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Abstract

We study the properties of spin-less non-interacting fermions trapped in a
confining potential but in the presence of one or more impurities which are
modelled by delta function potentials. We use a method based on the single
particle Green’s function. For a single impurity placed in the bulk, we compute
the density of the Fermi gas near the impurity. Our results, in addition to
recovering the Friedel oscillations at large distance from the impurity, allow
the exact computation of the density at short distances. We also show how the
density of the Fermi gas is modified when the impurity is placed near the edge
of the trap in the region where the unperturbed system is described by the Airy
gas. Our method also allows us to compute the effective potential felt by the
impurity both in the bulk and at the edge. In the bulk this effective potential
is shown to be a universal function only of the local Fermi wave vector, or
equivalently of the local fermion density. When the impurity is placed near
the edge of the Fermi gas, the effective potential can be expressed in terms
of Airy functions. For an attractive impurity placed far outside the support
of the fermion density, we show that an interesting transition occurs where
a single fermion is pulled out of the Fermi sea and forms a bound state with
the impurity. This is a quantum analogue of the well-known Baik-Ben Arous-
Péché (BBP) transition, known in the theory of spiked random matrices. The
density at the location of the impurity plays the role of an order parameter.
We also consider the case of two impurities in the bulk and compute exactly
the effective force between them mediated by the background Fermi gas.
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1 Introduction

Noninteracting fermions in a confining trap is a topic of much current interest, especially
in the context of cold atoms. In the presence of a trap, the density of the Fermi gas
in the ground state is confined in a finite region of space. Indeed, the density vanishes
outside a finite interval in one-dimension. Inside this interval, usually referred to as the
“bulk”, the fermion density can be estimated, for a large number of fermions N, using
a semi-classical approximation, or equivalently the so-called local density approximation
(LDA) [1-3]. Near the edge where the density vanishes, the quantum fluctuations play
a dominant role and the local properties of the fermions are very different from that of
the bulk [4-7]. This edge region is called the “Airy gas” because the Airy functions play
an important role in describing the quantum correlations. It is well known that the LDA
is a very good approximation when the confining potential is smooth. However, if this
potential has singularities, such as a step or delta-function, this method fails. In a recent
paper [8], we have examined the effect of a step potential, using exact methods based on
the determinantal properties of the Fermi gas.

Here, we consider instead the case when the smooth confining potential is modulated
by introducing one or more delta functions. This situation naturally arises when one
introduces one or more immobile impurities in the Fermi gas, where the impurities are
modelled by delta-function potentials (attractive or repulsive). In the absence of the
trap, i.e., for a free Fermi gas, the effects of such impurities have been well studied in the
literature. For example, when a single impurity is introduced in the Fermi gas, the density
of the Fermi gas is modulated near the impurity. At distances far from the impurity, the
density exhibits decaying oscillations, famously known as “Friedel oscillations” [9-11]. How
this density gets modulated close to the impurity has been studied in [12] in one dimension
for delta function potentials. In addition, the effective Casimir interaction between two
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impurities (mediated by the background Fermi gas) has also been studied [13,14], however,
again, the results obtained are only valid at large distances. Note that similar questions
have also been studied for bosonic systems, with and without interactions (see e.g. [15,16]).

In this paper we employ a method based on the single particle Green’s function that
allows us to obtain exact results for the trapped Fermi gas. We first consider the case
when a single impurity is added to the trapped Fermi gas in three different locations: (i)
in the bulk, (ii) near the edge and (iii) outside the edge. In the bulk (case (i)), where the
trapped Fermi gas behaves locally as a free Fermi gas, we obtain the explicit form of the
density near the impurity at all scales, not necessarily large. At large distances, we recover
Friedel oscillations, our short distance results agree with those of [12] when the impurity
is repulsive but we show that a correction is needed for attractive impurities . However
in cases (ii) and (iii), the presence of the trap considerably modifies the bulk results and
we obtain new results for the density close to the impurity. In addition, in all the three
cases, we compute the effective potential felt by the impurity due to the background
Fermi gas. In case (iii), for an attractive impurity, we show that an interesting transition
occurs where a single fermion is pulled out of the Fermi sea and forms a bound state with
the impurity. This is a quantum analogue of the classical Baik-Ben Arous-Péché (BBP)
transition [17, 18], known in the theory of spiked random matrices, where an eigenvalue
detaches from the bounded support of the eigenvalues, due to a rank-one perturbation.
This rank-one perturbation is the analogue of the delta-function potential induced by the
impurity in the Fermi gas and the eigenvalue is the analogue of the fermion position. We
then go beyond the case of a single impurity and study the effects of adding two impurities.
In this case we compute the effective Casimir-like interaction between the two impurities
mediated via the trapped Fermi gas. For two impurities, we restrict our analysis to case (i)
where both the impurities are placed in the bulk. In this case, we obtain exact results for
this effective interaction at arbitrary separation between the impurities. At large distances,
our results are in agreement with the one found in Refs. [13, 14] obtained by a different
method.

We restrict ourselves here to the case of immobile impurities. The case of mobile
impurities has been extensively studied for fermionic systems both theoretically [19-25]
and experimentally [26]. The set up of immobile impurities that we study in this paper is
more difficult to access experimentally, however it has been suggested that impurities could
be introduced by superimposing an optical lattice on an overall trapping potential [27].

2 Model and summary of main results

2.1 The model

We consider a gas of identical spin-less fermions of mass m in a trap generated by a
potential V' (z) at zero temperature. We then add n delta-impurities of strengths g;. The
single particle Hamiltonian is then given by

h? 92

~ 5 a2 + V(z) and AH = Zgi5($ —z;) , (1)

i=1

where Hj is the Hamiltonian associated with the trap and AH corresponds to the impu-
rities. The eigenfunctions and eigenvalues of Hy are denoted by 1/12(37) and 62. Similarly,
Y (z) and € denote the eigenfunctions and eigenvalues of H. Consider first the case with
no impurity (i.e. g; =0 for all i = 1,--- ,n). At zero temperature, the system is in the
many-body ground-state such that all single-particle states of Hy below the Fermi level,
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denoted by p, are occupied, each by a single fermion. The ground-state energy is given by

Eolu) = 300 — )l (2)
k

where 0(x) is the Heaviside function where one usually uses the definition 6(0) = 1.
We now switch on the g;’s, i.e., we introduce the impurities in the system. The single-
particle Hamiltonian then changes from Hy to H. This will change the single-particle
eigenfunctions and eigenvalues. Consequently the ground state energy will also change.
Here we work in the grand-canonical ensemble where the Fermi level p remains fixed,
while the number of fermions is not fixed and the system is in contact with a reservoir of
particles. Then the new ground state energy, in the presence of the impurities, is given by

BE(pn) = 0(n— ex)ex - (3)
k

Similarly one can define the number of particles No(p) and N(u) below the Fermi level
as

No(w) =S 0(—) . N(u)=3 0 —ex) - (4)
k k

Since we are working in the grand-canonical setting, No(p) and N(u) can be different and
the quantity which will play a crucial role is the grand-potential at zero temperature

Q(p) = E(p) — pN(p) - (5)

At zero temperature, thanks to the Wick’s theorem, all the correlation functions are
given by determinants constructed from the so-called kernel, which reads for Hy and H
respectively [5]

Kou(z,y) = > 0(p— " @)of(y) ,  Kulw,y) =D 0(n — ex) i ()dn(y) - (6)
k k
Setting x = y in the Eq. (6) we find the fermion density

pou(z) = Koy(z,2) = ZH(M—eg)W%(m)]Q o pule) = Ku(z,z) = ZG(M_Gk)Wk(m)P .
k k
(7)

2.2 QOutline and main results

In Section 3 A, we first recall the method of the Green’s function introduced in [8] and
present in Section 3 B the explicit expressions for the Green’s function in the absence of
impurities. This is then used as the building block to obtain an exact expression for the
Green’s function in the presence of the impurities in Section 3 C. In Section 4 we examine
the effect of impurities in the bulk of the system. In the absence of the impurities, the
density in the bulk is given by

k:F(x)

where kr(z) = %\/2m(,u —V(z)). (8)

Here kp(x) is just the local Fermi wave vector. The density vanishes at the edge =, where
V(x.) = p. The bulk of the system is thus defined such that V(z) < u (see below in
Eq. (29) for a more precise definition). We now add a single impurity in the bulk of the

pou(z) = Kou(z, ) ~
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system, say at * = 0, and investigate how the kernel and the density change near the
impurity. We reparametrize the impurity strength in terms of an inverse length scale A
defined as

_ A
.

g 9)

We show that the change in the kernel upon adding this impurity is given by

Aexp(A(al + lyl) |

AK,(z,y) = K, (2,y) — Kou(z,y) = -

E1(A +ikp)([z[ + [y])] , (10)

where Im denotes the imaginary part and Ei(z) = [ °dte™"/t denotes the exponential
integral [28]. Here kr = kp(0) is the Fermi wave vector at the impurity position. Putting
x = y in (10) we obtain the change in the density due to the impurity (see also Figs. 4
and 5)

Apu(z) = K, (2,7) — Kop(z, ) = AeprM”“"’)Im E1(2(\ + ikp)|z]) . (11)
We show how this formula recovers the density change computed in [12] for a free Fermi
gas when the impurity A is repulsive. The result given here and in [12] is exact for a
homogeneous free fermion system at all impurity strengths and distances and we note
that formulas given for these Friedel oscillations [9-11] are often given in the regime of
linear response or at long distances. However our formula in (11) holds for any = and .
In particular, we obtain an explicit formula for the density at the position of the impurity

krp A kr A X [ A

0) = — — —arg(ik A)=———+4 —ta — . 12

pu(0) = — — —arg(ikp +A) = — — 5 + —tan . (12)

We then compute the effective potential Veg(x1) felt by the impurity, where x; denotes

the position of the impurity in the bulk, due to its interaction with the Fermi gas. This is

obtained by computing the change in the ground state energy of the many-body system

due to the addition of an impurity. This effective potential can be expressed in the scaling
form

h2\2 kp(z1)
Var(an) = 2000 — ) = 5w (242, (13)
where Qo(u) = Eo(u) — uNo(u) and the scaling function is given by
1
W(y) = (v*+1)tan! (7> +v - g (14)

The function W (7) is shown in Fig. 1 and has the asymptotic properties

—m0(—y) +msgn() L, ¥ =0,
W(y) ~ (15)
2y ¥ — Fo0 .

In Section 5 we investigate what happens when the impurity is placed at x1 to the
right of the edge z, such that V(x;) > V(z.) = p. When the impurity is attractive
we show that a phase transition occurs as the reduced strength Ay = —A > 0 of the
impurity is increased beyond a critical value. We call this transition a filling transition.
Let us recall from elementary quantum mechanics of a single particle that a delta potential
introduced at x1, in addition to a flat potential V(z) = V}, introduces a single bound
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w(y)

6l

Figure 1: The scaling function for the effective potential W () defined in Eq. (14). Note
that although W is discontinuous at v = 0 the potential Vg is continuous. Note that
although W is discontinuous at v = 0, the potential Veg (1) is continuous as a function of
Aat A=0.

2y2
state with wave function ¥p(z) = V/Aaexp(—Aalx — z1|) and energy Ej = —hz;\n“‘ + V.

Substituting Vp = V(z1) we find that there are two different phases: (i) weak impurity,
where Ej, > p implying that this bound state is unoccupied and consequently p,(x1) ~
0; (ii) strong impurity, where E, < p implying that this bound state is occupied and
consequently p,(x1) ~ Aa. The transition occurs exactly at Ej = p, which corresponds to
A = Ku(z1) = /2(V(21) — p). This filling transition has some similarities with the BBP
transition in random matrix theory, where a rank one perturbation to a random matrix
can displace the maximal eigenvalue of the matrix [17,18].

In Section 6 we study the effect of adding two impurities in the bulk, say at x; and
xg, close to x = 0. We assume that z; and zy are such that |V (z1) — V(22)| < Ep =
h?k%/(2m) where kp = kp(0) is the Fermi wave vector at x = 0. This condition ensures
that the potential remains effectively constant on the scale of the separation r = |x] — x3]
between the impurities. We show that the effective Casimir-like interaction between these
two impurities, mediated by the background Fermi gas, is given by

2F e .S
Vint("", k?F771,72) == 77T7CFR6 A dS <1 — ’LC>
Y172 .
X In|1+ . : ‘ —exp(—2¢i —2s)) | , (16
( [1—iZ —im][l —ig — iy p(=2¢ ))> (16)

where ¢ = kpr and v; = \;/kp are the scaled impurity strengths. Our result is valid for
all ¢. Interestingly, using free fermionic field theory, an expression for Vin(r, kp,v1,72)
was derived in Refs. [13,14], which reads

Er . 172 :
Vi k ~ —Re Lis | — -2 17
int (1 kF, 71, 72) e e Liz < TR exp(—2i¢) | , (17)
where Liz(z) = Y00, 2"/n? is the di-logarithm function and Re denotes the real part.
Our formula (16) can be shown to reduce to (17) when ¢ > 1. However, this form (17) is
an approximate form that holds only for large (. As ¢ — 0, Vine(r, kp,71,72) in Eq. (17)



SciPost Physics

diverges, which is not physical. Instead, our exact result (16), which holds for all (,
approaches to a constant as ¢ — 0 (see Fig. 6).

In Section 7 we analyse the effect due to an impurity close to the edge of the Fermi
gas, i.e. x1 &~ .. The Friedel oscillations [9-11] around impurities in the bulk are strongly
suppressed near the edge. However weak oscillations, that are already present at the edge
without any impurities, still persist in the presence of impurities. The main effect of the
impurity is to alter the phase of these oscillations. For an attractive impurity, we show
that the filling transition discussed above becomes a smooth crossover on the scale of the
inter-particle distance at the edge and the local density profile is described by a universal
scaling function. Finally we obtain an analytic expression for the effective potential acting
on the impurity placed in the edge region.

In Section 8 present our general conclusions and perspectives for future studies.

3 Basic formalism and set up

We now describe how the single particle Green’s function can be used to extract the change
in the kernel due to the addition of an impurity at a fixed position in the system. The
results given below are derived in detail in a recent paper [8] and we refer the reader there
for detailed derivations.

3.1 Kernels via Green’s functions

The Green’s function G, (x,y) associated to the Hamiltonian H in (1) is defined for an
arbitrary running Fermi energy u’ as

Gu(z,y) = Z Vi(@)vk(y) . (18)

A /L’—’i()"'—ﬁk

The Green’s function has poles at p’ = €, + 40T, i.e., infinitesimally above the real axis in
the complex plane. In operator notation we also have the equivalent resolvent representa-
tion

Gy = (4! — 0% — H)™L, (19)
from which we see that G,/ (z,y) is solution to the equation
D Gl ) + (4 =0~ V()G (r.9) = 8z — ) (20)
5 92 On (T:Y po—i )Gy (z,y) =0(x —y).

The kernel can be obtained from the Green’s function from the following formula

1 [+ 1 #
Kulwg) =+ [ i mGpu(e) = 1im [ i/ Go(ay), 1)

where the imaginary part can be taken outside the integral as the integration contour is
real. Noting that when u — oo the kernel becomes the sum over a complete set of states,
we can derive an alternative representation

Ky(y) = 0o — ) = 11 [ dif G, (22)

In this paper we will be interested in the change in the kernel due to an added impurity.
If we denote the Green’s function in the absence of impurities by Go,(z,y), then we can
write the Green’s function as G, (z,y) = Gou(x,y) + AGu(x,y) where AG,(x,y) is the

7
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change in the Green’s function due to the impurities. It is then easy to see that the change
in kernel AK,(z,y) = K, (z,y) — Kou(z,y) is given by

1 Iz
AK,(z,y) = TrIm/ dp' AG (2, y), (23)
if one uses Eq. (21), or alternatively

1 o0
AK,(z,y) = —WIm/ dp' AG (. y) (24)
I

if one uses Eq. (22). The fact that these two representations (23) and (24) are equiv-
alent can also be seen from the following argument. These integrals can be interpreted
as contour integrals in the complex p’ plane along the real axis. In Fig. 2 these two
contours are represented as 'y = (u,00) for (24) and I'y = (—oo, ) for (23), along with
the position of the poles which are infinitesimally above the real axis and are shown by
crosses. In terms of the contours I'y and I'; shown on the figure we have AK,(z,y) =
1Im fFl di' AGy(z,y) = —iIm fFQ dp/ AGy(x,y). The equivalence of the two represen-
tations can also be demonstrated as follows. First, using Cauchy’s theorem which, as there
are no poles in the lower half of the complex plane, gives frlurgun; dp/ AG(x,y) = 0,
where I's is taken to be an infinite semicircle, with center at the origin, in the lower half of
the complex plane. One can then show that fF3 dp AG,y(z,y) = 0 to obtain the desired
result. Finally we should point out that by rotating the contour I'; about z = u by —m/2
(so it is parallel to the imaginary axis) gives an integral representation that corresponds
to the sum over Matsubara frequencies in the fermionic field theory setting [13, 14].

It is important to note here that the representation given in Eq. (24) has a number of
advantages over that in Eq. (23). First, it involves an integral over u/ > u therefore we do
not need to know the Green’s function AG(z,y) for small ' < p. Since p is large, we
just need to know the Green’s function for large p’ which can be conveniently computed
using the semi-classical approximation. Furthermore, we will see that the representation
in Eq. (24) is more suitable to asymptotic analysis of certain formulas.

3.2 Bulk and edge Green’s function

In this section, we recall the results obtained in Ref. [8] for the kernel both in the bulk as
well as at the edges, using the Green’s function method, for a smoothly varying trapping
potential V' (z).

In the bulk. We start with the bulk and consider the potential around a point xg where
we assume that V(z) ~ V(zg) and solve Eq. (20) with a constant potential V' (xg). This
gives
. ik i,
G (o + 2,20+ 2) = im exp( =ik (wo) |z = 7))

-5 ey , (25)

where

e (20) = /2m( — V(@0)) [ — i0* (26)

is the local Fermi wave vector given the Fermi energy p/. The positive value of the
square root is taken and it is understood to have a negative infinitesimal imaginary part
as indicated above. By inserting this expression (25) in Eq. (21), setting x = y and
performing the integral over u’ one finds the density in the bulk

pule) = Y2V hula) 1)
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Figure 2: Contour integrals used in the integral representations of the kernel. Crosses,
x, indicate the poles of the Green’s function which are just above the real axis. I'y =
(u,00) is the contour used in representation Eq. (23) and I'y = (—oo, ) that is used for
representation Eq. (24). The contour I's is used to close the contour I';y UT'9 and is taken
to be a semi-circle in the lower half of the complex plane whose radius is taken to co.

These results are obviously exact for a flat potential V(z) = Vj. However they are also
accurate as long as the relative variations of k() on microscopic scales, of order O(1/k,,)
are negligible, i.e.,

K, (z0)
k(o)

Using k;,(wo) oc V'(z0)/ku (o) from Eq. (27), this condition (28) translates to [8]

[Fulzo + 1/ku(0)] — ku(zo)| =

< kﬂ(ﬂ)) . (28>

BV (o)
mE(2p — 2V (x0)|2

R= <1. (29)

Note that this argument naturally introduces a length scale

_ ku(a70)
K, (z0)

(30)

which sets the size of the region over which this assumption that V' (z) is constant holds.
The condition in (29) clearly gets violated in two cases: (i) when the potential is not
smooth, for instance when the potential exhibits a step structure as studied in [8] or when
there is a delta function contribution to the potential (ii) when the analysis is carried out
at the edge of the trap where the density in Eq. (27) vanishes.

At the edge. The edge x. of the Fermi gas occurs where the density vanishes, i.e. when
p="V(xe) . (31)

We see from Eq. (29) that R diverges as xg — 2. The physics near the edge region (the
so called Airy gas), can be studied by linearizing the potential V (z) near z = ., i.e.

V(xe + 2) = V(xe) + 2V (ze) (32)
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In this region, by solving Eq. (20) with a linear potential (32), the Green’s function can
be written in the scaling form [8]

)

z Vize) —p 2 Vize) =y
G#,(we+z’xe—|—z’): ge< ( 6) H _|_(e)'u>7
We Qe We Qe

33
" (33)
where w, and a. are respectively the length scale associated with 1/p., where p. is the
fermion density at the edge [5] and the energy scale associated with the edge given by

B B2 3 (V' () 3 L
We = (M,@e)> , Qe = <2m> =V'(xe)we . (34)
The function g.(¢, (') is given by
9¢(C,¢) = —mAI(Q)[-iAi(() + Bi(¢)] for ¢ > (35)
—  _AAI(C)[=iAI(C) + Bi(¢)] for ¢ < (' (36)

For later purposes, we note that

Im [ge(¢, ¢)] = mAi(¢)Ai(()). (37)

Outside the bulk. In the classically forbidden region, far outside the edge where the
condition in (29) holds, we will again assume that V(x) is slowly varying around a point
xo. In this case, the solution of Eq. (20) reads

o expl(— (e (z0) + 0] = )
h2 [k (o) + i07] ’

GM' (.730 +z,x0 + Z/) ~ (38)

where

/

’iu’(x()) — \/Qm(v(;:ﬂ) H )| (39)
is positive. This result is similar to the one found in the bulk in Eq. (25) with a local
Fermi wavevector which is imaginary.

One can check, using the asymptotic properties of the Airy functions Ai(z) and Bi(z),
that the edge result for the Green’s function (33) matches (i) on the left with the bulk
result (20) and (ii) on the right with the result far outside the bulk (38).

3.3 Treating delta function potentials

In this section we show how one can use the Green’s function method to study systems
where the potential has a delta-function part. The delta function potential has been
extensively studied in quantum systems to model impurities [29]. Here we show that the
Green’s function method is particularly well suited to study this problem.

We start with a single particle Hamiltonian Hy and denote its Green’s function by

Gop = (p—i0" — Ho)™". (40)

We now add n impurities so that the total Hamiltonian is

H=Hy+ AH, (41)

with .
AH =" gib(x — ;). (42)

=1

10
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The coordinates x;’s are the positions of the impurities and g¢;’s denote their interaction
strengths with the fermions. Note that the sign of g; can be positive (repulsive) or negative
(attractive). Many methods have been found [29] to extract the Green’s function G, =
(u—i0" — H)~'. A simple way to do this is to observe that

Gu(.y) = Goula,y) + > AiGou(a, 2;) | (43)

=1

yields a solution to [p — 10" — H]G,, = §(z — y) if the A;’s obey the linear equations.

A; — iGop(mi,y) = Y 9:4;Gop(i, x5) = 0. (44)
j=1

Note that the A;’s depend implicitly on both the z;’s and y. The solution of this linear
equation (44) can be expressed as

A = Ri'giGoulx,y) (45)
j=1
where the n x n matrix R has components R;; given by
Rij = 0i5 — 9iGou(i, 7). (46)
This leads to the change in the Green’s function
AGu(xvy) = Z Ri_jlngO,u(x7xi)G0u(xj7y) . (47)
i,j=1

For general x and y the above expression is quite complicated. However, if we consider
the Green’s function at points where there are impurities and define the n x n matrices
Go and G such that Go;; = Gou(xi, x;) and G;; = G (x;, ;) things simplify a bit. In this
case, using Eq. (47) and adding to Gy, one gets in the matrix form

G = Go(I + R *A,G) (48)

where the matrix A, has components Ag;; = ¢;6;;. Noting that Eq. (46) implies R+A,Gy =
I and multiplying both sides by R™! gives I + R™1A;,Gy = R~!. Using this result, Eq.
(48) now reads

G=GoR ™ =Go(I —A,Go) ™", (49)

where we further used Eq. (46) for R. Thanks to this relation, one can compute G if one
knows Gj.

Using, furthermore, the formula for the derivative of the determinant of a matrix with
respect to a parameter t, i.e.

gtln[det A(t)] = Tr [Al(t)gtA(t)} : (50)
we can rewrite Eq. (49) as
Gulxi, x;) = —86; In (det[1 — AyGo)) . (51)

11
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We will use this representation later.

Let us consider the simplest case of a single impurity located at x; with an amplitude
g1 = g (this corresponds to n =1 in Eq. (42)). In this case, the full Green’s function can
be computed from Eq. (43), (45) and (46)

g GOu(xa xl)GON(ﬂjl’ y)
1 —gGou(w1,21)

G/l(xz y) = GO,U,(J"7 y) + (52)
which has a simple “Schwinger-Dyson” form. Expanding the denominator in powers of
g, this formula (52) has a simple physical interpretation: it adds up contributions to the
Green’s function arising from no scattering, one scattering, two scatterings, etc, from the
impurity. Exactly at the position of the impurity it reads

Gop(1,21)
1- gGOM(xlv 1) '

Gu(z1,21) = (53)
We will see below that this formula is particularly useful to deduce the fermion density at
the impurity as well as the energy change induced by the introduction of an impurity.

In the following, we will use the formulae derived in this section in the case where Hy
corresponds to a smooth trapping potential in the absence of a delta-potential.

4 Impurity in the bulk

Here we consider the effects of delta-function impurities in the bulk. The overall smooth
trapping potential V(x) described by Hy (see Eq. (1)), as discussed before, can be taken
to be locally constant and without loss of generality we set V(z) = 0. Thus the Fermi
wave vector at Fermi energy p is given by kp = k, = /2myp/h. The local density of the
system without impurity is given by pg, = %F

The effect of impurities has been well studied in the literature, notably the density
around impurities exhibits the well known Friedel oscillations [9-11]. However, in most
previous studies only the behavior of the density at distances greater than the inter-
particle distance ¢y = 1/pg, or in the linear response regime (i.e. to first order in A).
In [12] the density change induced by a delta function impurity was studied exactly. Here,
by using a more versatile method, we show how this result can be rigorously extended
to inhomogeneous bulk systems. We also show how the result given in [12] is, simply,
modified to take properly into account the appearance of a bound state in the case of an
attractive impurity.

It is important to know the exact behavior of this density at the location of the impurity
since, as we will see, it determines the effective interaction between the impurity and the
surrounding fermions. We show that this density at the impurity is finite and depends on
the local Fermi-wave vector. We also compute the effective interaction and show that it
is given by Eq. (14).

4.1 Friedel oscillations

We start by computing the kernel in the presence of a single impurity of strength ¢ = g
placed at ;1 = 0. Here the change in the Green’s function, using Eqs. (24), (25) and
(52) for the bulk Green’s function yields a change in the kernel AK,(z,y) = K, (z,y) —
Ko (z,y) which is given by

2 00 ;
gm ; exp(—iky [lz] + [y]])
AR, (z,y) =%t [ d . 4

W@ 9) =" m/u Rk (ke — 127) (54)
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X X X X

Figure 3: Contour integrals used in the integral representations of the kernel in terms
of the variable k = \/2myu//h?. Crosses indicate the poles of the Green’s function in the
complex plane of k. The contours I'; for i = 1, 2, 3 correspond to the contours I'; shown in
Fig. 2 when mapped into the k plane. Note that the contour I'}, has two components: one
vertical, and one horizontal going from k = 0 to k = kp. The contour I'j denotes a portion
on I'y, shown in bold, which is useful for later purpose. The contour I'y = (kp, kp — ic0),
which is useful for asymptotic analysis, is also shown.

Now we change variables ' = h?k/2m (so dy' = h?kdk/m) and we assume that p > 0 so
that the integration over k is along the real axis. The way in which all the contours in
Fig. 2 transform under the transformation k& = 1/27’"2” ' is shown in Fig. 3 along with the
position of the original poles in the Green’s function shown again as crosses. This gives
> exp(—ik[lz] 1 |y[])

A
AK,(z,y) = ;Im . dk Y

: (55)

where

A =mg/h? (56)

is an inverse length scale associated with the impurity, and kp = kr(0) = /2mpu/h is the
Fermi wave vector at the position of the impurity.

The integral in Eq. (55) corresponds to the contour I'j. The contour I’} can be
deformed onto the contour I'y as the integral over the contour I'; is zero and there are no
poles crossed during this deformation [8], to give

A > exp(—(ik:p + fi)[]a:\ + \y|])
AK X = fIlll — d . 5(
’”L( ’y) T /0 an kp — ik — 1A ( )

The above can also be written in terms of standard functions via the change of variables
s’ = k + A\ + ikp to obtain

Aexp(A(|z| + < ds
ARy(ay) = ROy [ S exp((la] + b))
RKF
Aexp(A(Jz] + o),
s

m B [(A +ikp)(|z] + |y])] (58)

13
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where we recall that

o) = [ S (59)

is the exponential integral function [28].
Taking « = y we find that the change in the local density Ap,(z) around the position
of the impurity at = 0 is given by

_Aexp(2)|z])

™

Apy(z) Im E; (2(X + ikp)|z|) . (60)
This is an important result of this paper, since it is valid for all values of A and at
all distances x. The comparison between this result (60) and the result of Ref. [12] is
performed in Appendix A. We now study this form of the density profile in Eq. (60) at
distances respectively very close and very far from the impurity.

Density close the impurity. Here we analyse the density in Eq. (60) very close
to the impurity, i.e. the limit x — 0. For small x we can use the asymptotic expansion
Ei(z) = —yg—In(z)+z+0(2?) at small z [28]. In particular at x = 0, taking the imaginary
part of the logarithm, we get the total local density (with the bulk term pg, = kp/7
included)

s s

krp A , k AN (A
pu(0) = — — - arg(ikp + \) = — 5 + —tan <k7F> , (61)
where tan~! above is the principle branch such that tan=1(0) = 0. The change in the

density is equal to zero when A = 0 as because kr = kg —i0" one has that arg(ikp) = 7/2.
The change in the local density is significant if A ~ kp.

Repulsive case. In the limit of strong repulsion if A = Ag with Ag > 0 and Ag > kr we

find
0) = F (62)
Pl = 3\
while for A\g < kr one has
kr AR
Pu(o) =5 9 (63)
Attractive case. In this case, setting A = —\ 4 with A4 > 0, we find, for strong attraction
Aa > kp
i 64
0) = A\

Note that the dominant term A4 in Eq. (64) is the contribution from the single bound
state associated to the attractive delta function. Indeed such a bound state has a wave
function

p(x) = v Aaexp(—Aalz|) (65)
which gives rise to a density |¢ps(0)|> = Aa. On the other hand, for weak attraction

A L kp
kr o A
~E oA (66)

Ppu(0) - 5

Density far from the impurity and Friedel Oscillations. In this case the asymptotic
expansion [28] for |¢| > 1 and |arg(()| < 37/2,

E1(¢) ~ ¢ Fexp(—(), (67)
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can be used but one can also use the representation given in Eq. (57) where the long
distance behavior comes from an expansion about £ = 0. We find from (60) that the
density for large x decays as

A

App(x) ~ —m [k cos(2kp|z|) + Asin(2kp|x|)], (68)

which can be rewritten as

Apy(r) =~ — A sin <2kF|xy + tan~! (7‘;‘”)) : (69)

2| x|\ /A2 + k%

At large |z|, both the repulsive and attractive cases are described by the formula (69) with
A = Agr > 0 in the repulsive case while A = —\4 < 0 in the attractive case. In the limit of
small A, one finds

Apy(z) ~ cos(2kp|x|), (70)

A
2nkp|z|)
which is the standard formula for large distance one-dimensional Friedel oscillations in the
regime of linear response [12].
In Fig. 4 we plot the relative perturbation of the exact density

A/;gix) = n(¢,y) = yexp(2y[¢))Im E1(2(y + 1) C])) (71)

as a function of ¢ = kpx where we recall that pg, is the local density in the absence
of the impurity and where we have written A = kg [30]. In Fig. 4 we plot n(¢,~) in
the repulsive case with v = 1. The asymptotic expansion Eq. (69) is also shown as an
orange dashed line. For { > 3, this asymptotic form describes accurately the exact result.
However, when extrapolated to small values of {, this asymptotic form diverges while the
exact result approaches a finite value as ( — 0 (see Eq. (61)). In Fig. 5 we plot n((,~) for
an attractive impurity with v = —1. We see the signature of the localized wave function
about the impurity which causes an increase in the local density. Again we see that the
asymptotic approximation for Friedel oscillations becomes accurate only for ¢ ~ 3.

Going beyond the density we can also analyse the kernel K, (z,y) in Eq. (58) for large
|z| and |y| by using the same asymptotics for the Exponential integral. We find at large
|z| and |y|, both for the repulsive and attractive cases,

AR y(a,y) ~ — A sin (kp(]a:| +lyl) + tan™! (“)) (7

m(l] + [y) /02 + K A

4.2 The effective potential acting on an impurity

Here we examine how the total energy of the fermion system is changed by adding of a
single impurity at fixed Fermi energy p. The Hamiltonian H(\) depends explicitly on
the parameter A = gm/h? where g is the impurity strength. We denote by €x(A) the k!
energy level, as a function of \. We define the total energy E(u, \) and the total number
of fermions N (u, A) as

B, ) =Y 0(n—e(N)ex(N) o N(wA) =3 0(u—ex(N). (73)
k k
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n(¢, 1)
0.2;

-0.2r

-0.4r

-0.6r

-0.8-

Figure 4: The relative change in the density around the point = = x1, given by Eq. (71)
due to a repulsive delta function potential at the point z = 0 of amplitude \g = vkp for
~v =1 (solid line), and its asymptotic approximation (dashed line) obtained using Eq. (69)

(¢, -1)
5,

2.0\
157

1.0F

0.5F

Figure 5: The relative change in the density around the point = x1, given by Eq. (71)
due to an attractive delta function potential at the point x = 0 of amplitude such that
A = =4 = vkp for v = —1 (solid line), and its asymptotic approximation (dashed line)
using Eq. (69).

The goal is to compute the effective potential felt by the impurity at position z; which
can be identified as the change in the grand-potential (since we are working at fixed Fermi

energy 1)
Vet (z1) = Q(p, A) — Q(p, 0) where Q(p, A) = E(ps A) — uN (ps A) - (74)

This problem for a homogeneous system, where the potential is constant, has been studied
in [22,23].
To perform this computation, we use the Hellmann-Feynman theorem which states

that
€ (A oOH
G [ i NG e, (75)

where ¥ (z, A) is the eigenstate associated to the energy level ex(A). In the present case
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of the delta-impurity this theorem (75) gives
Oer ()
oA

From this, one sees that every energy level is moved up for repulsive impurities and down
for attractive ones. Thus at fixed u, the derivatives of the energy E(u,\) and of the
number of particles N(u, \) in Eq. (73) with respect to A read

NE (1, A Ze — er)Onex(N) = 1Y Onex(N)S (1 — ex(N)) (77)
k

2
= L (e NP, (76)

N (s A ZaAek —ex(N) - (78)

Therefore, using Eq. (74), the derivative of Q(u, A\) with respect to A, using (77) and (78)
together with (75) is given by

h2
N, A 29 — ex () [¢or (21, V)|* = = —pulzn,A), (79)

where we have made explicit the dependence of the fermion density on A\. The effective
interaction of the impurity with the fermion system is thus given by

2 A
V(o) = 200 3) = 200.0) = 1 [~ a¥p,(a1.) (30)

We can now use the expression for the fermion density given in Eq. (61) to obtain

) k(A — 7T)\2:| _ h2)\2W <k’F(£L’1)> ’

2 2mm A
(s1)
where the function W(v) is given in Eq. (14). When kp(z) is constant, the formula
Eq. (81) agrees with that found in [23] for homogeneous systems.
In the limit of a weak impurity strength |\| < kp(z1) we find from (81)

2

h
Vet (x1) = Py (k%(a:l) + )\2) tan~ ! <

kp(xl)

h2/\ kF(xl)

™m

Vet (21) ~ (82)
Therefore for A > 0 the impurity is pushed away from a dense region, while for A < 0
it is attracted by dense regions. On the other hand, for a strong impurity strength,
IA| > kp(x1), we find

2
Varn) = 1 [k (a)sen(3) — 22%0(-)]. (53)

In the case where A < 0 we see that Vog(x1) contains a term corresponding to the bound
state energy, Ej, = —h?)\2/2m of the state localized around the impurity. Again we see
that repulsive impurities are repelled from dense regions and attractive impurities are
attracted by dense regions, which clearly agrees with physical intuition.

Link with the problem of mobile impurities. The above results on the effective
interaction potential felt by an impurity in an inhomogeneous system is to our knowledge
new, as mentioned above the problem for a homogeneous system was discussed in [22,23].
However a problem with a similar flavor, involving a mobile impurity, has been studied.
McGuire [19,20] considered the problem of N identical spin-less fermions with no mutual
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interactions. In this system, one introduces an additional particle, with coordinate z,
which interacts with each of the IV fermions via a delta function potential. In its most
general form we can consider the NV + 1 body Hamiltonian given by

Y #a?
H = Z 2 D 2+V x; +gZ§ i — To) — A 9 2+V(xo) (84)

=1

where M is the mass of the impurity particle and V(x) the effective potential it feels
due to the trap. The problem examined by McGuire corresponds to identical masses, i.e.
M = m and to homogeneous system with V(x) = 0, hence kp (and thus the density)
being constant. The change in the energy due to the additional particle is found to be

h2

A2 A 22
AE(kp,\) = - [(21@% + ?)tan_l <2k'F> + kpX — 7T4] . (85)

Interestingly, we note that this formula (85) is strikingly similar to the expression obtained
here in the case of an immobile impurity and one can write

AM@N:WVWGW>, (86)

4dtm A

with the same scaling function W () given in Eq. (14). Note that the problem considered
in this paper corresponds to the limit M — oo where the position zq is fixed.

More recently the problem introduced by McGuire was revisited in the presence of an
external harmonic potential V (z) = mw?x? /2, which is the same on both the fermions and
the impurity particle. The effect of inhomogeneity was treated by combining McGuire’s
result with an LDA-like approximation, which turns out to be remarkably accurate even
for systems with a small number of fermions [24].

5 Impurity far from the bulk and the filling transition

We consider an impurity of strength g1 = g placed at z; far from the bulk of the Fermi
gas, where the condition in Eq. (29) holds and the density vanishes. One may ask the
question whether an attractive impurity can pull fermions out of the bulk. In this region
the kernel in the region of the point x; is given by

1 p
AK,(x1 + 2,21 + 2) = Wlm/ dp' AGy(z1 + 2,21 + 2'), (87)

where in the above integral ¢/ < p < V(z1) (and thus the contour I'y in Fig. 2 is the
appropriate one to use). More precisely the condition in Eq. (29) holds in the above
integral and so we can use Eq. (38) for the Green’s function. When an impurity is placed
at the point x; the induced change in the Green’s function is
n 9Gow(z1 + 2, 21)Gop (21, 21 + 2)
AGM/(QT1+Z,$1 +Z) = 1 —gGoM/(xl,m) (88)
mA exp(—(ry (21) +907)[|2| + |2']])

= —_— ) 89
h? (K (@) +90%) ([ (21) +90F] + X) (89)
where £,/ (1) is given by Eq. (39).
Now using dy’ = —h%kdrk/m we find that the change in the kernel is
A > exp(—(k +i07)[|2] + |']])
AK S| d . 90
plor £ 2214 2) TFm/ 1 ) [k +i0F] 4+ A (50)
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Here and below we denote ,(z1) = kp(x1). We now use the standard identity

1 1
- Im— = 1
e v e GRUR) (91)
which gives, for A > 0,
AK,(z1+z,214+2') =0, (92)

as kp(r1) > 0. Hence a repulsive impurity far from the bulk has no effect on the Fermi
gas.
However for an attractive impurity, writing A = —A4 with A4 > 0 we find

AK,(z1+ 2,01 + 2') = Aab(Aa — 6p(21)) exp(—=Aal|z] + |2']]). (93)
The above result is easily interpreted physically. It can be written as
AKy(x1 + 2,21+ 2) = 0(Aa — wp(21))Pp(2)Pn(2), (94)

where 9p(z) is the bound state wave-function for a delta potential at z = 0 and in the
absence of any other potential given in Eq. (65). The kernel well outside the bulk is thus
generated by a single particle bound state. The fermion density at the position of the
impurity is thus given by

pu(z1) = Aab(Aa — KF(21)). (95)

It exhibits a transition as a function of A4. It vanishes when A4 < kp(z1) and is nonzero
for Ag4 > kp(z1). This corresponds to a filling transition of the bound state where the
density exhibits a ”jump” by kp(x1). The transition is sharp for large kp(z1). At smaller
values of kp(x1), i.e. close to the edge, it is replaced by a smooth crossover, which is
analysed in Section 7.

This transition can be interpreted by the following energy argument. The energy of
this bound state in the presence of a local potential is given by

N A4 2
Ey(21) = — 2Am

+ V(xy) . (96)

Hence this state is occupied if Ej < p, which corresponds to Ag4 > kp(x1). In contrast,
when E7 > i this bound state energy level exceeds the Fermi energy and hence it remains
unoccupied at zero temperature. We note that this type of transition is quite generic,
and not specific to a delta-function impurity. For instance, it can occur in a more general
context when there is a second additional potential well (i.e. a second minimum of the
trapping potential). When the Fermi energy increases above this second minimum, a
new disjoint interval arises in the support of the density. However the case of the delta
potential yields a particularly simple tractable example, since it corresponds to a rank one
perturbation.

A natural question to ask is whether there is an effective potential felt by the particle
when it is outside the bulk. This potential can, again, be derived using the Hellmann-
Feynman theorem (80) together with the expression for the density outside the bulk given
in Eq. (95). We find

h2

Vet (21) = —%‘9(

A — kp(r1)) [)\124 — /ip($1)2] . (97)

Furthermore we note that using Eq. (39) we can write

V() = 000 — () [0 38 4 V() ] ()
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Hence we see that for Ay > kp(z1), the z1-dependence of the effective potential Vg (1)
is the same as the trapping potential V'(z1), this is due to the fermion which forms a state
bound about the impurity.

An analogy in random matrix theory. This filling transition is reminiscent of the
Baik-Ben Arous-Péché (BBP) transition in random matrix theory [17,18]. The BBP
transition occurs when one considers a N x N random matrix Mg, for instance from

the GUE with a semi-circle density of support [—v2N,v2N] at large N (the Wigner
sea), perturbed by a fixed ranked one matrix, i.e. when considering the matrix sum

M = Mo+ \/gﬂel)(el\. For a weak perturbation v < 1 the Wigner sea is essentially
unchanged and the largest eigenvalue Ay.x of M behaves as in the absence of perturbation,
i.e. Amax ~ V2N + W)@ where y2 = O(1) fluctuates according to the GUE Tracy-
Widom distribution. Above the threshold, for v > 1, an outlier or spike eigenvalue detaches

from the Wigner sea, and the largest eigenvalue now behaves as Apax ~ \/g (v+ %) +
%J\/’ (0,02 =1— 712) (i.e., with Gaussian fluctuations). The analogy with our quantum
problem is suggested by the fact that (i) the joint PDF of the eigenvalues of M, is identical
to the joint PDF of the fermion positions in the ground state of the harmonic oscillator
V(z) = 2% (ii) the perturbation is of rank one in each problem. It is then tempting
to establish an analogy between the spike/outlier from the Wigner sea, and the fermion
bound to the delta impurity outside the Fermi sea. A difference is that the analog of the
typical value of Ay ax would be x1, which in our problem is given. However, in both cases
the order parameter of the strong coupling phase (i.e. ¥ > 1in RMT or Ay > kp(x1) in the
fermion problem) is the overlap of the state of the system with the perturbation. Note that
the BBP transition has a non-trivial critical regime when v — 1 = O(N -1/ 3), where Amax
gradually leaves the edge of the spectrum. The critical region in our problem corresponds

to the case where the impurity is placed near the edge studied below in Section 7.

6 Interaction between two impurities in the bulk

In this section we compute the effective interaction between two impurities in the bulk
separated by a distance r. We place impurity 1 at x1 and impurity 2 at xo. We assume that
|z — 21| < & where the length & is defined in Eq. (30) such that the trapping potential can
be considered as constant. For two impurities we can still apply the Hellmann-Feymnam
theorem, for example differentiating with respect to As, which measures the interaction
strength of impurity 2. Writing explicitly the dependence on the coupling constants A;
and Ay, we obtain the analogue of Eq. (79) valid for two impurities

001 M, Ng) B2
(%)\212) = Epu(x%)‘lv)@) 5 (99)

where Q(u, A1, A2) is the grand-potential of the system in the presence of the two impu-
rities (it depends on both z; and o but we omit the explicit dependence for notational
simplicity). In Eq. (99), pu(z2, A1, A2) denotes the density of the Fermi gas at the location
of the second impurity. Let us define the effective interaction between the two particles as

Vvint(r) = Q(:uv Al, )\2) - Q(,U,, Al, O) - Q(M? 07 )‘2) + Q(,U,, 07 0) ) (100)

which depends only on the distance r = |xo — x| since the system is translationally
invariant on scale of the order O(§). The interaction potential Viy(r) in Eq. (100) can be
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written as

h2 A2 A2
Vint (1) = - [/ d\, pu(mg,)\l,)\é) / dN, pﬂ(q:g,(),)\'Q)] . (101)
0 0
Now using the representation of p,(z2, A1, A2) in terms of the Green’s function in Eq. (21)
by setting x = y = x2 we find

1 1
pu(T2, A1, A2) = K (22, 22) = ﬂlm/ dp'G (w2, x2) . (102)
We now use Eq. (51) which can be written as
m 0
GN/ (5[72, .’EQ) = _ﬁai)q In (det[l - Aggo]) 5 (103)

thus facilitating the integration with respect to A, in Eq. (101). This then yields
1 1
Vi) = ==t [ ! [10 (1= 92Gope(1,01)) (1 = 2oy (02.22)) — 916G 01, 2)
—In (1 - g1Gopw(z1,21)) — In (1 — g2Gop (22, 32)) } . (104)

Using the fact that Go,(z,y) = Gou(z — y), we get

1 w G3 (r

- glGOM’(O))(l - QZGOM’(O))

where we recall that r = |ro — x1|. Now using the expression for the Green’s function
in Eq. (25), valid in the bulk, and again changing the integration variable to k& where
p = h2k%/2m, we find
h2
Vint(r) = ———Im dk k1n (1 +

mwm /
I

A1 A2
[k —iM][k — iAs]

exp(—2ikr)> , (106)

where the contour I}, is shown in Fig. 3. As A\; and Ag are real, there are no poles inside
the region enclosed by the contours Iy, I'y and I'j shown in Fig. 3. Therefore Cauchy’s
theorem tells us that the contour integral around this region is identically zero. Using
further the fact that the integrand vanishes on the contour I'; as its radius is extended to

oo we obtain )

Vit (r) = h—mlm dk k1n <1 +
i 4

A1 exp(—2ikr)
[k — ik —iXo] )~
Making the substitution k& = kp — ix where kp = kp(z1) =~ kp(z2), we find the exact
result

K2 B ) Mg exp(—2ikpr — 2kr)
Vin =—1] dr(kp — In{1 - - - ‘ . 108
t(r) o Z/O (ke —ir)In ( * lkp — ik — i\][kp — ik — i)g] (108)

(107)

Writing \; = kp~v; and making the change of variable k = kpu we find the interaction
energy, with its dependence on the physical parameters r, kr, 71 and 2 made explicit, is
given by

h2k? > —2ikpr — 2
Vvint(ra kFa 1, 72) = - FIm ,L/ du (1 - /Lu) In(1 + nre eXp( . ZkFT . kF-ur)
™m 0 [1—du —iy][1 — du — i7ys]

21.2 o) _ .
— —h K Re / du (1 —du)In {1+ 7172, exp.( QkFT(,Z + u)) .
™m 0 [1 —idu—iy][1 — du — i)
(109)
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For kpr > 1 one can expand the integrand about u = 0. The corrections due to terms of
order u are of order 1/kpr (see Eq. (112) below). We thus find for r large

12k = —okpr(i
Vi (7, ks Y1, 792) =~ — FRe/ dutn (14 202 SXP(2ker(iHu)y (110)
™ 0 [1 —im][1 — i

This is exactly the result obtained in [13,14] via a field theoretic method based on the
summation of Matsubara frequencies, which becomes a continuous integral at zero tem-
perature. In this large distance approximation the integral can be evaluated to give

2k.F

_ Y1Y2 exp(—2ikpr)
Vine (7, kpy 1, ~ Re Lis | — - - , 111
int (7, kF, 71,72) . 12( [1 — i1 — i7y2] (1)
where Lis is the di-logarithm function [28].
21.2
The interaction potential can then be written in terms of the Fermi energy Er = Z:;F

and the variable { = kpr to give

2F o0 —2C1 —2
Vint (r, kg, 71, 72) = _27FRe / ds <1 . ZZ) In (1 n [ Y172 exp(—2(i s)) ) 7
0

¢ 1—iZ —im][l —ig — i)
(112)
and with the asymptotic form for large ¢ given by
‘/;nt(/n k"F771772) = &R’e L12 <_ . ghe f exp(—21<)> . (113)
¢ [1 — i)l — i

In Fig. 6a we show the interaction energy in units of Er, U((,71,72) = Vint (¢, K, 71,72, )/ EF,
for the exact result Eq. (112) for two repulsive impurities with (v1,v2) = (1, 1), as a func-
tion of ¢, along with the corresponding large distance approximation of Eq. (113). As was
the case for Friedel oscillations the asymptotic result is accurate for ¢ > 3 but diverges
towards —oo as ¢ — 0. The potential oscillates in a manner reminiscent of the Friedel
oscillations, exhibiting local minima, but is attractive for ( < 1. In Fig. 6b we show the
corresponding result for two attractive impurities (y1,72) = (—1,—1), again the potential
oscillates and presents local minima. A sharp barrier appears at ¢ ~ 1/2, but a deep min-
imum is formed for small {. In Fig. 6c we show the case for an attractive and repulsive
impurity with (y1,72) = (1, —1). Here, in contrast to the case of impurities of the same
type, the short distance behavior of the potential is repulsive.

7 Impurity near the edge

In this section we investigate the effect of adding a delta function impurity near the edge
at © = x, such that yu = V(x.). In this region, in the absence of the impurity the Green’s
function satisfies the scaling form given in Eq. (33). The width of this region is given
by w. and the corresponding energy scale is denoted by a., both displayed in Eq. (34).
Consider now an impurity located at © = x1 = z. + 29 where zy will be of the same order
as we. Substituting the scaling form from (33) into (52), we obtain the change in the
Green’s function due to the impurity as

AF ge(Z:TZO + M—TM” % + %)ge(% + u;u” z/;rezo + u;eu”)

z0 4 p=t zo 4 p—p
Celle L= Nge(r + 55 e +5%0)

AG#/(xl + 2,21 + Z’) =

)

(114)
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Figure 6: Effective interaction U(z,71,72) (in units of the Fermi energy) between impu-
rities, solid lines exact interaction given by Eq. (112) and dashed lines asymptotic large
distance approximation Eq. (113). Shown in (a), (b) and (c) impurities with interactions
strengths (y1,72) = (1,1), (=1,—1) and (1, —1) respectively.

where g.(¢,¢’) is given in (35) and
R2\
\* =

MOWe

= 2)\w, (115)

is a dimensionless measure of the impurity strength in the edge region.
The kernel Ky, at the edge in the absence of impurity is given by,
T—Te Y— Te

Kou(:z:,y):yiKAi< , > . Kai(a,b) = /0 " du Ai(a+ w)Ai(b+u) (116)

We We

in terms of the Airy kernel KA;. The change in the kernel, AK, = K, — Ky, is obtained
from Eq. (24) by integrating over u’ between p and +o0o, making the change of variables

57?5 + “;75, = —u and setting 29 = cw, then gives
A" > ge(a — U, _u)ge(_ua b— u)
AK L+ bwy) = — du 1 , 117
u(z1 + awe, z1 + bw,) p— /_C u Im [ oy — (117)
where function g, is given in (35) and the dimensionless number ¢ given by
c=20 T (118)

We We
measures the relative position of the impurity compared to the edge. The above integral
has an integrand which oscillates and decays like 1/u for large u and it cannot, at least
in any obvious sense, be evaluated analytically. However if we use Eq. (23) we find the
alternative expression

A* [ee] b _
AR, (21 + awe, o1 + bwe) = / du Tm 9eL0F % W9 b + u) S
&

TWe 1 — AN ge(u,u) We
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which converges quickly for u — +oo allowing an efficient numerical integration (see
below).

7.1 Density at the edge

Of particular interest is how the density is modified by the presence of a delta function at
the edge. The average density of the Fermi gas around the impurity, can now be obtained
by setting coinciding points in the total kernel which, in terms of the scaled position a
measured from the position of the delta impurity, leads to

n(a,c, \*) x— 1

_ _ron 120
T (120)
where
n(a, e \7) = /  au [Aiu+ 0 + X Iele )’ po TS T g
Y e 71— Xge(u,u) ’ W

and c is the scaled relative position of the delta impurity with respect to the edge. In the

above, when A\* = 0 we recover the usual edge density of the Airy gas which, in random

matrix theory, corresponds to the eigenvalue density for the Gaussian Unitary Ensemble

at the edge where the Wigner semi-circle law vanishes [31]. Using (35) the integrand in

the second term can be written more explicitly as
X ge(a+ u,u)?

Dla,u) = T-Im7— A*ge(u, u)

%A s . TA*Ai(w)34+7A* Ai(u)Bi(u)?2 i(u
—TA*Ai(u + a)?Ai(u) (f%—w)\(*gia)gi(u)()?)—&l—g(fr)\)*);rli?(u()‘l) ’ @>0

(122)

= (123)
A0 N\2 (TR 2 A 2 : : A .
—77)\*Ai(u)2 7A* Ai(u) (Bl(qua()l+7FA)\1£12J1r(C;))]%Izﬁ;(za?g;(znggleﬂ/\ Ai(u)Bi(u)) . a<0.
Let us recall the asymptotic behavior of the Airy functions. For u — +00 one has
—2,3 2,5
Ai(w) ~ SR gy L oPGur) (124)

2\/7?1/& ﬁu%
which implies that Ai(u)Bi(u) ~ ﬁ, and so we see that for u — +oo the r.h.s. of

(123) behaves as ~ —27A*Ai(u)3Bi(u) and thus decays very quickly. On the other side,
for u — —oo both Ai(u) and Bi(u) decay as 1/|u|'/* with oscillating prefactors. Hence it
seems that the integral can be easily evaluated numerically (apart from a subtlety arising
from the denominator for large negative \* see below). Note also that as a — oo the
change in the density due to the impurity decays to zero.

In Fig. 7 we have plotted n(a,0,\*) as a function of a for the values \* = 0, the case
where there is no impurity at the edge, and for value A* = 1 (repulsive impurity) and the
value \* = —1 (attractive impurity) for an impurity placed exactly at the edge ¢ = 0.
We see that in all cases, the density oscillates in the region to the left of the edge (as one
moves towards the bulk) but decays monotonically to the right as one moves away from
the bulk. The presence of a repulsive impurity decreases the density, as expected, and
induces a small phase shift in the oscillations to the left. However the attractive impurity
increases the density at the original edge and leads to a larger density of fermions to the
right, again with monotonic decay. In addition, the oscillations in the density experience
a substantial phase shift with respect the the case of no impurity and a repulsive impurity.
The presence of an impurity introduces a discontinuity in the derivative of the density
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Figure 7: The rescaled density n(a,0, A*) as a function of the rescaled distance a, for a
delta function interaction placed at the edge of a trap ¢ = 0 on top of a potential which
is locally linear at the edge. In black solid is the case where A* = 0, that is to say no
perturbation. In dashed is shown the case where A\* = 1 (repulsive impurity) while the
case A = —1 (attractive impurity) is shown by the dotted line.

at x1, i.e. at @ = 0. Similar effects are seen when the impurity is not placed exactly at
the edge x1 # x.. For an attractive impurity placed on the right of the edge, the density
increases around the impurity.

Filling transition of an attractive impurity located far from the edge. Here
we examine, within the edge region, the filling transition already discussed in Section
5 in the context of the bulk. Clearly if the delta impurity is placed far to the right
of the edge, i.e. ¢ = xlw;fe > 1, the local potential at the position of the impurity,
V(z1), is large compared to the value V(z.) at the edge. Being well above the Fermi
sea it should play no role in the Fermi gas, unless the amplitude of the delta impurity,

A= —Xa <0, is tuned to be sufficiently attractive. Indeed, in that case we can revisit
the qualitative argument given in Section 5. An attractive detha impurity in a uniform
potential produces a bound state with a binding energy EFp = _2%)\2 = maZw? ¢ /(2h?),

hence its total energy is V' (z1) + Ep. We can now surmise that when this energy is lowered
below the Fermi energy p = V(z.), this bound state should be filled and be part of the
ground state of the Fermi gas. If one equates this binding energy with the energy shift
V(z1) = V(ze) = V'(21)(x1 — 2.) = V'(21)wec by linearizing the potential near the edge,
one finds that the transition should occur at

N~ 24/c (125)

for large ¢ > 1. It turns out that the estimate (125) is quantitatively correct, as we now
show.

To see this we return to the formula (121) and (123) for the density around the impurity
and recall from (35) that g.(u,u) = —mAi(u)[—iAi(u) + Bi(u)]. If ¢ > 1, then the integra-

tion region is u > ¢ > 1 and we can use the asymptotics (124), and Ai(u)Bi(u) ~ 27r1\/a
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for u > 1. We see that the denominator in (123) becomes at large u

1 1
~ 7 126
I=Ngelwu) et R (126)

2u?2 4u

[N

We see that the real part of the denominator vanishes at u = u, = \Z/4 when \* =
-\ <0, i.e. for an attractive impurity. To study the transition, from (125) we should
consider A4 large, hence u. > 1. In this case since the imaginary part is very small we
can make the approximation

1 1 \* 1 T2
=i e (12 2 = - e
1= Xge(u,u) 124 2u2 1— 24 2

2u?2 2u?2

where P denotes the Cauchy principle part. This means that the local density of states
has a sharp resonance at u = wu.. Inserting into (123) and (121) we see that the term
which converges to a delta function gives a contribution

)‘3 2 )‘Z *
Ds(a,u) = —?(Re[ge(a + Ue, ue)])? = 0(u — uc)? exp(—Ajlal). (128)

Using Re[ge(a + e, ue)] ~ 2%6_20‘\/% for large u., we find that the corresponding con-

tribution to the local density reads

*

ns(a,c) ~ 0(u. — c)%“ exp(—A}lal). (129)

This contribution was obtained under the assumption that u. > 1. We see that it is non
zero if u. > ¢, that is for X% > 2,/c, exactly the same condition as (125). In that case the
above contribution (129) corresponds precisely to a total of one particle, since its integral
over a is equal to 1. Hence for A% > 2y/c there is a local density peak corresponding to a
total of one fermion. When A% < 2,/c this extra fermion is no longer present.

We see that this transition is very sharp for ¢ > 1 and thus coincides with the transition
discussed in section 5. One can perform a slightly more precise estimate of the above
formula (121) and (123) for the density near the impurity and obtain for a\* = O(1) and
¢ > 1, the Lorentzian dependence in the impurity position ¢ near the transition at ¢ = u,

n(a,c, —\y) ~ A exp(—A}lal) /+oo dulA (130)
o 2 . T (u—u)?+n?’
where ‘s
n = ”(AQA) Ai(ue)? | ue=N4/4. (131)

3/2
Hence the width 7 is exponentially small, i.e. 1 ~ e~ 3ue

Note that from the denominators in (123) we see that the effect described above persists
for smaller values of ¢ = O(1), at the location u. of the root of Ai(u.)Bi(u.) = —ﬁ.
However it is broader if both ¢,u. = O(1). Hence it is a crossover for ¢ = O(1) and
becomes a sharp transition as ¢ — +oo.

It is important to also compute the fermion density at the position of the impurity,
e.g. to derive the effective potential in the next section. It is obtained by setting x1 = x
and thus @ = 0 in (132). Recalling that the first term is the imaginary part of 1g.(u,u)

we see that the formula simplifies into

T ge(u, 1) L1 [ 1
_ 11 p _ 1 du ————— . (132
pu(1) We T m/c 1o N Ge(u,u) — weA* m/c 1o A*ge(u, u) (152
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Wedge(ca /\*)

Figure 8: The scaled potential Wegge(c, A*) felt by an impurity at the edge as a function
of the distance ¢ from the edge measured in units of w, as give in Eq. (135). Shown from
top to bottom is the potential for A* =1, 0.5, —0.5, —1.

In the limit where ¢ = (z; — z¢)/we — —00, i.e. when the position of the impurity enters
the bulk, one can easily check, using the explicit expression of w, in Eq. (34) and of \*
in Eq. (115), that p,(x1) ~ kp(x1)/7, independently of the sign of A, i.e. both for a
repulsive and an attractive impurity. This behavior matches perfectly with the behavior
found in the bulk in Egs. (63) and (66) in the limit |A| < kp. This is expected since that
the edge scaling form in Eq. (132) holds for finite \*, which implies A ~ 1/w, [see Eq.
(115)], and thus |A\| < kp (since we > 1/kp for large p).

7.2 Effective potential at the edge

We now calculate the effective potential felt by an impurity in the edge region, as defined
n (74). We can again use the Hellmann-Feynman theorem as in (80) which requires the
density at the location of the impurity as given in (132). Since this density is expressed in
terms of \* it is convenient to write the Hellmann-Feynman formula in terms of A\* using
(115). It reads , ,
Wenlor, ) _I_OVerler ) _ (o) (133)
MOeWe A m

This equation can then easily be integrated with respect to \* using Eq. (132) to obtain

T1 — Te

‘/eff(xly )\) = OéeVVedge( , A*), (134)

e

with

R e . N Ai(u)?
Wedge(cv A ) - 7‘—/0 du tan <1 + )\*WAI(U)BI(U)

The function Wegge(c, A*) can be evaluated numerically and is plotted in Fig. 8 as a
function of ¢ for several values of \*. At large negative values of \* the numerical evaluation
becomes difficult, presumably due to the formation of a bound state about the impurity to
the left of the edge. A more detailed analysis of this regime would be interesting to pursue
and we leave this for future work. One can also verify, numerically, that Eq. (135) matches
with the bulk form given in Eq. (13) as it should (see the discussion below Eq. (132)),

(135)
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although an analytic demonstration is not obvious given the highly oscillatory nature of
the integrand.

8 Discussion

In this paper we studied non interacting fermions in a trap at zero temperature, in the
presence of a singular potential created by delta function impurities. The presence of
these impurities changes the density of the Fermi gas around the impurities. For a single
impurity the change in the density profile has been studied using a number of techniques
from condensed matter physics. These methods have allowed the characterization of the
density at distances far from the impurity, which shows the celebrated Friedel oscillations.
In this paper, using a Green’s function method developed in our previous work we have
computed the exact form of the density at all distances from the impurity. Furthermore
our method goes beyond the one point function and also allowed to obtain the quantum
correlations by computing the central object known as the kernel. In addition this allowed
us to compute the effective potential felt by the impurity.

We have shown how the behavior of the density and of the effective potential changes
as one moves the impurity from the bulk of the Fermi gas to the edge created by the
confining potential. We also unveiled an interesting ”filling transition” which occurs when
the impurity is moved outside of the support of the density of the Fermi gas. All these
results are exact and non-perturbative in the strength of the impurity.

In addition when a pair of impurities is placed in the bulk of the Fermi gas at a
distance r from each other, the fermion background gives rise to an effective interaction
Vint (1) between them, much like the Casimir effect in quantum electrodynamics. We have
calculated exactly this effective interaction Viy(r) at all distances, and our formula agrees
with previous results known only for large distances.

In this paper all calculations in the presence of impurities are performed in the ensemble
where the Fermi energy p is fixed, and the system is in contact with a reservoir, so that
the number of fermions can vary. This corresponds to the grand-canonical ensemble (here
at zero temperature). In the Appendix B we briefly discuss the possible differences which
may appear if instead one works in the canonical ensemble where the number of fermions
is fixed (isolated system) as the impurity strength and position may vary.

We have focused here on the zero temperature limit, however it is important to derive
the results at finite temperature since experiments are usually conducted at finite tem-
perature. Indeed, the results derived here can be extended to finite temperature T in a
straightforward way. As shown in [5,32] the kernel at finite temperature in the grand
canonical ensemble at chemical potential i can be obtained from the zero temperature
kernel, a relation which in the present framework can be written as

Kiw.9) =+ [ 'y Gt (136)
with 8 = 1/(kpT). Using this expression, integral formulas can be obtained for all of the
quantities studied in this paper. It would be challenging to analyse these formula in the
future.

Another line of investigation would be to study the Wigner function [35,36] in the
neighborhood of impurities both in the bulk and at the edge [37]. As well as being
interesting in its own right, this might be a first step to understand the dynamics of
systems in the presence of impurities as the Wigner function turns out to be a useful tool
in the context of dynamics [38,39].
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Finally, another interesting problem for further investigation is the question about a
mobile impurity in a Fermi gas. This problem has been studied in several works, notably
by McGuire [19,20]. It would be interesting to see if one could develop a general theory
which extrapolates between the static impurity case studied here and the mobile impurity
problem, which could explain the similarities between the two cases which we unveiled in
Eq. (86).
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A Comparison with the results of Ref. [12]

In this appendix, we compare our exact result for the density in the presence of a delta-
function impurity in the bulk, given in Eq. (60), to the formula obtained in Ref. [12] by a
quite different method. For this purpose, it is convenient to start from the formula given
in Eq. (57). This formula can also be represented using the contour I', (see Fig. 3) which
yields

AK,(z,y) = —j‘TIm/F i 2 ;”“i,'; i (137)

/
2

Note however that this representation is only valid for uniform systems, as it assumed
that the bulk approximation for the Green’s function is valid for small k, which in general
is not.

The case A > 0: in this case there is no bound state and there is no contribution to
AK,(z,y) in Eq. (137) coming from the part of I}, along the negative imaginary axis.
Assuming that the system is homogeneous, taking the imaginary part in Eq. (137) we

find
1 [Fr o kXsin(k[lz] + [y[]) — A% cos(k[|z] + [yl])
AK = - dk
o= T

Using this representation when one sets z = y we obtain the formula of [12] for the change
in the density - however we note that there is a factor of 2 difference as in [12] spin 1/2
fermions were treated.

. (138)

The case A < 0: When A < 0 the integral over the contour I', in (137) picks up a half
pole contribution at k = ¢\, we thus find

(=ikfz] + [yl])

k— X = M(=N) exp(Allz| + [y]]) ,  (139)

Ao [Rr
AK,(z,y) = —ﬂ_Im/O kP

where the last term comes from the negative imaginary axis and corresponds to a bound
state. The contribution from this bound state was in fact overlooked in Ref. [12]. In fact the
formula Eq. (138) was computed in [12] via a direct summation of eigenfunctions, however
when A < 0 this formula misses the bound state which is introduced by an attractive
impurity. Note however that the omission of this bound state does not affect the behavior
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at large distance from the impurity of the Friedel oscillations since the contribution of the
bound state to the density decays exponentially at large distance.

The small A limit: We note that taking the small A limit in Eq. (60) gives, to order O(\)

A _ AL
Apy(z) ~ ;Im Ei(2ikp|z|) = ;Sl(2kF|SL‘D, (140)

where

si(z) = — /OO dtSiI;(t), (141)

is the sine integral [28]. This matches perfectly with the linear response formula derived
in [12].

B Canonical ensemble

We discuss here how one would approach the problem of adding impurities in the canonical
ensemble where the number of particles if fixed and equal to N. Consider for example
adding one impurity of strength A. The number of single particle energy levels below the
Fermi energy u (i.e. the integrated density of states) is given by

N N) = 3000 — e (V) (142)
k

which is a function of X\. In order that N be fixed g must be a function of A, p(\) such
that

N A) = [ do gy () = N (143)

Let us define the change, due to the introduction of the impurity, in the integrated density
of states as

Given that the energy change is of order 1 and that the perturbation in the density is local
it is clear that AN (p, A) is also of order 1 [33]. Denoting Ap = p(A\) — p(0) with p(0) = p
we can rewrite (143) as

N(p+ Ap,0) + AN(pu+ Ap, A) = N = N(p,0), (145)

where Ay is the shift in the Fermi energy due to the impurity. To analyse what happens
in the canonical ensemble one must carry out the computations in this paper at chemical
potential p+ Ay, so the total fermion number is fixed upon adding the impurity. However,
if Ay is zero, then the results in this paper can simply be applied to the canonical ensemble.

A first example of where the canonical and grand canonical ensembles are equivalent is

in a bulk system of volume V' where one has a total particle number N = N(p,0) = W

Now using Eq. (26) for a bulk system, kr(u) = /2mu/h, we see that u = h?m> 217];[‘2/2 and

so Ap =~ —R2p2 NANGHAA) - From this we see that Ap — 0, since AN (p + Ap, A) is of

order one, in the the%‘]/nodynamic limit where N — oo and with N/V fixed. Note that a
bulk system can have a varying periodic potential, and so the results given here are not
just valid for constant potentials.

For a generic trap, we assume that for large p one has N(u,0) = (£-)#, where g is an

o
intrinsic energy scale, and as N(u,0) must increase with g we must have z > 0. Indeed,
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using the LDA in the bulk to compute N (u,0) as a function of p for potentials of the form
V(z) ~ aP we find

N0 = [[ampute) = 2 [ ao/i= v, (146)

where B denotes the bulk region where /u — V(x) is real. Writing V(z) = v|x|P then
gives

D=

N(p,0) = ﬁ/((g)); da/jr — vaP = ZZM (5)‘1“ /11 dy\/T— P | (147)

<=

so we find

N(p,0) =~ <:0>§+;’ (148)

and thus see that z = % + %. For p large the condition in Eq. (145) reads

Ap _ AN(p,A) _ AN(p,A)

- _ — 149
u ZN (1, 0) N (149)
and so we see that in the thermodynamic limit % — 0. However
AN
Ap =N (150)
z

and so only when z > 1 or, equivalently, when p < 2 we see that Ay — 0.

In essence the results here are valid when the large energy states near the Fermi energy
can be described as a continuum and the effects of discreteness can thus be neglected. Here
a local analysis suffices to understand the physics. It would be interesting to extend the
analysis to the cases where Ay remains finite (for instance the case of the harmonic trap
p = 2) or indeed diverges, traps with p > 2 and where, depending on the strength of the
perturbation, the effects of discreteness in the spectrum of Hy can be expected to play
a role.
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