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Abstract

We consider a large class of branes in toric strip geometries, both non-periodic and
periodic ones. For a fixed background geometry we show that partition functions for
such branes can be reinterpreted, on one hand, as quiver generating series, and on
the other hand as wave-functions in various polarizations. We determine operations
on quivers, as well as SL(2,7Z) transformations, which correspond to changing posi-
tions of these branes. Our results prove integrality of BPS multiplicities associated
to this class of branes, reveal how they transform under changes of polarization,
and imply all other properties of brane amplitudes that follow from the relation to
quivers.
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1 Introduction

Recently an intricate relation between open topological strings and quiver representation the-
ory has been discovered. It states that to a given brane configuration in a toric Calabi-Yau
threefold one can assign a quiver, whose various characteristics encode topological string data
of the corresponding brane setup. For example, open topological string partition functions are
identified with quiver generating series, BPS numbers are identified with motivic Donaldson-
Thomas invariants (which proves integrality of the former invariants conjectured two decades
ago), etc. To date, this correspondence has been analyzed in two specific contexts. Originally,
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its incarnation referred to as the knots-quivers correspondence was discovered in [1,2]. From
topological string theory viewpoint, in this context one engineers a specific lagrangian brane
in the resolved conifold, which represents some particular knot. Partition functions of such
branes, or equivalently colored polynomials of a knot under consideration, can be written in the
form of a quiver generating series, thereby making contact with quiver representation theory
and leading to many nontrivial consequences. The knots-quivers correspondence was shown to
hold for various knots up to 6 crossings and for some infinite series in [2,|3], it was proven for
two-bridge knots in [4] and for arborescent knots in [5]. Its relations to topological string theory
were further discussed in [6-8], and related developments are presented in [9{12].

From the topological string perspective, the knots-quivers correspondence is concerned with
presumably complicated lagrangian branes, in a relatively simple geometry of the resolved coni-
fold. The second setup in which the above mentioned relation to quivers arises is opposite,
and involves the basic Aganagic-Vafa branes embedded in more complicated toric Calabi-Yau
threefolds. An interesting and quite tractable class of toric threefolds are those without compact
four-cycles, referred to as strip geometries, for which the relation to quivers was revealed in [6].
In that work a specific lagrangian brane was considered, attached to one particular leg of a strip
geometry.

In this paper we focus on the latter approach, i.e. lagrangian branes in strip geometries,
and show that their quiver description is consistent with the interpretation of their partition
functions as wave-functions in different polarizations. First, we analyze much more general brane
configurations than in [6], i.e. we consider toric branes attached to any of the external legs of
a strip geometry — including periodic toric geometries — and identify corresponding quivers.
Second, for a pair of branes in a fixed underlying geometry, having identified their partition
functions as a wave-function in different polarizations, we determine SL(2,7Z) transformations
corresponding to a change of polarization (in other words a change of a position of a brane, i.e.
a toric leg it is attached to).

Recall that an interpretation of the A-model open topological string partition function as a
wave-function follows from a target space description in terms of Chern-Simons theory [13]. The
phase space in this case is identified with the space of field configurations at the boundry of a
lagrangian brane, in particular the boundary at infinity for non-compact branes, such as those
considered in this paper. This viewpoint was elucidated in [14] — in particular, based on the
observation for C3, it was postulated that not only brane partition functions transform as wave-
functions, but also brane creation operators in the fermionic picture transform appropriately.
This conjecture was verified in detail for branes in the conifold geometry in [15].

In this paper we generalize the results in [6] to arbitrary (non-periodic or periodic) strip
geometries, and reinterpret them in terms of wave-function transformations in the spirit of
[14,/15]. We determine quantum curves, also referred to as quantum A-polynomials [6,|16], as
well as quivers, corresponding to geometries under consideration. While we consider much more
general geometries than the conifold, the price we pay is that in most cases we identify an integral
kernel that encodes canonical transformations between various partition functions based on the
semi-classical analysis. We postulate that the same kernel encodes canonical transformations at
the quantum level too. Furthermore, we reinterpret these transformations as relating various
quiver descriptions of the corresponding branes. In particular, we find that changing a position
of a brane in a toric geometry is represented in general only by the identity, S2, or T operation
(or their composition), while a single S operation may arise only for the special case of C3 or




SciPost Physics

resolved conifold geometry.

We also stress that the identification of quivers corresponding to various branes that we
consider implies that various properties discussed in [1},2,6] also hold. In particular, identification
of quivers corresponding to toric branes of our interest proves that BPS multiplicities (i.e. LMOV
invariants [17,|18]) associated to such branes are integer. Moreover, the algebra of such BPS
states can be identified with the cohomological Hall algebra of the corresponding quiver. It
would be interesting to analyze these properties in more detail, not only for strip geometries,
but also for toric manifolds with compact four-cycles.

The plan of the paper is as follows. In section[2]we fix the notation, compute topological string
amplitudes and corresponding quantum curves for branes in non-periodic and periodic toric strip
geometries, and determine corresponding quivers. In section [3| we analyze transformations of
brane partition functions under SL(2,Z) transformations and their wave-function character. In
section [4] we show how quiver A-polynomials transform under SL(2,7Z) transformations. In
section [5| we illustrate these considerations in various examples, including both non-periodic
and periodic strip geometries. In appendix [A] we provide more details on topological vertex
formalism and compute amplitudes for branes attached to horizontal legs of a strip geometry.

2 Brane amplitudes and quivers

In this section we compute topological string amplitudes for branes in “strip” toric geometries,
find corresponding quantum A-polynomials, and determine corresponding quivers.

2.1 Topological strings on the strip

In this paper we consider Calabi-Yau threefolds without compact four-cycles. They are also
called “strip” geometries, since their toric diagrams arise from a triangulation of a strip [19]. An
example of a dual web diagram is shown in fig. [1| (we will loosely call such web diagrams also as
toric diagrams). Such diagrams can be thought of as a concatenation of trivalent vertices. Each
finite segment in such a diagram (spanned between two neighboring vertices) is referred to as an
internal leg and represents P! with a Kéhler parameter @;. In this work we consider lagrangian
(Aganagic-Vafa [18]) branes that are represented by thick segments attached to external legs of
a toric diagram, see fig. [I}

Closed and open topological string amplitudes for toric geometries can be calculated using
the formalism of topological vertex [14,20]. For strip geometries this formalism can be simplified
as discussed in [19], see also [6]. In appendix [A| we review this formalism and generalize it in
order to take into account branes attached to non-vertical legs (which are attached to the first or
the last vertex in a strip). Here let us simply recall, that in this simplified formalism we assign
a type A or B to each vertex, in the following way. If a brane is attached to the first vertex, its
type is chosen according to fig. [2} if a brane is attached neither to the first nor the last vertex,
then the type of the first vertex is chosen as if a brane was attached to its vertical line, and a
configuration with a brane attached to the last vertex is discussed in the appendix[A.2] The types
of the following vertices are assigned in such a way that the neighboring vertices have the same
type if a segment connecting them represents local geometry of O(0) & O(—2), and they have
opposite type if the local geometry is of O(—1) & O(—1) type. Apart from Kéahler parameters
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Figure 1. Examples of a strip geometry with branes on external legs. Kahler parameters are
denoted by @;, each vertex is of type A or B, and the brane modulus is denoted by x.

Q;, topological string amplitudes depend also on the coupling /& which is captured by ¢ = e”,
and we assume that |¢| < 1. Furthermore, open topological string amplitudes that involve a
single brane depend an open modulus z (or a number of such moduli, for more general brane
configurations). Then, following the rules presented in appendix the open string partition
function for a brane in framing f, attached to the i-th external vertical leg, takes form

g =3 (o) T T )

n=0 (5 ¢)n j<i g>i

where X;; are g-Pochhammer factors labeled by the indices of the distinguished vertex ¢ and of
another vertex j, whose form is given in table[I] These factors depend on the types of vertices ¢
and j, and on the product of Kahler parameters Q;; = Q;Q;+1---Qj—1. There are four types of
these g-Pochhammer symbols: (Q;q)n, (Q;¢), 1, (Q;¢ 1)n, and (Q; ¢ 1), 1, whose numbers we

denote respectively by a, b, ¢, and d. We also introduce the notation r = a + c and s = b + d,
and rewrite g-Pochhammers with the second argument ¢! using the identity

Qg o= (=1)"¢ " V2Q" Q™ . (2)
With this notation, the expression takes form

() = - _1\n,n(n—1)/2\f+1—c+d (x%)n (041; Q)n o (aa§ Q)n(’)/l_l; Q)n e (70_1; Q)n
V1) nz%(( V' ) (& Dn (B @)n (B (0750 (07 50)n ¥

where ay, Bk, Yk, 0r are given by a string ();; of Kahler parameters and can be determined
explicitly for a given strip geometry and for a given position of the brane. Note that there are
r g-Pochhammer symbols in the numerator and s in the denominator. We also refer to 1 ;(x)
as the wave-function. For a special choice of framing f = b — a, the wave-function is simply a
g-hypergeometric function

al ... Qg 7{1 %_1 Y1 Ye (4)

_ 1534,
B oo By oyt oot

Vb—a,i(T) = atcPbrd 50|

5
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which generalizes an analogous statement in [6].

We stress that expressions , , and are relevant for branes attached to the i'th
vertical leg. To obtain partition functions for branes attached to non-vertical legs (which arise
for the first and the last vertex in the strip), one simply needs to consider the amplitude for
a brane on the same (the first or the last) vertex and change types of all vertices to the opposite
ones. This essentially changes the form of X;; and X;; factors given in table |1, Effectively, if
we start from the partition function for a brane on a vertical leg attached to the first or the last
vertex, and replace ¢ by ¢~ in all factors Xi; or Xj;, then we obtain the amplitude for a brane
attached to the non-vertical leg.

Figure 2. If a brane is attached to the first vertex, the type of this vertex depends on the
external leg to which the brane is attached. If a brane is attached neither to the first or the
last vertex, then the type of the first vertex is chosen as if the brane was on its vertical line
(i.e. as in the first or the third picture). The case of a brane attached to the last vertex is
discussed in the appendix.

Xij, 1< Xji, 1>
.| (A, B) = (Qiji @) (A4, B) = (Qji; @)n
(B,A) = (Qijia Dn | (B, A) = (Qjisq Y
s |0 (4, 4) = (Qij; ), (B,B) = (Qji; q)y!
d| (B,B) = (Qijia ' | (A, 4) = (Qiisa™")n"

Table 1. The contribution X;; to the open string partition function in a strip geometry with
a single brane attached to an external leg of the i-th vertex. Vertices i and j are of type A
or B, and the underlined symbol denotes the position of the brane.

2.2 Quantum A-polynomials

Having determined the wave-function , it is not hard to derive a difference equation it satisfies.
Writing 17 ;(x) = >, ppa”™, we find that the summand p,, obeys

b d a c

Prit (1 B qn+1) H(l _ ﬂzqn) H((Sz _ qn) — pn(_l)f+lfc+dqn(f+1+dfc) H(l —aiq") H(’YZ i qn)‘

1 iy i=1 i=1
()
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By multiplying both sides by #"*!, summing over all n, and introducing the operators Z and 7
acting respectively by Zf(xz) = xf(x) and yf(x) = f(qz), we find the following operator

b d
A@9) = -9 - 8D [[Gi—a¢ "D+ “da:H (1— i) H (=97 T, (6)
i=1 =1

which we also refer to as a quantum curve or quantum A-polynomial [6}16], and which annihilates
the wave-function

A@@,9)pi(x) = 0. (7)

In the classical limit ¢ — 1 the above operator reduces to the polynomial that defines the
classical mirror curve A(z,y) = 0; it has genus zero and takes form

C

b d
Az, y) ][O -8w]]6i—v)+ C+dxH —aiy) [[(i —w)y/ T (®)
=1 =1 i=1

2.3 Relation to quivers

In turn, we now introduce quivers and the associated motivic generating series. The structure
of a quiver with m vertices can be encoded in a matrix C' € Z"™*™, such that C; ; denotes the
number of arrows from vertex i to vertex j. A quiver is called symmetric if C; ; = C};. Various
information about the moduli space of representations of a symmetric quiver is encoded in the
corresponding motivic generating series that takes form [21H25]

(_ql/Q)ZZ}:l Ci,jdid; i

Po(xy,...,xpm) = x ---xf,lnm. 9
el ) d;;im (@ Da, (6 0)d,, )

In particular, motivic Donaldson-Thomas invariants g, 4,.; that characterize such moduli
spaces are determined by a decomposition of this generating series into quantum dilogarithms

Pe@rm) =[] TLTL (1= (s oat) eomniz) O s )

In what follows we are often interested in the classical limit of the quiver generating series

1

Po(x1,...,xm) = exp <f

=S, @) + 0(n0)). (11)

To determine such a limit we introduce z; = e'® € C*, replace the sums over d; in @ by
integrals over z;, rewrite the summand in the exponential form, and identify the action S as the
leading order term in the exponent

Z CijlnziInz; + Z In z; In(—1)%2; + Lia(2;) — Liz(1)) . (12)
i,j=1
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The variables {z;}", are determined by the saddle point equations 0S/0z; = 0, which are
analogous to the twisted F-term condition with the action S playing a role of the twisted
superpotential W. These equations take explicit form

m _Chk,j
1 = exp (zj$> = (—1)ijjlei:i2; - (13)
The action S can be also expressed purely through z;
L m
S = _22.;1 Cijlnz;Inz; —;ng(l — 2j), (14)
where we used the Euler reflection formula
Lig(x) 4+ Liz(1 — ) = Liz(1) — Inz In(1 — ). (15)

One of the main observations of this paper is the statement that the open string partition
function admits a representation in the form of the motivic generating series @D, for appropri-
ate quiver matrix C' and appropriate identification of parameters. Such a quiver representation,
for a brane attached to the first (left-most) vertex of a strip geometry, was found in [6]. We
now find a generalization of that result to a brane attached to any leg in a toric strip diagram;
namely, we find that the wave-function can be written in the form

T/Jf,z(ﬂf) :PC <xH7a17"‘7aa771_17"'77c17ﬂ17“’7/3b761_17“'76;1>7 (16)

where we use the following notation for the arguments of the motivic generating series

and similarly for 3,~,d. The quiver that determines is represented by the following matrix
of size m =1+ 2r + 2s

f+1—c+d v%r v%s
C = (’U%T)T A2r 027",25 (18)
(,U%S)T 023,2r A2s
where
v =(0,1,0,1,...,0,1), »3" =(1,0,1,0,...,1,0), A>** =diag[1,0,1,0,...,1,0], (19)
~~ —
2n 2n 2n

and O?™?" is the 2m x 2n matrix with all elements being zero, while T in the superscript
denotes the transposition of a vector.

The above quiver generating series in fact factorizes into a number of universal g-Pochhammer
factors and the remaining part, which can be written in terms of a smaller quiver matrix of size
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1+7r+s
1) :H?zl(aj; @)oo H;:1(7;1§ 7)o »
! b d _
Hj:1(5j§ @)oo Hj:1<(5j g q)oo
x Per <$H7a17 R O‘avryflv s ”7;17 q1/2ﬁ1, s 7q1/2ﬁb7q1/26;1) s 7q1/26d1) .
104
(20)
where
f+l—cH+d| v" | v°
O = (,UIT)T o’ | O™ , (21)
(,U/S)T o5 | A'®
and
" =(1,1,...,1), A" = diag[1,1,...,1]. (22)
~——— N——

Note that the size of a quiver represented by C' or C’ depends only on the number of vertices
in the strip geometry, and not on the location of a brane. However, the structure of the quiver
generating function depends on the number of g-Pochhammer factors in the numerator and
denominator (respectively r and s), which do depend on the brane location. The rules of table
imply that if we change the brane position from one vertex to another of the same type, the
quiver stays intact. It changes, if we change the brane position to a vertex of another type.

In fact, the quiver matrix is the same as the one found in [6] for a brane attached to
the first vertex. Therefore more general brane partition functions that we find now differ
from those in [6] just by rescalings of quiver generating parameters. In particular this implies,
that open BPS invariants (LMOV invariants) assigned to the branes that we consider now are
given by an analogous formula as in [6], up to some straightforward redefinitions.

Let us also note how the action simplifies for quivers corresponding to strip geometries
. In this case quiver matrices have non-zero elements only in the first row and column and
on the diagonal, so we can write

m

5= —5C1a(lny)’ ~ Lin(1 — ) +35 (23)
where o
S;j=—-Cijlnylnz; — 5’3 (Inz;)? — Lig(1 — 2;), j=2,...,m (24)
and
y = exp (x?i). (25)
Furthermore, looking in detail at non-zero entries, we find that
c—d—f—1 2 : - - —~1 a -1
5=y — i1 — ) + D slag) + Y sy = S s(8) = sl (26)
j=1 j=1 j=1 j=1
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where

s(z;) = —Inyln(l — xjy) — Lia(x;y) + Lis(z;). (27)
From this action we can also compute a general form of the A-polynomial

d a c
H (=B [T =61y = (D) ray@ < [T —agp) [T =7"w),  (28)
i=1 j=1 j=1 j=1

which is consistent with (| ., upon a correct specialization of variables.

2.4 Periodic chain geometry

One important class of examples that we consider in this work are toric manifolds encoded in
periodic toric diagrams. Among others, using such manifolds one can engineer various interesting
supersymmetric gauge theories [26]. In what follows we consider wave-function transformations
for periodic chain geometries defined by identifying the external line along the horizontal axis,
as in fig. I It is sufficient to focus on geometries with arbitrary length 2N (i.e. with 2N Kéhler
parameters Q;, Q; fori =1,....N ), with an interlacing pattern of vertices ABAB.... Indeed,
note that all compactified geometries are related to those with vertices of type ABAB. .. by
flop transitions, for the following reason. In order to glue the external legs along the horizontal
line, the corresponding Newton polygon must be a parallelogram, and in this case we can
compactify the horizontal line by identifying the upper and bottom corners of the parallelogram.
By utilizing the periodicity, geometries encoded in various parallelograms are all equivalent to
the geometry encoded in a rectangle, and its all triangulations can be related by flop transitions
to the triangulation which corresponds to ABAB ... geometry. Therefore understanding the
class of ABAB ... geometries is sufficient.

Figure 3. The periodic chain geometry with a lagrangian brane. The dashed line denotes
the compactification along the horizontal line.

Consider the open string partition function for a brane attached to the first vertex. It has
also been calculated in [27], and takes form

S oo N m— -1, m. —1
o\ :c” (Pop™ 5 )n(By 9™
Yr(z) = (—1)ngn(n=b/2 2 ; (29)
7;) ( ) gl bl;[l (Pop™ 5 ) (Plp™5 ¢~ Vi

10
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where p = Hi\i 1 Q;Q;, and using Kronecker 0;; we have

b—1 b—1 b—1
Py=Q [[ Q@ Bo=(ap)* [T @uQk, By =q " T (@rQx)" (30)
k=1 k=1 k=1
We find that this wave-function is annihilated by the following quantum mirror curve
N N
H(z,9) = [[0(a w220 Bg) + (-1)f 357 [[ 0 (Bd) . (31)
b=1 b=1

where we define the theta function

0(z) = (2;D)oo(pr '3 D)oo (32)

Note that in the limit p — 0 we have 6(z) — (1—z), i.e. a periodic chain becomes a non-periodic
one.

Furthermore, we find that can be written in a form of a quiver generating function, with
a quiver of infinite size. To this end we use first the (-function regularization and rewrite
in the form

Vi) = i ((_1)nqn(n71)/2>f+1 (IT (P By) ' 2a)" ﬁ ﬂ (Pop™ 5 @) (Pop ™™ @)

: ~ ~ 1
n=0 (5 ¢)n m=1b=1 (Pop™ Y5 Q)n(P'y ™™ @)n

N o\ 1/2

—ro(I] () "= P.RST). (33)
b=1
where

P= {qfl/QPbpmfl,Pbpmfl,b —1,.,N, m=1, oo} , (34a)
R= {q_l/QPbp_m, Pp "™ b=1,..N, m=1,.., oo} , (34b)
S = {q*1/215bpm*1,]5bpm*1,b =1,.,N, m= 1,...,00}, (34c)
T= {q_l/Zﬁé_lp_m,]aé_lp_m, b=1,..N, m=1,..., oo} , (34d)

and the quiver matrix C' is given by an infinitely large generalization of
L I
C=| (T | A" | O™ (35)
(US)T onn AP
Note that infinite products over m = 1,...,00 in can be written in the form of the theta

function, and then the wave-function can be expressed as an elliptic hypergeometric function.
The regularized wave-function is annihilated by the quantum A-polynomial

n—oo

N
AN PR ~ ~ —1 1 _
A@,9) = (1 -0 [[@PFp)oc(@Py 'GP oot

b=t (36)

N N
+ (=0 TI(RB) 2257 T (P p)oo(Pop ™' T3 0™ oo
b=1 b=1

11
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and this operator is a regularized form of .

3 Wave-function behavior and SL(2,7Z) transformations

In [14}]15] it was conjectured that topological string partition functions for branes in toric Calabi-
Yau manifolds have wave-function character. This implies that partition functions for different
branes in a fixed toric geometry can be regarded as wave-functions in different polarizations, and
can be related by SL(2,7Z) transformations. Such a transformation, corresponding to a change
of a position of a brane from the i’th to the j’th vertex, can be implemented via an integral
transform

vilag) ~ [ dmik (gm0, (37)

)

where C;; is an appropriate contour and the kernel
1
K(z;,xj) = exp (ﬁ (d(lnz;)* — 2Inz; Inx; + a(ln xj)2)) (38)
c

is determined by a,b, ¢,d € Z that specify an element of SL(2,Z)

o (CCL (ad —dl)/c> (39)

Recall that all elements of SL(2,7Z) are generated by two generators

S:<0 1) T:<1 o) (40)
10 11

which satisfy S? = —1 and (ST)? = —1.

In [15] the above statement was verified for C? and the conifold geometry. To this end
an appropriate framing was chosen, for which open topological string partition functions for
these two manifolds are captured by a finite number of LMOV invariants and can be written
as a product of a finite number of quantum dilogarithms. In this case the integral in (37]) can
be evaluated, at least formally, in the exact form, by the analysis of the g-expansion of open
partition functions.

In this work we are going to confirm the above conjecture for arbitrary strip geometries,
including periodic chains, for branes at various positions and in arbitrary framing, and also to
provide quiver interpretation of these transformations. For arbitrary strip geometries the number
of LMOV invariants is infinite, and the integral cannot be evaluated exactly. However,
we will verify the transformation rule (37) in the classical limit, which is possible in such a
general case. The analysis in this section relies on the quiver representation of brane partition
functions discussed in section — namely, we identify which SL(2,Z) operations preserve such
an underlying quiver structure of the brane wave-function.

In the quiver interpretation , the open modulus x of a brane is identified with the quiver
generating parameter x;. Let us therefore consider the wave-function identified as

Y(x) = Po(x,22,...,Tm) = €xp (%S(x) + (’)(ho)),) (41)

12
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where the action S(x) is the corresponding specialization of . A function that is a solution

to the classical A-polynomial equation (mirror curve equation) A(z,y) = 0 takes form

Y(qr) i Po(qx,x2,. .., Tm) ( 85)
= lim =exp|zo ).

y(x) = lim

h—0 P(x) =0 Po(x,xa,...,%m) @

For ¢ (zx) in and a general kernel , the transformation in the classical limit takes
form (for a similar analysis see e.g. |28])

/de(:ﬂ', x)YP(z) = /d:c exp (% <S(m) + 2ic (d(lnw)2 —2lnzlng’ + a(ln:v')2) )) (43)

The saddle point condition reads

058(z) dlnz 1lna'

ox c x c T

~0. (44)

From the relation we get ' = 2%° (for 2 # 0). Solving this relation for z yields z = x(z').
The result of the integration is then

/ Az K (o, ) () = exp (%S’(m')), (45)

where we define the transformed action S’(2)

S'(a') = S(a(x')) + 2% (d(ln (@) - 2lnz(@) Ina’ +a(lna’)?) | (46)

It then follows that

05’ (x) _ -
r_ / _ /e tajc _ (da—1)/c, a
Yy = exp (:Jc o ) x x ye. (47)

/ a..(ad—1)/c
x yex x

where K € SL3(2,7Z) is given in and we introduced the notation

« b
(o) 0)-() ®

The above analysis shows how a wave-function ¢ (z) and a pair (z,y) are transformed into
Y'(2') and (2/,y") on the classical level. However, for a given kernel K, there is no guarantee that
the resulting wave-function ¢'(z’) can be also written in the quiver form. Nonetheless, we know
that brane partition functions can always be written in quiver form . It follows that not
all, but only some special subset of SL(2,Z) transformations, corresponds to changing a brane
location. Let us now show that transformations that lead to ¢/(z’), and which can be written
in a quiver form, are combinations of 7" and S? operations, while transformations generated by
S arise only in a very special case.

Altogether we get
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Consider first T transformation. Applying it n times yields (gi) =T"x (Y) = (:cz")’ which
corresponds to a change of framing by n. This transformation changes only x variables and
modifies only the first saddle-point equation, which then turns into

m
Ly = ()% T o
j=2

This transformed equation corresponds to a quiver C’ such that C]/',k: = Cj —ndj10; (and
with an additional rescaling of the ) by (—1)f). For us it is crucial that the transformed
quiver C’ exists, which asserts that 7™ is an allowed transformation. Equivalently, this can be
argued by the analysis of how the classical action transforms. The original action after T™
transformation takes form

§'(a’) = S(a(a')) + %(11095(33/)/33/)2 = _%(CI,I —m)(Iny')* — Li(1 — )+
S Oty — L3 o (51)
_ Crilny' Inz; — 3 Cijlnzilnz; — E Lig(1 — 2;),
i=2 =

i.j=2

which indeed corresponds to the action associated to the quiver C’ given above. For the motivic
generating series we therefore confirm (at least to the leading order) the relation

(T"pe)(x) = Yo ((—1)"x). (52)

Consider now a single S transformation (gi) = 5% (g) = (yfl). The transformed action
takes form S’(z') = S(z(2’)) + Inzlna’ and exchanges the role of z and y, so that it is difficult
to infer about the general structure of S’(z’). To get a better understanding of the problem let
us consider a few examples. First, consider an A-polynomial which is symmetric in x and y.
Inspecting the general form of the A-polynomial for the strip geometries we see that such a
symmetry requires that the kernel and framing f are of the foom b=d =0, f =c— 1 and

either a =1,c¢ =0 or a =0,c = 1. In these two cases, A-polynomials read respectively
Alz,y)=1l-y—z(l-ay), Ay =1-y—z(y-y). (53)

These A-polynomials correspond to the conifold, which we analyze in more detail in section [5.2
Therefore we see that S transformation is relevant at least for the conifold geometry.

In turn, consider two simple examples associated to a quiver with one node. For C' = (0) the
saddle-point equation takes form 1 —y = x and the classical action reads S(z) = —Lia(1 —y) =

—Liy(z). After S transformation they turn into 1 — ¢ = & and

S'(z') =8 +Inzlna’ = —Lis(1 — 1/2") —In(1 — 1/2") In(1/2") = Lig(1/2") — Liz(1).  (54)

This action is related to a one-vertex quiver C' = (1). Indeed, for this quiver the saddle-point
equation takes form y = 1/(1—=x), and the classical action reads S(z) = —%(Iny)? —Lis(1—y) =
Lig(1 — 1/y) = Lig(x). Ultimately, S transformation relates quiver (0) to quiver (1) and inverts
the argument

(Svo)(@) = 20/ (@), (55)
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As the second example of a quiver with one vertex, consider the case C' = (2). The saddle
point equation reads 1 —y = xy? and the action takes form S(z) = —(Iny)? — Liz(1 — y). After
S transformation we get the corresponding saddle-point equation y’ = 2/(z’ — 1) and action
S'(z) = —(Inx)? — Liz(1 — x). In this case the resulting curve ¥ = y/'(z') does not satisfy the
condition 3'(0) = 1, which quiver A-polynomials should necessarily satisfy. This means that in
this case the S transformation yields a wave-function which is not associated to a quiver. This
shows that S operation corresponds to changing a brane position only in some special cases (like
the conifold geometry mentioned above), but not in general.

Finally, consider S? transformation (gi) =5%x(Y) = (gj) It corresponds to the element
(39) with @ = d = —1 and then setting ¢ = 0, so that (ad — 1)/c = 0. The corresponding kernel
can be identified as K = exp (— 55 (In(za’))?), where we keep ¢ # 0 as a regulator. In the limit
¢ — 0 the kernel localizes the integration to In(zz’) = 1, which indeed yields 2/ = x~!. The
result of the action of S? is then

V) = (870)() ~ exp (3 56)). (56)

Therefore, the resulting partition functions is described by the same quiver, merely evaluated
at the reciprocal point. The transformed action can be rewritten as

S'(z') = S(1/2) =

1 m 1 m m
= —501,1(1113/)2 —Li(l-1/y) + ZCM Inylnz; — B Z Cijlnzlnz — ZLiQ(l — zj)
i=2 i,j=2 j=2

1 m 1 m m
= —5(0171 +1)(Iny)? + Li(1 — y) + ZC’M Inylnz — 5 Z Cijlnz;Inz; — ZLig(l — zj)

=2 i,j=2 j=2
(57)
where we used that y(z'~!) = ¢/(2/)~! and the Landen’s identity
1
Li(l = 2) + Li(1 = 1/2) = =5 (In 2%, 2>0. (58)

This transformed action is encoded by the same quiver, simply with the argument evaluated
at the reciprocal point. We can also check that the resulting form of the partition function is
consistent with ¢/ = y~1. We have 3/ = lim,_,1 qg,((q;)) = exp(2/'0,S(2'71)) = exp(—20,9(7)) =
y~ !, as expected.

Finally, let us also note that to move a brane around a strip geometry we need to slightly en-
large a set of allowed transformations, by including rescaling of the variables Kahler parameters.

A general transformation that we need to consider takes form

y/ _ anx(ad—l)/c’ 7 = éycxd' (59)

It is not hard to see that corresponding integration kernel, generalizing (38)), takes form

K(z,2") = exp (Tiﬁ(d(ln z)? — 21nxln(@_1x') + a(ln(@_lx'))2 + %longog :U’). (60)
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The saddle-point equation with this new kernel reads cx0,S + dlnx — % — ln(@_lx’ ) = 0, which
indeed leads to the correct relation for 2’ in (59)). The resulting classical action is

1 __ _
S'(2") = S(x(2))) + % (d(ln z(z')? — 2Inz(2)) In(Q 1a:’) + a(ln(Q 1x’))2) +logQlogz’. (61)
c
From the transformed action we find, also in agreement with ([59))

oS’ (x' 1 a. 1 o (ad—1)/c
! 83(:,)>:exp<—clnx—|—cln(Q x')—l—logQ):Qy gled=1/e, (62)

y' = exp (:U

In conclusion, only a subgroup of transformations generated by 7' and S? acting on a quiver
generating function results also in a quiver generating function, associated to a transformed
quiver, possibly with rescaled variables. This conclusion is consistent with the behavior of
quantum A-polynomials analyzed in the next section.

4 (Quantum) A-polynomials and SL(2,Z) transformations

In this section we confirm the wave-function character of brane partition functions from another
viewpoint, by considering the effect of SL(2,7Z) transformations on quantum A-polynomials.
We first argue that, in general, only 7 and S? transformations preserve the structure of A-
polynomials and thus are allowed. Subsequently, we explicitly identify the operations that
correspond to changing the position of a brane. We show that moving a brane from one toric
leg into another one can be interpreted as an action of the following elements of SL(2,7Z): the
identity when a brane is moving between two vertices of the same type, S? when it is moving
between vertices of different types, and 7%~ when it is moving between two external legs of the
first or the last vertex in a strip. Note that in general there is no operation on a brane that
corresponds to the action of a single generator S; as we show below, such an operation arises
exceptionally only for the C? or conifold geometry. These results agree with what we found in
section [3

4.1 Action of SL(2,Z) on A-polynomials

We consider first how mirror curves, or equivalently quiver A-polynomials, derived in section
transform under the action of SL(2,Z). We consider the action of generators S and 7" and
the action of S2. Under the action of T', the operators (7,7) transform as

(,9) & (@0.7), (63)

which corresponds to increasing framing by one, which can be always conducted.
The action of S, which takes form

@.9) > 742, (64)

is more subtle. It is sufficient to consider the classical case. Note that A-polynomials found in
section [2.2] have the following general form

A(x,y) = P(y) + 2Q(y), (65)
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so that after the S-transformation we get

S, — —
A(z,y) = P(x) +y7'Q(2) = y ' (Q(2) + yP()). (66)
For the right hand side to be also of the form we need to ensure that
Qz) =CiW(z)(1 +ex),  Px)=CoW(z)(1+ ), (67)

where C; and ¢; are some constants and W (x) is another polynomial in z, so that the resulting
polynomial (up to an overall factor) is of order z

_ C1W (x) C Coe
1 1 2 2€2
P = —(1+ = C 1 . 68
v (@) + yP(@) = T (14 G+ Creas(1 + Z2y) (69
The question is then, when the condition (67 can be fulfilled. We have
Q(ZC) _ Cl l+ex = (=1 f—c+dxf+1+d_c H?:l(l — Oéil') Hzczl(71 — aj) (69)

Ple) ~ Coltepr ) l—z 5,1 Ba) [T, (6 — )

1=

First, we need to fix the framing as f = ¢ — d — 1, so that the leading term is 1. Then, for the
equality to hold, the necessary condition is that the orders of the rational functions match. For
€; # 0 this leads to the condition a+c—b—d = 1. Additionally, for b, d # 0 this requires pairwise
cancellations and therefore cannot hold for arbitrary values of Kéahler parameters. Analogous
arguments exclude special cases €e; = 0 or €5 = 0.

Finally, consider the case ¢; # 0 with b = d = 0. In that case, given that a+c—b—d =1,
we have two possibilities, either (a = 1,¢ = 0) or (a = 0,¢ = 1), and we find respectively

g1+61x_71—ax g1+61x_7’y—m (70)
Col+exr  1—z’ Col+exr 11—z
These conditions are solved by (% = 1,6 = —a,e2 = —1) or respectively (% = 7l =
—y~ 1 eg = —1). The S transformation then yields
(a=1lc=0): l-y-zl-ay) 3 y ' (1-y-ala—y), (71)
S _ _ _
(a=0,c=1): l1-y-z(v—y) 2> —w ' (1-7""y) -7 "2z(1-y), (72

and in the second case further rescaling * — vyx and y — ~y brings the A-polynomial to the
canonical form —y~! ((1 —y) — 2(1 — 7y)). Note that these two special cases correspond simply
to the conifold geometry, which was the main example analyzed in [15]; for more complicated
strip geometries branes do not transform simply under the S operation. Furthermore, note that
for these two special cases, S? has the same effect as the identity transformation and produces
the original A-polynomial.

Let us also consider the action of S? for a generic strip geometry

~ o~ 821
@y > @ Ly, (73)
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for which the quantum A-polynomial @ transforms into

c a J )
| ) | (O R e | (R | (Bl Fad
i=1 =1

i=1 i=1
(74)
This is almost the correct form, apart from the absence of (1—7) in the first term and the presence
of (1 — y) in the second term. This can be fixed by rescaling 3 by v, or a; and extracting
(1 — ) in front of the product. At the same time the other “wrong” factor can be incorporated
in one of the products, bringing the expression to the right form. Therefore S? transforms a
geometry characterized by (r, s) into a geometry characterized by (r' = s+ 1,8 =r —1).
To sum up, the structure of A-polynomials is always preserved by T' and S? transformations
(and their compositions). This structure in general is not preserved by a single S operation,
which makes sense only for C? or resolved conifold geometry.

4.2 Moving to another vertex

We analyze now how moving a brane from one vertex to another is represented by elements of
SL(2,7Z). Denote by A\Z(fﬁl, ¥i) the quantum A-polynomial annihilating the wave function with
the brane at the external leg of the i-th vertex. First, consider moving a brane one vertex ahead,
from the i’th vertex to the (i + 1)’th; these vertices can be of type A or B.

Consider the case when both vertices are of type A. We distinguish contributions from
vertices preceding the vertex i, from vertices i and (i + 1), and from vertices succeeding the
vertex (i + 1). First, contributions from vertices preceding vertex i can be of two types, either
(Aj, A;) or (Bj, A;) (where the underline denotes the location of the brane). When we move the
brane to the (i 4+ 1)’th vertex these two types change into (A;, A, ;) or (Bj, A; ) respectively.
From the table [T] it follows that this results in extending the string of Kéahler parameters from
Qji to Qjiv1 = Q;;Q;. Similarly, contributions from vertices succeeding the (i + 1) vertex
simply change corresponding Kéhler parameters by removing the factor );. Therefore, apart
from rescaling of some Kéhler parameters, the structure of the part of the A-polynomial coming
from these vertices does not change.

Consider now the pairing of the two vertices involved in the brane movement. The original
contribution (4;, A;;+1), which is of type § with parameter @Q;, after the movement changes to
(A, A; ) which is of type §, again with @;. This changes the structure of the A-polynomial: the
factors (1—7;)(1—q 1Q;¥i) get replaced by (1—%;+1)(Q; —7i+1). This implies the transformation
Uit1 = ¢ ' Qq¥i, so that we find

1 =71 = ¢ 'Qi) = aQ; (7 'Qi — Tir1) (1 — Jix1) ~ (1 = Jir1) (¢ ' Qi — Gix1),  (75)

where in the last step we commuted the two factors and dropped an irrelevant constant. In
the resulting A-polynomial Kihler parameters are rescaled by a factor ¢!, while rescaling 7;
introduces an extra factors ); in the Z-dependent part of the A-polynomial. These factors
can be absorbed by a redefinition Z;11 = Qf Fltd—eg . Ultimately, the transformation between
(Ui, x;) and (Yi+1,Zi+1) involves only rescaling of Varla,bles, which in the language of SL(2,7)
corresponds to the unit operator.

Consider now the case when the (i+ 1)’th vertex is of type B. Contributions from vertices of
type A preceding the i’th vertex change from type d to «, whereas from vertices of type B change
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from « to 8. Corresponding Kahler parameters are again rescaled by @);. Similarly, contributions
of type [ from vertices succeeding the (i+ 1)’th vertex change into 7, and those of type a change
into 9§, and Kahler parameters are divided by );. The contribution from the vertices involved in
the brane movement does not change. Overall, we see that in the A-polynomial contributions
of type 8 and ~, as well as a and J, are exchanged. To achieve such a transformation by a
change of variables, the operators must be related as 7; 11 ~ @;1 and Tjy1 ~T; ! (possibly with
extra rescalings, and additionally K&hler parameters before and after the transformation must
be matched). Such operation is captured by the transformation S? from the point of view of
SL(2,7).

In two other situations, when the i’th vertex is of type B, analogous analysis reveals that
when the succeeding vertex is of type A the transformation is S2, whereas it is the identity when
the vertex is of type B.

To sum up, moving a brane one vertex ahead in a generic strip geometry is captured by the
identity or S2. Moving the brane further is then captured by combining these two transforma-
tions, which overall still results in the identity or S? transformation.

4.3 Moving within the vertex

In turn, we analyze moving a brane with the same vertex (thus necessarily the first or the last
vertex) in a strip geometry. Consider first a brane of type A attached to the first vertex. If
we move the brane to the other leg, the Kéhler parameters remain intact, while the type of the
vertex — and thus all the pairings — change. It follows from table [1| that such a transformation
changes « contributions to «y, and S contributions to §, and the two corresponding A-polynomials
read

S

KA(&?A@A):(I—@A)HQ_(] 1/8yA mAH l—azyA ,
izsl (76)
Ap(@p,5m) = (1= 58) [ [ (6 — 4 ') + (-1)'" S”ABH e
=1

The transformation between variables and identification of the Kéhler parameters take form

T‘ .
Ba=gafyt O HEE Ga=ga A=0 w=ah ()
=1 "7

Up to this identification of the Kéhler parameters the two wave functions are thus simply related
by T7~%. This can be seen explicitly also from the transformation of the wave function

Ta4) = - _1\n,n(n-1)/2 F+ Z‘Z (a17Q)n---(aa7Q)n
oraten) =3 (0 ) Gt G (78)

- frlorss (xB:ﬁ::gsr) (i Dn--- (4 9)
Vre(rB) = (—1)ngnn=h/2 L2 R (79)
f nZ:O ( ) (q;q)n (51 17Q)n~"(5dva)n

which is nothing but a change of framing, indeed represented by 17" ~*. This transformation does
not change the underlying quiver.
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5 Examples

In this section we illustrate earlier considerations in a number of examples.

51 C

A diagram for C? geometry is shown in fig. The partition function for a brane attached to
any of the external legs takes form

w(x) _ Z ((_1)nqn(n—l)/2)f+1(q.CEqTL) _ Pc(q_(f+1)/2x)a (80)
n=0 » A/

and can be identified as a generating function associated to a one-vertex quiver encoded in
the matrix C' = (f + 1). The partition function for an antibrane takes an analogous form

v(e) = 3 (g 2) o = Pl ), (81)

n=0

simply with C = (f), i.e. the framing is changed. For f = 0 we simply have ©*(z) = (z) " .
Quantum A-polynomials annihilating these two partition functions read

A@y) =1-7+()agtt,  A@y =1-g+ (-1 eyl (82)

Figure 4. Toric diagram for C3 geometry.

For C3, if we change a location of a brane, its partition function does not change, so from
SL(2,7) perspective this is just an identity operation. We can however interpret a transforma-
tion of a brane into an antibrane in this language as a power of T transformation

(Z/!) _ Tf+1_f/ N (y) 7 Tf+1_f/ _ < 1 0) ' (83)
x’ x f+1—f 1

(T ) (@) = ¢ (1) ). (84)

so that
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5.2 Resolved conifold

Let us discuss transformations of branes in the resolved conifold geometry. They were also
discussed in |15] on the full quantum level, for an appropriate choice of framing. For completeness
we discuss this example from our perspective, however considering also (more generally than
in [15]) an arbitrary framing and invoking the relation to quivers.

For resolved conifold there are 4 external legs and thus 4 possible brane locations, whose
wave-functions we denote by ¥;(z) for ¢ = 1,...,4, as shown in fig. |5} These partition functions
are pairwise equal, 11 (z) = 1¥2(z) and ¥3(x) = Y4(x), and can be written in the form of quiver
generating functions as follows

- n _n(n— fH1 xn . _ —
¢1<x>—n§0 ((=1ymgn=vr2) 0 (@ 0n =P 2Q,Q), (85)
— - n_ n(n— f (xQ)n —1. _ — — —
() =3 (g2 ) @ 0 = Peue@ua QT QT (86)

where the corresponding quivers are encoded in matrices

f+1 0 1 Ff 01
CGi= 0o 10 Co=10 10 (87)
1 00 100

Comparing with general notation introduced in ([L6]), these results correspond to a choice of
a1 = @ for YP(z) and 3 = Q for ¥3(x). Furthermore, we find the following the quantum
A-polynomials

M@ =1-7+ ()20 -Qpg'tt,  A@9) =1-7+CD)2Q -7 (88)

B
@ Q
A
Figure 5. Toric diagram for resolved conifold.
Consider now f = —1. The transformation from position 1 to 3 is given by
i:\?):qg//\h 3//\3:%;1) f3:fl+1) (89)

as can be checked by performing the transformation for the quantum A-polynomial
A@L o) =1-51 211 - Qu)th = —¥5 (1 — U3 — T3(¢ ' Q — U3)) = —T5 'Aa(T3,73), (90)
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where the resulting quantum curve has framing f’ = 0 and a slightly shifted K&hler parameter
¢'Q. In the classical limit this transformation is implemented by S~!

(#) =000 0)-() g

We can confirm this also by the analysis of classical actions. For ¢ (x1) in framing f; = —1 the
action takes form
S1 = —Lis(1 —y1) —Iny1 In(1 — Qy1) — Liz(Qy1) — Liz(Q). (92)
1-Qz3

The transformed action, with y3(z3) =

, takes form

S1 =51 —InzyInzz = —Lis(1 — 23) — In2’In(1 — Qx3) — Liz(Qz3) + Li2(Q) + InyszInz3 =

=—Inxs 11’1(1 - .%'3) - L12(1 — .TU3> — LIQ(Q.%':J,) + LIQ(Q) = Lig(.%'g) - ng(Ql’g) + LIQ(Q)
(93)

1—z3 ° a=d= 0, c = ]_, xr3 = Y1, Yz = 1/5517 and using

Let us compare this S| with the action Ss for 12(x) in framing f3 = 0. Using dilogarithm
identities and the relation 1_1;% = Qx3 we get

S5 = —InysIn(l — Q 'y3) — Liz(1 — y3) — Lia(Q 'ys) + Lia(Q') =

= (LY g (Lows (L 1w (O] —
B L2(Q> L2<1—y3/Q>+L2<Q1—y3/Q>+L2(Q ) (84
= —Liy (Ql‘g) + Liy (:Eg) .

Comparing with the equation for S it indeed follows that (S~1);)(x) = eM2(®)/ a3 (z).
In turn, we consider the effect of S transformation (i’i) = (yz_ll). The transformed action
1
(a=d=0,c=—1), using y3(x3) = é_jjg = 11:612//2, takes form

S1 =951 +InzyInzs =InzzIn(l — Q/z3) — Liz(1 — 1/x3) — Lia(Q/x3) + Liz(Q) + InysIn z3

= ng(l/.ﬁ(}g) — ng(Q/l‘g) + LIQ(Q) — ng(l)
(95)

Comparing this expression with S3, we have S} (x) ~ S3(1/xz) or Sy (z) = e/ Map3(1/x). We
also know that S2;(x) ~ 11(1/x). As a consistency check, we can write S~! = $52, which
yields

Sy (x) = S5%p1(x) ~ Sipi(1/x) ~ (). (96)

5.3 Resolution of C*/Z,

The next example we consider is a resolution of C?/Zs, see fig. @ Analogously as in the conifold
case, partition functions for branes attached to external legs of a toric diagram for C3/Zy are
pairwise equal, and their two independent forms can be written in the quiver form

Ui(z) = Poy (¢ 2, ¢71%Q,Q),  whalz) = Py (¢ '2Q 71, ¢ ?Q71,Q7Y), (97)
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with
f+1 1 0 f 10
Ch = 1 1 01, Co=111 0], (98)
0 0 0 0 0 O

which corresponds to § = @ and § = @ respectively in our earlier notation. The corresponding
classical A-polynomials are

Ai(z,y) = 1=y —Qy) + (= ay/*,  As(z,y) =1 -9)(Q—y) + (-1) ay?. (99)

A B B

Figure 6. Toric diagram for a resolution of C?/Zs.

The transformation from position 1 to 2 corresponds to the following identification

x1 = QMo y1 = Q yo, fi=fo— 1 (100)

Under this transformation A-polynomials transform as

Ar(zr,yn) = (1—y1)(1 = Quu) + (1) g™ =

101
=Q! ((1 —y2)(1 = Qy2) + (—1)f2_1$23/£2> = Aa(w2,92), 1oy

which represents the identity transformation in SL(2,7Z), up to rescaling of variables by the
Kéhler parameter ). The transformation can be also written as the identity yi(z1) =
Q 'y2(Q'z1) with yi(x) being solution to Aj(x1,y1) = 0 with framing f1, and y/(2') being
a solution to As(z2,y2) = 0 with framing fo = fi + 1. The classical actions for the two cases
above are

i+l
2

Sa(z2) = —% (Iny2)® + Inyz In(1 — Q@ 'yz) — Lis(1 — y2) + Lia(Q 'y2) — Lin(Q"),  (103)

Si(z1) = — (Iny1)* +Inyy In(1 — Qy1) — Lia(1 — y1) + Lia(Qy1) — Liz(Q), (102)

and the kernel that implements the transformation from position 1 to 2 is

1 T 2 1
—(Iln ——— -1 1 . 104
QCh( HQ{OUQ) + —Inzy nQ) (104)

K(x2,71) :eXP( 7
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In the limit ¢ — 0, this sets that x; = z1(z2) = Qflafg. The transformed action is

Si(z2) = S1(z1(z2)) + Inzg In Q. (105)

Again, using that S; depends on x; only through g, the relation yi(x1(22)) = Q lya(ax2),
dilogarithm identities, and Ag(z2,y2) = 0 we find

Si(r2) = =2 (10 22)" 4 10 22 dn(1 - ) ~ Lia(1 — 22) + Lia(ge) - Lia(@) + Iz In Q =
= —% (0Q7y)* ~mQm 1= yQ)(iQ_ Q72 | 1i(1yn)+
+InysIn(1 — Q 'ya) — Li(1 — y2) — Lin(Q) =
= Sy(x) — % (InQ)* -~ Liz(Q) + Li(Q ") — In QIn(—1)%
Therefore
() () ~ e (7 (— 2 (1Q) ~ Lin(Q) +Lit@ ™) ~ mQIn(~1)) Jun(a).  (106)

5.4 Toric manifold with two Kahler parameters

As one other non-trivial example we consider a toric manifold with two Ké&hler parameters,
captured by a diagram shown in fig. There are 3 inequivalent brane positions, whose wave-
functions can be written in a quiver form respectively as

0 . f+1 gn Q ) 4)n
P1(x) = Z ((_1) ( 1)/2> (@ On (C(Qlézq,)ﬂl)n

~UD25 ¢ 12Q1, Q1 ¢ 2Q1Q2, Q1Q2),

(q
n n(n 1)/2 (le‘) -1 _
( ) (CL ) (Ql) ) (QQ ) Q)n (107)

- PCB(q (F=1) /2‘7:@27(171/ Qlthqil/QQQ_laQQ_l)a

2 = - vnmen2\ T 2" Q2,97 Dn _
pale) ,;)(( b ) (@ 0)n (Q1Q2,4 )n

= P, (Y2207 712051, Q51 ¢ 2075, Qs Y,

— PCA

for quivers

f+1 0 1 1 0 f 0101

0 1000 01000
Ca=| 1 0o000|, Cg=|10000 (108)

1 0010 00010

0 0000 10000

For 1 (x) we identify parameters as a = @1 and 8 = Q1Q2, for ¥s(z) we identify o = Q1
and v = @2, and for 13(z) we identify 7 = Q2 and 6 = Q1Q2. The wave-functions for branes at
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Figure 7. Toric diagram for a toric manifold with two Kahler parameters.

two other locations are related to those above as ¥4(x) <> ¥1(x) and ¢5(z) <> 1¥3(z), in addition
with exchanging Q)1 < Q-.
The classical actions S; for ¢;(z) are

[+l

Si(z) = 5 (lny)2 —Lig(1—y) —InyIn(1 — Q1y) + Inyln(l — Q1Q2y)+
— Lig(Q1y) + Liz(Q1) + Liz(Q1Q2y) — Li2 (Q1Q2),
So(a) =~ L(ny)? ~ Lis(1 —y) ~ Iyl Qi) ~Inyln(1 - Q5 'y)+

— Lis(Q1y) + Li2(Q1) — Lis(Q5 'y) + Lis(Q5 1),

—f;1@wf—Lmﬂ—y%—Mymﬂ—Q;@%Hnwml—Qfow+

—Li2(Qy'y) + Li2(Q5 1) + Li2(Q ' Q2 'y) — Lia(Q1' Q3 1)
Finally, A-polynomials for 3 inequivalent positions of the brane take form
Ay(z,y) = (1—y)(1 = Q1Qay) + (—1) z(1 — Quy)y/ ™,

As(z,y) = (1 —y) + (D) 2(1 - Quy)(Q2 — )y, (109)
Az(z,y) = (1 — ) (Q1Q2 — y) + (—1)T2(Q2 — y)y/ .

Consider now a transformation from position 3 to 1, at f = 0. From the above form of
A-polynomials we find the following transformation rule

S3(z) =

x3 = Qy w1, Y3 = Q1Qay1, (110)
which involves only rescaling of variables. At the classical level this can be achieved with

1

Kionas) = o (5

(1I1Q2173/:L‘1)2 — %lnxl anng). (111)

(A=y1)(A-Q1Q2y1) _

From the above change of variables, the A-polynomial relation I-014'

—z1y1, and
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, we find

Sh(z1) = S3(Qy'x1) — Iz InQ1Q2 =

= —%(ln Q1Q2y1)2 + Lig(Qngyﬂ +Inyy 111(1 - QlQ?yl) —Iny ln(l - Q1y1)+
— Liz(Q1y1) + Liz(Q3 ") — Liz(1 — 1) — Li2(Q7 Q3 ") + In Q1Q2In(~y1) =
= S1(z1) — %(ln@lQQ)Q + Liz(C;Q> — Lia(Q1) + Liz(Q1Q2) — Liz(Qlle> +imin@1Qs,
so that
(K tp3) () ~ et @Ry (). (112)

Consider now moving the brane from position 1 to 2, with f = 0. This is captured by the
change of variables

1
xr1 = ;27 Y1 = QlyQ. (113)
Indeed
Ai(z,y1) =1 —y1)(1 = Qi1 Q2y1) + 1 (1 — Quyr)yr =
L W@ ) - () = Ay Y
_szyg 1Y2 2 — Y2 Y2)) = Q1£U2y% 2(T2,Y2)-

The result is also in framing f = 0, and this transformation corresponds to S? with an additional
rescaling of the variables. This can be implemented by the kernel

1 1
K(z9,21) :exp<— ﬁ(lanm)Q—l— ﬁlnajg an1>. (115)

Using y1(1/22) = Q7 'ys *(w2), some dilogarithm identities, and the A-polynomial relation zo =
1=

Y
m, we find

Si(xz2) = S1(1/x23) +InzeIn Q1 =
= —Liy(1 — y2) — Li2(Q1y2) — Li2(y2/Q2) — Iny/ In(1 — Q1y2) — Inyo In(1 — 12/Q2)

+ LlQ(Ql) — Lig(Qng) + 2L12(1) — % (ln Q2>2 +imln QQ =

= Sh(g) — Lig(Q; ") — Lig(Q1Q2) + 2Lia(1) (InQ2)* + im In Qo

1
2
(116)

so that
(Kpy)(x) ~ ecomst(@n@2) /Ty (), (117)

Finally, we consider moving the brane from position 2 to 3 with f = 0, which is captured by
the following relations

Ag(za,y2) = —x5 'y3 2 As(x3,y3), (118)
zo = Q5 w3t yo = Qays . (119)
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The corresponding kernel is

K(z3,29) = exp< - % (In (Qaxax3))* + %ln Q21n CL‘3). (120)

By the same computation as in previous examples, one can show that the kernel describes the
transformation of the action correctly

(K o) () ~ €@ Ry (), (121)

5.5 Periodic chain geometry

Figure 8. The periodic chain geometry with N = 2.

As the last example we consider transformations of branes in a manifold represented by the
simplest non-trivial periodic diagram shown in fig. Consider 3 wave-functions for branes
located in the positions shown in this figure

_ _qyngnin-v2) T
i (2) ,;o(( S
y ﬁ (Qur"™ 13 @)n(Q1'P"™ : 4~ )n(@1Q1Q2p™ 5 ) (Q1 QT 'Q5 '™ 1 4~
ok (@™ Q)n(a ' p™; ¢ 1) (@1Q1p™ 1 @) (Q1 1 QT ' P™5 07 Vi ’
(122a)
— - _1\n,n(n—1)/2 f+1 (lex)n
wm)_nz()(( b ) G0
% ﬁ le aq (Qll " q )n(Qll e 17Q) (lem:qil)n’ (122b)
oo ( w1 ) (Q7 Q3 P @)n (Q1Q20™; ¢
_ - _1\n,n(n-1)/ f+1 (Ql_ x)n
5 ey T
y ﬁ Q' O (Qp™ g )n(Qap™ i )n(Q3 ™ 1 g (1220)
2 (ap™; (a7 D)n(Q1 QT P ) (Q1Q10™ ¢
Note that 3(x) is related to ¥ (x) by exchanging Kahler parameters
Ys(z) = wl(m)‘QIHQ27QIHQ2’ (123)
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as also illustrated in fig. [0}

Figure 9. The relation of web diagrams (@) and 3.

We find that classical mirror curves corresponding to the above wave-functions take form

Hi(z,y) = 0 (y) 0(Q1Q1y) + (1)) 2y/ 710 (Q1y) 0(Q101Q2y), (124a)
Ha(z,y) = 0 (y) 0(Q7 Q5 y) + Q3 (1)) =y ™0 (Q1y) 0(Q1'y), (124b)
Hs(z,y) = 0 (y) 0(Q7 Q1 'y) + Q1 (—1)) 2y 10(Q1 'y)0(Qay), (124c)

while classical A-polynomials assigned to regularized wave-functions (as explained in section [2.4))
take form

A1(2,9) = (5 0) oo 0 Y500 (Q1Q1Y: D)oo (Q1Q10 ™y p™ oot

+(Q1Q2)? (~1)  ay f+1(Q1y§p)oo(le_IQQp_l)m(Q1Q1Q2y§p)oo(QlQlQZP_ly;p_l()oou)
125a

Ao(2,y) = (1 D)oo (043P oo (@11 Q2 i D)oo (@11 Q2 i P oot

+ (@) (1) ey Qs D)oo (Qup i P oo Q1 i D)oo (@9 i ooy (125D)
A3(z,9) = (13 9)oo (P43 P oo(Q1 QT3 D)oo (Q1 QT Py P oot

+ Q7 Q2) " (1) 2y QT D)oo (O P 0 oo (Qays D)oo (Qop i p Voo (1250)

The corresponding classical actions S;, for i = 1,2, 3, are

1 _ > (l—aiyi)(l—’yiyi)
Si= = () = Lia(1 =) gl (T (=32 =505 )+

n=1

o0
Z ( Lis (ayy;) — Lia (vhys) + Lia (BLy:) + Lia (6%:)

+ Lig(an) + Liz(3n) — Liz(8a) — Lia(6) ),
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where

{len L Q101Qap"  n=1, "'700} , B = {pn,Qléwn*l,n =1,.., OO} )

{Q " Q1Q1Qap ", n = 1, ,oo} , ol= {p_”,Qlélp_”,n =1,.., oo}, (126a)
{le” 1,Q~1_1p"71,n =1,.., oo} . B2 = {p”, QIIQQ_Ipnfl,n =1,.., oo} ,
={
'={a

Q 7QI1p_n’n =1,.., OO} > 52 = {p—n’ Qleglp_na n=1,.. OO} ’ (126b)
Ql lpn ! Q2p 1,n:1,...,oo}, /33: {pnan_lc}l_lpnvn:L'“voo}7
= {Q p 7Q2pin+17n - 1’ -.-7%} ) 53 - {pin7Q1_1Q1_1pin7n = 17 ] w} * (126C)

In what follows we take advantage interchangeably of the expressions for H(x,y) or A(z,y).
Let us consider first the transformation from position 1 to 2. From the mirror curves H;(z,y)
and Ha(z,y) we find the following relations

Hi(z1,91) = Q7 Q1Qox  yy * Ha(w2, y2), T =157, y1=Q1'yy (127)

The relation between (z1,y1) and (z2,y2) is the same as in a non-periodic strip geometry. The
corresponding kernel takes form

1 1
K(z2,21) = exp(ﬁ (Inzoxy)? + 7 InzyIn Q1>, (128)
and so the transformation of the action reads
Si ($2) = Sl(xl(l'g)) +InxyIn Ql. (129)

By using the form of A-polynomial and the following identities

- Z (Liz(Q2Q3p™y3 ) + Lia(Q2Qsp™"y3 ")) — Liz(Q2Qsy5 ') =

n=1
= (Li2(Q3 ' Q5 'p "y2) + Liz(Q5 'p"y2)) + Lia(Q3 ' Q5 w3 1), (130a)
n=1
/0 _ . i1nm - . . 1
— Z (Lia(p"y5 ") — Lis(Q7 'p"y5 ' Z (Lig(p~"y2) — Lia(Qip "y2)) + 5110 Q1Inys,
n=1 n=1
(130b)
we find
S1(xg) = So(x2) + const. (131)

Therefore, we conclude that

(Kap1)(z) ~ et/ Mapy (). (132)
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In turn, consider the transformation from position 3 to 1. The relation between variables is
again the same as in a non-periodic geometry

H3(x3,y3) = Hi(z1,91), x3 = Q'wy, Yz = Q1Q1y1, (133)

which leads to the same kernel
1 - 2 1 -
K(z1,x3) = exp<ﬁ (111@1;(}3/[131) -z Inz;ln Q1Q1> (134)
and the same transformation of the action Ss(z3)

Sh(z1) = S3(z3(x1)) — Inz InQQ. (135)
After some calculation we find
Sh(x1) = S1(x1) + const, (136)
so that

(K1p3)(z) ~ ey (z). (137)

Kernel as the identity operator

Figure 10. The relation of web diagrams @) and (3.

At the end, let us consider what happens when a brane moves around a horizontal axis,
either changing positions as @) — @ — @ or @ — @ — @), as shown in fig. From the
viewpoint of mirror curves, on one hand we have the relations of the variables x; and y; given in
, where the brane moves through the horizontal and slanting lines with Kahler parameters
Q1 and Q. On the other hand the brane can pass through the lines with the Kahler parameters
@2 and Qg. In this case the relation of the variables z;, y; of the mirror curves H;(z;,y;) reads

x5 = Qo ys = p ' Q1Qy1, (138)

where f = 0. To show this relation we used periodic properties of theta functions

0(pr) = —x70(z), 0(z) = —zf(z~1). (139)
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Using (133) and (139)), we find the relation of the variables of the curve Hs before and after

moving the brane

H3($3>y3) = H3($%ayg)v x3 :le_lQQ_nga Y3 :p_lyév (140)

where we define the variables (x3,y3) and (zf,y5) as those of Hs before and after moving the
brane, respectively. From this relation we determine the kernel

1 PN 2 1
K(z3,24) = exp<ﬁ (ln(le 1Q2 lacg/xg)) % In 24, 1np>, (141)
the transformation law of the action
Sy(a) = Sz(w3(x3)) — InajInp, (142)

and ultimately, writing the constant term explicitly

L np)?. (143)

Sy(x3) = S3(x3) — 5

Then, we may regard the kernel K (x%,x3) as an identity operator up to a constant
K (x4, 23) ~ 6(Inxs/xh). (144)

To understand the property (144)) deeper, as a simple but non-trivial example let us consider
the non-periodic geometry discussed in section see fig. [7} The kernels K (3, z2), K(x2, 1)
and K (z1,x3) are given in (120)), (115)) and (111]), respectively. Then, the kernel describing the

brane moving around the geometry is given by

K(SU/3,CC3) = /dxldng(acg,mg)K(xg,xl)K(:cl,:cg) =
(145)

= const X exp(%h (—(111(3:3/:1:3))2 + O(CO)>.

When we take ¢ — 0 limit, this function approaches zero quickly unless z%5 = x3, so that
K (2%, x3) behaves like delta function, as claimed in (144). However, precisely speaking, the
kernel is not delta function; the main difference is that actually the kernel does not diverge
when we set z3 = 2. Nevertheless, when we consider the integral for 3 corresponding to the
transformation of the wave function, the behavior is similar to the delta function.

We can make this observation a bit more precise by redefining the kernel, here for the special
case of the identity operation,

K (', 7) = exp (-2;(1”'/3:)2) R \/;ﬁexp <—2ih(lnx'/x)2)> . (146)

This gives, in the limit ¢ — 0,

[ ek (@ ayota) = via) [ dok (o) = 0, (147)
and the new kernel indeed acts like the delta function up to the extra z’ term.
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A Topological vertex for strip geometries

In this appendix, following [6,(19], we summarize how the topological vertex formalism simplifies
for toric strip geometries, and generalize it to include branes attached to non-vertical legs.

As mentioned in section a toric diagram for a strip geometry takes form of a string of
trivalent vertices labeled by ¢ = 1,...,m. Each vertex is of type A or B, assigned as follows:
the first vertex is of type A if in the clockwise direction the vertical edge precedes the internal
edge of the geometry (otherwise it is of type B); and (recursively) the next vertex is of the same
(or the opposite) type as the preceding vertex if the two vertices are connected by (—2,0) (or
respectively by (—1,—1)) line. Each vertex other than the first or the last one has one vertical
leg attached that extends to infinity, and the first and the last vertex have two such legs. The
total topological string amplitude for branes in such a geometry, involving both closed and open
contributions, takes form

7 - chosed(Q) wopen Q7 Z Z{P} HTrp XZ, (148)
{P:} i

and depends on (closed) Kéahler parameters Q = {Q} and (open) brane moduli x = {z;} that are
assembled into X = diag(x1,x2,...). The total partition function factorizes into contributions
from closed and open strings and can be computed by summing over Zp, that depends on
matrices P; that encode boundary conditions of a brane. The contributions for branes attached
to vertical edges of a strip diagram take form

Zp, = [1sr@) TT4P7. PG (149)
i i,

where P* (that denotes either P or PT) and powers +1 depend on the types (A or B) of vertices
7 and j, while

(1) = [10 -~ Qua i) exp (3 %)) (150)
k

mh
me—1m (2 sin 75

are symmetric under exchanging P; and P; and depend on Q;; = Q;Q;11---@;_1, i.e. a product
of Kéhler parameters () associated to internal legs joining the pair of vertices. The exponents
Cx(P, R) are defined by

Pi—

dp R;—1
S R IS1) SYRD SCIIBEID IRl P e
- (¢—1) = = = (¢—1)

For a pair of vertices of types (A;, A4;), (Ai, Bj), (Bi, Aj), (Bi, Bj) the corresponding factors
n are {B,PJT}_l, {P;, P;}, {PZ-T,P]T}, {PT, P;}~! respectively.

We are concerned with situations when there is only one brane. In this case x is a single
variable and Trpxz # 0 only for symmetric representations P = S™ and Trgn(x) = 2™. In this
case the factors for symmetric and empty representation take form

{(n)v.}Q = (Q;Q)n{.7.}Qv {(n)Tv.}Q = (Q;q_l)n{.a.}Qv (152)
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Submission

with the closed string contribution

(eoto = (2

me1 M (2 sin 5

R (153)

mh)Q)'

The open string partition function, with a single brane at the i-th vertex in the framing f, takes

then the form

bri(z) = i ((—1)"qn(n71>/2)

n=0

where X;; are given in table

Xij,i<j

f+1  gn
@4 IR IRt (154)
VAT G G>i
X]’i, 1> j

(Av B) — {(n)7.}Qij — (Qij;q)n
(Ev A) — {(n)T? .}Qij — (Qij; q_l)n

(4,B) = {e,(n)}q; = (Qji; On
(Baé) - {.? (n)T}Qij — (jS;q_l)n

(A 4) = {(n),o)g — Qi)

(B.B) = {e,(n)}q;, = (Qsi0),,"

(B, B) = {(n)",8}g., = Qijsa )" | (A4,4) = {e, () }g) = (Qjusa )"

Table 2. The rules for assigning the contribution X;; to the open string partition function
in a strip geometry with a single brane placed on the vertical external leg of the i-th vertex
and in symmetric representation n. A position of the brane in the pairing is denoted by an
underline.

A.1 Topological vertex and branes on vertical legs

In what follows we show how the above rules generalize to the situation when a brane is attached
to a horizontal leg of the first or the last vertex of a strip. To this end we highlight the crucial
steps in the derivation of the above rules and adapt to more general situations. We start with
recalling the formalism of the topological vertex, in particular gluing of two vertices into two
prototypical geometries (—2,0) and (—1,—1).

The topological vertex amplitude in the canonical framing takes form

K v l/T
Crnur = " NP5,(¢7) > 53w (@)@ )
n

(155)

where A, p and v are Young diagrams, ¢"1t¢ = (¢"1—1/2, ¢»2=3/2 ¢s=5/2
denotes transposition, and
A=) N
i

R = A4+ D (A = 20) = —kyr,
i
Chuv 1s symmetric under cyclic permutations of indices. For n; denoting the framing change of
edge v; with respect to the canonical framing f;, the vertex amplitude transforms as
(@i)/21f1:02, 3

ajoa2ag ”

.), a superscript T’

(156)

O f1—niv1, fa—nova, fs—nzvs
alagos

= (—1)2imloil g2y mir (157)

Here f; and v; are two-dimensional integer vectors such that f; A v; = 1. The canonical framing
is then f; = v;—1, see fig. When gluing vertices, their framings must be opposite. For
illustration, consider gluing vertices into local geometries of type (—2,0) and (—1, —1).
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Ug

, v

Figure 11. The topological vertex in the canonical framing.

Gluing of (—2,0) geometry

A diagram for (—2,0) geometry is shown in fig. in this case the partition function reads

(-20)  _ fao ol (_1ylalplal
0/31,/5’2772771 - Comﬁl C’yzaT,Bz( Q. (158)
«
The gluing condition requires that fo = —f! where fo = vy, —nvy and f! = vg, —n'v;,. From
the geometry we have v}, = —v,, so that the gluing condition implies vy, — (n — n')vq, = —vg,.

Using v, Avq = (—1,—1)A(1,0) = 1, we solve for the relative framing n—n’ = vy, A(vy, +vg,) =
vy, Avg, = —1. This implies that framings differ by —1, so that (158)) takes form

—2,0 ol —kr(a K
Ch oo = 2 Cam Cogar g, Q™% = 55, (0”55, (¢°) 8185 g™ 02/

0%
T T _
<> 5 (@) 5011, (@7T52) S (@) 8 1 (g7 T2 ) QI IR
K

m,72
(159)
For ~; = e this expression reduces to
—2,0
ChE = 55055815100 002 s r 0 (07, (P H)QIEL (160)
72

The framings of the outer edges are in principal arbitrary. The derivation in [19] assumed that
branes can be placed only on 3; edges, while ~;’s are trivial or are summed over upon gluing.

Consider now placing the brane on a horizontal line, i.e. assuming nontrivial v; or 7. In
the first case, we rewrite by cycling permutation of the first vertex

—2,0 ol —k(a K K
céh&}wm _ ZCBMICWT 5, QIR = RBO/2gR0/25 ()55 (gP)

T T _
<Y gt (@51, (47D Sy (7F7) 50 (071 FF)Qg TN,
n1,M2 (e
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Figure 12. (—2,0) curve with both inner edges in the canonical framing.

For 81 = B2 = e we also have 11 = e and the above partition function simplifies to

Costamn = 4"/, ZS £ ZS )51, (0) Qg2 =

(161)
= "2 (¢")HT, stvg/m(qp)sm(qwl Qe

where we used identities s, () = ¢"(*)/2s 7 (x) and s, (x) = so(cz) and the formula
Zsa/nl(x)sa/ng( ) H 1 _-rlyj anz/ﬁ Ul/n(y)' (162)
o 7]

Consider now a brane placed on 73. By cyclic permutation of the second vertex in ([159)
—2,0 — 2
02117527)72,“/1 - Z Ca'ﬂﬂlCaTﬁﬂlea‘q wl@)f2 — 56, (") 54, (¢”) %
«

T I « —R(Q
X Z S’Yl/m(qﬁl +P)852/172(q72 +p)SOcT/n1(q61+p)5a/772(q72+p)Q| lq ( )/2‘

71,72

We set now 81 = 8o = e, which also imposes 172 = e and yields

C( ,272?71 = sz(qp)zsvl/m ZSaT/m )salq 7Zer)QM —la)f2 =
m

(163)
= Sy (q”) ['7 72]62 Z Soy1/m (qp)sm (q’Y2+P)Q|TI1\'

We can now consider different scenarios. We are interested in situations with a single brane.
When it is attached to the first vertex, there are two possible configurations

Céfg)z, = ¢"0?/? 55,(q”)[B1, 8]q < Zs T/m q’)s m(qp+61)Q|n2|’
n2

T
C(, 7272?71 = ¢*(2 )/2571 (@") VT, 8]g % stg/m (¢°) s, (¢" 1 Q™!

2

(164)

We sum over 2 when gluing these with subsequent vertices. Note that in these expressions (1
is just replaced by +{ , while the dependence on 79 is the same. Therefore the partition function
with brane along v, is the same as the partition function with brane along Bif .
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For a brane on the last vertex the analysis is analogous; there are two possibilities

_ T
Ol = s5a,(a")0, BT10 % D7 500y ()50, (0770 QM, (165)
1,712
Ciioh = 500 (@”)[0, 720 X Y S0 (0°) s (@7 H72) Q1. (166)
m

When gluing with other vertices this expression is summed over ;. Again, the structure of the
summand in these two expressions is the same up to replacing 37 with 7s.

Gluing (—1,—1) geometry

Figure 13. (—1,—1) curve with the inner edge in the canonical framing.

The partition function for the second basic configuration, that is (—1,—1) curve shown in
fig. takes form

(-1,-1)  _ fo f& _ylalolel
0517/32772771 _an%ﬁlCaT'yng( 1) Q™. (167)
«
The gluing condition sets fo, = —f}, with f, = vy, — nv, and f, = vy, — n'v),. From the
geometry we have v}, = —v, and v,, = —v,,, so that the gluing imposes n = n’, which yields

Cé;lﬁ;;;% = Z COWlﬁl CaT’7252 (_1)‘Q|Q|a| =5p (qp)sﬁz (q”){B152} x

(0%
T T _
% Z 871/771((151 +p)572/n2 (qﬁg +p) Z SnQT/HT(qﬁ1+p)3n{/ﬁ(qﬁz+p)(_Q)Im|+|n2| Isl
71,72 K

(168)

We again allow for one brane on a horizontal leg of the first or the last vertex. For the first
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vertex, upon cyclic permutation of the indices we get

1,-1) K
021,527’72771 Zcﬂwmcoﬁwﬁz( Q)‘ = 71 (4”)sp,(a")a (B/2

X Z sﬁT/m Soa 2 /32 +p ZS /771 " +p)sa/n2(q52+P)(_Q)|a\q—n(a)/2.

71,72

(169)

For a single brane labeled by =1 line, we set 81 = B2 = e, which also fixes n; = o. Using

S Sty @50/ ) = L1+ i) 3 5,1 (@57 0) (170)

a 2,] K
we then find

_1 ol —R(Q
C( ,“/2,71 = sy (q 2872/,]2 Zs 71 s (qp)(_Q)| lgr(@)/2 =

+ |2 (171)
= sy, (¢ {% -} Z S/ (1)1 (47 F0) (= Q).
This expression is analogous to the amplitude with a brane on the vertical edge
—1,—-1
Ol are = 56 (@) {B1 9} D 70 ()57 (7 ) (= Q) I, (172)
72

just with £; replaced by ~7.
Finally, consider a brane labeled by 72, attached to the last vertex. After a cyclic permutation
we obtain

0/2’17,16’2_,’12771 Z Ca%ﬁlCﬁzaTWz( Q)'al = qn(ﬁ2)/2361 (qp)s'yz (¢”)x

I o
X Z 871/771 SﬁT/ 2 71+p Zq aT/m Bl+p)saT/n2(qW2 +p)(_Q)I )
n1,7m2
(173)

Setting 51 = P2 = e also imposes 75 = e, so that

Ciabaht = 530 Y 500y (@ Zq @725 10 () sar (@2 ) (~Q)1T =
m

(174)
=Sy, (qp){.7 Vg}Q Z Sy1/m (qp)sm (g7 +p)(_Q)|Ti1\.
m
Compared with the amplitude for a brane on a vertical axis, B9 is simply replaced by 72
1
Cler = 55,(a°) {082} Y 830 /m (€)5,7(¢747) (~Q) ™. (175)

n1,M2
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A.2 Branes on non-vertical legs

We extend now the above rules by allowing for the brane to be placed on a horizontal leg of
the first or the last vertex. Consider placing the brane on the first vertex. The results from the
previous section show that in this case the partition corresponding to the brane entering factors
X1, is transposed. Consulting then table |2 we see that taking transposed partition is equivalent
to switching all vertices types to the opposite. This is then consistent with our convention for
choosing the type of the first vertex. Indeed changing position of the brane leads then to the
opposite vertex type.

For a brane attached to the last vertex we adopt the following convention. We choose the
type of the first vertex as if the brane was there on the vertical leg. This fixes types of all
vertices. Specifically it fixes the type of the last vertex for the case when the brane is on the
last vertex on the vertical line. On the other hand, if we move the brane to the horizontal line,
all vertices change their types to opposite ones. This then leads to the prescription given in the
paragraph above table

A.3 Explicit computations for the conifold and the resolution of C3/Z,

Let us illustrate the formalism presented above in examples of the conifold and the resolution
of C3/Zy. Consider branes in positions 1-2-3-4, as shown respectively in fig. [14| and In these
cases, contributions to the open string partition function take the following form:

Position Conifold Resolved C3/Z
1 (A4, B) = s5,(¢"){B1.0kq | (A A) = s5(a")[1: 0]
2 (A,B) = sg,(a°){e Botq | (A A) — sp(a”)[e. 7o
3 (B,A) = s5,(a"){®,7% }o | (B.B) — s4,(¢")[e,72)0
4 | BA) = 5, @) et | (B.B) = sn(@)hi oo

For example, the partition function for a single brane in framing f at position 1 reads

o0 n

() = Z<<—1>nqn<nfl>/2>f“(j*%<@; O (176)

n=0

Figure 14. Branes attached to various legs of the conifold diagram.
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Figure 15. Branes attached to various legs of a diagram for the resolution of C3/Z,.
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