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Abstract

We derive the simplest commutation relations of operator algebras associated
to M2 branes and an M5 brane in the 2-deformed M-theory, which is a natural
set-up for Twisted holography. Feynman diagram 1-loop computations in the
twisted-holographic dual side reproduce the same algebraic relations.
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1 Introduction and Conclusions

In [1], Costello and Li developed a beautiful formalism, which prescribes a way to topo-
logically twist supergravity. Combining with the classical notion of topological twist of
supersymmetric quantum field theory [2,3], we are now able to explore a topological sector
for both sides of AdS/CFT correspondence. It was further suggested in [4] a systematic
method of turning an -background, which plays an important roles [5H10] in studying
supersymmetric field theories, in the twisted supergravity.

Topological twist along with {2-deformation enables us to study a particular protected
sub-sector of a given supersymmetric field theory |11H14], which is localized not only in
the field configuration space, but also in the spacetime. Interesting dynamics usually
disappear along the way, but as a payoff we can make more rigorous statement on the
operator algebra.

The topological holography is an exact isomorphism between the operator algebras of
gravity and field theory. In this paper, we will focus on a particular example of topological
holography: the correspondence of the operator algebra of M-theory on a certain back-
ground parametrized by €1, €2, which localizes to 5d non-commutative U (K) Chern-Simons
theory with non-commutativity parameter e EL and the operator algebra of the worldvol-
ume theory of M2-brane, which localizes to 1d topological quantum mechanics(TQM). In
particular, [18] proved the isomorphism between two operator algebras. The isomorphism
was manifested by the mathematical notion, so called Koszul duality [18].

The important first step of the proof was to impose a BRST-invariance of the 5d U (K)
CS theory coupled with the 1d TQM. 5d CS theory is a renormalizable, and self-consistent
theory [17]. However, in the presence of the topological defect that couples 1d TQM and
5d CS theory, certain Feynman diagrams turn out to have non-zero BRST variations.
For the combined, interacting theory to be quantum mechanically consistent, the BRST
variations of the Feynman diagrams should combine to give zero. This procedure magically
reproduces the algebra commutation relations that define 1d TQM operator algebra, A, e, .
It is very intriguing that one can extract non-perturbative information in the protected
operator algebra from the perturbative calculation.

In fact, both the algebra of local operators in 5d CS theory and the 1d TQM opera-
tor algebra A, ¢, are deformations of the universal enveloping algebra of the Lie algebra
Diff., (C) ® glx over the ring C[e;]. Deformation theory tells us that the space of deforma-
tions of U (Diff,(C)®gly) is the second Hochschild cohomology HH?(U (Diff.,(C) @ gl )).
Although this Hochschild cohomology is known to be hard to compute, there is still a clever

The 5d CS theory that appear in this paper is always meant to be a certain variant of the usual 5d
CS theory with topological-holomorphic twist and with non-commutativity turned on in the holomorphic
directions.
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way of comparing these two deformations |1§]: notice that both of the algebras are de-
fined compatibly for super groups GLg gjr, and their deformations are compatible with
transition maps GLg gr <> GLg{ri1|r41, SO they are actually controlled by elements
in the limit

H2(li§nHC*(U (Diff, (C) ® gl griR))) (1)

and the limit is well-understood, it turns out that the space of all deformations is essentially
one-dimensional: a free module over C[x] where & is the central element 1 ® Idx. Hence
the algebra of local operators in 5d CS theory and the 1d TQM operator algebra are
isomorphic up to a xk-dependent reparametrization

h Zfi("&)hi (2)
=1

where f;(k) are polynomials in .

Later, in [19] the same algebra with K = 1 was defined using the gauge theory ap-
proach, and a combined system of M2-branes and M5-branes were studied. Especially, [19]
interpreted the degrees of freedom living on Mb5-branes as forming a bi-module M., ., of
the M2-brane operator algebra, and suggested the evidence by going to the mirror Coulomb
branch algebra [20}21] and using the known Verma module structure of massive super-
symmetric vacua [22,23]. Appealing to the brane configuration in type IIB frame, they
argued a triality in the M2-brane algebra, which can also be deduced from its embedding
in the larger algebra, affine gl(1) Yangian [24}-27].

Crucially, [19] noticed U(1) CS should be treated separately from U(K) CS theory
with K > 1, since the algebras differ drastically and the ingredients of Feynman diagram
are different in U(1) CS, due to the non-commutativity. As a result, the operator algebra
isomorphism should be re-assessed.

Our work was motivated by the observation, and we will solve the following problems
in a part of this paper.

e The simplest algebra A, ., commutator, which has €; correction.

e Feynman diagrams whose non-trivial BRST variation lead to the simplest algebra
commutator.

Next, we will make a first attempt to derive the bi-module structure from the 5d U(1) CS
theory, where the combined system of the M2-branes and the Mb5-brane is realized as the
1d TQM and the 8 — systenﬂ Especially, we will answer the following problems.

e The simplest algebra A, ,, bi-module M, ., commutator, which has €; correction.

e Feynman diagrams whose non-trivial BRST variation lead to the simplest algebra
Ae, ¢y, bi-module M., ., commutator.

Our work is only a part of a bigger picture. The algebra A, ., is a sub-algebra of
affine ¢gi(1) Yangian [19], and there exists a closed form formula for the most general
commutators, which can be derived from affine gi(1) Yangian. One can try to derive the
commutators from 5d U(1) CS theory Feynman diagram computation.

Going to type IIB frame, the brane configurations map to Y-algebra configuration [28].
Here, the general M2-brane algebra is formed by the co-product of three different M2-
brane algebras related by the triality. The local operators supported on M5-branes form a

20ne way to understand the appearance of 8 —~ system is to go to type ITA frame, where the M5-brane
maps to a D4 brane, and the 11d supergravity background maps to a D6-brane. D4-D6 strings form 4d
N = 2 hypermultiplet. Under the Q-background, the 4d N' = 2 hypermultiplet localizes to S system [11].
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generalized W) 1 algebra [28]. The  — v Vertex Algebra that our M5-brane supports is
the simplest example of this generalized Wi .,. Hence, we are curious if our story can be
further generalized to the coupled system of the 5d U(1) CS theory and the generalized
Wi 400 algebra.

1.1 Structure of the paper

After reviewing the general concepts in section we show the following algebra commu-

tator in
[[2, 1], ¢[1,2]],, = e1€2[0, 0] + €1€5t[0, 0]£[0, 0] (3)

where [o]., is the O(er) part of [e], t{m,n] € A ,. The detail of the proof is shown in
Appendix The commutation relation was successfully checked by 1-loop Feynman
diagram associated to 5d CS theory and 1d TQM. This is the content of section §4|
We collected some intermediate integral computations used in the Feynman diagram in
Appendix

Next, we show the following algebra-bi-module commutator in §3.2]
[t[2,1], b[zl]c[zo]]El = e162t[0, 0]b[2"]c[2%] + e1€2b[2°)c[2"] (4)

where b[z"™], c[z™] € M¢, e,- The detail of the proof can be found in Appendix We
reproduced the commutation relation using the 1-loop Feynman diagram computation in
the 5d CS theory, 1d TQM, and 2d S coupled system. This is the content of section
We collected some intermediate integral computations used in the Feynman diagram in
Appendix and Appendix

Note added: recently, complete commutation relations for the algebra Ae, e, was pro-
posed in [29].

2 Twisted holography via Koszul duality

Twisted holography is the duality between the protected sub-sectors of full supersymmetric
AdS/CFT [31-33], obtained by topological twist and Q-background both turned on in the
field theory side and supergravity side. The most glaring aspect of twisted holographyﬂ is
an exact isomorphism between operator algebra in both sides, which is manifested by a
rigorous Koszul duality. Moreover, the information of physical observables such as Witten
diagrams in the bulk side that match with correlation functions in the boundary side is
fully captured by OPE algebra in the twisted sector [37].

This section is prepared for a quick review of twisted holography for non-experts. The
idea was introduced in [1] and studied in various examples [4}|15][18,/19,138,39] with or
without Q-deformation. The reader who is familiar with [4] can skip most of this section,
except for and where we set up the necessary conventions for the rest of
this paper. These subsections can be skipped as well, if the reader is familiar with [19].
Also, see a complementary review of the formalism in the section 2 of [19].

After defining the notion of twisted supergravity in we will focus on a particular
(twisted and Q—deformed) M-theory background on R; x C%,, x C¢; x Ce, x Ce,, where
NC means non-commutative, and ¢; stands for Q—background related to U(1) isometry
with a deformation parameter ¢; in N M2 branes extending R; x C., leads to
the field theory side. As we will explain in §2.3] a bare operator algebra isomorphism

3 A similar line of development was made in [341135], using twisted Q-cohomology, where Q is a particular
combination of a supercharge Q and a conformal supercharge S [36]. In the sense of |11], Q-cohomology is
equivalent to Qv -cohomology, where Qv is the modified scalar super charge in 2—deformed theories.



SciPost Physics

between twisted supergravity and twisted M2-brane worldvolume theory is given by an
interaction Lagrangian between two system. Due to this interaction, a perturbative gauge
anomaly appears in various Feynman diagrams, and a careful cancellation of the anomaly
will give a consistent quantum mechanical coupling between two systems. Strikingly, the
anomaly cancellation condition itself leads to a complete operator algebra isomorphism,
by fixing algebra commutators. This will be described in To discuss holography, it
is necessary to include the effect of taking large N limit and the subsequent deformation
in the spacetime geometry. We will illustrate the concepts in In we will explain
how to introduce M5-brane in the system and describe the role of M5-brane in the gravity
and field theory side. In short, the degree of freedom on Mb5-brane will form a module
of the operator algebra of M2-brane. Similar to M2-brane case, anomaly cancellation
condition for M5-brane uniquely fixes the structure of the module.

2.1 Twisted supergravity

Before discussing the topological twist of supergravity, it would be instructive to recall
the same idea in the context of supersymmetric field theory, and make an analogue from
the field theory example.

Given a supersymmetric field theory, we can make it topological by redefining the
generator of the rotation symmetry M using the generator of the R-symmetry R.

M — M=M+R (5)

As a part of Lorentz symmetry is redefined, supercharges, which were previously spinor(s),
split into a scalar @), which is nilpotent

Q2 =0, (6)

and a 1-form @,. Because of the nilpotency of (), one can define the notion of Q-
cohomology.

Following anti-commutator explains the topological nature of the operators in Q-
cohomology— a translation is Q-exact.

{Q:Qu} =Py (7)

To go to the particular Q-cohomology, one needs to turn off all the infinitesimal super-
translation g except for the one that parametrizes the particular transformation dg gen-
erated by Q.

More precisely, if we were to start with a gauge theory, which is quantized with BRST
formalism, the physical observables are defined as BRST cohomology, with respect to
some Qprsr. The topological twist modifies () prsr, and the physical observables in the
resulting theory are given by Q’zpgp-cohomology.

@prst — Qprsr = QBRST + Q (8)

As an example, consider 3d N = 4 supersymmetric field theory. The Lorentz symmetry
is SU(2) or and R-symmetry is SU(2) g x SU(2)¢, where H stands for Higgs and C stands
for Coulomb. There are two ways to re-define the Lorentz symmetry algebra, and we choose
to twist with SU(2)¢, as this will be used in the later discussion. In other words, one
redefines

M — M =M+Rc¢ 9)
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The resulting scalar supercharge is obtained by identifying two spinor indices, one of
Lorentz symmetry « and one of SU(2)¢ R-symmetry a

o —  Qua (10)
and taking a linear combination.
—_ 0t -

This twist is called Rozansky-Witten twist [40], and will be used in twisting our M2-brane
theory.

One way to start thinking about the topological twist of supergravity is to consider a
brane in the background of the “twisted” supergravity. If one places a brane in a twisted
supergravity background, it is natural to guess that the worldvolume theory of the brane
should also be topologically twisted coherently with the prescribed twisted supergravity
background.

Given the intuition, let us define twisted supergravity, following [1]. In supergravity,
the supersymmetry is a local(gauge) symmetry, a fermionic part of super-diffeomorphism.
As usual in gauge theories, one needs to take a quotient by the gauge symmetry, and
this is done by introducing a ghost field. As supersymmetry is a fermionic symmetry,
the corresponding ghost field is a bosonic spinor, g. Twisted supergravity is defined as a
supergravity in a background where the bosonic ghost ¢ takes a non-zero value.

It is helpful to recall how we twist a field theory to have a better picture for presumably
unfamiliar non-zero bosonic ghost. One can think the infinitesimal super-translation pa-
rameter € that appears in the global supersymmetry transformation as a rigid limit of the
bosonic ghost ¢. For instance, in 4d N' = 1 holomorphically twisted field theory [41-44],
with Q paired with e, the supersymmetry transformation of the bottom component ¢ of
anti-chiral superfield ¥ = (¢, 4, F') transforms as

S =e&p, 0 =ie 0p+ic_0p+ eF (12)
As we focus on Q-cohomology, we set e, = 1, e = € = 0, then the equations reduce into
56 =0, 6 =1i0¢p (13)

In the similar spirit, in the twisted supergravity, we control the twist by giving non-zero
VEV to components of the bosonic ghost q.

Indeed, [1] proved that by turning on non-zero bosonic spinor vacuum expectation
value (q) # 0 with anfL‘B g = 0 for a vector gamma matrix, one can obtain the effect of
topological twisting. We can now compare with the field theory case above @: Q*>=0
with @ # 0. One can think of € as a rigid limit of q.

The operator algebra of twisted type IIB supergravity is isomorphic to that of Kodaira-
Spencer theory [46]. The following diagram gives a pictorial definition of the two theories,
which turned out to be isomorphic to each other.
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T

Kodaira-Spencer Theory

Figure 1: Starting from type IIB string theory, one can obtain same theory by taking two
operations— 1. String field limit, 2. Topological twist— in any order.

Notice that the topological twist in the first column of the picture is the twist applied
on the worldsheet string theoryEL whereas that in the second column is the twist on the
target space theory.

Lastly, there are two types of twists available: a topological twist and a holomorphic
twist, and it is possible to turn on the two different types of twists in the two different
directions of the spacetime. The mixed type of twists is called a topological-holomorphic
twist, e.g. [47]. Different from a topological twist, a holomorphic twist makes only the
(anti)holomorphic translation to be Q-exact; after the twist we have @ and @, such that

{Q,Q.} =P; (14)

Hence, the holomorphic translation is actually physical(not Q-exact), and there exists non-
trivial dynamics arising from this. [1,4] showed that it is possible to discuss a holomorphic
twist in the supergravity. It is actually important to have a holomorphic direction to keep
the non-trivial dynamics, as we will later see.

2.2 ()-deformed M-theory

Similar to the previous subsection, we will start reviewing the notion of Q2-deformation of
topologically twisted field theory. To define £2-background, one first needs an isometry,
typically U(1), generated by some vector field V' on a plane where one wants to turn on
the Q-background. -deformation is a deformation of topologically twisted field theory
and physical observables are defined with respect to the modified @)y, cohomology, which
satisfies

Qv =Ly, where Qy = Q +iyuQy (15)

where Ly is a conserved charge associated to V', and iy is a contraction with the vector
field V#, reducing the form degree by 1.

As the RHS of is non-trivial, @y cohomology only consists of operators, which
are fixed by the action of Ly— O such that Ly O = 0. Hence, effectively, the theory is

4We thank Kevin Costello, who pointed out that the arrow from Type IIb string theory to B-model
topological string theory is still mysterious in the following sense. In Ramond-Ramond formalism, as the
super-ghost is in the Ramond sector and it is hard to give it a VEV. In the Green-Schwarz picture surely
it should work better, but there are still problems there, as the world-sheet is necessarily embedded in
space-time whereas in the B model that is not allowed.
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defined in two less dimensions, if the isometry group is U(1). More generally, one can
turn on -background in the n planes, and the dynamics of the original theory defined on
D-dimensions is localized on D — 2n dimensions.

In [4], a prescription for turning Q-background in twisted 11d supergravity was intro-
duced; we need 3-form field eC, along with U(1) isometry generated by a vector field eV,
where € is a constant, measuring the deformation. Similar to the field theory description,
in this background({q), C' # 0), the bosonic ghost ¢ squares into the vector field, €V to
satisfy the 11d supergravity equation of motion.

q2 = Qa(raﬁ)MQB = 6Vu (16)

The Q-background localizes the supergravity field configuration into the fixed point of the
U(1) isometry. From now on, we will call Q-background with parametrized by ¢; as €,
background. More generally, one can turn on multiple §2¢,-background in the separate
2-planes, which we will denote as C,,.

The topologically twisted and 2—deformed 11d background that we will focus in this
paper is

11d SUGRA: Ry x Che X Cey X TN1iey s (17)

where T'Ny,¢, ¢, is Taub-NUT space, which can be thought of as S} x R x C,,. The twist is
implemented with the bosonic ghost chosen such that holomorphic twist in (C?VC directions
E|and topological twist in Ry x C¢; X T'Ni.ey ¢4 directionﬂ The 3-form is

C =VINdZ AdZ (18)

where V% is 1-form, which is a Poincare dual of the vector field V on C,, plane.

The statement of twisted holography is the duality between the protected subsector
of M2-brane and the localized supergravity, due to the -background. We first want
to introduce M2 branes and establish the explicit isomorphism at the level of operator
algebras. Place N M2-branes on

M2-brane: Ry x {-} x C¢, x {-} (19)

To set up the stage for the concrete computation, it is convenient to go to type Ila frame
by reducing along an M-theory circle. We pick the M-theory circle as 5’612, which is in the
direction of the vector field V []

After reducing on 5’612, the Taub-NUT geometry maps into one D6-brane and N M2-
branes map to N D2-branes.

type ITa SUGRA : Ry x C3 x C., x R x C,,
D6-brane : Ry x C%o x Cq, (20)
D2-branes : R; x x Ce,
and 3-form C-field reduces into a B-field, which induces a non-commutativity [z1, z2] = €2

on (C?VC.
B = eadzy N dZy (21)

There are two types of contributions to gravity side: 1. closed strings in type Ila string
theory and 2. open strings on the D6-brane. It was shown in [4] that we can completely

SNC stands for Non-Commutative. This will become clear in the type IIa frame.

5As remarked, if one introduces branes, the worldvolume theory inherits the particular twist that is
turned on in the particular direction that the branes extend.

"For a different purpose, to make contact with Y-algebra system, type ITb frame is better, but we will
not pursue this direction in this paper.
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forget about the closed strings, so the open strings from the D6-brane entirely capture
gravity side.

Dé6-brane worldvolume theory is 7d SYM, and it localizes on 5d non-commutative U (1)
Chern-Simons on Ry x C%,, due to €,-background on C., [48]. The 5d Chern-Simons
theory is not the typical Chern-Simons theory, as it inherits a topological twist in R;
direction and a holomorphic twist in (C?VC direction, in addition to the non-commutativity.
As a result, a gauge field only has 3 components

A= Adt + Az dz) + Az,dZo (22)
and the action takes the following form.
1 2
S:/ dzld22<A*dA+A*A*A) (23)
€1 Rt XC?\TC’ 3

The star product %, is the standard Moyal product induced from the non-commutativity
of C?\,C: [21, z2] = €2. The Moyal product between two holomorphic functionsﬂ f and g is
defined as

1 9,0 5 1 a 0 g 0
g = €t 5351 €i11€ioga | 3 A AL 24
Freg=Foteqciigt 5,9+ € gagininiain (32’“ 971 f> (azjl 92, ) (24)
The gauge transformation A € Q°(R x C%) ® gllﬂ acting on the gauge field A is
A A+dA+ A, A], where [A,A] = Axe, A — Ak, A (25)

The field theory side is defined on N D2-branes, which extend on Ry x C,. This is
3d N = 4 gauge theory with 1 fundamental hypermultiplet and 1 adjoint hypermultiplet.
Since the D2-branes are placed on topologically twisted supergravity background, the
theory inherits the topological twist, which is Rozansky-Witten twist. We will work on
N = 2 notation, then each of A’ = 4 hypermultiplet splits into a chiral and an anti-chiral
N = 2 multiplet. We denote the scalar bottom component of the fundamental chiral and
anti-chiral multiplet as I, and J¢, and that of adjoint multiplets as X;' and Y;*, where a
and b are U (V) gauge indices. Those scalars parametrize the hyper-Kahler target manifold
M, which has non-degenerate holomorphic symplectic structure. This structure turns the
ring of holomorphic functions on M into a Poisson algebra with the following basic Poisson
brackets:

{Iaa Jb} = 527 {Xl?v ch} = 0404 (26)

It is known that the gauge invariant combinations of Q-cohomology of Rozansky-Witten
twisted N' = 4 theory is equivalent to the Higgs branch chiral ring. The elements of Higgs
branch chiral ring are gauge invariant polynomials of I, J, X, and Y:

IS(X™Y™)J, TrS(X™Y™) (27)

where S(e) means fully symmetrized polynomial of the monomial e.
Upon imposing the F-term relationlﬂ

(X, Y]+ 1J = €3, (28)

8The Moyal product is extended to a product on the Dolbeault complex QO’*((CQ) by the same formula,
except that the product between two functions becomes a wedge product between two forms.

9gl; Lie algebra factor comes from the simple fact that the theory is U(1) gauge theory. For now, there
is no essential difference between Q°(R x C)% ¢ and Q°(R x C)% ¢ ® gl1; however, having gl; rather than
gl makes a huge difference in the Feynman diagram computation, which will be discussed in

0Physically, one needs to impose the F-term relation, as it is a part of defining condition for the
supersymmetric vacua, as a critical locus of our specific 3d N' = 4 superpotential. Algebraically, F-term
relation forms an ideal of the ring of holomorphic functions on M.
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one can show two words in are equivalen@ up to a factor of eﬂ, and the physical
observables purely consist of one of them. Let us call them as

tm, n] = ;TrSXmY” (30)
In the €, -background, the Higgs branch chiral ring is quantized to an algebra and the
support of the operator algebra in 3d N = 4 theory also localizes to the fixed point of the
Q¢,-background. Therefore, the theory effectively becomes 1d TQM(Topological Quantum
Mechanics) [23,49,50].

In summary, two sides of twisted holography are 5d non-commutative Chern-Simons
theory and 1d TQM. Until now, we have not quite taken a large N limit and resulting
back-reaction that will deform the geometry. The large N limit will be crucial for the
operator algebra isomorphism to work and we will illustrate this point in the section

2.3 Comparing elements of operator algebra

As 5d CS theory has a trivial equation of motion: F' = 0, all the observables have positive
ghost numbers. Also, since R; direction is topological, the fields do not depend on t.
As a result, operator algebra consist of ghosts ¢(z1, 2z2) with holomorphic dependence on
coordinates of (C?VC, 21, z2. The elements are then Fourier modes of the ghosts.

c[m,n] = 9797, ¢(0,0) (31)

2122

The non-commutativity in (C?VC planes induces an algebraic structure in the holomorphic
functions on C?VC defined by the Moyal product.

b d b d d b )
(028, 22| = (028) w (528) — (528) %o (502) = DS 0s0 (39)
m,n

At the classical level (e; = 0), the operator algebra A¢ —g, of 5d CS theory is generated
by ghost fields ¢[m, n] with anti-commutativity relations, together with BRST differential
d. As a graded associative algebra, Ag ., is isomorphic to A* (Clz1, 22]e,) = A* (Diff,C),
note that here we identify z; as 0,, using the Moyal product. The BRST differential ¢ is
the dual of the Lie bracket, thus A. —g., is the Chevalley-Eilenberg algebra of cochains
on the Lie algebra g = Diff.,C®gl;, denote by C*(g). Note that here we treat the algebra
A =0, as an algebra over the base ring Cley, €3], so €1, €2 are algebraic parameters. At
the quantum level, the operator algebra A¢,—¢ ., receives deformations, we will denoted it
by Ae1,62'

On the other hand, the elements of the algebra of operators in 1d TQM in the large N
limit consist of ¢[m,n]. The defining commutation relations come from the quantization
of the Poisson brackets deformed by €, -background:

Las | = 1l X0, 5] = e1dge (33)
We will write the F-term relation with explicit gauge indices as follows.

X0Y) - XY+ LT = 636 (34)

"They are related by following relation:

IS(X™Y™)J = e, TrS(X™Y™) (29)

12Note that the ey factor, which was previously introduced as a measure for the non-commutativity in
the 5d CS theory, acts as an FI parameter in the 3d N = 4 gauge theory.

10
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We will call the algebra generated by t[m, n] with relations , as ADHM algebra or
Ae, .e,- Note that here we treat the algebra A, , as an algebra over the base ring Cley, €2].
This may seems to be strange at the first glance since t[m,n] is a priori defined over
Clef, e2], nevertheless the commutators between those t[m,n]’s only involve polynomials
in €1, so the algebra A, ., is well-defined over Cley, €3].

There is a one-to-one correspondence between c[m,n] and t[m,n], and [18] proved
an isomorphism between ‘A, ., = Ue,(g) and A, ., as Cley, ea]-algebras for 5d U(K)
Chern-Simons theory coupled with 1d TQM with K > 1, where !Aﬁh62 is a Koszul dual
of an algebra A%QEL The proof consists of two parts. First, one checks two algebras’
commutation relations match in the O(e;) order. Next, one proves the uniqueness of the
deformation of the universal enveloping algebra U(g) by €; that ensures all order matching.
It worth mentioning that in the classical limit e; — 0 the algebra A, ., does not agree
with the classical operator algebra of the ADHM mechanics, since the definition of the
algebra A, ., involves 1/e1, in other word, the isomorphism holds only at the quantum
level.

One of our goal is to extend the O(e€;) order matching to K = 1. It may seem trivial
compared to higher K, but it turns out that it is actually more complicated. We will give
the proof in §4 §5] The uniqueness of the deformation applies for all K including K = 1,
so we will not try to spell out the details in this work.

2.4 Koszul duality

Let us explain why in the first place we can expect the Koszul duality between 5d and
1d operator algebra in the large N limit. Further details on Koszul duality can be found
in [19}39,51,52]

The 5d theory is defined on Ry x (C?VC, where R; is topological and C?VC, and 1d TQM
couples to the 5d theory along R;. As explained in , there is a scalar supercharge Q
and 1-form supercharge ¢ that anti-commute to give a translation operator P;. We can
build a topological line defect action using topological descent.

Peap / 2] (35)

— 00

where
z(t) = Z c[m, nlt[m,n| (36)
The BRST variation of vanishes if x(t) satisfies a Maurer-Cartan equation:
(@, 2] + 2% =0 (37)

and if z € A ®'A for some A, the Maurer-Cartan equation is always satisfied. Hence, it is
natural to expect the Koszul duality between A, , and A, ¢,. So, the coupling between
the 5d ghosts and gauge invariant polynomials of 1d TQM is given by

Simt = /R tim, el . (38)

Now that we have three types of Lagrangians:

Ssqd ¢s + S1a Tom + Sint (39)

131t is known that for A¢, 0., = C*(g), the Koszul dual ‘A, —o ., is U(g) [45].
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We need to make sure if the quantum gauge invariance of 5d Chern-Simons theory remains
to be true in the presence of the interaction with 1d TQM. Namely, we need to investigate
if there is non-vanishing gauge anomaly in Feynman diagrams. Along the way, we will
derive the isomorphism between the operator algebras, as a consistency condition for the
gauge anomaly cancellation.

2.5 Anomaly cancellation

To give an idea that the cancellation of the gauge anomaly of 5d CS Feynman diagrams
fixes the algebra of operators in 1d TQM that couples to the 5d CS, let us review 5d U (K)
Chern-Simons example shown in [18]. Consider following Feynman diagram.

A A <
\ N\ VA NANAAT

to,0| = Ps My,

Figure 2: The vertical solid line represents the time axis. Internal wiggly lines stand for
5d gauge field propagators P;, and the external wiggly lines stand for Fourier components
5d gauge field.

The BRST variation(d A = dc) of the amplitude of the above Feynman diagram is non-zero.

e1€i(0:, AY) (0, ") K€ f<. 5[0, 0]¢[0, 0] (40)

where K, f& are a Killing form and a structure constant of u(K), and t[m,n] is an
element of ADHM algebra with gauge group G = U(N), and flavor group G=U (K).

To have a gauge invariance, we need to cancel the anomaly, and the gauge variation
of the following diagram has exactly factors like €;;(9;, A%)(9,c"):

41,0] 8, A to,1] a, A

,//\\ /\J N\ A SIS AN a .Jf\/{ \VAVANA S VAU 2V V]

[0, 1] 9., A t[1,0] 9, A

/’/\\ //’\jr\‘-\\/ AVAV AN Ao e //\\\J/\/ \VAVAN AN A YA PV
Figure 3:

12
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The BRST variation of the amplitude is

e1€ij(0:, A") 0z, ) KT [ fi (111,01, [0, 1]] (41)
Imposing the cancellation of the BRST variation between and , we obtain
[t[1,0],t[0,1]] = €1t[0, 0]¢]0, O] (42)

This is very impressive, since we obtain the ADHM algebra from 5d Chern-Simons theory
Feynman diagrams!

We will see that if K = 1, some ingredients of Feynman diagram change, but we can
still reproduce ADHM algebra with G = U(N), G = U(1).

2.6 Large N limit and a back-reaction of N M2-branes

Although we have not discussed explicitly about taking large N limit, but it was being
used implicitly in establishing the isomorphism between ‘A, ., and A, .

Here we explain some detail of taking large IV limit. First notice that there are homo-
morphisms 1N : O(T*Vi 1) = O(T*Vi n) for all N/ > N induced by natural embedding
CN — ', where

Vi.n = gly @ Hom(CK,CP), (43)

so that T* Vi n is the linear span of single operators I, J, X, Y, and the algebra O(T*Vi )
is the commutative (classical) algebra generated by these operators (with no relations
imposed). Then we define the admissible sequence of weight 0 as

{fv € O(T* Vi n) ™ N (fwr) = fn s (44)

and for integer r > 0, a sequence {fy} is called admissible of weight r if {N~"fyx} is
admissible sequence of weight 0 (e.g. the sequence {N} is admissible of weight 1), and
define O(T *VK.)GL' to be the linear span of admissible sequences of all possible weights.
It’s easy to see that O(T* Vi o)“L* is an algebra. Next we turn on the quantum deformation
which turn the ordinary commutative product to the Moyal product %, and it’s easy to
see that for admissible sequences {fn} and {gn}, {f~n *¢ gy} is also admissible. In this
way we obtained the quantized algebra O, (T* Vi o)%le.
The action of gl on Vg n induces a moment map

pigly = Oq (TViN), Bl XFY] - XIYF+ 179, (45)

We want to set the moment map to €3 times the identity, so we consider the shifted moment
map: . . ‘ .
fiey : 8ly = O (T*VkN), El = XFY] — X{VF + L7 — 28], (46)

which is GLy-equivaraint. Together with the Moyal product on O, (T*Vk N), fte, gives
rise to a GLy-equivaraint map of left O, (T Vi, n)-modules

Hey - 061 (T*VK,N) ®gly — 061 (T*VK,N)' (47)
Taking GL -invariance, we obtain the quantum moment map
Heo - <O€1 (T* VK,N) ® g[N)GLN - 061 (T*VICN)GLN' (48)

It’s easy to varify that the image of ji, is a two-sided ideal. Similar to O, (T*Vi )%l we
can define admissible sequences in (O, (T* Vi n)®gly )Y and call this space (O, (T*Vi +)®
al,)S. Quantum moment maps for all N give rise to

/1’62 : (061 (T*VK,O) ® g[o)GL. - 061 (T*VK,O)GL.v (49)

13
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and the image is a two-sided ideal, so we can take the quotient of O, (T*Vk o)™ by this
ideal, this is by definition the large-N limit denoted by O, (M$Z,).
From the definition above, we can write down a set of generators of O, (M%2,):

{N} and {I,S(X"Y™)J"} for all integers n,m > 0. (50)

Note that Costello also defined a combinatorical algebra Ag?rﬁf’ in section 10 of [18], which

depends on K but not on N. This is related to O, (M ,) in the sense that generators of

comb
AL, are

1
{N} and {—I,S(X"Y™)J"} for all integers n,m > 0, (51)
€1
when €; # 0. In the notation of [18] they corresponds to
D(0) and Sym(D(a {},1", 4m, B 1)) for all integers n, m > 0, (52)

respectively. Under the aforementioned correspondence between generators, A‘éffgb is iso-
morphic to O, (M3 ,) (Proposition 13.4.3 of [18]) when € is invertible.

The general philosophy of AdS/CFT [31] teaches us that the back-reaction of N M2-
branes will deform the spacetime geometry. In our case, since the closed strings completely
decouple from the analysis, the back-reaction is only encoded in the interaction related
to the open strings. More precisely, the back-reaction is already encoded in the 5d-1d
interaction Lagrangian , a part of which we reproduce below.

Spock — /R 40, 0]c0, 0]dt. (53)

Here, we can explicitly see N in t[0,0], as

€2

t0,0] = I.J/e1 = 176} /ey = N . (54)

where in the second equality, we used the F-term relation.
After taking large N limit, N becomes an element of the algebra A .,, which is
coupled to the zeroth Fourier mode of the 5d ghost, ¢[0, 0].

2.7 Mb5-brane in 2—deformed M-theory

We want to include one M5(D4)-brane in the story, and review the role played by the new
element coming from the bi-module on M5(D4)-brane in the boundary and the bulk.

y o] 1 2] 3 4 5 6] 7 8 9 10|

Geometry | R; | C, Cic Cey R 5512
M2(D2) | x | x X
M5 X X X X X X
D4 X X X X X

Table 1: M2, Mb5-brane

In the boundary perspective, it intersects with the M2(D2)-brane with two directions
and supports 2d N = (2, 2) supersymmetric field theory with two chiral superfields, whose
bottom components are ¢, ¢, arising from D2 — D4 strings. This 2d theory interacts with
the 3d A/ = 4 ADHM theory with a superpotential

W= pXep (55)
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where X is a scalar component of the adjoint hypermultiplet of the 3d theory.

A\
.
)y | X
i \
577 . /'/%
Y =
S pia.
//// \\\ o :////,/
."’ ’// // \\ \\I - ]
WX [ - >
\\\ ( N "I P o 1
N Vs — J~
\\\ rd />\\\,_7 77_//

~

Figure 4: 3d N' = 4 ADHM quiver gauge theory with G = U(N), F = U(1), decorated
with 2d N' = (2,2) field theory. X, Y are scalars of adjoint hypermultipet, and I, J are
scalars of (anti)fundamental hypermultiplet. The triangle node encodes the 2d theory. ¢
and @ are 2d scalars. In type IIA language, the circle, square, and triangle node correspond
to D2, D6, D4 branes, respectively.

A naive set of gauge invariant operators living on the 2d intersection are
IX"Y"p, oX"Y"J, oX"Y"p (56)
The superpotential reduces [19,[22] the above set into
M, e, ={0[Z"] =IY"), [2"] =Y "]} (57)

The set of 2d observables M, ., forms a bi-module of the ADHM algebra A, ,.
The difference between left and right actions of the algebra 4 on M, ., is encoded in
the form of a commutator:

[a’ m] = m’, where a € A, m,m/ S M61,62 <58)

To verify , we need to establish the commutation relations between the set of letters
{¢,p} and {X,Y, I, J}. Those are given by

IP(p,¢) = P(p, )1
JP(p,¢) = P(p,p)J
XiP(e.0) = Ple.9)X] -
Y P(p, ) = Plp, ) (Y} + ¢'¢j)
XipiP(p,3) = —€105,P(p, )
X;@ P, §) = —€10,, P, 3)

Again, the non-trivial commutation relations in the last three lines originates from the
effect of the particular superpotential W. For the derivation, we refer the reader to [19}22].

In the Q,-background, 2d N' = (2,2) theory localizes to a point, which is the origin
of Rt-
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// \\ ‘
\
= e Aﬂ 1€2
™ —_— (‘; M
- ~ | Ae e
p |

|
Figure 5: Left figure represents a coupled system of 3d A/ = 4 ADHM theory(the cylinder)
and 2d N = (2, 2) theory(the middle disk in the cylinder) from D2 branes and a D4 brane.
In the Q,-background, the system localizes to 1d 4+ 0d system.

Hence, the resulting system is ADHM algebra A, ., and bi-module M., ., of the algebra.

To study the bulk perspective, we need to study what degree of freedoms that M5-
brane support in the 5d spacetime R; x (C?VC and how the Mb5-brane interacts with 5d
Chern-Simons theory. 5d CS theory is defined in the context of type Ila, and M5-brane
is mapped to a D4-brane. The local degree of freedom comes from D4-D6 strings, which
are placed on {-} x C € Ry x C%,. These 2d degrees of freedom are actually coming from
4d N = 2 hypermultiplet, as the true intersection between D4 and D6 is C x C,,. In the
Q,-background, the 4d N/ = 2 hypermultiplet localizes to a 8 — ~ system [11]. Hence, we
arrive at  — v Vertex Algebra on C C (C?VC

y o] 1 2] 3 4 5 6] 7 8 9|

Geometry | Ry | C, C3c Cey R,
1d TQM | x

2d By X X

5d CS X X X X X

Table 2: Bulk perspective

The 8 — v system minimally couples to 5d Chern-Simons theory via

/C B(5+ Ax)y (60)

The observables to be compared with those of field theory side: b[z"] and ¢[z"] can be
naturally compared with the modes of 8 and v: 973, 07, and the Koszul duality manifests
itself by the coupling between two types of observables:

o }alﬂﬁ k1 / 8k2 2 (61)

where z = zo, and the integral on a point is merely for a formal presentation.
The following figure depicts the entire bulk and boundary system including the line
and the surface defect, and describes how all the ingredients are coupled.
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1DADHM QM Asa :
R; x C,
0D Bi-Module ® Bry
cecrc
R,

Figure 6: 5d Chern-Simons(R; x C%), 1d generalized Wilson line defect(R;), and 2d
surface defect(C C C3).

As explained in section we need to make sure if the introduction of the 2d system
is quantum mechanically consistent, or anomaly free. Imposing the anomaly cancella-
tion condition of 5d, 2d, 1d coupled system, we should be able to derive the bi-module
commutation relations defined in the field theory side. This is the content of

3 M2-brane algebra and Mb5-brane module
In this section, we will provide a representative commutation relation for the algebra A, ,

[a, a'} =ag+eay + ag + ..., wherea,d,a; € Aei e (62)

and a representative commutation relation for the algebra A, ., and the bi-module M., ,
for Ae, e,

[a,m] = mo + exmy +€ma + ..., where a € A, ey, M, m; € My o (63)

We first recall the notation for a typical element of A, ., and M, c,:

1 1
tim,n] = —TrS(X™Y"™) = —IS(X"Y™)J € Ac, o

€1 €1€2

1
bz = —IY™P € My eo (64)
€1
1
"] = — ¥ € Moy,
1
For the convenience of later discussions, we also introduce the notation:

1
Tlm,n] = :—jTrS(XmY”) = CIS(XMYT) € Aq (65)

Our final goal is to reproduce the A, ., algebra from the anomaly cancellation of 1-loop
Feynman diagrams in 5d Chern-Simons theory. So, it is important to have commutation
relations that yield O(e;) term in the right hand side, where €; is a loop counting parameter
in 5d CS theory.

3.1 M2-brane algebra

Since we have not provided a concrete calculation until now, let us give a simple computa-
tion to give an idea of ADHM algebra and its bi-module. It is useful to recall G = U(N),
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G=U (K) ADHM algebra, which serves as a practice example, and at the same time
as an example that explains the non-triviality of G = U(N), G = U(1) ADHM algebra,
compared to K > 1 cases.

It was shown in [18] that following commutation holds for G = U(N), G = U(K)
ADHM algebra.

[t[1,0],t[0,1]] = €1t]0,0]¢[0,0] or [IXJ,IYJ|=e(IJ)(IJ) (66)
This does not work for G = U(1). It is instructive to see why.

[TrX,TrY] = [X[,Y]] = 6i6er = 0les

v 67
_ Ne, (67)

Multiplying both sides by €3/e2, we can convert it into T'[m,n] basis:
[T[1,0], T[0,1]] = 2770, 0] (68)

The RHS of is different from crucially in its dependence on ¢;. The RHS of
is O(e}), but that of is O(e1). While it was sufficient to consider this simple
commutator to see the €; deformation of the algebra for G=U (K) with K > 1, we need
to consider a more complicated commutator to see O(e;) correction in the RHS.

In Appendix we will derive a set of relations that will determine all other relations,
of which the simplest ones are:

[t[3,0],t]0,3]] = 9t[2,2] + ;(Ugt[O, 0] — o3t[0,0]¢[0, 0])
(69)
[t[2,1],¢[1,2]] = 3t[2,2] — %(Ugt[o,()] — o3t[0, 0]¢[0,0])
where
oy = €1+ €3+ €e1e3, 03 =—€rex(€] + €2) (70)

To compare the commutation relation to that from 5d Chern-Simons calculation, we
need to make sure if the parameters of ADHM algebra A, ., are the same as those in 5d

CS theory. From [1§], the correct parameter dictionaryE is

1

(e1)apEM = (€1)cs, (62 + - = (€2)cs (71)

2 )ADHM

Hence, the commutation relation that we are supposed to match from the 5d computation
is
1

[t[2,1],t[1,2]] = 3t[2,2] — 3 ((e% + Ze%)t[0,0] + (€163 — f)t[o, 0]t[0,0]> (72)

There is one term in the RHS of that is in O(e€;) order:
1
[#[2,1],#[1,2]] = O(e)) = 5e1€3(0, 0]¢[0, 0] + O(e]) (73)

We will try to recover the O(e1) term from 5d Feynman diagram calculatiorﬂ in section
44} the general argument that gauge anomaly cancelation leads to the Koszul dual algebra
commutation relation is given in

14WWe thank Davide Gaiotto, who pointed out this subtlety.
'5The basis used in the Feyman diagram computation is T[m,n], not t[m,n]. However, the change of
basis does not affect any computation because the O(e1) term in is quadratic in .
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3.2 Mb5-brane module

We will use the commutation relations , , to compute the commutators be-
tween a € A, ., and m € M, ,, which are defined in (30), (57). When one tries to
compute some commutators, one immediately notices some normal ordering ambiguity in
a general module element m, which can be seen in following example.

[1XJ, (I§)(])] = [LX00, L (74)

Assuming that the order of letters is consistent with the order of fields in the real line Ry,
it is obvious that we need to place ¢%gy together, as they are defined at a point {0} € RB
However, it is ambiguous whether we put I,, J? in the right or left of $%py, as I,, J® are
living on R;. We will try to fix this ambiguity to prepare a concrete calculation.

Considering following normal ordering when writing a module element (1Y ¢)(¢J) will
be enough to fix the ambiguity.

& orl LiTEY (75)

We simply choose other letters like X, Y, I, J to be placed on the right side of ¢ and .

Still, there is an ordering ambiguity. For instance between two words:

|pp|IJY  wvs |pp|JIY (76)

We simply choose an alphabetical order to arrange letters. In other words, we use the
commutation relations until the letters in the word has a alphabetical order. When the
word has an alphabetical order, we contract the gauge indices to form a single-trace word,
and omit the gauge indices. For instance,

() =I¢"¢;]
(1Y 9)(J) :=I@ 1l 1x 'Y (77)
Q) () (1T) =|@ pi| ;T L. T
As a consequence, some more steps are needed for the following:
& or| LI T* T (78)

That is, we need to commute I; through J* to contract with J*. While doing this, we
necessarily use [I;, J k] = 6152’-g + J¥I;, which produces two terms.
Having fixed the ordering ambiguity, there is a few things to keep in mind additionally:

e We use F-term relation and the basic commutation relation between X and Y in
maximum times to get rid of X’s in the word, since the module only consists of ¢,
o, I, J, Y.

e To use F-term relation, we first need to pull the target XY (or YX) pair to the right
end, not to ruin the gauge invariance, and pull it back to the original position in the
word.

e To use the superpotential relations(X¢ = €105 or X = €,0,), we need to bring X
right next to ¢ or ¢.

16Recall that ¢, ¢ are chiral multiplet scalars that are localized at the interface(between the line and
the surface). In the ., -background, the interface localizes to a point. Hence, ¢, ¢ are localized to be at
a point on the line.
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Given the prescription, we would like to find a € A, ., and m € M, ., such that
the value of [a,m] contains O(e;) terms. To illustrate the prescription, let us consider
following simple example, which will not produce O(e;) term.

Example: [IXJ, (IYQ)(pJ)]

It is much clear and convenient to use closed word version for the algebra element. We
will recover the open word at the end by simply multiplying €5 on the closed words.

[TrX, (1Y) (pJ)] = (X) - (IY@)(pJ) — (1Y §)(¢]) - (X) (79)
Compute the first term:

X1 LY T¢ =|@%p| Lo (e16f + Vi X()J¢

b . . (80)
= e1|@"ec| I + (1Y §) (o) - (X)
So,
TrX, (1Y) (pJ)] = a1l 1p.T° (81)
=ea(lg)(pJ)
After normalization, by multiplying % both sides, we get
1

[T[1,0],b[z]c[1]] = e2b[1]c[1] (82)

There is no O(e;) correction. So, we need to work harder.
The first bi-module commutator that has an e¢; correction with some non-trivial de-
pendence on € is [TrS(X?Y), (1Y @)(¢J)]. After properly normalizing it, we have

[T[2,1], b[z]¢[1]] _< - gemo, 1]+ egb[l]cm)

4 el(-fszqcpqzqo,0]+-362bu]cp]>

(83)
+ e%< — ébmc[l]T[o, o]>

w

+£(—;mkmwmﬂ0

Here, we used the re-scaled basis T'[m, n| for A, ¢,. This is a better choice to be coherent
with the form of the bi-module elements, since b[z"] = IY"@ and ¢[2"] = Y™ J explicitly
depend on I and J. ["[We have shown the proof in Appendix

4 Perturbative calculations in 5d U(1) CS theory coupled to
1d QM

In this section, we will provide a derivation of the G = U(N), G = U(1) ADHM algebra
Ae, e, using the perturbative calculation in 5d U(1) CS. We will see the result from the

Y7Similar to the algebra case, there might be a shift in parameters ¢; and e; in 5d CS side; here, we
simply assumed that there is no shift: (€1)sq = (€1)1d—24, (€2)s5a = (€2)1d—24. If there were a shift in the
€2 dictionary, the tree level term may be a potential problem.
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perturbative calculation matches with the expectation (73)). The strategy, which we will
spell out in detail in this section, is to compute the O(e1!) order gauge anomaly of various
Feynman diagrams in the presence of the line defect from M2 brane(R! x {0} C R xC%,).
Imposing a cancellation of the anomaly for the 5d CS theory uniquely fixes the algebra
commutation relations.

Purely working in the weakly coupled 5d CS theory, we will derive the representative
commutation relations of the ADHM algebra (73):

e Algebra commutation relation
[t[2,1],[1,2] = ... + e1€5t[0,0]t[0,0] + ... (84)
where t[n,m| is a basis element of A, ,.

As we commented in the algebra basis used in the Feynman diagram computation
is T'[m,n|, which is related to t[m,n| by rescaling with e3. The effect of the change of
basis is trivial in (84)), so we will interchangeably use ¢[m, n] and T'[m,n] without loss of
generality.

4.1 Ingredients of Feynman diagrams

To set-up the Feynman diagram computations, we recall the 5d U (1) Chern-Simons theory
action on R; x (C?VC.

2
S == / dz1dzo <A *ey AA + = A ke A ke, A> (85)
Rt XC?\TC 3

€1
with |e1] <|e2] < 1. In components, the 5d gauge field A can be written as
A= Aydt + Az dz + Az, dZ (86)

with all the components are smooth holomorphic functions on R! x (C?VC.
Now, we want to collect all the ingredients of the Feynman diagram computation. It
is convenient to rewrite as

g1 / dondz, (AdA 24, A)) (87)
Rlx((lf\,c 3

€1

is equivalent to up to a total derivative. From the kinetic term of the Lagrangian,
we can read off the following information:

e 5d gauge field propagator P is a solution of
dz1 Ndzg NdP = 5t221222:0- (88)
That is,

Z12dW12dt 12 — W12dZ12dt12 + t12dZ12d W12

P(v1,v2) = (A(v1)A(v2)) = &,

(89)

where

v = (ti, i wi),  diy = \/t?j+!2ij!2+\wij!2, tij =t — (90)
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From the three point coupling in the Lagrangian, we can extract 3-point vertex. This
is not immediate, as the theory is defined on non-commutative background. Different
from U(N) CS, where the leading contribution of the 3-point vertex was AAA, the leading
contribution of the 3-point coupling of the U (1) gauge bosons starts from O(ez) A, AD, A.
The reason is following:

/dz/\dw/\A/\(A*EQ A)
_ / AN ((Adt + Azdz + Agd®) * (Adt + Asdz + Apda))
:/dz/\dw/\A/\[dt/\dz(At*Az—AZ*AtH—...] (91)
= / dz Ndw N AN [dt N dzZ (04 2€3 (0, A0 Az — 0y A0, Az)) + .. ]
— %, / dz A dw A AN [dE A d2(05 A As — D Ards As)] + O(E2)

Note that for U(N) case, SU(N) Lie algebra factors attached to each A prevents the O(9)
term to vanish. Still, U(1) C U(N) part of A contributes as O(ez2), but it can be ignored,
since we take e < 1.

Hence, in U(1) CS, the 3-point Ad, A0, A coupling contributes as

e Three-point vertex Zgp;:
Tapt = €2dz A dw (92)

Now, we are ready to introduce the line defect into the theory and study how it couples
to 5d gauge fields. Classically, ¢[n1, ns] couples to the mode of 5d gauge field by

/ tn1, n)0™ 972 Adt (93)
R

The last ingredient of the bulk Feynman diagram computation comes from the interaction
93).

e One-point vertex Iﬁ)t:
T lAt _ {t[nl, 120t 21 .20 if 971972 A is a part of an internal propagator (94)
P t[n1,no]01 072 A if 971072 A is an external leg

Lastly, the loop counting parameter is €;. Each of the propagator is proportional to
¢1 and the internal vertex is proportional to e;*. Hence, 0-loop order(O(e;°)) Feynman
diagrams may contain the same number of internal propagators and internal vertices and
1-loop order(O(e1)) diagrams may contain one more internal propagators than internal
vertices.

Until now, we have collected all the components of the 5d perturbative computation
, , , and . With these, let us see what Feynman diagrams have non-zero
BRST variations and how the cancelation of BRST variations of different diagrams leads
to the ADHM algebra A, ,.

4.2 Feynman diagram

The goal of this section is derive the O(ep)-term of [t[2,1],¢[1,2]] by Feynman diagrams.
We interpret the commutator [t[2,1],¢[1,2]] as the following difference between two tree
level diagrams
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t2,1] 820, A t[1,2] 8,02 A

"\ DA S~ A N\ f\-’/\\JA\// NGRS F Rt
VAVAVAYAVANS ANV W V- VAVAY, UAVaVaN

t[1,2] 9,02 A t2,1] 020, A

M\ AN~ /N f\ﬂ'\/\/ VAN VAV Ve V)
A VAVAYAVANS QP e Ve ¥ VAV VRV aN

Figure 7: There is no internal propagators, but just external ghosts for 5d gauge fields,
which directly interact with 1d QM. The minus sign in the middle literally means that we
take a difference between two amplitudes. In the left diagram ¢[1,2] vertex is located at
t =0 and t[2,1] is at t = €. In the right diagram, ¢[1,2] is at ¢ = —e and ¢[2,1] at t = 0.

The amplitude of the diagram is

t[2,1],¢[1,2]] 02,0, A10.,0%, As (95)

122

so the BRST variation of the amplitude is proportional to
(2, 1],¢[1,2]] 02,0, A10:,02,co + [t[2, 1], t[1, 2] 92, 0, ¢10., 02, Ao (96)

Note that the BRST variation on A fields is QprsrA = dc. At O(e1) level, this diagram
will cancel all anomalies coming from one-loop diagrams with two external legs coupled
to 02 0., A and 9,02, A respectively. Let’s enumerate those diagrams, there are two types
of diagrams:

(1) See figure

D .
A0 A
A NANA o
~VY VAVAVAVIVAVAV]
~N -
et S
) )
=~ <
NI el
s I ™~ \\\"\ <‘
t[m, TL] TAVAVAAAT S AVIVAVEN 2 g
‘/'%‘/V‘ 2
W3
ﬂ""tff\f A N
‘{J \"a / \j‘ VAVAVAVANAVAVAV,

828 A

Figure 8: A diagram, which has a vanishing amplitude.

(2) See figure 9|

23



SciPost Physics

tim, n]|\ /!

%% VA Aesaan >>‘ )
t[Tv S] \‘_/,4 \/ V'V AV AVAV AV V\‘l/i i
Py YA

VAN

L/L)l/\-, aiy a: A

Figure 9: The vertical solid line represents the time axis, where 1d topological defect is
supported. Internal wiggly lines stand for 5d gauge field propagators P;, and the external
wiggly lines stand for 5d gauge field A.

For the first diagram, we claim that the amplitude is always zero. This can be seen as
follows. Let U(1) act on z and w by rotation with weight 1, then propagators has weight
—2. For the interaction vertex, it contains integration measure dz A dw together with 0,
and 0,, in the interaction term so the total weight of the interaction vertex is zero. Each
external leg is of weight 3. Hence the total weight of the amplitude is —2 —m —n < 0,
i.e. it’s not invariant under the U(1)-rotation symmetry, so the amplitude must be zero.

For the second diagram, we will follow the approach shown in [30] and show that the
diagram has a non-vanishing amplitude if and only if m =n =7 = s = 0. And in the case
that it’s non-zero, it has a non-vanishing gauge anomaly consequently, under the BRST
variation QprsTA = Oc.

Let’s do the same analysis on the second diagram as the first one, i.e. let U(1) act on z
and w by rotation with weight 1, then the total weight of the amplitude is —n —m —r —s.
Hence the diagram is nonzero only if m = n =r = s = 0. In the following discussion, we
will focus on he case m =n=r=s5=0.

We first integrate over the first vertex (Pp 83(%,/1 P,) and then integrate over the
second vertex(P; 0,02 A P3).

First vertex(P, 020,A P,)
First, we focus on computing the integral over the first vertex:
616% / dwi ANdz A 821 P (?}0, ?}1) A 6Z26w1 Py (’Ul, 1)2)(2%11}1831 8w1A) (97)
U1

Note that 0,, and 0,,, comes from the three point coupling at v;:

AN O, AN Oy A (98)
And 0., comes from the 3-pt coupling at vs:

AN O AN Oy, A (99)

We will consider 0,,, later when we treat the second vertex.
The factor z%wlﬁfl Ow, A is for the external leg attached to v1, which is ¢[2, 1]. Basically,
this is an ansatz, and we can start without fixing m,n in ¢[m,n]. However, we will see
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that the integral converges to a finite value only with this particular choice of (m,n). For
a simple presentation, we will drop 851 Ouw, A, and recover it later.
After some manipulation, which we defer to Lemma 1 in Appendix becomes

2| w1 |?Z2 (w1adts — t1adiw
—/ dtldzldfldwldw1’21‘ ‘wl‘ z2<1§129 2 12 w2)
U1 d01d12

The integral can be further simplified by using the typical Feynman integral technique,
which can be found in Lemma 2 in Appendix [B.I] We are left with

(100)

C1 + ngg
5 7
d02 d02

+ (101)

2 2,2
C3Z2 CqpR5W
52(’@261752 — tgd?ﬂg) < 372 472 2)

doy — dy
with ¢; being a constant. Note that all the terms in the parenthesis has a same order of
divergence. So, it suffices to focus on the first term to check the convergence of the full
integral(we still need to do vy integral below.)

We will explicitly show the calculation for the first term, and just present the result

for the second, third and fourth term in (194). They are all non-zero and finite. We will
denote the first term as P, which is 1-form.

Second vertex(P 02 0.,A Ps)

Now, let us do the integral over the second vertex(vy). The remaining things are or-
ganized into

Z22 Y wo

/ P A 8w2P3(U2, Ug) A dzg N\ de(Zgw%a 62 A) (102)
v2

where we dropped forms related to vs, as we do not integrate over it. d,, comes from the
3-pt coupling at wve:
AN O AN Oy, A (103)

The factor zow3ds,02, A is for the external leg attached to v2, which corresponds to c[1, 2].
Again, this is an ansatz. We will see that only this integral converges and does not vanish
below. We will drop 9,02, A and recover it later.

z22 Y wo

The integral (102)) is simplified to

TR
— = —dtadzadwadwadzy (104)
dd,d?
v2 0223
The intermediate steps can be found in Lemma 3 in Appendix
Now, it remains to evaluate the delta function at the third vertex, and use Feynman
technique to evaluate the integral. By Lemma 4 in Appendix we are left with

(const)e1e3t]0, 0]t[0,0]02, 0., A0}, 02, As (105)
The BRST variation of the amplitude is

(const)e1e5t]0, 0]¢[0, 002, 0., A102, 02, c2 (106)

21 Y22

This indicates that the theory is quantum mechanically inconsistent, as it has a Feynman
diagram that has non-zero BRST variation. However, as long as there is another diagram
whose BRST variation is proportional to the same factors we can cancel the anomaly.
Hence, imposing BRST invariance of the sum of Feynman diagrams, we bootstrap the
possible 1d TQM that can couple to 5d U(1) CS.
An obvious choice is the tree level diagrams where (9,, A)(0,,A) appears explicitly:

25



SciPost Physics

By equating (106 and , we get
[t[2,1],t[1,2]] = e1€3t[0,0]£[0,0] + ... (107)

So, we have reproduced the O(e;) part of the ADHM algebra A, ., commutation relation
from the Feynman diagram computation:

[[2, 1], ¢[1,2]],, = e1€5t[0, 0]¢[0, 0] (108)

where [—, —], is the O(e;)-part of the commutator.

5 Perturbative calculations in 5d U(1) CS theory coupled to
2d By

In this section, we will provide a bulk derivation of the ADHM algebra A, ., action on
the bi-module M, ., of the ADHM algebra A, , using 5d Chern-Simons theory. The
strategy is similar to that of the previous section. We will compute the O(e;!) order
gauge anomaly of various Feynman diagrams in the presence of the line defect from M2
brane(R! x {0} ¢ R! x C%), and at the same time the surface defect from M5 brane on
({0} x C c R! x C%,). Imposing a cancellation of the anomaly for the 5d gauge theory
uniquely fixes the algebra action on the bi-module.

We will confirm the representative commutation relation between ADHM algebra and
its bi-module using the Feynman diagram calculation in 5d Chern-Simons, 1d topo-
logical line defect, and 2d B+ coupled system.

e The algebra and the bi-module commutation relation

[t[2,1], b[zl]c[zo]]61 = €165 1[0, 0]¢[2"]b[2°] + e1€a ¢[2°]b[2°] (109)
where ¢[z"] and b[z™] are elements of the bi-module.

5.1 Ingredients of Feynman diagrams

The generators of the 0d bi-module b[z"], ¢[2™] couple to the mode of /3, v through
/ 0216 - b= +/ 02y - e[ (110)
{0} {0}

where z = z5. The coupling is defined at a point, so the integral is only used for a formal
presentation.

From the coupling, we learn another ingredient of the 5d-2d Feynman diagram com-
putation:

e One-point vertices from (|110)):

75 _ b[2¥]6., if 9% B is a part of an internal propagator
1pt b[=*]0% B if 9% 3 is an external leg ’ 111)
111
I - c[2¥]6., if OF ~ is a part of an internal propagator
1es c[z*]0% v if 9% v is an external leg

In the case of multiple 3, internal propagators flowing out, we prescribe to keep
only one ¢, function.
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The fy—system also couples to 5d Chern-Simons theory in a canonical way:

1
- 85 - Az *e
- %ﬂ( > 2¥es )Y (112)

from which we read off the last ingredients of the perturbative computation:

e The vy propagator Pg, = (37) is a solution of

0z, P3y = 62,0 (113)
That is,
dz
Pgy = (B7) ~ Z—; (114)

e The normalized three-point (3, Asq,y) vertex :

Ty =1 (115)
Note that we are taking the lowest order vertex in the Moyal product expansion of ,
and normalize the coefficient to 1, for simplicity, in the following computation. Each S~
propagator contributes €, and each SA~ vertex contributes e; 1.

Recall that there was the gauge anomaly in the 5d CS theory in the presence of
the topological line defect. Similarly, the bi-module coupled with Sv-system provides an
additional source of the 5d gauge anomaly, since 8y system has the non-trivial coupling
with the 5d CS theory and is charged under the 5d gauge symmetry. For the
entire 5d-2d-1d coupled system to be anomaly-free, the combined gauge anomaly should
be canceled. The bulk anomaly cancellation condition beautifully fixes the action of the
algebra on the bi-module.

The simplest example involving the bi-module is akin to the first example of §4 notice
the similarity between Fig [2| and Fig As a result, the calculation in this section
resembles that of §4.2]

From the ingredients provided above, we can interpret the commutator [¢[2, 1], b[z"]c[2°]]
as the difference between two tree level diagrams:

d20,A

Figure 10: Feynman diagrams representing the commutator [¢[2, 1], b[z!]c[2°]]. The vertical
straight lines are time axis, and 8+ lives on the gray planes. S+ only flows out of the time
axis, but not flowing along the time axis. Note that there is no internal propagators of
any sort. All types of lines are external legs, they are modes of 5, v, A.

As Fig|10| does not involve any loops, the amplitude is simply
(112, 1], b[z")el="]] (820 A) (9. B)y (116)
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and its BRST variation is proportional to

[¢[2, 1], 0[z"]e[2"]] (820uc) (D) (117)

At O(ey) level, it will cancel the anomalies coming from all possible one-loop Feynman
diagrams with three external legs coupled to 920, A, v, and 9,3, respectively, so the only
possibilities are Figure [11] and Figure [12] which we will call the diagram I and the diagram
II, respectively.

920, A

Figure 11: The Feynman diagram I. The vertical straight lines are the time axis, and
the gray plane is where [~v-system is living. The internal horizontal straight lines are
B~ propagators and the external slant straight lines are modes of 8. Note that no 8y
propagates along the time axis. The SA~ three point vertex is restricted to the 8vy-plane,
but the AAA three point vertex can be anywhere in the bulk.

02,0, A

Figure 12: The Feynman diagram II.

Before we start doing concrete computations, we make a similar analysis to ADHM
algebra case, i.e. let U(1) rotates the z and w coordinates with weight 1, then § —
propagator has weight 0, Chern-Simons propagator has weight —2 and all interaction
vertices have weight zero. It follows that the Feynman diagram I has total weight —m —n,
and the Feynman diagram II has total weight 0. Hence the amplitudes for the Feynman
diagram I is nonzero only if m = n = 0, so in the later discussions we will impose the
condition that m =n = 0.
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5.2 Feynman diagram I

In this subsection, we will show that the amplitude for Fig [T1]is
(const) €1 920, A, B v c[2°]b[2"]t]0, 0] (118)

The factor z§w28§2 Ow, A is for the external leg attached to the top 3-point vertex, va. The
factor corresponds to ¢[2,1]. For the convenience of presentation, We will drop 82228sz
and recover it in the final result.

Along the way, we also show that the constant factor in front of is finite only if
the external legs are 920, A9, 3. For simplicity, we will abbreviate the leg factors during
the computation.

First vertex
First, we focus on computing the integral over the first vertex:

/ 6Z1 P (’U(), ’1)1) A (wldwl) A (z%dzl) A 8w1 Pg(?)l, UQ) (119)

v1

Note that 0,, and 9,,, comes from the three point coupling at v;:
€ANO, AN Oy, A (120)

In Lemma 5 in Appendix we showed how to evaluate (119)) and arrive at following
expression.

O T e LS

21 2w 2 + 17 + 2(1 — ) (2224 |w2|? + 3))7

where [dV]] is an integral measure for v; integral. We see from that it was necessary
to choose c¢[m,n|, B, to be c[2,1], f1. Otherwise, the numerator of would contain
holomorphic or anti-holomorphic dependence on z; or wy, and this makes the z; or w;
integral to vanish.

Also, we can drop terms proportional to |zs|?, since there is a delta function at the
second vertex that evaluates zo = 0. So, (121 simplifies to

|z P w2+ £ + 2(1 = 2)(|22]+wal? + £3))7

This is evaluated to )
cita . cata|wy|

(123)
dg dgs
where ¢; and ¢g are 1-forms of vy. Let us call them as 7332 and 7332 respectively.
Second vertex
Now, compute the second vertex integral, using the above computation:
1
/ ('P&Q + 7)022) AN dwgf(wg)(s(Zg =0,t = 6)
Vo w2
C1 02)
= — + — ) rdrdf 124
61/<T5+r37’7’ (124)

= 4nte; ! + !
43200[e] ~ 57600]e|3
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We can re-scale € to be 1, so the integral converges. Reinstating Gamma function factors,
we finally obtain

(const) = r(7/g)(;)(7/2) dnt (43;00 + 572300) - ;;ig (125)
Hence, the amplitude for the Feynman diagram is
(const)e1eat[0, 0]6[2°]c[2°) (820w A) (8 B)Y (126)
Its BRST variation is
(const)e1eat[0, 0]6[2°]c[2°] (820w c) (DwB)Y (127)

By equating (127)) and (117]), we reproduce from the 5d gauge theory (with Sv-system)
calculation part of the algebra action on the bi-module, which is

[¢[2,1], b[zl]c[zo]} = €169t[0, 0]6[2°]c[2°] + . .. (128)

5.3 Feynman diagram II
In this subsection we will reproduce the remaining O(e;)-term in (109)

[¢[2,1], b[zl]c[zo]]61 = ...+ e1eab[2°)c[2%] + ... (129)
using the Feynman diagram II, see Figure
The amplitude for the diagram is
(const)ezeb[2Y]c[20)] (130)

since there are 4 internal propagators(e}) and 3 internal vertices(e;>), one of which is

AOAOA type vertex(ez). We will explicitly show that (const) does not vanish and hence
the diagram has non-zero BRST variation, which completes the RHS of ((128]).

First vertex(Ps, Ou, [ 0:,P12)

First, we focus on computing the integral over the first vertex:

1
/ a(w1dw1)5(t1 = 0,21 = 0) A 0z, Pra(v1, v2) (131)
v1

Note that 0y, comes from the three point coupling at wvs:
AN O AN Oy, A (132)

This integral evaluates to
27r<t2d§2 + Zodta)Zo

- 5 (133)
5\/t2+] 222
We presented the details in Lemma 6. in Appendix
Third vertex(Pg, v Ow,Pa3)
Second, we focus on computing the integral over the third vertex:
1
/ f(dwg)(s(tg =0,23 = O) AN 8w2P(v2,213) (134)
vy W3
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Note that 0y, comes from the three point coupling at vs:

AN Oy AN Oy, A (135)
This integral evaluates to
o o 2 5|lwa|? + 2t2 + 2|22
_(tgdZQ — ngtz)l 5 3 ’ 2’ 2 ’ 25‘ (136)
PR NVBHRP VB wP

We presented the details in Lemma 7. in Appendix
Second vertex (0., P2 agzanA Ow, Po3)

Now, combine (133]) and ((136]), and compute the second vertex integral; here z5 w5 denotes
the external gauge boson leg.

/ dwa A dzg N (thZQ — Egdtz) A (tzdfg + ngtQ)Zg
v2

42 2B 2 5lwa|? + 2t3 + 2|22|?
x 2 /2 5 p) 3 p) 5

Towi/t+z2? \V/13+]z)? Vtst|ze 24 ws]?
A7ty 20| ( 2 B 5|w2|2+2t%+2|z2|2>

3 5
V13+|22]? V54224 we|?
(137)

We inserted (n,m) = (2,1) for the external gauge boson leg. Then, 23 pairs with 22,
and wg combines with 1/ w% to yield 1/wq. Since we do not have dws, the integral is
holomorphic integral. If (n,m) were other values, the integral will simply vanish.

In Lemma 8. in Appendix we show that (137)) is convergent, and bounded as

= / dwy N dzo N\ dZy N dity 5
v2 75w2\/t%+|22\2

c1 < (137) < ¢ (138)

where c¢q, co are some finite constants.
Hence, the amplitude for the Feynman diagram is

(const)e1eab[20]¢[2°)(020wA) (8w B)Y (139)
Its BRST variation is therefore non-vanishingﬂ

(const)e1eab[2Y]c[2°)(02 0w ) (8 B)Y (140)
This completes the remaining part of the algebra-bi-module commutation relation (?7?):

[t[2,1], b[zl]c[zo]]q = e1€2t[0, 0]b[2"]c[2"] + €1€2b[2°)¢[2”)] (141)

6 Conclusion

In this paper, we studied the simplest possible configurations of M2 and M5 brane in the
)—deformed and topologically twisted M-theory. In particular, we showed the operator
algebra living on M2 brane acts on the operator algebra on M5 brane and computed the

18We hope there is no confusion between the ghost for the 5d gauge field 929,,¢ and the module element

c[2"].
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simplest commutators. As the M2 and M5 branes are embedded in QQ—deformed and topo-
logically twisted M-theory, the field theories on the branes have twisted holographic duals
in the twisted supergravity. The dual side is interestingly captured by 5d non-commutative
Chern-Simons theory coupled to a topological line defect and a vertex operator algebra.
By computing several Feynman diagrams and imposing BRST invariance of the coupled
system, we demonstrated that the gravity dual computation can reproduce the operator
algebra commutator in the field theory. Lastly, we would like to end the paper with some
open questions for future research.

First of all, the derivation of 5d Chern-Simons theory as a localization of 2—deformed
and topologically twisted 11d supergravity is via type IIA /M-theory relation. We wonder
how one can derive 5d Chern-Simons theory by a direct localization of 11d supergravity.
We hope to study this point in future.

Second, the system we are considering in this work is the simplest configuration be-
long to the more general framework |19]. We can introduce more M2;-branes on R; x C,
and M5-branes on C x C; x Cy, where i € {1,2,3}, (j, k) € {(1,2),(2,3),(3,1)}, and
I = {1,2,3}\{j,k}. Using the M-theory / type IIB duality, we can map the most
general configuration to “GL-twisted type IIB” theory [53], where each M2-brane maps
to (1,0),(0,1),(1,1) 1-brane, respectively, and each Mb5-brane maps to D3-brane whose
boundary is provided by (1,0), (0,1),(1,1) 5-branes.

At the corner of the tri-valent vertex, so-called Y-algebra [28], which comes form D3-
brane boundary degree of freedom [54,55], lives. This Vertex Algebra is the most general
version of our toy model v system, and is labeled by three integers Ny, No, N3, each of
which is the number of D3-branes on three corners of the trivalent graph. So, in principle,
one can extend our analysis related to the M5-brane into Y-algebra Vertex Algebra. The
Koszul dual object of the the Vertex Algebra was called as universal bi-module Bg}gé\f 2N
in [19].

Moreover, our ADHM algebra from M2q-brane has its triality image at M2s-brane
and M2s-brane. It was proposed in [19] that there is a co-product structure in M2;-
brane algebras in the Coulomb branch algebra languagelﬂ Hence, one can generalize our
analysis related to the M2-brane into the most general algebra, obtained by fusion of three

M?2;-brane algebra. This was called as universal algebra A¢;5>" in [19)].

Acknowledgements

We thank Davide Gaiotto and Kevin Costello for crucial advice and encouragement in
various stages of this project, and their comments on our paper. We also thank Miroslav
Rapcak for his comment on the draft. JO is grateful to Dongmin Gang, Hee-Cheol Kim,
Jaewon Song for their questions during JO’s seminar at APCTP. These questions helped
us to shape the outline of the paper.

Funding information The research of JO was supported in part by Kwanjeong Edu-
cational Foundation and by the Visiting Graduate Fellowship Program at the Perimeter
Institute for Theoretical Physics and in part by the Berkeley Center of Theoretical Physics.
Research at the Perimeter Institute is supported by the Government of Canada through
Industry Canada and by the Province of Ontario through the Ministry of Economic De-
velopment & Innovation.

197t is equally possible to describe the M2-brane algebra in terms of Coulomb branch algebra, as the
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A Algebra and bi-module computation

In this appendix we derive some of the commutation relations for the algebra A, ., and
the bi-module M, ,.

A.1 Algebra

In this subsection we will take a closer look at the algebra A, ,. We begin with a formal
definition of the truncated version of the algebra: the (C[eli, €o]-algebra AN) is generated
by {X;,in,li, JI1 <i,j < N} with relations
(X, V]S + LJ" = €20, [ X5, Y]] = e16,05 , [V, Li] = €16] , (X5, X[ =Y}, ]=0
LJS(X"Y™): = (IS(X"Y™)J)
(142)
(_

where f(X,Y,I,J) means rearranging the expression f(X,Y,I,J) in the order I < J <
X <Y, (--+) means fully contracting all indices, the symbol S means symmetrization.

Similarly we define f(X,Y,I,J) as rearranging the expression f(X,Y,I,J) in the order
Y < X <1< J. The ADHM algebra A, ., is the large N limit of AN) where the limit is
taken in the sense of the procedure in section [2.6] The first relation is the F-term relation,
and the following lemma is an obvious consequence of the F-term relation:

Lemma 1.
(IS(X"Y™)J) = ea(S(X"Y™)) (143)

From now on we will use ¢, ,, to denote (S(X"Y™))/e1, note that these generators are
denoted by t[n,m] in the rest of this paper, but here we use the subscript to make the
presentation more compact. The following is clear

Lemma 2.

[t0,0ytn,m] =0 ; [tl,Oatn,m] = mtn,m—l s [tO,latn,m] = ntn—l,m

(144)
[t2,07tn,m] = 2Tntn#»l,mfl s [tl,latn,m] = (’I?’L - n)tn,m s [tO,Qatn,m} = _Qntnfl,m+1

This means that oo is central, the linear span of ¢ ,%1,1,%0,2 is isomorphic to slp, and
the linear span of ¢, , with m +n = L is a representation of sl of spin L/2.

Lemma 3.

ni n—1\¢ a b 1\i
(X, Y"E = nea(Y" 5= > (IV9);(Y0) (145)
a+b=n—1
(X, Y"]: = nez(Y”_l)} — Z (IY“)]-(YbJ)z (146)
a+b=n—1
In particular [X, Y]} = [X, Y]}
Lemma 4.
n m\i n m\t a+m\i b
Y"XY™)i = (Y'XY™) = —e > (YY) (147)
a+b=n—1
S 4 b
Y"XY™)i = (Y"XY™)=e Y (YY) (148)
a+b=m—1
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Combine Lemma [3] and [, we immediately see that

(X, V75 = [X, Y75 — (Y X)S + (Y X))
) S
=ne(Y" i = > (V)Y e Y (YY)
a+b=n—1 at+b=n—1 (149)
) —_—
=ne(Y" - Y (YY) +a Y (YY)
a+b=n—1 a+b=n—1
Proposition 1.
(IY);(YPT) = (1Y) ;(YPI) + e (YO)5(Y?) — er (YO (Y?)] (150)

Proof.

(IY*); (Y T) — (IY*);(Y*T)" = LJ™(Y)5(Y),, — (Y )50y, L™
= [LJ™, (YL (Y]
X, Y, (Y5

=[-
= (Y (V)L Y = (X Y] (Y)Y,

= (Y'[X, Y]Y“)j\- — (Y'[X, YY)

where in the third line we used the F-term relation and in the fourth line we uged the
equation [X, Y] = X, Y] (cf. Lemma . Then the result follows from Lemma O

Proposition 2.

(YUY ) (YPI)F = (1Y), (Yb+CJ) +ea (YY) — e (Y5 (") (151)
—
Y )R(YOD) (YO = (1Y) ("] o+ (Y (YPH)) — e (Y*H) (V)] (152)
Proof.
R0 = (o (V070 4 o) - )
= (1Y), (VD) e (YY) — e (Y (e
= () (Y ) e (V) (Y?) = er (V) (V2F°)
where we used Proposition [1] to move the direction of arrows back and forth. O

Proposition 3.

m—1
Xym 1
( ) _ tim + ———= Y (k+1)(YF)(ym=1=F) (153)
€1 m+1
k=0
m—1
(Y™X) 1 ke (vm—1—k
=ty — ——
o 1, T (k+1)(Y")(Y ) (154)
k=0
Proof.
Xym
m+ 1)) i, =LY (vt
€1 a+b=m
= ) (Nt
r4+s+t=m—1
Similar for the other one. O
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The Key Commutation Relation

There is a SLy-symmetry on the algebra A®) under which (X,Y) transforms as a
vector. We will use the following particular transform

bo: XX, Y=Y +aX

where « is a formal parameter. Consider

d

A=) (([Ya,X]YbX)+(XY“[X,Y”])):a

a+b=n—1

bo (XY™ + (Y"X)) — 2n(XY" 1 X)

(155)
This leads to

3A 4+ 2n([X, Y 1X]) + 2n([ XY™, X)) = 3%% (XY™ 4+ (Y"X)) — 2e1[t3.0, to.n)

= bneta n—1 — 2€1[t3,0, ton)

(156)
It follows that
3A n _ n e
= Bntan1 — oo — (X, YX]) - (XYL X))
61 €1 €1
= 3ntyy 1 — — + n Y ( (XY9)(Y?) - (Y“)(YbX)>
a+b=n—2
3A b u + 1
=3ntyp 1 — — XY, (Y 2 — (YY) (Y'Y
a1 =5 > IXYY), (Y] +2me Y oY IEFNET)
a+b=n—2 utv+w=n—3
3A —1(n-—2
261 2
ut+v+w=n—3
(157)
We have following assertion which will be proven in the end of this subsection
Lemma 5.
n—3 n
—62 €1 + €9 Z n — 2+ m)(Ym)(Ynfgfm) — 62(61 + 62) <3) (YniS)
m=0 (158)

+e%<3)<w-3>+2’;fl > e

u+v+w=n—3
Plug it into the equation [I57] and we obtain the following

Proposition 4 (The Key Commutation Relation). Let oo = e% + e% + €169 and o3 =
—e1€2(€1 + €2), then

2

m=0

30 303 i3
[t3,0,to,n] = 3ntan_1 + 2 <3>t0,n—3 + 22 Z (m+1)(n =2+ m)tomton—3-m (159)

Proposition [4] together with Lemma [2] actually determine all the other commutation rela-
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tions as following: first of all we have

[t3,07 tn,m] = Wadgo([t&o, tO,n-i—m])
m
3mt 4 3oz (Y,
=om — —_— _
n+2,m—1 2 3 n,m—3
30 m—3 n a+b+1 m+n:a7b72
+ 73 (a’ + 1)(” —a-+ 1) ( atl )(n+£ atd )ta,btn—a,m—3—b
b=0 a=0 ( m )

then for a 4+ b = 3, [tqp, tnm] is obtained by applying ads,, to [t3,0, %, m/]. Suppose that
[tab, tnm] is obtained for all @ + b < k and all pairs (n,m), then [ty410,tnm] can be
obtained by applying ads; , to [tx—_1,1,tnm|. Hence the general [t,,tn,n] is obtained by
induction on k.
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Proof of Lemma[3]

A= 3 (Yo, X]YPX) + (XY[X, YY)

a+b=n—1
ST

= Y ( > AV (VI X —ae(YPX) —a Y (Yt)(YerbX))
a+b=n—1 \s+t=a—1 s+t=a—1

+ ) (1)62()(1/”—2)+e1 Yoo XYHyty - Y X}(IYS)Z-(Yt*“J)j)

a+b=n—1 s+t=b—1 s+t=b—1
= > ( > Ile(YS+bXYt)lZ—aez(Y"*QX)—el > (Yt)(YerbX))
a+b=n—1 \s+t=a—1 s+t=a—1

%

+ > (b€2(XYn2)+61 do@xytyh - Y Ile(YSXYHa)f)

a+b=n—1 s+t=b—1 s+t=b—1

=€2 <Z> ([X, Yn72]) + €1 Z ((XY7"+S)(YS) _ (Yt)(YrJrsX))

r+s+t=n—2

+ > IkJZW_QGZ > )

r+s+t=n—2 r+s+t+u=n—3
— €162 Z (r+t+2)(Y)(Y")
r+s+t=n—3
< —

= > LJI)ttenF - YT sel JU(YTH DY

r+s+t+u=n—3 r4+s+t=n—2

+e Z ((Xerrs)(Yt) o (Yt)(Yr+sX))

r+s+t=n—2

n—3
=€ (€1 + €2) Z (m41)(n—24+m)(Y™)(Y"3™) — e3(e1 + €2) (g) (Y3
m=0

+e Z ((XYrJrS)(Yt) o (Yt)(yr+sX))
r+s+t=n—2

n—3
—alr-te) 3 me+ D24 mIMETT) aa +a) () 00

m=0

+e Y s (YO F28 Y (it DEYHE)EY)

r+s+t=n—2 u+v+w=n—3

n—3
—ala ) 3 me+ D -2+ mMETET) —aa +a) () )

m=0

n 2ne?

sa(p)omo Bt T e
utv+w=n—3

(160)

Some explanation: from 5th equality to 6th equality, the essential computation is the
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following:

Z Ile(Iyr+S)l(Yt+UJ)k — Z IleI J] (Y’f‘-i-s)z(Yt-f-u)j
r+s+tt+u=n—3 r+s+t+u=n—3

— Z IkIZJ]Jl<YT+S);(Yt+U)§ + € Z

I JJ 514 (Yr+s)f (Yt—%-U)?
r+s+t+u=n—3

r+s+t+u=n—3

= Y LIRSyt Y

r+s+t+u=n—3

tea > LIS (v
r+s+tt+u=n—3

=eplertea) D (Y”S)(Y”“)—@el(g>(Y"3)

r+s+t+u=n—3

lsJ ; k
IkJ 51] (YT‘+S)’ZL(Yt+’U,)j (161)
r+s+t+u=n—3

Then we define m = r + s, then there are m + 1 ways of decomposing m as r + s, similarly

there are n — 3 — m + 1 ways of decomposing n — 3 — m as t + u, hence the result can be
simplified to

n—3
aler+€2) Y (m+1)(n=2+m)(Y™)(Y"3™) - 361 (3) (Y"3) (162)
m=0

O
A.2 Bi-module
The simplest algebra, bi-module commutator that has €; correction in the RHS is
[T[2,1],b[z]c[1]] —< - 262T[0, 1]+ 6%[)[1]6[1])
4
+ € (—ezb[l]c[l]T[O, 0] + 362b[1]c[1]>
4 (163)
+ ei( — gblUlel1]T(o, 0])
1
+ é{’( — 3b[1]c[1]b[1]c[1]>

We will prove it in this section.
Let us expand the LHS.

[S(X?Y), (IY 3)(pJ)] :é(XXY +XYX+YXX) - (IYP)(pJ)

: (164)
—3IY)(p]) - (XXY + XYX +YXX)
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Compute the first term:

(XXY) - (IY@)(pJ) = X X3 |80 1Yy JYG + XV X5 |G e 0| LYy T
=@l X? (16,05 + V5" X3)JYg + a1 X7|¢" (600 + Sgepe) | 1Yy T

=1 @[ LX) TV + €1|@ pel La(10567 + Vi XD) X3 TYG + e1]@ ol 1 XYy T
+ e1|@" el I (X) VT

=e1(—€)(IYJ) + 1|0 LT XAYE + (IV @) (9 J)(X2Y) 4 (—e1)er (IY )
+ e1|@ @l Lo (€16 + Vi (X)) JC

= —dea(Y)+a(IXY@)(p]) + (IY @) (p)) - (XXY) — efes(Y)
+IP)(pd) + a(IY @) (0 ])(X)

= —2e(Y) + e (IXY Q)(p]) + (IY @) () - (XXY) + €1 (1) ()
+ e (1Y) (pJ)(X)

(165)

So,
[(XXY), (IY@)(p])] = = 2eie2(Y) + e (IXY @) (pJ) + €1 (19) (] (166)
+ea(IY@)(pJ)(X)
Next,

(XY X) - (IY@)(pJ) = X{Ya | @ pel La(€1050G + Yy X§) T
=€1|@% el o X7 Y5 J° + €11F 0e@ 0ol lo XD T+ pe | 1 X7 Yy Vi X5 J¢

+ @ e ol L XY X5 T
=e1(IXY Q) (pJ) + e1(—e1) (@) (1) + (15)(J))

@ el la(e15y65 + Vi XD) Yy X§ + (—e1) (18" 02l LYy X5 T+ G pel Vi (X))
= (IXY@)(pJ) — € (pp) (1) — £(Ig)(pJ) + e1] @ pe| 1Ty X

+ (IY @) (0)) (XY X) — €1]@ 02| La(—€16507 + X3V ) IO — e (1Y @) (9] )(X)

=a1(IXY @) (pJ) — € (20)IT) — e§(I3)(pJ]) + e1|@’ el 11 J(—e1 N &g + X3V

+ (IY Q) () (XY X) + €1 (pp)(I]) — e1(—e1)(IY )
=l (IXY@)(pJ) — €(I@)(0]) — IN(I)(p]) — (1Y J) + €1 (1Y )

+ ({YQ)(pJ) (XY X)
=a1(IXY @) (o)) — €(I3)(p]) —eiN(I)(p]) + (1Y ) (0 ]) (XY X)

o | e

(167)
So,

(XY X),(IY§)(p])] = et(IXY @) (pJ) — €(I2)(pJ) — N(I§) () (168)
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Next,

(YXX) - (IY@)(p]) = V|3l 1a X5 (16506 + Vi X5)J¢
=Y |G 10 X5 T + Y |3 el La(€16,05 + Y X3) X5
=e1(—e)) IV J) + e1YP |3 e L X§ T+ 0@ o1 [ L Vi X3 X5 T + (IV ) (p]) (Y X X)
= —deY)+a(XY)(pJ])+ea(-Ne)(I@)(pJ])
+ 1|3 0’ o1 | T X§ T+ 3 0 1| Ta(— 1856, + X3 V") X5JC + (IY &) (0 ) (Y X X)
= —ea(Y) +a(IXYQ)(pJ) — Nel(I3)(pJ) + e1(—e1) (@) (12) ()
+e1(—e) (@) (1)) — e1|@ 0’01 | X5 T
+ () (|@"0el LYy T (X)+|E el L Y5 X5 ) + (IY @) (0 ]) (Y X X)
= —de(Y)+a(IXY@)(e]) — N(I)(pJ]) — € (2p) (1) (pJ) — € (@p)(1])
—e1(—e1)(IP)(pJ) — er(—e1)(Pp) (1) — er(IY ) (p])(X)
—e(—aN)Ig)(p]) — er(—e)) IV T) + (IY @) (0 ) (Y X X)
i

=a1(IXY @) (o)) —a(IY ) () (X) + & (1@)(0]) — € (20) 1) (2 ])
+ [V @) (p])(YXX)

(169)
So,
(YXX),IY@)(p))] = (IXY @) (p]) — e (IY ) (p])(X) + €1 (1) (]) (170)
— e (pp)(I@) (0 ])
Collecting above, we have
S(X2Y),(IY ) wJ] é — 226 (Y) + e1(IXY @) (pJ) + (1) (@J)
+ea (1Y) (p))(X) + e (IXY @) (pJ) — (Ig)(p]) — eiN (1) ()

+e(IXY@)(pJ) — (1Y ) (9 J)(X) + (1) (pJ) — 6?(@@)(@)(@))

= A(IXYP)(p]) ~ 2delY) - 2ANIR)(e]) - 1A @R I5) ()

11 (pd)

3
(171)
We are not done yet, since (IXY @)(¢J) is reducible by the F-term relation.
1@l N XY =e1|@ e LT (XFYy — (IoJ" — €2dp))
=e1(—e1)(IYJ) — e1|@ el (JI — e16§) [oJ" + ere2(19)(0])
=—(IYJ) - 61|<,5 pel(loJ + e1d) 11T + €1(12)(pJ) )

+erea(Ip)(pJ
=—a(IYJ) - el(IsO)(«pJ)(IJ) — (@) (1) + (1) (pJ)
+ e162(1@)(0J)
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Plugging this into , we get
[S(X?Y), (1Y @)(p])] = (—i(IY ) = e1(I9) (9 ])(1]) = €1 (39) (1) + €1 (1) (9]

+aallg)e)) - 3da) - 3A@EIF) )

1 - 1 .
— 3ANUIP) (@) + 3ei(IP)(w])
(173)
After normalization, by multiplying € both sides, and using the identitym
€1
(pp)ea = (I@) (¢ ) (175)
we have .
(2 11 fael1] =( -~ SeaTi0.1] + {1l
4
+ € <—ezb[1]c[1]T[0, 0] + 3621)[1]0[1])
(176)

+ e%( - %b[l]c[l]T[O, 0])

4 é( _ ;b[l]cmbmcm)

B Intermediate steps in Feynman diagram calculations

B.1 Intermediate steps in section 4.2
Lemma 1.
We will compute the following integral.
616% / dwi ANdz A 821 P ('U(), ?)1) A 8Z26wl Py (1)1, 1)2)(2%'[1}1831 8w1A) (177)
U1

Computing the partial derivatives, we can re-write it as

zZ1 w
616% <d21d41(w12122)> [P(’U(], v1) Adwy A z1dzy A P(vy, UQ)] (178)
01 12

Note that we ignore all constant factors here. We see that

dz1dwy dt
L (Zo1wiadts — Zortiadis + Wortiadz)
d01d12 (179)

— Wo1 Z12dta + to1 Z12ds — to1Wi2dZ2)

P(Uo,vl) A P(U1,U2) =

20The identity can be derived using the F-term relation:
@i([X, Y+ L)~ ezdf)soj =0

(Y) = (Y)+ Ip)(pJ]) — e2(pp) =0
(IP)(pJ) = e2(Py)

(174)
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Including Adw; A (z1dz1)A, we can simplify it:

P('U(),'Ul) A P(’Ul,vg) A (wldwl) A (zldzl) = dz1dz1dwidw dty (\z1]2\w1|222) X

[0 <501U112dt2 — Zo1t12dwg + Wort12dZe — Wo1Z12dts + o1 Z12dwa — t01w12d512>
2
0 5,7, (180)
05 (Z01W12dts — Zo1t12dWy + Wort12dZ2 — WorZ12dl2 + to1Z12dWa — Lo1W12dZ12)
djidis

By integration by parts, the the integral over t1, 21, Z1, wi, w; of all the terms in the first
two lines vanishes.
So we are left with

|z |wr |2z2(w19dts — tiadivs)
d d

/ dt1dz1dz1 dwy dwq (181)

v1
Lemma 2.

We can use Feynman integral technique to convert (181)) to the following:

/ /1 dr F(7) \/$3(1 — x)7\21]2]w1]222(w12dt2 — tlgdﬁ)g)
) 5/2)0(9/2) (1 — z) (|21 P+ w1 |2 + 17) + 2(|z12>+ wiz]? +135))7
_ / /1 du (F factors) \/m‘21|2|w1|222 (U_)lgdtg - tlsz_Jg)
(Iz1 = w2oP w1 — 2w ]? + (t1 — wt2)? + (1 — @) (|22[*+|w2| + t%))(7182)

Shift the integral variables as
21 — 21 +x22, w1 — w1+ xTWw2, U1 — 1+ xl (183)

Then the above becomes

/ / I'(7) V3 (1 — )7 21 + 2222wy + zws|? 2

L'(5/2)T(9/2) (|z1]24|w1]? + 3 + z(1 — z)(|22|2+|we|? + 3))7 (184)
X ((ﬂ)l + (x — 1)?1)2)dt2 — (tl + (l‘ — 1)t2)dw2)

Drop terms with odd number of ¢; and terms that has holomorphic or anti-holomorphic
dependence on zy or wy:

/ /1 g L7 23(1 —x)%(|z1[* + 2®[2*) (w1 |* + 2% |wa|*) Z2(wadts — tadibn)
5/2)I'(9/2) (I P+ w1 ? + 8] + 2(1 — 2) (|22 +w2 | + 13))7

(185)
After doing the vy integral using Mathematica with the integral measure
dt1dz1dz1dzodZs, we get

2 2 2,2
_ _ _ CQU/Q 0322 C4221,U2
dte — tad 186
ZQ(UJQ 2 2 U/Q) (d5 + d7 + dgg dgz ) ( )
Lemma 3.
We will compute the integral over the second vertex.
/ P A 8w2P3(v2, ’Ug) A dzg N dwg(z2w28228w2A)
(187)

A dws N dzo

Zggdwgdtg — WosdZodty + t23d22dw2)
P Y T
23
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Now, compute the integrand:

22 (ﬂ)gdtg — tgdwg)wg (EggdwgdtQ — WogdZodty + tzgd?gdﬂ)z)

A dwy A dz
&, o
20, |4
ty—t3—t
_ |zof*|wy ’dg 27 3 2)dt2d22dw2dw2d22
. ’2‘w02‘4;3 (188)
— %dtgdfzdi&dwzd@ substitute t3 = ¢, then,
dpodas
20, 14
_ ‘@uiwf“dmdzzd@dwzdm
d2,d
02023
We can rescale € — 1, without loss of generality, then it becomes
2 4
29| |w
_%dtdeQdWde2d22 (189)
dgodas

Lemma 4.
Now, it remains to evaluate the delta function at the third vertex. In other words, substi-
tute:

wy —0, 2z3—=>0, t3—>e=1 (190)

Then, use Feynman technique to convert the above integral into

__ Ie) / dm/ Va3 (1 — x)°| 2w |*
I'(5/2)1(7/2) 225 + w3 + (t2 — 1)?) + (1 — 2) (23 + w3 + 13))S
B F(G) Va3 ( 1—1’ Y529 |2 |wa|*
~ e ), @[ ATy oy
B F(6) a:3 1 —m) |22 |2 wa|*
T T(5/2)T(7/2) / d””/w (2 +wd+8+a(l—x))8

In the second equality, we shifted to to to + x.
After doing vs integral, it reduces into

r'(6) x ! _ r'(6) m
T'(5/2)0(7/2) 2880 /0 dra(l — 2)* = T(5/2)T'(7/2) 2880 (192)

Finally, re-introduce all the omitted constants:

I'(6) I'(7)

(FirstTerm) = T(5/2)T(7/2) T(5/2)T(9/2) (2#)2(277)2@ (193)
Similarly, we can compute all the others without any divergence.
B I'(6) I'(7) T
(Second Term) = o m 7 53 T(5/2)0 (9/2) ) 26
. _T(6) I(7) 7
(Third Term) = = s 7 79y T(5/2)T (9)2) (2m)*(2m)* g6 (194)
B '(6) I'(7) v
(Fourth Term) = y7os ks w7 072) 2™ ™) 50160

Hence, every terms in ({186 are integrated into finite terms.

43



SciPost Physics

B.2 Intermediate steps in section 5.2

Lemma 5.
We want to evaluate the following integral.

/ 821 P (’Uo, Ul) VAN (wldwl) A (z%dzl) VAN 6w1 P2(U1, UQ) (195)
v1

Substituting the expressions for propagators, we get

\Z1|221w1(w1 — W), _ _ _ _ _ o
Zo1w12dts — Zo1t12dwa + Woit12dZo — Wo1 Z12dt2
/1)1 dgdi ( (196)

+ to1Z10dwg — t01u_112d§2)dfldwldtldzld’wl

We already know that the terms proportional to we will vanish in the second vertex
integral, so drop them. Evaluating the delta function at vg, the above simplifies to

R P L
7( — lelgdtz + th12d’w2 — ’UJltleZQ + ’wlzlgdtg
U1

dfydis (197)
— t1Z12dws + tlwlgdfg)dfldwldtldzldwl

Note that the integrand with the odd number of ¢; vanishes, so

21221 wn |?

I d (—Elu_llgdtg — Zitodwo + witadze + U_}lilgdtg)déld’lﬁldtldzldwl (198)
v1 0112

Now, apply Feynman technique, and omit the Gamma functions, to be recovered at the
end.

1 2 2 > 07 = - - = Y
7 |Zl| |w1| Zl(—lelzdtQ — thgdwz + U]ltdeQ —+ ’wlzlzdtg)
de/z(1 —x
/o =) o (@2 P w2+t ]?) + (1 = 2)(|212[2 +wiz*+[t12]?))7

1 20,12 - T e PRI
7 ‘21| \wl\ 21(—z1w12dt2 — Z1todwy + witadZs + wlzlgdtQ)
= dr/x(1 —x /
/0 Vel =) w (|21 = 2222w — 2we|? + (t1 — wt2)? + 2(1 — 2)(J22>+wa|? 4 13))7
(199)

Shift the integral variables as

21 — 21 +x22, w1 — w1+ xTW2, 1 — 1+ xla (200)

Then the above becomes

1 7
/dz:\/x(l—a:) / dz1dzydws didty (|12 + 22)20)) ([ |2 + 22|ws|?) (21 + 222)
0 v1

<—(21 + xig)(tﬁl + (l’ — 1)@2)(#2 . (51 + xig)thﬂ)g

(Iz1 2w 2 + 17 + 2(1 — z)(|22] 2+ |wa ? 4 13))7
(w1 + zw)tadzy + (w1 + xw2)(Z1 + (z — 1)22)dt2)
(Iz1 w1 [2 + 13 + 2(1 — @) (J22]2+|wa|? + 13))7

(201)

The terms with (anti)holomorphic dependence on complex coordinates drop:

1
/ dz+/z(1 — x)7/ dzldzldwldwldtl(]zl|2 + x2]zz|2)(|w1|2 + 1:2|w2|2)
0 U1

<—|z12t2du_]2 + x\zllszdtQ — x2]22|2($ — l)u_Jgdtg
(lz1 [P w2 + 8 + 2(1 — z)(|22+ w2 |2 + 13))7
—x2|2’2‘2t2d7j}2 + x222w2t2d§2 + x2|22‘2w2($ — 1)dt2)
(lz1[2+[wr|? + 8 + (1 — 2)(|22*+wa|? + 13))7

(202)
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We can be prescient again; using the fact that the second vertex is tagged with a delta
function §(z2 = 0,ts = €) x dzadZadts, we can drop most of the terms.

1 2 21,12 2 2 2V (12112 — 222912V to diT
[ doya=a [ vl SR o el - 2
0 V1

|z P w2+ £ + 2(1 = 2)(|22]+wal? + £3))7

1 2 2 2\2 2 2 2 todin
:_/ dfﬂ\/m7/ [dVl]( (Iz1]" + 2% 22]*)*(Jw1|* + @*|ws|*)tadwy
0 U1

212+ wi]? + 13 + 2(1 — 2)(|22]2+w2|? 4 13))7

(203)
where [dV}] is an integral measure for v; integral.
B.3 Intermediate steps in section 5.3
Lemma 6.
We will evaluate the following integral.
1
/ — (w1dw)d(ty = 0,21 = 0) A 0z, Pr2(v1, v2) (204)
vy W1
Substituting the expressions for propagators, we get
Z1—Z2,_ L .
/ T(ledwudtlz — wi2dZ12dt12 + t12dZ12dw12)dwi6(t = 21 = 0)
v1 12
21— 22 ,_ . _ _
—/ P (ngwldtg + thZdel)dwl(g(tl =21 = 0)
V1 12
(tadZo + Zodts) o2 divydw: 6 ( 0)
= (l2a22 + Z2dl2 Faw1dw10(t = 21 =
o1/t 2124+ wia]? (205)
= (todZy + Zadty) / dw: di; =2 -
V|22 wy — wal?
Z 27 (todZy + Zodto)Z
= — (todzy + Zadto) [ rdrdd 2 5= m(t2d? + 2 52)22
t3+]22]? + 12 5v/t3+|z)?
where the first equality comes from the fact that 0(t1 = z1 = 0) o dt1dz1dz;.
Lemma 7.
We will evaluate the following integral.
1
/ f(dwg)(s(tg =0,23 = O) VAN 8w2P(U2, 213) (206)
vy W3
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Substituting the expressions for propagators, we get

w9y — W
/ R = > (Zo3dosdtas — WogdZasdteg + tozdZasdiwes)dwsd(ts = z3 = 0)
v3 w3d23

_/ D2 =8 zydiydty + tadZadivg)dwsd(ts = 23 = 0)
vy W3dyg

Wa — W3

7d7f)3dwg(5(t3 =2z3 = 0)

:(tgd,?g — ngtg)/

3 w3\/t%3+|2’23\2+|w23]2
=(t2dzy — Zpdts) / dwsdiy—— (w2 — W) /w3 i
Vi 222 ws — ws)?
—w3 /(w3 + w2)

7
V3|20 2+ ws?

2
—ﬂ)g(l—% %%—)
:(tgd?g — ngtg)/ dwsdws 2 2wy (207)

7
|ws| <|ws| wa/t3+ |22 |2+ w3

2
Cmy(1-m et
+ (tgdig — Egdtg) / dwsdws = =

7
|ws|>|wa] w3/ t%HzQFngP

:(thZQ — ZZdtQ) /dwgdu_jg

. 2
:(t2d§2 — Egdtg) / dwsdws (O + ’w?” = +0+0+.. >
|ws|<Jws| w3/ t5+|z2|?+|ws|?
[w2] —r2
:(t2d§2 — sztz)/ rdrdd =
0 wir/t3+22|2 + r?
L 21 2 5lwa|? + 2t3 + 2| 2o|?
= — (tgdZQ — ngtz) 15 5 ( 3 — | | 2 | 5’
Wy \ /134292 t5+]20]2+|wa |2
Lemma 8.
We will evaluate
A%t9|29|? 2 5|wa|? + 2t2 + 2|25|?
/ dwag N dzg N\ dZa A dtg il 2‘22’ 5 < 3 — ’w2‘ toht ‘Z25| . 208)
v2 T5wan/t3+] 222" \ V/t5+]z[? NCAE e

Assuming the ws integral domain is a contour surrounding the origin of ws plane or a path
that can be deformed into the contour, we may use the residue theorem for the first term
of (208). After doing wo integral we have

o0 472t5| 29|? 2 273
dts / d*z = (209)
/s C.,  TBH @R B 225€¢

Combining with the other diagram with the second vertex in the ¢t € [—o0, —¢|, we get

273 273 B 473 (210)
292562 22562 | 225¢2

Re-scaling € — 1, this is finite.

For the second term of , let us choose the contour to be a constant radius circle
so that r(#) = R. We need to use an unconventional version of the residue theorem, as
the integrand is not a holomorphic function, depending on |ws|?. Let wy = Re®, then for
a given integrand f(wg, w2), we have

I= / ” d(Re™) f(Re”, Re™?) (211)
0
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Then, woy integral is evaluated as

_/2“ d(Re®) 4m’ta|z|* BR? 42154 2|2*  8ndity[z|* SR+ 263 + 2|z
0o R 05 B VB RR+ R Bt wl? JEHRP+ R
(212)

Before evaluating zo integral, it is better to work without R. using the following inequality
is useful to facilitate an easier integral:

0<

(213)

87T3it2’22|2 5R2 +2t%+2|22’2 (87T3it2|22‘2)(2t%+2|2’2’2)
758+ 2P \ Bl R2 75(t3+22/)°
Here we used R € Realt. The left bound is obtained by R — oo, and the right bound is

obtained by R — 0. We only care the convergence of the integral. So, let us proceed with
the inequalities.

Ar 87% 1 00 8mdits|2|? [ 5R? + 263 + 2|z
_7T7T23<_/ dtg/ d2z2 Tita| 20| . +2i5 + ’z2|5 <0 (214)
192 75 ¢ ; Cp 75\ /Bt|22f ty+|zof + R

After rescaling ¢ — 1, we have a finite answer. Combining with the other diagram with
the second vertex in the ¢ € [—o00, —¢|, we get the left bound as

3; 3; 4;
_4i87rz_ 4i8wz _ T (215)
192 75 192 75 225¢3
After rescaling e; — 1, this is also finite.
Hence, combining with (210]), we get the bound
473 i 473
— 208 —_ 216
225¢2 22563 < ) < 225¢2 (216)
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