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Abstract

We consider a mixture of ultracold bosonic atoms on a one-dimensional lat-
tice described by the XXZ-Bose-Hubbard model, where the tunneling of one
species depends on the spin state of a second deeply trapped species. We show
how the inclusion of antiferromagnetic interactions among the spin degrees of
freedom generates a Devil’s staircase of symmetry-protected topological phases
for a wide parameter regime via a bosonic analog of the Peierls mechanism
in electron-phonon systems. These topological Peierls insulators are exam-
ples of symmetry-breaking topological phases, where long-range order due
to spontaneous symmetry breaking coexists with topological properties such
as fractionalized edge states. Moreover, we identify a staircase of supersolid
phases that do not require long-range interactions. They appear instead due
to a Peierls incommensurability mechanism, where competing orders modify
the underlying crystalline structure of Peierls insulators, becoming superfluid.
Our work show the possibilities that ultracold atomic systems offer to investi-
gate strongly-correlated topological phenomena beyond those found in natural
materials.
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1 Introduction

In the last decades, synthetic quantum systems such as ultracold gases, trapped ions, su-
perconducting qubits or photonic systems have been employed as quantum simulators [1]
to investigate models from condensed matter and high-energy physics [2–7], allowing to
tackle open problems in these areas beyond the capabilities of classical computers [8].
Ultracold atoms in optical lattices, in particular, present a perfect playground to investi-
gate quantum many-body phenomena under controllable experimental conditions [9–11].
They offer the possibility to engineer a broad range of interactions [12–16], leading to
the preparation of many different synthetic phases of matter, from supersolids [17–20] to
topological quantum matter [21–25], in many cases without known counterparts in natural
materials [26].

The degree of control achieved, in particular, with mixtures of bosonic atoms has
enabled implementations of various types of correlated tunneling terms, leading to the
quantum simulation of lattice gauge theories [27–30], as well as spin-exchange interactions,
giving rise to antiferromagnetic states [31, 32]. Motivated by these recent breakthroughs,
we consider a bosonic mixture in a one-dimensional lattice which, in the appropriate
limit, is described by a non-standard Bose-Hubbard (BH) model that combines these two
elements. More specifically, we first consider a bosonic species described by the standard
BH model. A deeply-trapped second species is then introduced, possessing two internal
states described in terms of spins. By tuning appropriately the experimental parameters,
an effective model with correlated tunneling emerges. The resulting Hamiltonian, known as
the Z2 Bose-Hubbard (Z2BH) model, was first introduced to simulate dynamical lattices
in ultracold atomic systems [33], where spin degrees of freedom play a similar role to
phonons in solid-state systems. In this case, the dynamical lattice interact with bosonic
matter, giving rise to bosonic versions of the Peierls mechanism [34] and Peierls insulators
with bond order wave (BOW) order at certain fillings, akin to the fermionic Su-Schrieffer-
Heeger (SSH) model [35]. Similarly to the latter, the Peierls insulators found in the
Z2BH model present non-trivial topological characteristics induced by interactions [36,37].
They are, in particular, symmetry-breaking topological insulators, where BOW long-range
order coexists with symmetry-protected topological properties. Among other features, the
interplay between symmetry breaking and symmetry protection gives rise to dynamical
symmetry-protected topological defects and to the fractionalization of bosonic matter [38,
39].

In this work, we take advantage of the flexibility that cold-atomic systems offer and
show that, apart from their role as quantum simulators of solid-state systems, they can be
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used to explore novel strongly-correlated phenomena beyond those found in natural mate-
rials. In particular, here we introduce antiferromagnetic interactions between spins in the
Z2BH model and analyze the resulting XXZ-Bose-Hubbard (XXZ-BH) model. First, we
show how a Devil’s staircase structure [40–42] of Peierls insulators appears in the parame-
ter space. Every step presents a different type of BOW order and, moreover, every one of
them is a symmetry-protected topological phase. These results extend, therefore, the pre-
viously studied topological Peierls insulators [38,39] to every possible rational value of the
bosonic density. Devil’s staircase structures have been studied in long-range interacting
models [43–47], e.g., via long-range dipolar interactions among particles. Here, we report
such structures in a nearest-neighbor interacting model.

Furthermore, the competition between the correlated tunneling and the spin interac-
tions gives rise to a staircase structure of supersolid (SS) phases, where BOW long-range
order coexists with superfluidity. SS was first considered as a quantum phase for Helium-
4 [48–50]. However, despite some experimental evidences [51], there is still an ongoing
debate about the SS character of its ground state [52]. More recently, it was proposed
that SS may be realized with trapped ultracold atoms or molecules with dipolar interac-
tions [17, 53–55] or Rydberg-dressed atoms [56]. SS may be also induced dynamically in
systems with short range interactions as an out-of-equilibrium state [57] or in Bose-Fermi
mixtures [58–60]. Recently, supersolidity was observed in different atomic experiments:
with cold atoms coupled to a cavity mode [19], in the presence of spin-orbit coupling [20],
and in a dipolar Bose-Einstein condensate [61]. Here, we uncover a different mechanism to
obtain SS phases, requiring only short-range interactions and bosonic atoms. We recognize
how a Peierls incommensurability takes place due to the competition of various types of
long-range order patterns, generating a staircase of Peierls SS phases. This mechanism is
different from the more standard crystal melting that creates SS staircases in long-range
interacting bosonic [43] and spin systems [44,62,63].

The rest of the paper is organized as follows. In Sec. 2, we introduce the XXZ-BH
model and summarize our main results. These are then discussed in detail in Sec. 3.
Specifically, in Sec. 3.1 we introduce the bosonic Peierls mechanism, central to describe
the physics of the model. In Secs. 3.2-3.4, we analyze the different staircase structures
of commensurate and incommensurate orders that appear in the system, including topo-
logical Peierls insulators and supersolids. In Sec. 4, we describe a quantum-simulation
scheme for the model, showing how it emerges as the effective description for a mixture
of ultracold bosons in optical lattices. Finally, we summarize our conclusions in Sec. 5.

2 XXZ-Bose-Hubbard chain

2.1 The model

We consider a bosonic system on a one-dimensional lattice described by the following
Hamiltonian,

ĤZ2BH = −
L−1∑
i=1

[
b̂†i (t+ ασ̂zi ) b̂i+1 + H.c.

]
+
U

2

L∑
i=1

n̂i(n̂i − 1)− µ
L∑
i=1

n̂i, (1)

where b̂i (b̂†i ) is the annihilation (creation) operator of a bosonic particle on site i and n̂i
is the corresponding number operator. The operators σ̂βi , with β = x, y, z, are the Pauli
operators for a spin-1/2 systems living on the bond between sites i and i+ 1 (Fig. 1(a)).
This Hamiltonian, known as the Z2 Bose-Hubbard model (Z2BH), was introduced to model
lattice degrees of freedom on a system of ultracold atoms in an optical lattice [33]. The
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Figure 1: The XXZ-Bose-Hubbard model: (a) sketch of the system described by
Eqs. (1)–(3) in the limit ∆ � 1. Bosonic particles (red spheres) can tunnel between the
nearest-neighbor sites of a one-dimensional chain, with tunneling elements that depend on
the state of spin-1/2 systems located at the bonds (arrows). The bosons interact on-site
according to the Bose-Hubbard model, and the spins do so via a XXZ interaction. (b)
Qualitative phase diagram of the model in terms of the chemical potential µ and the spin
interaction J . Apart from the standard MI and qSF phases, there are two regions where
both the spins and the bosons develop long-range order via a bosonic Peierls transition.
Each of them contains a staircase of distinct phases characterized by pairs of values of
N and M . In the commensurate case (CO), these correspond to insulators, while in
the incommensurate one (IO) long-range order coexists with superfluidity, giving rise to
supersolids. (c) Each of these phases exist for the two signs of M . In the CO region,
negative values give rise to non-trivial topological properties in the Peierls insulators as
witnessed by the presence of localized edge states.

spins in the Z2BH model (1) can be interpreted as truncated phonons, interacting with
(bosonic) matter particles by mediating their tunneling. This model was studied in the
presence of external fields, which introduce quantum fluctuations on the spins, uncovering
various solid-state like phenomena such as bosonic Peierls insulators [36, 37] and boson
fractionalization induced by topological defects [38, 39]. Here, we consider spin dynamics
given by the XXZ Hamiltonian,

ĤXXZ = J
L−2∑
i=1

(
∆σ̂zi σ̂

z
i+1 + σ̂xi σ̂

x
i+1 + σ̂yi σ̂

y
i+1

)
, (2)

so that the total Hamiltonian of the system is given by a XXZ-Bose-Hubbard model
(XXZ-BH),

ĤXXZ-BH = ĤZ2BH + ĤXXZ. (3)

This model possesses a U(1)× U(1) symmetry corresponding to the conservation of total
particle number N =

∑
i〈n̂i〉 and magnetization M =

∑
i〈σ̂zi 〉. The interplay between

these two conserved quantities will be crucial, as we shall see, to describe the different
phases of the model. In the hardcore limit, with U/t→∞, the bosons can be mapped to
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spinless fermions via a Jordan-Wigner transformation, and the system presents an extra
chiral symmetry at half filling. In Sec. 4, we present a quantum simulation scheme for the
XXZ-BH model using a bosonic mixture of ultracolds in an optical lattice.

In this paper, we set U = 20t, ∆ = 2 and J > 0. In such a setting, the bosons are
strongly repulsive and the XXZ Hamiltonian favors Néel order in the spins. We also fix
α = 0.5t throughout the paper and consider bosonic densities ρ = N/L ≤ 1. The ground
state of the system is obtained via matrix product state (MPS) [64, 65] based density
matrix renormalization group (DMRG) [66,67] method with bond dimension χ = 400 and
with open boundary condition (L sites, L− 1 bonds). Finally, we truncate the maximum
bosonic number to n0 = 2 at each site, which is justified due to low densities and strong
repulsion among bosons.

2.2 Summary of results

In the XXZ-BH model, different orders compete with each other and, as a result, a plethora
of quantum phases emerges. The key mechanism underlining the rich phase diagram is
the bosonic Peierls mechanism, which we summarize in Sec. 3.1, driven by the the spin-
dependent correlated tunneling term in the Hamiltonian (1), and accounting for long-range
order in the system. The latter competes with different order patterns generated by the
spin-spin interactions, giving rise to incommensurability effects. Let us first consider
certain limiting cases.

For J � α the spins choose the uniform configuration |↑↑↑↑ . . .〉, with M = L− 1, in
order to maximize the bosonic tunneling. This occurs for any number of bosons N , which
are then in a quasi-superfluid (qSF) phase except at integer fillings, where they form a
Mott insulator (MI) (Fig. 1(b)).

For J � α, the spins are dominated by the XXZ Hamiltonian, and the ground state
shows Néel order |↑↓↑↓ . . .〉. The effective Hamiltonian describing the bosons in this limit
is a Bose-Hubbard model on a superlattice, where the tunneling elements are dimerized.
Apart from the standard MI at integer fillings, this effective Hamiltonian has an insulating
phase at ρ = 1/2 [36,68,69]. In this limit, the Néel-ordered spin state is doubly degenerate
in the thermodynamic limit. This degeneracy is broken for finite chains and, depending on
the spin configuration, the bosons will be either in a trivial or in a topological insulating
state [36,68] (Fig. 1(c)).

At intermediate values of J ∼ α, the competition between these two terms gives rise
to novel phases, which we summarize now. The emerging (µ/t, J/t) phase diagram is
represented qualitatively in Fig. 1(b), showing two salient features: we find (1) phases
with commensurate long-range order that are topologically non-trivial and (2) phases
with incommensurate order that give rise to supersolidity.

(1) Commensurate order and topology. We find a parameter region where both the
spins and the bosons present long-range commensurate order (CO) in the bonds for many
values of N and M , which satisfy a one-to-one relation determined by the Peierls mech-
anism, as we will describe in the next section. The latter also characterizes the BOW
patter, which is different for every (N,M) pair. These Peierls insulators extend the insu-
lating phase at J � α for N = L/2 and M = 0 to other (N,M) pairs, forming a Devil’s
staircase. This commensurate region is similar to the one previously found in [33] using a
parallel magnetic field that competes with α.

Moreover, we show that each of this bond-ordered bosonic Peierls insulators in the
staircase is a symmetry-breaking topological insulator with fractionally-charged bosonic
edge states, extending the results of [36, 37], where only the more stable steps were con-
sidered (N = L/3, N = L/2 and N = 2L/3). In particular, the Peierls transition occurs
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similarly for positive and negative values of M and, while the former are topologically triv-
ial, the latter present topological properties protected by certain symmetries (Fig. 1(c)).

(2) Incommensurate order and supersolidity. The inclusion of spin-spin interactions
generates regions of incommensurate order (IO) around the CO region. There, both the
spins and the bosons show long-range diagonal order, butN andM are now not in a one-to-
one correspondence. This means that one can find certain ordered patterns characterized
by the same M for different values of N . Although this is expected for J � α, with M = 0
and N 6= L/2, here we find this behavior also for M 6= 0, i.e. , when the order in the spins
is not of the Néel type. We call this mechanism Peierls incommensurability.

This mismatch with the one-to-one Peierls relation gives rise to a competition between
the orders in the bosons and in the spins, resulting in off-diagonal algebraic correlations
in the former, signaling superfluidity. This competition results in a SS phase, where off-
diagonal quasi-long-range order and diagonal long-range order coexist. We refer to these
phases as Peierls supersolids. We note that this new mechanism for supersolidity does
not require the presence of long-range interactions. However, as in the CO region, here
we also find a Devil’s staircase structure of Peierls SS phases characterized by different
(N,M) pairs.

3 Commensurate and Incommensurate orders

3.1 Bosonic Peierls mechanism

Before we describe the different phases of the model in detail, let us first revise the Peierls
mechanism and its bosonic version, as it is central to understand the emergence of long-
range order in the system. The Peierls mechanism was first introduce to explain the
spontaneous symmetry breaking (SSB) of translational invariance on 1D fermionic chains
coupled to phonon degrees of freedom, resulting in the so-called Peierls insulators [34].
This SSB leads to a larger unit cell in the system, opening two gaps in the fermionic
part of the spectrum at certain momenta. The process is therefore favorable if the Fermi
energy, given by the fermionic density, lies in one of these gaps, as the energy of the
occupied states would decrease. Peierls insulators present thus long-range order, which is
characterized by a peak in the structure factor associated with the local order parameter.
This peak is located at momentum k0, which is smaller for larger unit cells, and the two
gaps are opened at momenta ±k0/2. The process is thus energetically favorable when the
following relation is satisfied,

1− k0

π
=

∣∣∣∣1− 2
|kF|
π

∣∣∣∣ , (4)

where kF is the Fermi momentum, satisfying |kF | = πρ, with ρ being the fermionic density.
In the XXZ-BH model (3), for U/t→∞ we can map the hardcore bosons to spinless

fermions, and the system presents a well defined Fermi surface. Although for a finite
value of U/t this is not possible, a bosonic Peierls transition can still take place if U/t is
sufficiently large, as shown in [33,36]. Even if kF is not defined, we can still check that the
Peierls relation is satisfied using the bosonic density ρ. Since here the order develops in
the bonds, we can characterized it by measuring the bosonic tunneling B̂i = b̂†i b̂i+1 + H.c.,
and its corresponding structure factor,

SB(k) =
1

L2

∑
j1,j2

ei(j1−j2)k
(
〈B̂j1B̂j2〉 − 〈B̂j1〉 〈B̂j2〉

)
. (5)
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Moreover, the same order develops for the spins in the bonds, which can be characterized
using the spin structure factor,

Sσ(k) =
1

L2

∑
j1,j2

ei(j1−j2)k〈(σ̂zj1 −m)(σ̂zj2 −m)〉, (6)

where m = M/L is the density of magnetization. It turns out that the location of the
peak in Sσ(k) is completely characterized by m, through the relation k0π = 1− |m|. The
Peierls relation then takes the form |m∗| = |1− 2ρ∗|, which generalizes Eq. (4) to bosonic
matter. We can detect if the latter is fulfilled or not by measuring the incommensurability
parameter

I(ρ,m) = |1− 2ρ| − |m|, (7)

which is zero when the Peierls relation is satisfied, and non-zero otherwise. We refer to
the first case as commensurate order (CO) and to the second as incommensurate order
(IO). Notice that the Peierls relation does not depend on the sign of the magnetization.
We will see how different signs lead to different topological properties.

Finally, we note that for a finite chain with L sites and L − 1 bonds, the density of
magnetization is to be redefined as m = M/(L− 1) and the relation is to be modified due
to boundary conditions as

I(ρ,m) = |1− 2ρ| − |m|+ (1 + |m|)/L. (8)

°1.0
°0.5

0.0
0.5
1.0

hæ̂
z i
i

0.45

0.50

0.55

hn̂
ii

1 10 20 30 40 50 59
Bonds

°1.0
°0.5

0.0
0.5
1.0

hæ̂
z i
i

1 10 20 30 40 50 60
Sites

0.50

0.55

0.60

hn̂
ii

(a) (b)

(c) (d)
°1.0
°0.5

0.0
0.5
1.0

hæ̂
z i
i

0.60

0.65

0.70
hn̂

ii

1 10 20 30 40 50 59
Bonds

°1.0
°0.5

0.0
0.5
1.0

hæ̂
z i
i

1 10 20 30 40 50 60
Sites

0.70

0.75

0.80

hn̂
ii

(e) (f)

(g) (h)

Figure 2: Bosonic Peierls insulators: We show the real-space patterns of spins (〈σ̂zi 〉)
and number occupation (〈n̂i〉) for systems with densities ρ = 1/2 (a)-(b), 8/15 (c)-(d),
2/3 (e)-(f), and 3/4 (g)-(h) in the Peierls insulators for a chain of size L = 60. Different
colors represent different element of the unit cell.

3.2 Staircases of Peierls insulators

As introduced in the previous subsection, in the regions with CO the discrete translational
symmetry gets spontaneously broken by enlarging the unit cell, which results in a finite
gap in the spectrum (i.e., Peierls insulator) and the peak in the spin structure factor Sσ(k)
is located at k0π = 1−|m| for infinite systems. In that case, rational values of the density
of magnetization m and the particle density ρ can be written as

(1− |m|)/2 =
p1

q1
, ρ =

p2

q2
, (9)

and the Peierls relation (Eq. (7)) is satisfied if p1/q1 = p2/q2. For finite systems with open
boundaries, the relation again has to be modified as

1

2

(
1− |m|+ (1 + |m|)

L

)
=
p1

q1
, ρ =

p2

q2
. (10)
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Figure 3: Devil’s staircases: we show the height of the structure factor peak Sσ(k0), the
incommensurability parameter I, the bosonic density ρ and the magnetization density m
for a chain of L = 60 sites. These quantities are shown as a function of µ/t (a) and J/t
(b) for fixed values of µ/t and J/t, respectively. The Devil’s staircase structures become
apparent both in the commensurate and incommensurate regions.

By first decomposing the lattice translational symmetry into a translation of unit
cells of length q1 = q2 ≡ q and a Zq symmetry describing translations modulo q within
the unit cells, one can understand the Peierls transition as a SSB of the Zq symmetry.
Since rational numbers are dense and q can take any integer value between 2 to L − 1,
in the thermodynamic limit we can have infinitely many Peierls insulators, each of them
possessing long-range order and a unit cell of size q, forming a Devil’s staircase. It is
important to note that not every step is equally stable to quantum or thermal fluctuations,
since the insulating gap is different for each of them, and only certain Peierls insulators
might appear in the phase diagram. Here we show, however, that the complete staircase
appears for the considered parameter region. Fig. 2 gives four examples of Peierls insulators
for a chain of size L = 60, with bosonic densities ρ = 1/2, 8/15, 2/3 and 3/4, resulting
in Z2, Z15, Z3 and Z4 long-range order, respectively. Although not depicted in the figure,
the bosonic bonds 〈B̂i〉 present the same ordered structure as the spins.

The Devil’s staircase pattern of the XXZ-BH model is shown in Fig. 3, where we show
variations in the peak of the structure factor Sσ(k), the incommensurability parameter I,
the density ρ and the magnetization density m with µ/t (J/t) for a fixed value of J/t (µ/t)
in the ground state of a finite chain with L = 60 sites. As the chemical potential µ or the
XXZ interaction strength J is changed, we observe a staircase of different plateaus in the
values of these quantities. In the CO region, i.e., the region with I = 0 in Fig. 3, at every
step Sσ(k) presents a peak with a non-zero height at k0 = (1 − |m|)/π = 2p1

qπ , signaling
the bond order. We have, therefore, a staircase of Peierls insulators where each step is a
BOW with a broken Zq symmetry. We note that the transitions between different steps
correspond to first order phase transitions, as signaled by the discontinuous jumps in the
structure factor (Fig. 3).

3.3 Topological Peierls insulators

We show now that, apart from the long-range order, every Peierls insulator in the staircase
possesses also non-trivial topological properties. We first note that, as introduced in
Sec. 3.1, the Peierls relation depends only on the absolute value of the magnetization,
but not on its sign (Eq. (7)). The latter can be controlled by adding an external field
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Figure 4: Symmetry-protected topological edge states: For m < 0 the Peierls
insulators present non-trivial topological properties. In the figure, we show the real-space
patterns of the spins (〈σ̂zi 〉) and the number occupation (〈n̂i〉) located at each bond and
site, respectively, for a chain of size L = 120. (a) and (b) correspond to the system with
density ρ = 1/2, while (c) and (d) correspond to density ρ = 8/15. In both cases, we
can observe peaks in the occupation associated to occupied (left) and empty (right) edge
states associated with bosons with a fractional number (±1/2). This contrasts with the
corresponding patterns of the trivial insulators depicted in Fig. 2(a)-(d), where the edge
states are absent.

to the Hamiltonian, Ĥz = hz
∑

i σ̂
z
i . While both positive and negative signs of M lead

to the same type of long-range order, it turns out that the resulting Peierls insulators
present different topological properties. In particular, while positive signs lead to trivial
insulators, negative signs lead to topological Peierls insulators with localized states at the
edges of the chain. In Figure 4 we present two examples for different values of ρ and m
(negative). In both cases, the bosonic occupation present peaks at the edges, associated to
fractional bosonic edge states. In this particular case, the right edge is occupied and the
left one is empty, corresponding to +1/2 and −1/2 boson, respectively. These topological
Peierls insulators are thus examples of symmetry-breaking topological phases [70], showing
both long-range order and non-trivial topological effects. The latter are protected here
by an inversion symmetry with respect to the central bond of the chain. Notice the this
symmetry is preserved even if the Zq symmetry is spontaneously broken.
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Figure 5: Topological degeneracy: (a) We plot the energy gap between the first two
eigenstates with system size L for both topological (blue circles) and trivial (red squares)
Peierls insulators for density ρ = 1/2. The energy gap in the topological case reaches the
precision of the DMRG calculation for L = 44. (b) The variation of bond-averaged 〈σ̂zi 〉
with system size L, for even and odd bond. This shows that the tunneling elements become
more dimerized when the system size increases, causing a reduction of the correlation
length.
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In Fig. 4 we represent one of the two possible edge states configurations, where the
other one (not shown) corresponds to the right edge being occupied and the left edge being
empty. These two states are degenerate in the thermodynamic limit, and this degeneracy
is yet another hallmark of the non-trivial topology [71] that does not occur for the corre-
sponding trivial Peierls insulators for positive values of m (Fig. 2(a) and (b)). For finite
systems, these two states are not completely degenerate, but the energy difference between
them decreases with the system size. This gap closing is usually exponential in the size.
However, in our case we find that the gap closing is faster than exponential (Fig. 5(a)).
The reason for this behavior is the following. For small system sizes, when the correlation
length is larger than the system itself, the edge states hybridize among themselves and
fractional particle-hole excitations do not appear on real-space profiles. When the system
size becomes larger than the correlation length, edge states starts appearing (e.g., L = 28
in case of Fig. 5(a)), and the gap closing accelerates. On the other hand, the tunneling
elements get more dimerized with L, as shown by the average spin densities in Fig. 5(b).
As the result, the correlation itself slowly reduces causing a faster-than-exponential gap-
closing.
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Figure 6: Peierls incommensurability and supersolids: Real-space ordered patterns
and superfluid correlations of the Peierls supersolids for density ρ = 2/3 and incommensu-
rability parameter I = 1/3 (top row) and 4/15 (bottom row). (a) and (d) show the spin
pattern given by 〈σ̂zi 〉 for a system of size L = 60, while (b) and (e) show the bosonic tun-
neling 〈B̂i〉. Notice that the periodicity in the ordered structure is different for these two

quantities. (c) and (f) show the algebraic decay of the long-range correlations 〈b̂†j b̂r+R〉
and 〈δn̂jδn̂j+R〉 with the distance R for a system of L = 120 sites.

3.4 Staircase of Peierls supersolids

Apart from the CO region described in the previous sections, we find regions in the phase
diagram characterized also by a long-range order but, contrary to the latter, the Peierls
relation is now not fulfilled. This incommensurate order is distinguished by a non-zero
value of the incommensurability parameter (7). Figure 3 shows how, next to the staircase
of Peierls insulators in the CO region, there is another staircase structure where both
Sσ(k0) and I are non-zero simultaneously. For each step in this staircase, ρ and m are not
in the one-to-one correspondence given by the Peierls relation. In particular, Fig. 3(b)
shows how, for the same density ρ, one finds different values of m as J/t is increased, and
all of the corresponding states present long-range order.

As opposed to the states with commensurate order, in the IO region the long-range
ordered pattern for the spins (6) and the bosonic bonds (5) does not coincide. In particular,
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Figure 7: Phase diagram: We represent three different quantities as a function of µ/t
and J/t for a chain of size L = 60, which allow us to completely characterize the different
regions of the XXZ-Bose-Hubbard model. These are the incommensurability parameter I
(a), the maximum of the spin structure factor Sσ(kσ0 ) (b) and the maximum value of the
off-diagonal structure factor Sb(k

b
0) (c). The black lines differentiates the different phases

regions, depicted also in Fig. 1(b), and the staircase structures can be appreciated inside
each region.

the periodicity of the spin subsystem, this is, the size of the new unit cell after SSB of
translational invariance, is still characterized by q1, which is given by m (9). However,
the periodicity in the structure of the bosonic bonds is now not given by q2 (9), since the
Peierls relation is not fulfilled, but neither by q1. The new order that develops in the bonds
is instead characterized by the least common multiple q = lcm(q1, q2). It is therefore the
result of the competition between the order in the spins and the order given by the Peierls
mechanism. Fig. 6 depicts the spatial patterns corresponding to two different steps in the
IO, for the same density ρ = 2/3 and different values of m, and thus different values of
the incommensurability parameter, I = 1/3 and 4/15. The lattice periodicities are 6 and
15, respectively.

Since bond order develops for each step in the IO region, each one corresponds to a
BOW phase. However, contrary to the steps in the CO regions, these are not insulators.
In this case, each step of the staircase in the IO region corresponds to a Peierls supersolid,
where the long-range diagonal order coexists with off-diagonal algebraically-decaying cor-
relations. Such off-diagonal quasi-long-range order arises as the orders in the spins and
in the bosons are now in competition with each other, and the extra particles over the
Peierls commensurate relation N − N∗, with I(N∗,M) = 0, can move freely forming a
gapless fluid.

In Fig. 6(c) and Fig. 6(f) we show both the off-diagonal 〈b̂†j b̂j+R〉 and density-density
correlations 〈δn̂jδn̂j+R〉 with δn̂j = n̂j − 〈n̂j〉. Both decay algebraically with the distance
R, i.e.,

〈b̂†j b̂r+R〉 = c1R
−ν1 ,

〈δn̂jδn̂j+R〉 = c2R
−ν2 , (11)

confirming the gapless superfluid character of the state. Moreover, we find that the expo-
nents follow the relation ν2 ≈ 1/ν1, which tells us that the low energy description of these
SS phases are well described by Luttinger liquid theory [72]. These results confirm the
presence of a staircase of Peierls supersolids in the XXZ-Bose-Hubbard model, showing
how cold atoms can not only simulate similar phenomena as those found in solid state,
such as Peierls insulators, but to extend them to generate novel phases of matter.

The phase diagram of the model is summarized in Figure 7, where we represent both
the incommensurability parameter and the spin structure factor, which helps to distinguish
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the commensurate from the incommensurate long-range order. The superfluid character of
the latter is identified using the off-diagonal structure factor in bosons (Fig. 7(c)), defined
as

Sb(k) =
1

L2

∑
j1 6=j2

ei(j1−j2)k〈b̂†j1 b̂j2〉. (12)

For insulating phases Sb(k) is vanishing in the thermodynamic limit, whereas in the phases
with qSF order a peak in the structure factor at a momentum kb

0 attains a finite value.
Clearly, Sb(k

b
0 ) possesses high values in the usual SF phase and in the staircase of incom-

mensurate Peierls SS, while it is visibly smaller (non-zero due to finite size effects) in the
Peierls insulator and in the Mott phase. In the following table, we summarize the different
regions that appear in the phase diagram and the order parameters used to distinguished
them.

SF MI CO IO

I 6= 0 6= 0 = 0 6= 0

Sσ(kσ0 ) = 0 6= 0 6= 0 6= 0

Sb(k
b
0) 6= 0 = 0 = 0 6= 0

4 Atomic quantum simulation

We now show how the XXZ-BH model (3) provides an effective description for a bosonic
mixture of ultracold atoms in an optical lattice. Let us consider, in particular, two atomic
species, a and b, trapped by two different optical lattices, where the lattice spacing of
one lattice is twice as large as the spacing in the other lattice, such that, for the latter,
both coincide for every second minimum (see Fig. 8(a)). For the a atoms trapped by the
lattice with double spacing we consider two internal states, that we denote ↑ and ↓. In
such configuration, the atomic system is described by the following Hamiltonian,

Ĥ = Ĥb + Ĥa + Ĥba, (13)

where

Ĥb = −tb
∑
i

(
b̂†i b̂i+1 + H.c.

)
+
Ub

2

∑
i

n̂b
i (n̂b

i − 1) (14)

and

Ĥa = −ta
∑
i,σ

(
â†2i,σâ2i+2,σ + H.c.

)
+ Ua

↑↓
∑
i

n̂a
2i,↑n̂

a
2i,↓ +

1

2

∑
i,σ

Ua
σ n̂

a
2i,σ(n̂a

2i,σ − 1) (15)

are the standard BH Hamiltonians describing bosonic atoms in the presence of a nearest-
neighbor tunneling ta/b and on-site Hubbard interactions Ub, Ua

↑ , Ua
↓ and Ua

↑↓. Finally,
the interspecies interactions on every second site are given by

Ĥab =
∑
i,σ

n̂b
2i

(
Uab
↑ n̂

a
2i,↑ + Uab

↓ n̂
a
2i,↓

)
(16)

where Uba
↑ and Uba

↑ are the corresponding interspecies interaction parameters.
We now consider the limit ta � Ua

↑ , U
a
↓ , U

a
↑↓. If the system is initialized with one atom

of the a species on every site, the resulting state will be a MI. In this limit, we can work
in a subspace where the number of atoms is fixed on every site,

∑
i,σ n̂

a
2i,σ = 1, becoming,
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Figure 8: Cold-atom quantum simulator: (a) Lattice structure for the proposed
experimental scheme to implement the XXZ-BH model, showing two optical lattices with
different periodicity. One lattice with a shorter wavelength traps atoms of the species b
(red), that can tunnel to nearest-neighbor minima with a coefficient tb and interact on-site
with a Hubbard coefficient Ub. The second lattice has a wavelength twice as large, and
traps atoms of another species a. The latter present two internal states, representing spin
up (green) and down (blue) states. Both tunnel with a coefficient ta and interact with

coefficients U↑a , U↓a and U↑↓a . Finally, both species interact with coefficients U↑ba and U↓ba.
(b) For the right choice of initial conditions (see main text), the direct tunneling of the
b bosons is suppressed. They can still tunnel two sites apart via second-order processes
through intermediate higher-energy states, resulting in a correlated tunneling mediated
by the spin state of the a atoms. (c) Spin-spin exchange interactions also appear through
second-order processes involving a back and forth tunneling of the a atoms.

effectively, a conserved quantity. The b atoms are initialized in such a way that only odd
sites are occupied. If we now work in the limit tb � Uab

↑ , U
ab
↓ , the tunneling of the b

atoms between even and odd sites is inhibited. However, they can tunnel two sites apart
through second order processes (Fig. 8(b)). This effective tunneling depends on the state
of the a atom on the even sites, and it is described by the Hamiltonian

Ĥeff = −
∑
i,σ

t2b
Uσba

(
b̂†2i−1n̂

a
2i,σ b̂2i+1 + H.c.

)
. (17)

Since the total number of a atoms on each site is conserved, we can described them using
spin variables,

σ̂z2i =n̂a
2i,↑ − n̂a

2i,↓, σ̂x2i =â†2i,↑â2i,↓ + H.c., (18)

where σ̂x2i and σ̂z2i are the standard Pauli matrices. Using the spin description, the effective
correlated tunneling terms (17) can be written as

Ĥeff = −
∑
i

[
b̂†2i−1 (t+ ασ̂z2i) b̂2i+1 + H.c.

]
, (19)

where t = t2b/2
(

1/U↑ba + 1/U↓ba

)
and α = t2b/2

(
1/U↓ba − 1/U↑ba

)
. If we now rename the

sites 2i − 1 → i, 2i → i, Eq. (19) becomes precisely the correlated-tunneling term that
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appears in the Z2BH model (1). Notice, in particular, that the ratio between the direct
tunneling and the spin-dependent tunneling can be tuned at will by modifying the differ-

ence between the two interspecies scattering channels, α/t =
(
U↓ba − U

↑
ba

)
/
(
U↓ba + U↑ba

)
,

which can be done using a Feshbach resonance. In the following, we drop the b index to
simplify the notation.

The XXZ interactions can be readily introduced in the implementation described above
by reducing the lattice depth for the a species, which controls the ratio between the tun-
neling and the intraspecies Hubbard interactions. Second-order tunneling processes in
the Mott insulator (MI) give rise to Heisenberg-like interactions between nearest-neighbor
spins [12], where the coefficients in Eq. (2) depend on the lattice depth and the different

atomic scattering lengths, J = −t2A/U
↑↓
A and J∆ = t2A

(
1/U↑↓A − 1/U↑A − 1/U↓A

)
. In partic-

ular, the anisotropy ∆ can be tuned using a Feshbach resonance, such that U↑↓A , U↑A, U
↓
A < 0

and the interactions are antiferromagnetic, as shown in a recent experiment with bosonic
atoms [31]. Combining all these ingredients together we obtain all the necessary terms to
simulate the XXZ-BH model (3). We note, however, that extra terms can appear in the
effective description. In particular density-spin interactions of the form (n̂i + n̂i+1) σ̂zi also
appear as second-order processes. A more careful analysis should be performed to analyze
the importance of these terms, as well as possible ways to suppress them if it is necessary.

5 Conclusions and outlook

In this work, we investigated the XXZ-Bose-Hubbard model, where a spin-dependent
correlated tunneling coexists with spin-spin XXZ interactions, and show how it emerges
as the effective description of a bosonic mixture of ultracold atom in optical lattices. First,
we introduced the notion of bosonic Peierls transitions, where, similarly to fermion-phonon
systems in solid-state physics, strongly-correlated bosonic matter can break spontaneously
the lattice translational invariance, giving rise to bosonic Peierls insulators with the bond
long-range order. Even in the absence of long-range interactions, the phase diagram of
the model presents a Devil’s staircase structure of Peierls insulators where, on each step,
both the bosonic density and the spin magnetization are in a one-to-one correspondence,
and characterize different ordered patterns through the Peierls relation. Moreover, we
show how each step presents non-trivial topological properties, such as fractionalized edge
states and a topological degeneracy.

Moreover, we uncovered another staircase structure of BOW phases which, instead of
being insulators, present superfluid correlations. These Peierls supersolids arise due to a
competition between two types of order in the system, the magnetic order in the spin and
the bond order in the bosons given by the Peierls relation. These supersolid phases driven
by such Peierls incommensurability are novel phase of matter that shows the possibili-
ties that synthetic atomic platforms offer to explore strongly-correlated phenomena that,
although inspired by solid-state physics, go beyond those found in natural materials.
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M. Lewenstein, Complete devil's staircase and crystal–superfluid transitions in a
dipolarXXZspin chain: a trapped ion quantum simulation, New Journal of Physics
12(11), 113037 (2010), doi:10.1088/1367-2630/12/11/113037.
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