetric pair of indices [jk] H Similarly, the irreducible representations
of S; can be expressed in terms of the following tensors:

1 : S

1 Tuwy , i#j#k

2 ¢ Byw . i#3#k B+ Bywi + By =0 (A2)
Bigry » 17#J3#k  Bigk) + Bjki) + Briij) = 0

3 .V

3 . E, . itj By =Ej

In the above we have two different expressions, By, and Byjy), for the irreducible repre-
sentation 2 of Sy. In the first expression, By, is the component of 2 in the tensor product
33=1®2®3®3". In the second expression, B;(;x is the component of 2 in the tensor
product 3® 3’ =1'® 2@ 3 ® 3. The two bases of tensors are related ad"|

Bi(jky = Bpijik + Blrj »
1 (A.3)
Bijie = 5 (Bigmy = Bjen) -

In most of this paper, the indices i, j, k in every expression are not equal, ¢ # j # k
(see for example). Equivalently, components of a tensor with repeated indices are set
to be zero, e.g. E; = 0 and B;j; = 0 (no sum). The indices i, j, k can be freely lowered
or raised. Repeated indices in an expression are summed over unless otherwise stated. For
example, E; EY = 2E7 +2E} 4 2E>.. As in this expression, we will often use z,y, z both
as coordinates and as the indices of a tensor.
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