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Abstract

Non-canonical degrees of freedom provide one of the most promising routes
towards characterising a range of important phenomena in condensed mat-
ter physics. Potential candidates include the pseudogap regime of the
cuprates, heavy-fermion behaviour, and also indeed magnetically ordered
systems. Nevertheless it remains an open question whether non-canonical
algebras can in fact provide legitimate quantum degrees of freedom. In
this paper we survey progress made on this topic, complementing distinct
approaches so as to obtain a unified description. In particular we obtain
a novel exact representation for a self-energy-like object for non-canonical
degrees of freedom. We further make a resummation of density correlations
to obtain analogues of the RPA and GW approximations commonly em-
ployed for canonical degrees of freedom. We discuss difficulties related to
generating higher-order approximations which are consistent with conser-
vation laws, which represents an outstanding issue. We also discuss how the
interplay between canonical and non-canonical degrees of freedom offers a
useful paradigm for organising the phase diagram of correlated electronic

behaviour.
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1 Introduction

The task of understanding interacting quantum systems is an inherently challenging one, as the
complexity of a quantum system increases exponentially with size. Nevertheless our microscopic
understanding of the world is built upon quantum foundations. A cornerstone of this success is
the semi-classical notion of a quasi-particle, which reflects the organisation of correlations around
underlying quantum degrees of freedom (DOF). As with all modelling, the identification of appro-
priate DOFs permits the most relevant correlations to be isolated, allowing for an accurate and
efficient description of a system.

A quantum DOF is specified by the algebra it obeys. Correlations in a system are induced
through the action of the Hamiltonian, as dictated by Heisenberg’s equation of motion %(9 =
i[H,O], and it is the DOF’s algebra which governs how correlations are organised (here and
throughout the text we adopt units such that & = 1).

The best understood quantum DOF's are the canonical ones, bosons and fermions. These obey

the familiar algebra of the form
[a7 aT]ZF =1, [’I’I,, G'T] = aTa [’I’L, a] = —a, (1)

with [a,a]+ = aa’ Fa'a and [-,] = [,-]_. The defining characteristic of the canonical algebra is
that the first relation yields the trivial operator. This has the consequence that a non-interacting
Hamiltonian, i.e. Hy = Z” eija;faj, has a linear action on the a;r, i.e. [Hy, a}] = Zj Eija;, which
allows for the straightforward identification of single-particle modes. Interactions by contrast induce
non-linear terms, which serve to impede a single-particle description. The semi-classical ideology

is encapsulated by the Dyson equation
G=Go+GoEG, (2)

which relates the single-particle Green’s function G of an interacting system to that of a corre-
sponding non-interacting system Gy, together with a self-energy 3. which encodes the interactions.
In principle for model systems one can obtain an exact closed expression for ¥ (see e.g. Eq. (5-25b)
of Ref. [1]). In practice ¥ is computed in a perturbative manner, where the lowest order contri-
butions, or certain resummations thereof, characterise the dressing of the single-particle modes as
quasi-particles. Behaviour which is well described in this way is commonly referred to as ‘weakly
correlated’. In particular this provides the microscopic foundation of Landau’s Fermi liquid theory,
the scheme by which the electronic properties of a wide variety of systems are understood.

The purpose of this manuscript is to examine whether non-canonical algebras can also provide

useful quantum DOFs. Specifically we consider a family of algebras of the form
la,alls =1-An, [n,a']=a, [n,a]=—a, (3)

where A is a scalar parameter which is inherent to the algebra. Such algebras appear naturally

for spin, electronic and local moment systems. The non-canonical contribution An presents an



immediate obstruction to invoking a representative non-interacting system, as in this case the ac-
tion [Hy, aZT] = &1 - )\ni)a;- is non-linear. This is not such a severe restriction however, as
single-particle modes can nevertheless be naturally identified at a mean-field level, in a manner
analogous to the Hartree/Hartree-Fock approximations commonly employed for canonical DOFs.
The challenging question is whether it is possible to systematically organise the remaining cor-
relations, e.g. as done through the self-energy in the canonical case, so as to obtain an effective
quasi-particle formalism. There is as yet no definitive consensus, but substantial progress has been

made.

The legitimacy of non-canonical DOFs is a question of central importance for condensed matter
physics. It is well established that the weakly correlated paradigm is insufficient to capture the
great wealth of behaviour of interacting quantum systems, and non-canonical DOF's provide one of
the most promising routes for characterising a range of the most interesting phenomena. Potential
candidates include the pseudogap regime of the cuprates [2, 3], heavy-fermion behaviour [4], and
also indeed magnetically ordered systems [5—10]. In addition, competition between canonical and
non-canonical quasi-particle descriptions may account for the emergence of quantum criticality, as

outlined in the Discussion.

1.1 Historical summary

Efforts to employ non-canonical algebras for organising correlations in interacting quantum systems
have a long and rich history. They arise naturally for spin systems, as spins are inherently governed
by the non-canonical algebra su(2). They were introduced for electronic systems by Hubbard [11],
who employed the graded algebra of local projection operators to obtain approximations for the
electronic Green’s function of the Hubbard model [11-13].

There are three prominent lines of approach:

e The first is based around the operator projection/equations of motion methods of Mori [14,15],
Zwanzig [16], and Tserkovnikov [17], which organise correlations in hierarchies of orthogonal-
ity around mean-field single-particle modes. A key issue here is when and how to truncate
the higher order contributions. Very early efforts along these lines are found in the works of
Rowe [18] and Roth [19], while more recent efforts can be found in [20-26]. There are in par-
ticular two bodies of work which have extensively investigated strongly correlated electronic
behaviour in this manner, that of Plakida and coworkers [2,27-30], and the composite oper-
ator method of Avella—Mancini [3,31]. These studies go a long way towards demonstrating

the promise of non-canonical DOFs.

e A second line of approach is built upon organising correlations in an expansion about the
atomic limit, or high-temperature limit. For a spin model this can be viewed equivalently as
the high-field limit, and for the electronic lattice models as the limit of strong on-site repulsion
(or attraction). Isolated sites admit exact mean-field solution, and a detailed diagrammatic
framework has been developed for incorporating interactions between sites [7,8,32-36]. This
technique has proved complicated to implement in practice however, which has limited its

application in general.



e The third line of approach utilises the Schwinger method [1,37], where correlations are re-
lated to fluctuations induced by the inclusion of external sources. Here correlations may be
organised by arranging variations of the external sources order by order in a perturbative ex-
pansion. To this end non-canonical algebras of the form of Eq. (3) are particularly useful, as
they come endowed with an internal parameter A which provides a natural means of organis-
ing the expansion. Efforts in this direction have advanced only relatively recently, see [38—43].
A challenge here is to identify which are in fact the best correlation functions to construct an
expansion for, as non-canonical correlations obstruct the canonical expansion of the inverse

Green’s function. This is a direction that is far from having been broadly explored.

In this paper we align the first and third of these approaches. In doing so we derive an closed expres-
sion for a self-energy-like object for non-canonical DOFs, and furthermore obtain an approximation

capturing the screening of density correlations.

1.2 Overview

The paper offers a detailed overview of the concept of non-canonical DOFs. We adopt a pedagogical
style, highlighting connections between various perspectives. We also keep analogy with canonical
DOFs as transparent as possible.

Firstly in Sec. 2 we summarise and discuss several important non-canonical algebras, providing
examples for spin, electron, and local moment lattice models. We demonstrate in particular that
the electronic DOF may be cast in either a canonical or non-canonical form. The first underlies
the Landau quasi-particle description, while the latter corresponds to the approach initiated by
Hubbard.

The core of the paper is comprised of Secs. 3-5. In Sec. 3 we introduce a simple represen-
tative model system which is useful for developing the non-canonical approach. We analyse this
from the Mori-Zwanzig—Tserkovnikov perspective in Sec. 4, demonstrating that the single-particle
Green’s function of the non-canonical DOF admits a Dyson form, arranging correlations between
mean-field single-particle modes and an irreducible self-energy-like object M} (w). We then switch
to the Schwinger method in Sec. 5. Building upon the analysis of Sec. 4, we derive a novel exact
representation for M (w), taking a functional differential form. We discuss issues related to gener-
ating conserving approximations in Sec. 5.3, and consider routes by which this may be addressed.
We make a resummation of density-induced correlations in Sec. 5.4, and obtain an approximation
which can be viewed as an analogue of the RPA and GW approximations for a canonical DOF.

In Sec. 6 we provide a discussion where we explore the non-canonical paradigm on general
grounds. We demonstrate that if one assumes that non-canonical algebras do indeed provide
legitimate quantum DOFs, then one arrives at a powerful governing principle for the phase diagram
of correlated electronic behaviour.

We conclude in Sec. 7. There follow two appendices: in App. A we provide a formal overview
of the algebraic structures underlying the discussion of Sec. 2, and in App. B we highlight the

connection between the analysis of Sec. 4 and the more familiar Mori—Zwanzig formalism.



2 Key examples of non-canonical degrees of freedom

In this section we discuss several important examples of non-canonical DOFs. These serve to
offer both a foundation and a motivation for the subsequent sections. First we highlight the
well-known fact that the spin may be regarded as a non-canonical DOF, see e.g. [5], despite that
spin-wave theory is more commonly formulated through the Holstein—Primakoff/Dyson—Maleev
mapping to canonical bosons. Then we consider the settings of electronic and local moment lattice
models, and demonstrate in both cases that the electron may be formulated in two ways, either
as a canonical DOF as underlies Landau’s quasi-particle framework, or as a non-canonical DOF
as advanced by Hubbard. Our discussions here combine and extend those of Refs. [4,43]. To
complement this section we provide a general overview of the underlying algebraic structures, and

their representations, in App. A.

2.1 Spin

A spin provides the simplest example of a non-canonical DOF, and one we will consider throughout
the paper.

First we remind that an isolated spin is governed by the non-canonical algebra su(2),
(8%, 8] = ie*?1 87, (4)

with «, 8,7 € {x,y,z}. It has a basis of of 25 + 1 states, where S is the magnitude of the spin
fixed through the Casimir identity S.§=5 (S + 1), and S is quantised in units of half-integer.
The su(2) algebra is commonly re-expressed through raising and lowing operators S* = 8% +18Y,
yielding the relations [S*,S7] = 28% and [S?, S*] = £8*. It is then convenient to label the basis
states of a given spin by the eigenvalues of S*, which take values —S,—-S +1,—-S+2,...,5.

A spin can be interpreted as a non-canonical DOF in the sense of Eq. (3) through the identifi-

cation
—_1 gt T _1 g- S S
a—mS, a—mS, n=5-S5% (5)
after which the algebraic relations Eq. (4) become
[a,al] =1— n, [n, a'l=a', [n,a]=—a. (6)

Here 1/S plays the role of A, offering a parameter for organising correlations. The operator n has
eigenvalues 0,1,2,...,25, with 0 corresponding to a spin polarised in the z-direction, and low values
of (n) corresponding to small deviations from this. We can thus anticipate that this non-canonical
DOF offers a quasi-particle description appropriate for magnetically ordered systems, i.e. spin-wave
theory.

An expression for n is obtained as a rewriting of the Casimir identity
n=a'a+ sen(n —1). (7)

For simplest case of S = 1/2 this reduces to n = a'a.



We remark however that spin-wave theory is not conventionally formulated upon Eq. (6). In
the absence of a consensus on the legitimacy of non-canonical DOF's, the spin is instead most
commonly treated within the canonical quasi-particle framework as in the approaches of Holstein—
Primakoff [44] and Dyson-Maleev [45,46]. This is achieved by employing a representation of the

spin generators in terms of canonical bosons b as follows
St =v25(1- %b*b)l‘”b, S~ =428 bT(1 — 4b'b)7, §*=S5—blb, (8)

with v = 1/2 for Holstein—Primakoff and « = 0 for Dyson—-Maleev. Again correlations are organised
around the large-S limit. While this approach has proved highly effective in practice, it lacks the
robustness of a true weakly correlated theory. The kinetic term still induces correlations, and these
obstruct application of the canonical diagrammatic framework. Further issues stem from the fact
that the representative bosonic system includes multitudes of unphysical states, as a single boson
has infinitely many basis states while a spin has a strictly finite number. Although the algebraic
relations of the operators in Eq. (8) close on the physical Hilbert space, there is no clear way to
maintain this restriction when analysing dynamical correlations at finite-temperature based on a
1/S expansion. By contrast, there are no unphysical states for the above non-canonical formulation
of the spin DOF. The challenge instead is how to account for the non-canonical contribution in

Eq. (6), which is the core focus of this paper.

2.2 Electron

We now turn our attention to the setting of electronic lattice models. An isolated electronic site

has a basis of four states

s s s ey, (9)

corresponding respectively to an empty site, a singly occupied site with spin either down or up,
and a doubly occupied site. A key point we wish to stress is that there are two distinct ways of
interpreting the electronic DOF, one of which takes the canonical form of Eq. (1), and another
which takes the non-canonical form of Eq. (3).

The canonical formulation is simple and familiar. The electronic DOF is expressed through the
algebra

{Ccra CI,/} = 5:70/7 [nm CZ!] = 500’637 [TLJ, Ca’] = _500’(30» (10)

with n, = chU and o € {|,17}. We can view this as grouping the four electronic states as two

copies of canonical fermions
{10):14) F @ {10);[1) }, (11)

where the semicolon denotes a relative grading of the states to either side. This canonical way of
characterising the electronic DOF offers one route to organise electronic correlations in interacting
systems. In particular it underlies our understanding of conventional metals as Landau Fermi
liquids.

The non-canonical formulation is less simple and less familiar. This algebra mixes all four



electronic basis states, and to describe it let us group the states as follows

{1,115 [o),|e) }. (12)

The algebra is composed first of a set of su(2) generators § acting on the spin-doublet {||),[1)}, a
second set of su(2) generators 7j acting on the charge-doublet {|o),|e)}, and a generator 6 which
weights the two doublets oppositely, and thus commutes with both § and 7j. In addition there are
8 fermionic generators q,, and qu, with o € {|,1} and v € {o, e}, which act between the two

doublets. The non-zero anti-commutation relations of the q,, are

2
{@ovra},} = B — ki (08* —vn?),

(g, dl,} = ks, {doo,ale} = —knT, 13)
{qw.ql} =rs, {doe.alo} = —Kn~,
2
{qam qU’V’} = {quw q(];/l,/} = 1TN€UU’6VV’7
where o takes values —1,1 for o =], 7, and v takes values —1,1 for v = o, e, and €, = —¢;; =
€ce = —€eo = 1. The commutation relations of the q,, with § are
o _
[Sz,qu] = §QZV7 [S+7QIV] = _QIw [3 aQiu} = _qL/a
. o . - (14)
[S 7q0'1/] = _§QUV7 [S 7qu/] =4, [3 7qJ,1/} = qyv,
with 177 are
v _
m* al,) = §ql,,, m.al)=—dab..  [n.al)=—dl.
v (15)
z _ 7 + _ - _
0°, qov] = 590w N7, @oe] = oo, 17, Goo] = Goe,
and with @ are
2 .2
[qu;u] = 11_: qiu - 14: €oo'€vv'qov' (16)
2 .2
[07 un] == 11_: qov + 147:60'0’ 77 ql/l/'

We can regard these relations as a matrix version of the non-canonical form of Eq. (3), with the g4,
playing the role of a, and the generators s, 77, 8 playing the role of n. The continuous parameter
k then plays the role of .

There are a number of remarks to be made. Firstly we emphasise that this non-canonical
formulation of the electron has a natural origin. It may be viewed as a generalisation of su(2) to
the electronic setting, see App. A. Formally we may call the canonical form of Eq. (10) above as
u(1]1) ® u(1]1), and this non-canonical formulation as u(2|2), where the vertical line indicates the
graded structure of the algebra. Here the electron corresponds to the fundamental representation
of u(2|2), just as spin-1/2 corresponds to the fundamental representation of su(2).

The continuous parameter x couples to the non-canonical terms in Eq. (13), allowing us to

organise the correlations they induce. It is perhaps worthwhile to highlight that the appearance of



k is in fact highly non-trivial. It has an exceptional origin as discussed in App. A, which can be
traced to the exceptional Lie superalgebra d(2,1;€), see e.g. App. A of Ref. [47]. The k-dependence
of the algebra underlies the integrability of the Hubbard model in 1D [48-50], and plays a similarly
crucial role in instances of quantum integrability in the AdS/CFT correspondence [51,52].

It may not be immediately obvious that the algebra comprised of Eqs. (13)-(16) closes on the
four electronic basis states. This is seen however by expressing the generators in terms of spinful

canonical fermions as follows

qlc = HT” C_;— KNgC_gy, qj,, = 0(177” cj, + nn_gcj,),

Qoo = HT” cT_U — /{nacT_J, Qoe = 0(177“ Cs + nn,gcg),

st = CICw sT = cIcT, — %(nT — "¢), (17)
nt = CICL n = ccy, n = %(”T +n, - 1)>

6= (n, — %)(nT - %)7

from which the algebraic relations Eqs. (13)-(16) can be directly verified. (The signs of g,e and
q;. are flipped with respect to Refs. [4,43], which gives the algebra a more symmetric form.)

Ultimately to characterise the electronic properties of a system we wish to compute correlation
functions of the e. It is a somewhat remarkable fact that these follow immediately from the
correlation functions of the g. The inversion of Eq. (17) takes a linear form

c=go-d. d=q.+d., (18)
and so the g may be thought of as splitting the electron (as opposed to a fractionalisation). As a
consequence, correlation functions of the ¢ are obtained directly as linear combinations of correlation
functions of the g. In this way, the non-canonical formulation offers a second distinct route by which
to organise electronic correlations. An essential difference with the canonical formulation is that
the g lead to a splitting in two of the electronic band, driven by an interaction built from 6 obeying
Eq. (16), which allows for the emergence of a Mott gap [11,12,43].

The non-canonical formulation of the electron thus offers the possibility of a quasi-particle
description of an unconventional metal, i.e. one which is not a Landau Fermi liquid. Given the
seminal contributions of Hubbard in this direction [11-13], it would be appropriate to term this a
‘Hubbard Fermi liquid’. In general it is not possible to tell a priori whether a given system can
be characterised as either a Landau or Hubbard Fermi liquid, in principle one should examine all
known possible ways of organising correlations and identify which describe behaviour consistent
with observations/simulations of the system.

Let us then consider conditions under which we may anticipate that the g do provide an effective
quasi-particle description. Firstly, based on the appearance of the non-canonical terms in Eq. (13)
we may expect the quasi-particle description is most robust when (8) ~ 0 and (77) ~ 0, i.e. for a

paramagnetic state in the vicinity of half-filling!. Secondly, we note that a kinetic contribution to

Indeed, that the splitting of the electron is a finite-density effect explains why it escapes the classification of
elementary particles coming from high-energy physics.



the Hamiltonian density of the form

szjin = - Z Z tV (qjo'l/qja'l/ + Q;r‘gl,qwl/)a (19)

o=l,tv=0,0

generically incorporates correlated hopping interactions, as discussed in detail in Ref. [43]. By
contrast, correlations in hopping conflict with the canonical quasi-particle framework, obstructing
the use of diagrammatic techniques. We may thus anticipate that their presence favours the non-
canonical regime. Thirdly, we highlight that the Hubbard interaction can be expressed as U ), 6;,
up to a shift of the chemical potential. As the action of 8 in Eq. (16) is linear, we see that U then
plays a role akin to an additional chemical potential. That is, it does not induce correlations from
the perspective of the q. Instead it controls the splitting in two of the electronic band, differentiating
the split electrons of Eq. (18). We see here no restriction on the value of U, but due to the singular
nature of Eq. (16) we should take U — 0 when considering x — 0. Finally, in systems with strong
spin-orbit the spin and charge of the electron get coupled, and it would be interesting to investigate
to what extent this drives correlations governed by the non-canonical formulation of the electron.

We next address a criticism sometimes made of the non-canonical formulation, which is that it
generically leads to a violation of the Luttinger sum rule [53], see e.g. Refs. [13,43]. The sum rule
states that the volume enclosed by the Fermi surface is directly proportional to the electron density,
and independent of interactions. Luttinger’s proof however is tied to the Luttinger—Ward functional,
which is defined through the canonical perturbative expansion [54]. A later non-perturbative proof
due to Oshikawa is also often cited in this context [55], but this proof also makes the crucial
assumption that the underlying DOF is canonical (see e.g. Eq. (5) of [55]). The non-canonical
formulation of the electronic DOF lies outside the realm of these proofs. Here as U acts as an
additional chemical potential for the g, via Eq. (16), the non-canonical formulation displays a
broader class of mean-field single-particle modes than the canonical formulation, and the Luttinger
sum rule is generically violated for U # 0. There is no inconsistency. Instead, violation of the
Luttinger sum rule can be regarded as an observable feature which distinguishes the Hubbard
Fermi liquid from the more conventional Landau Fermi liquid. Indeed this violation inidcates that
the Hubbard Fermi liquid is not adiabatically connected to the Landau Fermi liquid, a topic which
is further explored in the Discussion.

To connect to earlier literature we highlight that the non-canonical relations above, Eqgs. (13)-
(16), are equivalent to the Hubbard algebra when x = 1. That is, we can introduce the Hubbard
operators [11] through

XVG:Dq;w XVV:VTIZ+9+1/47 Xoo:77+7 Xoe =1,

(20)
X, =0qs0, Xoo=08"—0+1/4, X, =57, X, =5,
evaluated at kK = 1, with ¢ = —¢ and 7 = —v. These satisfy the Hubbard algebra
[Xab, Xeals = 0bcXad F 6aaXeb (21)

where the plus sign is only used when both operators in the bracket are fermionic.



Finally we remark upon a reduced description of electronic systems frequently employed, for
example in the context of the ¢-J model, which projects out the doubly occupied site |®) from the
electronic basis of states. Here one may consider employing the sub-algebra generated by g,, and
ql;o. We highlight however this admits a 3-dimensional representation only when x = 41, while
more generally the smallest non-trivial representation corresponds to the 4-dimensional electronic
basis. The parameter x is thus not available to organise correlations on the reduced Hilbert space
in a manner independent of the full electronic formulation. Indeed we see from Eq. (18) that we

need incorporate q,e and q:ﬂ.. in order to access the true electronic correlations.

2.3 Local moment

The third and final setting we consider are local moment systems. Specifically we mean effective
lattice models which have at each site both an electron and a spin (referred to as a spin-moment
to distinguish it from the electronic spin). Here an isolated site has a basis of 4 x (25 + 1) states,
where S is the magnitude of the spin-moment. As in the previous electronic case, there are again
two distinct ways of expressing the local DOF, which cast the electron through either a canonical
or non-canonical algebra.

The canonical formulation is again the conventional one. Here the electron and the spin are
treated as independent. That is, with the electrons governed by ¢, obeying the canonical relations
of Eq. (10), and the spin-moment governed by S obeying the su(2) relations of Eq. (4). Formally
we can denote the combined DOF as u(1]1) ® u(1]|1) ® su(2), i.e. as two species of fermion and a
spin. One may expect that this characterisation is appropriate for behaviour where the electrons
form a Landau Fermi liquid and the spin-moments are free to order.

The non-canonical formulation of the local moment DOF can be understood as a higher dimen-
sional representation of the non-canonical electronic DOF. Formally it is again the algebra u(2]2),
which now mixes all 4 x (25 + 1) basis states. Here the spin-moment S gets entwined with the

electronic spin 8, and it is the total spin operator
Y =5+8, (22)

which enters the algebra. In addition to 3 there are again 77 and @, along with fermionic generators

o, and qll,. The non-zero anti-commutation relations of q,, are here

2
{qow qi'l/} = Hf - 25’11 (022 - W?Z),

{quiﬂu} = TFZAEJF’ {qonq:;.} = _Q;ﬁn—'—y

_k

{qulqu/} = 25+12_7 {q0'07ql'o} = _ﬁn_7

K2

{QUW QJ’V’} = {qj)"ya q(];/l,/} = 1_T6ao’5111/’-

(23)

The commutation relations of q,, with S are identical to those of Eq. (14) with 3! replacing §,
and the commutation relations of g, with 77 and € are given by Egs. (15) and (16) respectively.
Thus again we obtain a matrix version of the non-canonical form of Eq. (3). The non-canonical

electronic DOF above is included here as the case S = 0, for which =3



In Eq. (23) we have two parameters Which play the role of A in Eq. (3), both the continuous

parameter x and the discrete parameter We may again anticipate that employing x to organise

25 1
correlations offers a quasi-particle descrlptton of an unconventional metal, i.e. an analogue/another
instance of the ‘Hubbard Fermi liquid’. As argued in Ref. [4], this non-canonical formulation may
be appropriate for characterising heavy-fermion behaviour found in local moment systems. On
the other hand, we may expect that employing ﬁ to organise correlations offers a quasi-particle
description for magnetically ordered behaviour, useful for both electronic and local moment systems.
We further remark that as opposed to entwining a spin-moment with the electronic spin, one could
instead consider entwining a charge-moment with the electronic charge. This would offer a distinct
large-S limit, providing a means of characterising charge order driven by electronic correlations.
Neither of these two routes to treating electronic ordering have been explored in any detail.

The non-canonical g of Eq. (23) again manifest a splitting of the electron

cI = Qo — qir., ci =q,.+ q;r.. (24)

Here the g are given explicitly by

qle = 3e: + 5577 (36 — ey +¢,87 + 6,87,
QIO = %CwLﬁ(%ci—"TCHFCTSJF —¢,5%), (25)
qle = —5c| + oy (3¢l —nic + clS™ ] 57),

qi.:ici 2Sﬂ(lci nicT+c¢S++CIS‘Z)

[y

along with their hermitian conjugates. To verify Eq. (23) algebraically it is necessary to employ
the Casimir identity S - § = S(S +1). Both & and 7 take the same form as in the electronic case,
Eq. (17), while

0=35- 25+1<2 2+377'ﬁ), (26)

also gets modified. We may rewrite this final equation (employing §.5=25 (S+1) and §-§+17j-77 = %)

to express the Kondo coupling operator through 6 as follows
3. Sf' %ﬁ ﬁ 252+10 _ 1+§S’2. (27)

which clarifies how it acts on the q.

3 A model system

Having outlined three important examples of non-canonical DOF's in the previous section, our goal
now is to understand how they can be employed to organise correlations.
To proceed it is convenient to introduce a representative model system, so as to keep both

notations and discussion as simple as need be. We thus consider a model on a d-dimensional

10



hypercubic lattice with Hamiltonian
H = Zsijajaj + % Z V;jninj — HZTI,Z‘, (28)
i,J i,J (
expressed through a non-canonical DOF obeying

[ai, a}]; = 5ij(1 — )\’I’Li), [ni, aj] = 5ijaj», [ni, aj] = —(5,‘]‘0,1‘, (29)

and set n; = aj-ai. We consider the cases of bosonic and fermionic DOFs in parallel, and

take the convention that in instances of a sign ambiguity the upper/lower sign corresponds to
bosonic/fermionic a;, aj». We let p control the on-site term, and so €;; = V;; = 0. We assume full
translational invariance, and for simplicity we take real €;; = €j; and V;; = Vj;, and will use these
properties freely in the following.

Let us highlight that this is not an artificial system, but is in fact an important example. The

above is a rewriting of the Heisenberg model of magnetism. Consider the Heisenberg Hamiltonian

=-43°5-8§-nd_ s, (30)

(.4) i

where (-,-) denotes summation over nearest-neighbour pairs of sites. Employing Eq. (5) to re-
express the spin as the non-canonical DOF of Eq. (6), for which A = 1/S, this becomes (up to an

additive constant)

H = 1Y (afay +ala) ~ § Yy + (b)Y &
(i) (i3) i

where z = 2d is the coordination number of the lattice. As we take n = a'a, we are focusing on
the simplest S = 1/2 case. We can thus regard our model system as the spin-1/2 Heisenberg model,
and our subsequent discussion can be read as an effort to formulate a non-canonical version of spin-
wave theory. The description here corresponds to ferromagnetism for J > 0, and more complex
ordering patterns are straightforwardly attained by appropriately orientating the n; within the
corresponding unit cell. Moreover, the model system also covers very general electronic and local
moment models upon addition of a matrix notation, see e.g. [4,43], but we do not incorporate this
here in favour of simplicity. We emphasise though that in the electronic setting in particular we
have a matrix form of n = afa for all k, and so a satisfactory quasi-particle description of our
model system will yield a satisfactory quasi-particle description of an unconventional metal, i.e. the
Hubbard Fermi liquid of Sec. 2.2.

We also highlight that our model system, and our subsequent analysis, reduces to the canonical
case upon setting A = 0.

In developing a quasi-particle description the central object of interest is the retarded single-

particle Green’s function

Gij(t —t') = —id(t — 1) ([ai(t), al(t)]) | (32)
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considered here at finite temperature (O) = %, with § = 1/T, and ¢ is the Heaviside

function. In the next two sections we will obtain the same Dyson form for the Green’s function

along the lines of the first and third approaches outlined in Sec. 1.1 of the Introduction.

4 Structure of the retarded Green’s function

Our objective is to understand how correlations may be organised around non-canonical DOFs.
In this section we review how this is achieved along the lines of the Mori-Zwanzig—Tserkovnikov
approach, which leads to an instructive Dyson form of the Green’s function. Specifically, here
we follow the formalism of Tserkovnikov [17] which results in the most transparent expressions.
For completeness we highlight how this is related to the more familiar Mori-Zwanzig variant of
the approach in App. B. We focus our discussion on the retarded Green’s function, which is the
physical correlation function we are ultimately interested in.
.

It is convenient to first introduce some compact notations [56]. We define two inner products

on the space of operators

(0|0
(oo

((0,07),
—id(t — ') (O()|O'())

(33)

in terms of which the retarded Green’s function takes the form G;;(t —t') = (a;(t) ]a}(t’ ))). Despite
translational invariance in both time and space, it proves useful to keep both site indices and times

explicit. We Fourier transform according to
Gplw) =5 / d(t —t") e PEDGL it —1),  Tmw >0, (34)
— Jo
l’]

with V the total number of sites, or more generally as

(0p|O4) = Y Pi71(0;|07),
- (35)
N1 % e iw(t—t)—ip(i—g) /. oy
(OplO) =35> ; dit—t)e (O:00;(t)),  Imw>0.
4,J

The Green’s function is determined through its equation of motion. For this we need evaluate

[H,a;] = pa; — Z gi(l — Any)a; — Z Vina;,
l l

(36)
[H.af] = —pal +> " cpal(1-dni) + > Vialn,
l 1
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and it is useful to express these compactly as

[H,ai] = = (&a — pda)a — by,
I

(37)
[H ., al] =Y (& — péi)af +b],

l
where &;; denotes an effective dispersion, and b; denotes the remaining terms and in particular
the non-linear contributions responsible for inducing correlations. Let us not make an attempt to
specify &;; for now.

We begin by taking the left equation of motion for G;(t —t),

10, (ai(t)|al(t))

(t =) (aslal) + (iai(t)|al(t'))

0
(e — ) {ailal) + (6 — o) Gau()lal()) + (oico)laleyy . )
l

Here the final term is responsible for correlations, and to process it we take its equation of motion
on the right,

~i0y (bi(t)]al(t)) =6(t = t') (bilal) + Z (B)la] () (Etj — pdy) + (Ba®BIEN) - (39
Upon Fourier transforming, these two equations become

(w+p— &) (aplal)) = (aylal) + (bylal) | (40)
(Bplal)), (w+p— &) = (bylab) + (bplbL), . (41)

and combining them results in

a aT
faplay, = —22l%) L0t 1 b6y )———— (42)

WHp—¢&p wHpu—¢gp W p—Ep

This already takes an instructive form. Defining for convenience the correlators?

Lj = (ailal), Ky =(bilal), Mj(t—1t)=(bi(t)bl(t)),
I, = (ap|a;ro>, Ky = <bp\a;[,> , My(w) = <<bp’b;;>>wa

we may cast Eq. (42) as

Gp(w) = Gop(w) + Gop(w)Tp(w)Gop(w), (44)

2We remark that I;; = d;;(1 — (n;)), and (n;) is independent of 4 due to translational invariance. Consequently
I, is independent of p. It is worthwhile however to maintain site and momentum dependence as it reflects that I,
has a matrix structure when working with DOF's more complex than that of our model system. Indeed, for the case
of multi-species DOF's we may regard the site index as a compound index which also denotes the species.

13



with bare Green’s function

I

G = - 45
0,p(w) W+M_5p’ ( )

and scattering matrix
Tp(w) = I;I(Kp + Mp(w))lgl (46)

4.1 Dyson form

We now recast Eq. (44) as a Dyson equation

Gp(w) = Gop(w) + Gop(w)Xp(w)Gp(w). (47)

Formally, this is immediately achieved upon introducing a self-energy through
Tp(w) = Ep(w) + Ep(w)Gop(w) Tp(w). (48)

In practice, we can obtain a useful explicit expression for ¥, (w) following Tserkovnikov [17]. It is
worthwhile to present the derivation, to see which information is employed.

First we re-express the left equation of motion Eq. (40) above as
(w+ 1= & — (bylaf), Gaplaf),") (aplalh, = (a,laf) (49)
H—¢Ep p|Qp)) , \Ap|Qp)) p|@p)), pQp/ >
and similarly the corresponding right equation of motion as
. -1
<<ap|a;;>)w (W +H—Ep— <<ap|a;f,))w <<ap|b;>>w) = <ap\a;> . (50)

Extracting <<ap]a;,>>;1 from the later and multiplying by ((bp|a;,>> » We obtain

(bolal), (aslal)," = ((bplabh, (w+p—&) — (bylab), Gaplabh, " Gaylbh), ) (aplab) ™

= ((bylal) + (bylbh),, — (bslal), (aplal) " (aslbl),) (aplal) ™, o
with the second line following from Eq. (41). Substituting this back into Eq. (49) results in
(@t 1)y — Eply — Ky — M) I, Gplw) = Iy (52)
and so we obtain that G,(w) takes the Dyson form of Eq. (47) with self-energy
Sp(w) = LKy + My (w)) L, (53)
where the irreducible M} (w) is given by
My (w) = (By[bh)" = (by[b]),, — (Bplab), Galab),’ (aplbh), . (54)
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or explicitly in space and time as

M (t— 1) = VieVi (D) as(D)]al()na(t)) + Nemer; (ni(tar(t)af (¢ )n;(t)) 55)
— AVirer; (na(t)ai(t)|af (t)n; (8)) " — AeaViy (i) an(®)|al(@)na (),

with site indices in bold font denoting summation over all sites.

This final object M (w) is universal in the sense that it is insensitive to how &;; is chosen in
]

Eq. (37). We can replace b, — ia;, b;r — —ia,; in Eq. (54) and not alter the expression. The
combination

K’ = &,1, + K, (56)

is also independent of how £;; is chosen. Indeed we can express this equivalently as Kl*J =

(ia; + ,ual-\a;), which is given explicitly by

K= (1=Ang))eii(1—A(ng)) = Ay Y e laal) + Neij ((nimg) — (ng) (n))
l

(57)
+ (51']'(1 —A <nl> ) Z Vil (nl> + V;j <aia;) - )\(5@' Z Vzl( (nznl> - (nz) <nl) )
! l
To summarise this formal analysis it is instructive to cast the Dyson equation in the form
1
Gp(w) =1, (58)

I,.
(w+pn) I, — K} — M;(w) P
Let us analyse the various contributions:

e The three factors of I, account for the non-orthogonality of non-canonical DOFs, in contrast
to a canonical DOF for which I;; = d;;. The factors of I, at each side encode a non-
trivial overlap onto the propagator in between. This becomes particularly transparent if one
considers a multi-species non-canonical DOF, where the Green’s function of one particle type

may be influenced by correlations induced by the propagation of other particle types.

e The term K gives the mean-field single-particle modes, encoding static correlations. That is,
neglecting M (w) gives a generalisation of the canonical Hartree—Fock approximation (which
is reobtained at A = 0).

e The term Mj(w) encodes dynamical correlations. These are orthogonal to the mean-field
single-particle modes, and characterise their dressing as quasi-particles. The task of comput-
ing Gp(w) has thus been transferred to the task of computing M (w). In principle one can
recursively apply the analysis to My (w), thereby generating a hierarchical structure succes-
sively organising correlations in orders of orthogonality [15,17]. In practice one may seek to
find an adequate approximation for M} (w). The most commonly employed approximation is
the mode-coupling approximation [2,29], which decouples the density-density correlations in
Eq. (55) (see Eq. (105) below). This indeed leads to well-defined quasi-particles, which are
long-lived at low energy and low temperature, as follows generally from Landau’s phase space

argument [57].
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For a closely related discussion, albeit at the level of a hydrodynamic description, see Sec. 5.6 of
Ref. [58].

5 Organising correlations — the Schwinger method

We now turn to the Schwinger method [1,37], which offers a complementary means of organising the
correlations of our model system. We mirror our analysis with the previous section, and in doing
so we reobtain the Dyson form of Eq. (58). This leads us to a closed expression for M} (w) taking
a functional differential form. We discuss issues related to generating approximations consistent
with conservation laws. We then analyse a resummation of density correlations and derive an
approximation capturing screening.

We remark that our analysis here differs from a related approach developed by Shastry [40-42],
employed also in [4,43], where a factorisation ansatz in employed to cast the Green’s function
through two self-energy-like objects. This approach also faces issues in generating conserving

approximations.

5.1 Imaginary-time formalism

The Schwinger method employs the imaginary-time formalism, where O(7) = e™HOe ™H. We

consider here T-ordered correlation functions in the presence of an external source U as follows

Tr <e_BHT[UO(71,7'27 .- )])

<O(7’1,7’2,...)> = Tr (e_ﬁHT[U]) y (59)

where 7T is the 7-ordering operator T [O(1)O'(7')] = (7 — 7)O(1)O'(7') £ ¥(r' — 7)O'(7")O(7).

We will focus on inhomogeneous sources coupling to the local density,
B
U=exp () / dr ¢ (m)ni(r)). (60)

Denoting variations with respect to the sources as V;(7) = ﬁ, we then have that

Vi(T)(O(71, 72, ..y Tn)) = (i (T)O(T1, T2, - ., Tn)) — (i (7)) (O(T1, 72, . .., Th)) - (61)

(Here 7+ = 7+ 07 incorporates an infinitesimal regulator which ensures a consistent ordering when
7 is one of the 71,79, ..., 7,. In the following we will suppress this when unimportant.)
Our primary object of interest is the Green’s function

Gij(1,7) = — (a;(r)al (7). (62)

J

This is fixed through its imaginary-time equation of motion, combined with the KMS boundary

condition

Gi;(B,7) = £G;;(0,7), (63)
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which follows from the cyclicity of the trace.
The Schwinger method provides a means of generating systematic approximations for G;;(7, 7').
Once an approximation is identified the external sources can be set to zero, restoring space and 7

translational invariance. From the KMS boundary condition, the Fourier transform
B , N
gp(iwn) — % Z/ d(T _ 7_/) elwn(T—T )_lp(l_J)gij(T, 7_/)’ (64)
— Jo
27‘7

is defined at the Matsubara frequencies wy, = (2n + 1/2 % 1/2)% with n € Z. Provided the resulting
approximation is manifestly causal, we can in principle then analytically continue G, (iw,) to all w

away from the real axis, and as a result obtain the corresponding retarded Green’s function as
Gp(w) = Gylw +i07). (65)

5.2 Paired equations of motion

We proceed to analyse G;;(7,7’) through its equation of motion. Let us consider simultaneously
both the left and right equations of motion, as in the derivation of the Dyson form of the retarded
Green’s function from Egs. (49) and (50) in Sec. 4. Here we have?

~0,Gij (1. 7) + G(7)Giy (. 7') = ([H, ai(r)]al(')) = Ty (7, 7'), (67)
OrGij (7,7') + Gij(r, 7)¢ (') + (ai(7) [H, al (")) = Ty (7, 7'),

with
Zij(T, ™y =06(r — 7")(51--(1 — A {n(1)) ) (68)

Evaluating the commutators from Eq. (36), and decoupling the correlations via Eq. (61), we re-
express the left-hand sides of Egs. (67) as

[@k( — 0 4+ p+G(7)) — ik + Aei ((ni(7)) + Vi(7)) — 6 Vir ((ma (7)) + Vl(T))} G (1,7'),
[%‘ (Or + 4 G(7")) — rj + Ao (i (7)) + V(7)) — 0rsVig ((ru (7)) + Vz(T’))] Gir (7, 7").
(69)

Here site indices in bold are summed over all sites, and we will further employ 7 in bold to denote
a variable integrated from 0 to 3. Employing the identity VG = —G(VG™1)G, we then cast the

3The contributions of both Z on the right-hand side and the source ¢ on the left-hand side are consequences of
the 7-ordering operator 7. For the latter, the 7 dependence can be seen for example as follows

Tr (efﬁHT[ezi J7 A7 G g (1)eXs I 97 GPmi gl (T,)])
gij(7-7 T/) - -

T P— (66)
Tr (e*BHT[eZi J§ a7 Ci(T)ni(T)D
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equations of motion compactly as

_ 70
Ga(r,7)Dy;(7,7") = L;j (7, 7'), (70)
upon defining
Dyj(7,7") = (=0r + p)o(7 — 7435 + &( )855Gi () — Fij(7,7"), 1)
Dij(r,7) = (=0 + )d(1 — 7)di5 + 0(7 — 7)845Ci (1) — Fuj(r,7'),
with
Fij(r,7') = 6(1 = 7) (1 = AM{(ni(7)) )i + AeaGuk (1, F)Vi(1) Gy} (7, 7)
+8(1 — 76 Vit (mu (7)) — VaGir (7, T) Vi (T )Qk] (7,7, (72)

Fij(r,7') = 81 = 7)eij (1= Mny (7)) + MV, (7)G3! (7. 7)) Gra (T, 7" )ew
+ (T = 7835 (mu (7)) Vi — (Va7 G, (7, 7)) G (7, 7' ) Vi
Here we have introduced a notation of putting a line over objects originating from the right equation
of motion.

We now combine the left and right equations to establish a direct equivalence with the analysis
of Sec. 4. To proceed we can either evaluate F using G~! = DI!, i.e. that

Gik (1, F)Vi(T") G (7, 7') = Ga(7, )T (7", 1) = Gire(7, 7) (Vi (7)) P (7, 7)) L s (7, 7)
+ )\(Vl(T”) (n;(7)) )Izjl(T 7,

where for the final term we use GD = Z and ZVZ ! = —(VZ)Z~! = A(V (n))Z~}, or alternatively
evaluate F using G ' =771D, ie. that

(73)

(VI(T”)QJCI(T, %))gkj(%, ') = Iﬁl(T, ™G (7", 7") — Iﬁcl (1,7) (Vg(T”).Fkk/(%, %’))gk/j(+’, )
+ )\Iigl(T, ) (Vl(T”) <n]~(7")> )

(74)
Focusing first on the left equation of motion, we can thus express F as
Fij(r, ') = Ky(r )IIJI(T ) + M (T, T)Iljl(‘f',r') (75)
where
ICi*j(T) = (1 — An(1)) )Eij(l — X (n;(1)) ) + NijeaGu(T, 7) + )\Qé‘ijvi(T) (nj(7)) (76)
+ 055 (1 = A{na(7)) ) Vi (na(7)) = Vg Gij (7, 7) = AdiVaVa(7) (ni(7))
which reduces to K l*] of Eq. (57) upon switching off the sources, and
MG (1, 7") = VaGir (1, T)Vi(T) Frj (T, 7') — XeaGue (7, T)Vi(T) Fiej (7, 7). (77)
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In this way we have cast the left equation of motion in the form
(= 0 + G Talr, 7) = Ka(R)3(r = 7) = M, 7)| T (7, 7)Gus (7', 7') = Tyg(r. 7). (78)

which is a direct analogue of Eq. (52) above. As a consequence it follows that M(w 4 i0T)
is precisely equivalent to M (w) of Eq. (55) in the zero source limit, and a straightforward yet
lengthy manipulation of the V.F terms in Eq. (77) from Eq. (72) indeed demonstrates that this is
SO.

Similarly the right equation of motion takes the form
Gik (T, %)Ik_ll (7,7 {(87/ + Cj(T’))Ilj(f", )= o(7 — T’)lej (") — ij (7, 7'/)] = Z;;(r, ™), (79)

where here we use Eq. (74) to express

Fij(rt') = T (n o)y () + T (o, 7) My (7. 7), (80)
with
Ki(r) = (1= Mni(7)) )ei; (1 = AMnj(7)) ) + A0 Ga (7, 7)ews + N2ei; V;(7) (ni(7)) (81)
+ 035 (1 = Mny(7)) ) Vii (ra (7)) = VigGij (7, 7) — Ay Vi V(1) (mi(7))
and
Mij(7,7") = Vig (Va7 Fiae (7, 7)) Gy (7, 7') = Aej (V5 (7)) Fire(7, 7)) Gra (7, 7). (82)

We have Kyj(r) = Kij(7) as Vi(r) (n(7)) = V(1) (ni(7)) = (na(r)m; (7)) — (ny(7) (my(7)) is the
static susceptibility, and using symmetries of €;; and V;;. Again Wp(w +i0™") can be explicitly seen
to be equivalent to M (w) in the zero source limit.

This paired set of functional differential equations, Eqgs. (75)-(77) and Egs. (80)-(82), thus
provide exact closed expressions for K} and M (w) appearing in Eq. (58), framed in terms of the
unknown G, (w). There are no known methods for solving such equations in general however. Instead
we may proceed as is done in the canonical case by evaluating the above functional derivatives in
a perturbative manner, yielding self-consistent equations for G,(w), and thereby organising the
correlations around the underlying DOF.

As we cast our analysis here largely in parallel with that of Sec. 4, let us emphasise the dif-
ference. Previously Eq. (52) was obtained by treating correlated terms through their equations
of motion, whereas here Eq. (78) is obtained by relating the correlated terms to variations of the
external sources via Eq. (61). The advantage of the present approach is that we can manipulate
the functional derivative, providing a systematic means of organising correlations. Moreover, the
Schwinger approach provides a powerful framework upon which resummations of correlations can be
formulated. We return to this below in Sec. 5.4 where we obtain an approximation which captures

the screening of density correlations.
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5.3 Conserving approximations

Key to our derivation here has been to analyse the left and right equations of motion in tandem. This
enabled us to identify M*, or equivalently W, related to the Dyson form of Sec. 4. Ultimately the
purpose of these equations is to generate approximations for the Green’s function, and the question
arises whether results obtained from Egs. (77) and (82) are consistent. From Eq. (70) we have that
DI = ID, and consequently we should require that any approximate computation should yield a

result satisfying the consistency condition
? a—x
M (r,7") = M (7, 7). (83)

This is an important issue. Consistency guarantees that an approximation is manifestly causal,
thus permitting access to the retarded Green’s function through Eq. (65). Moreover, that Eq. (83) is
obeyed in the presence of external sources is the key condition for having a conserving approximation
in the sense of Baym—Kadanoff [1,59], whose analysis carries over to the non-canonical case largely
unchanged. That is, it is essential for ensuring that an approximation respects conservation laws
for conserved charges, as well as for momentum and energy, and is thus capable of adequately
describing transport phenomena.

This is also a delicate issue. To demonstrate, let us note that any effort to compute and equate

M* and M” gives rise to corresponding terms of the form

?

Vi(7) (n; (7)) = V(') (nu(7)) . (84)

Indeed the 7 = 7/ version of this condition already appears upon equating K* of Eq. (76) with K"
of Eq. (81). Formally this equality is certainly true, as both sides equal the dynamical suscepti-
bility x;;(7,7") = (ni(1)n;(7")) — (n;(7)) (n;(7’)). The question is whether this equality can be
maintained upon evaluating the source derivatives, and ultimately taking an approximation. Let us
first discuss the issues that arise, and we then comment upon possible routes towards a resolution.

To compute the source derivatives in Eq. (84) we relate the local expectation value of the density
to the Green’s function through (n;(7)) = (aZT-(T)aZ-(T» = FG;i(7,7"), which yields

Vi(T) <nj(7")> = :f:gjk(T/, 7~') (Vi(T)g,;ll(i', %/))glj(‘f'/, 7'/ + 0+). (85)

As in the previous subsection, we can evaluate Vg1 using either Gl=DI 'lorg!= I‘lD,
i.e. Eq. (73) or Eq. (74). In the previous case there was a natural asymmetry between the left and
right equations of motion, and it was unambiguous which form of G~! to use in evaluating F and F
from Eq. (72). In contrast here Eq. (85) has a symmetric form, which now gets broken. Employing
Eq. (73) gives

Vi(7) (1)) = £X(Vi(7) {ny (7)) ) Gy (7', 7/ + 0F) £ Gji(7/, 7) Ty (7, 7) Gy (7, 7)

= - ~ —1/~1 =1 ~1 (86)
:ngk(T,T)(vi(T)Jrkk/(T,T))Ikl(‘T,T )glj(T ,7'),
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while employing Eq. (74) gives

V(1) (ni (7)) = £X(Vil(7) (n; (7)) ) Gy (7', 7 + 0F) + Gu (7', 7)1 (7, 7)Gij (7, 7) (s7)

+ gjl (7'/, 7:)1-6{:1 (7~' 7:/) (Vz'(T)]:kk:’ (7:/, %”))Qk/j(i’”, T,),

The resulting expressions differ, but only slightly through the (VF)Z~! vs. Z-1(V.F) terms, re-
calling that Z is given by Eq. (68). Neither expression however, nor a combination of them, are
symmetric under i > j, 7 +> 7/, and thus the consistency condition of Eq. (84) is in general
violated.

It is perhaps worth highlighting that for a canonical DOF this issue is bypassed. There one has
A=0and Z Y(7,7) = (1 — 7)8;;. Then perturbatively evaluating V.JF or VF one does obtain
symmetric expressions. Indeed it is consistency conditions, of which Eq. (84) is a special case,
which underlie the Baym—Kadanoff construction of the canonical Luttinger—Ward functional [60].
We may view the difficulties faced here as an obstruction to a straightforward construction of an
analogous functional for non-canonical DOFs.

One route forward is to switch attention to more general external sources of the form U =
exp (ZZ ; foﬁ drdr’ Gj(r, 7’ )ag(T)aj (7')). Indeed such source terms are useful for analysing vertex
corrections, which play an important role in the microscopic derivation of a Fermi liquid. A subtlety

here is that such sources induce correlations for a non-canonical DOF, i.e. Egs. (67) become

Zij(,7),

—0,Gij (1, 7') + Ca(r, 7) (1 — Ani(r))ay(7)al (7)) — ([, ai()]al (7)) 7,7
Iij (7', ’7'/),

(83)
OrGij (7,7') + (ai(7)a) (7) (1 = Any (7)) Gy (7, 7) + (ai(r) [H, al(7')])

It is not immediately clear to what extent these additional non-canonical contributions permit a
convenient reorganisation of correlations. We leave this as an interesting direction for further study.

We also comment that the consistency issue encountered here may be attributed to the use of
the operator identity m = a'a in the evaluation of Eq. (85), whereas aside from this we have limited
ourselves to the algebraic relations defining the DOF, Eq. (29). An alternative route forward is
to use the exact equivalence of both sides of Eq. (84) with the dynamical susceptibility x;;(7,7’).
It is not straightforward to organise correlations for x;;(7,7’) directly as the m may commute to
zero, but it can instead be convenient to proceed via the Kubo—Mori relaxation function [61-63], or
equivalently to analyse density correlations in combination with current correlations. Indeed this
is employed extensively in the study of collective modes in the works of Plakida and coworkers [2].
It may prove instructive to reformulate this within the Schwinger approach, and we leave this as

another interesting direction for further study.

5.4 Screening of density correlations

A great power of the canonical framework is its diagrammatic formulation, which allows for an in-
tuitive analysis of the resummation of correlations. Such resummations can nevertheless be equiva-
lently formulated within the Schwinger approach. In this section we set aside the question of how to

generate conserving approximations, and now focus on making a resummation of density-induced
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correlations [1,64,65] within our formalism. In doing so we obtain a screening approximation
which can be viewed as an analogue of the commonly employed RPA and GW approximations for
canonical DOFs.

We return to the equations of motion for G above, Egs. (70). We now proceed by introducing

effective sources, combining the density contributions with the external sources,

Eij (1) = 6ij (Gi(T) = Var (nu (7)) ) + Aeyj (ma(7)),

C (89)
&5 (1) = 055 (Gi(7) — (ma(7)) Vi) + eyj (nj(1)) .
It is then convenient to re-express Eqgs. (71) as follows
Dij(1,7") = (= 84507 + &ij(1) — €4) (T — 7') = Rij(1,7"), (0)
51']‘(7', 7'/) = ( — (51']'87— —i—gij(T) - Eij)é(T - T/) — ﬁz‘j(T, 7'/).
with
Rij(1,7') = XeaGu (1, 7)Vi(1) Gy (F,7) = VaGar (1, 7) V(1) Gy (7, 7), (1)
Rij(r,7") = MVi(7)G3 (7, 7)) G (7, 7 )ey — (Vil7) Gy (7, 7)) G (7, 7)) Vi
We further introduce effective vertices
6G;: (r,7") — 6G;: (r,7")
F’L“ P I; " :Zj77 r ] ”; ) ! :1‘777 92
Jvkl(T ST ) 8Em (") kL, J(T T T) 0 (7" (92)
related to the bare vertex as
Vz(T”)ggl(T, ) =Tijrer (7, 75 T) Vbt 1 (T, 7") = Vgt (77, T) ety i (737, 7). (93)
where
yij,l(Tv 7'/) = Vl(Tl)fzj(T% yl,z’j(ﬂ 7'/) = VI(T)EU(T/)- (94)

Maintaining the logic of Sec. 5.2 above, Eq. (91) then takes the form

i (7,7 = XeaGuw (7, 7) Vikk (7, T )i 5 (715 70 7') = Va G (7, T) Vgt (7, 7 ) Tkter 0 (757, 7')
i (1.7 = Nl gt (7, T3 ) Vet 5 (71, 7 )G (7, 7' )e; — T gt (7, 73 71 ) Ve 1 (7, 7)) G (7, 7' ) Vi

(95)

R
R

The objects YV, (7,7') and Y;;,(7,7') are analogues of the inverse dielectric function, and upon
evaluating the variational derivative we can relate them to the dynamical susceptibility x;;(7,7") =
(ni(T)n;(7')) — (ni(7)) (n;(7")) = Vi(7) (n;(7)) = V;(7') (ni(7)) as follows

Vija(r, ') = 6i;000(1 — ') = 85 Vikxw (7, 7') + Aeijxa (7, '),

_ (96)
Viij(1,7") = 6i5000(1 — ') — 8ij Viixak (7, 7') + Aeijxa; (7, 7).
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Let us further define analogues of the polarisation

o(mu(r)) 8 (ru(7'))

Prij(m, 1) = 56 (7)) Pija(r,7') = 5, () (97)
Then expressing the dynamical susceptibility through variations of the effective source
Xij (T, ') = Pigorer (7. T) Ve 5 (T, 7') = Viwere (7, T) Preter j (7, 7). (98)
leads to a pair of closed equations for y,
Xij (7. 7') = Pigi (1. 7') = Pigere (7, T)WVaaxay (T, 7') + APs g (T, T)eraxe (7. 7). (99)
Xij (1,7") = Pii (1, 7") = Xat (7, F)Vik Prete i (T, 7') + Axar (7, ) et Pt j (T, 7).

These equations capture the resummation of density-induced correlations. For a conserving ap-
proximation the results they yield are equivalent.
We now focus on the simplest approximation which is to take the leading contribution to the

effective vertices

Lijpa(r, 7's7") = Iﬁcl(ﬂ ™)80(7" — ),

Cprij (7" 7,7") = 0ud (1 — T//)Ilgl(’i', ).

(100)

We also now set the external sources (;(7) to zero. It is convenient here to write Z;;(7,7") =

O(t —7')6;Z, with T =1 — X (n) which is now independent of both i and 7. Considering first the
i

resummed dynamical susceptibility, we employ (n;(7)) = (a!(7)a;(7)) = FGii(r,7") to write
Prij(r,7) = £Gu(r, 7T 'Gu(v', 7)), Pija(r, ) = £Gu (7', )T Gu(r, ). (101)
The pair of closed Eqgs. (99) then become

Xij (7—7 7—,) = igij (7—1 T,)I_lgji (7_/7 T) + gzk (7—1 %)I_lgkz (7:7 7—)Vvlelj (7-> T/)
£ MG (1, F) T e Gui (7, 7)xwj (7, 7'),

~ ~ 3 (102)
Xij (7—7 7—,) = :l:gji (7—/? T)I_lgij (Ta T/) + Xt (Ta T)Wkgjk(Tlv T)Z_lgkj (7-7 7—/)
=\ (7, F) G (7, F)ermZ Gy (7, 7).
which upon Fourier transforming give
. X, (ivy,
Xp(ivn) = p(ivn) (103)

1+ Vp Xy (ivn) — AXg (i)
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where

Xp(ivg) = j:[%v E Gptqlivn + iwm)I_lgq(iwm):

m7q
X5 (n) = +55 > Gprglive + iwm) T egGy(iwm).-

m?q

(104)

This generalises the canonical RPA approximation (which is reobtained at A = 0) to non-canonical
DOFs.
Finally, we return to R and R of Eqs. (95). Substituting the approximation of Egs. (100), and

Fourier transforming, they both lead to the same approximation, conveniently expressed as

Ky = &pT> + VI (n) — 5 Z — Aep—q)Gp—q(iwm),

. (105)
1wn = ﬁvz — Aép—q Xq(le)gp q(wn —ivp).

The expression for K* suppresses the subleading static susceptibility contributions from Eq. (57).
The expression for M* gives the mode-coupling approximation referred to above in our discussion
of Eq. (58), with the improvement that here x takes the RPA form of Eq. (103). This approximation
can be viewed as a non-canonical analogue of the GW approximation [64,65], which is reobtained

at A = 0 as follows

1

P = ey = Vo (m) & 2 Somg Gp—alim — ) Wyi)

, (106)

where Vp (n) is the Hartree contribution and W,(iv,) = V, — V;)pr(iun) = % is the
dynamically screened exchange interaction. For a non-canonical DOF the approximation does not
admit such a simple interpretation as a screening of the interaction, but it is not so much more
complicated either. We leave detailed study of specific applications of this approximation to future

work.

6 Discussion

We stop short of investigating specific applications. Indeed there already exist extensive bodies of
work demonstrating the usefulness of non-canonical DOF's for magnetically ordered systems [6-10],
as well as for the pseudogap regime of the cuprates [2,3]. Our purpose here is not to redo these
works, but rather to more generally justify their approach so that a broader consensus on their

value can be formed.

In this Discussion we wish instead to explore in general terms what the non-canonical paradigm
can offer. To proceed let us adopt the perspective of assuming that non-canonical algebras do
indeed provide legitimate quantum DOFs, to see where this leads. We will find that the interplay
between canonical and non-canonical regimes provides a powerful principle for organising the phase

diagram of correlated electronic behaviour, as summarised in Fig. 1.
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Temperature

canonical regime R / non-canonical regime
(Landau Fermi liquid) * ’ (Hubbard Fermi liquid)

v

Tuning parameter

Figure 1: A schematic phase diagram for the metallic behaviour of correlated electrons. There
are two distinct ways of organising electronic correlations, the canonical (Landau) description and
the non-canonical (Hubbard) description, and critical behaviour emerges where these compete. At
low temperature there may be a first-order transition, as seen for example within DMFT [66], or
more generally this may be hidden by an ordered phase, for example d-wave superconductivity in
the case of the cuprate compounds [67].

Canonical and non-canonical DOF's offer different ways of organising correlations, i.e. they lead
to distinct quasi-particle descriptions. This is most clearly the case in the electronic and local
moment settings, where the electron’s DOF can be cast in either a canonical or non-canonical form
as discussed in Secs. 2.2 and 2.3. To better discuss the interplay between the two, it is useful to
first consider some limits to their range of applicability.

We can associate the breakdown of a quasi-particle description with the emergence of critical
correlations in a system. Perhaps the most prominent instance of this is the occurrence of second
order phase transitions. Here universal power-law correlations take over, as most conveniently
characterised through the formalism of renormalisation group [68]. It is illustrative to take briefly
the example of spin systems. As discussed throughout this paper, the spin-wave quasi-particle
description of magnetically ordered systems may be formulated through the non-canonical spin
DOF of Eq. (6). As the transition temperature is approached however, we have that (n) approaches
S, leading to the breakdown of the perturbative expansion underlying the quasi-particle description
concurrent with the divergence of the correlation length and the emergence of critical correlations.

In a similar vein, a quasi-particle description generically breaks down as a system’s geometry
becomes strictly 1D [69-71]. Here again criticality emerges, with low-energy gapless behaviour char-
acterised by the conformally invariant Luttinger liquid. The underlying DOFs are fractionalised,
as is clearly seen for certain high-symmetry models solvable by Bethe ansatz, which correspond to
limits where the excited modes scatter elastically [72,73]. In spin systems magnons deconfine into
spinons [74,75], while electronic systems exhibit spin-charge separation [76,77]. Indeed, in passing
let us remark more generally that we may not expect local DOFs as discussed in this paper to be
appropriate for phenomena characterised by fractionalisation, e.g. quantum spin liquids [78] and
fractional quantum Hall states [79].

Another key example is the Kondo effect. The critical nature of this phenomena has been
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established through Wilson’s renormalisation group analysis [80], the Bethe ansatz solution [81,82],
and the conformal field theory description [83,84]. These place it beyond reach of a quasi-particle
description. Nevertheless, Nozieres demonstrated that the low-energy fixed-point admits a Fermi
liquid description where one electron forms a singlet with the impurity spin [85] (c.f. Eq. (130) of
App. A). On the other hand, the high-energy fixed point corresponds to a canonical Fermi liquid
and a decoupled spin. The emergence of criticality at the Kondo temperature arises from the
competition between these two distinct ways of organising correlations.

A closely related phenomena is the Mott metal-insulator transition [86,87]. This occurs when
electronic correlations induce the opening of a gap within an electronic band, in conflict with the
essence of Landau’s conception of an electronic quasi-particle. A powerful framework for addressing
this is dynamical mean-field theory (DMFT) [66]. The method is exact in infinite dimensions,
where spatial correlations are suppressed but dynamical correlations survive. DMFT allows for
the computation of the local Green’s function through a self-consistent mapping to an Anderson
impurity model [88]. This mapping is formal, it does not reflect any choice of underlying DOFs.
Indeed the Anderson impurity model exhibits the Kondo effect, and in general it is solved via
unbiased numerical methods. DMFT thus offers an approach which is complementary to a quasi-
particle description. Although often its results are interpreted through a quasi-particle lens, its
great strength lies in its ability to characterise phenomena beyond the reach of a quasi-particle
framework. Its limitation however is that, being inherently local, it is not well-suited to capturing
spatial correlations, and for this task a quasi-particle description is more appropriate. Let us
proceed to briefly summarise what DMFT tells us, and then discuss how this can be interpreted
through the interplay of the canonical and non-canonical quasi-particle descriptions.

Within the context of the Hubbard model, single-site DMFT exhibits a Mott transition be-
tween metallic and insulating states which is first-order at low temperatures [66]. Critical scaling
is observed in the crossover region at temperatures above the end-point of the first-order transi-
tion [89-91]. More modern cluster DMFT studies indicate that the low-temperature first-order
transition extends away from the Mott transition to finite doping [92,93]. Here the Mott gap is
seen to border an unconventional metallic state, with the first-order transition to a conventional
metallic state occurring subsequently upon increased doping. The first-order transition may also
get hidden behind an ordered phase [94, 95].

These results admit a natural interpretation in view of the two formulations of the electronic
DOF discussed in Sec. 2.2. The conventional metallic state is straightforwardly identified as the
canonical quasi-particle regime, i.e. as a Landau Fermi liquid. It is similarly automatic to iden-
tify the unconventional metallic state as that of non-canonical electronic quasi-particles, i.e. as a
Hubbard Fermi liquid. Indeed we recall that this non-canonical regime manifests a splitting of
the electron, Eq. (18), which inherently describes a metallic state bordering a Mott gap. We thus
interpret the DMFT results as indicating a first-order transition between the canonical (Landau)
and non-canonical (Hubbard) quasi-particle regimes at low temperature (which may get hidden
behind an ordered phase), along with a critical regime at higher temperatures.

We attribute the critical regime to competition between the two distinct ways of organising

electronic correlations, as summarised in Fig. 1. This is similar in spirit to the notions of local
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quantum criticality [96] and Mott quantum criticality [90], and is also reminiscent of the holographic
description of quantum criticality [58,97]. It may be convenient to visualise its emergence as
follows. Distinct quasi-particle descriptions represent distinct structures in the energy spectrum.
To continuously interpolate between two quasi-particle regimes necessitates that these structures
get washed out in between, giving rise to a maximally ergodic regime (up to global symmetries)
exhibiting critical dynamical correlations. In the absence of a quasi-particle structure, such a regime
could be characterised by a hydrodynamic description accounting for the diffusion of the globally
conserved charges, see e.g. [58].

We have focused the discussion on the theoretical description of electronic systems. Let us round
out by highlighting that the above analysis is mirrored by the experimental situation. A unifying
theme in the study of strongly correlated materials is the observation of distinct metallic regimes
separated by a regime of quantum criticality. Hallmark examples are the cuprates, where a critical
‘strange metal’ lies between the pseudogap and Fermi liquid metallic regimes [67], and the heavy-
fermion compounds where a similarly quantum critical regime is seen to separate conventional Fermi
liquid and heavy Fermi liquid regimes [98]. In both cases, a low-temperature transition between
the distinct metallic regimes is unambiguously observed in Hall coefficient measurements [99, 100].
These systems are thus naturally interpretated through the generic phase diagram of Fig. 1, with
the pseudogap and heavy Fermi liquid regimes identified as potential examples of Hubbard Fermi
liquids. This is indeed consistent with the theoretical studies cited above [2—4].

By contrast, the more conventional way to characterise the phase diagrams of these systems is to
attribute the critical regime to an underlying quantum critical point [101-105], i.e. to a continuous
phase transition taking place at zero temperature. This has some relevance for the heavy-fermion
compounds where there may occur a magnetic transition concurrent with the transition between
conventional and heavy Fermi liquid regimes [104]. It has perhaps clouded interpretations of systems
such as the cuprates however, where all evidence points against the existence of an analogous
quantum critical point, even one of a hidden variety [99]. If though we instead attribute the critical
behaviour to competition between quasi-particle regimes we reconcile this discrepancy in a simple
manner. A magnetic transition may occur at the quasi-particle transition in the heavy-fermion case
as in the canonical regime there is a spin-moment which is free to order, whereas this gets entwined
into the electronic DOF in the non-canonical regime. There is no analogue in an effective purely

electronic setting as neither formulation of the electronic DOF leave something independent of it.

7 Conclusion

In this paper we have addressed interacting quantum systems from the perspective of how corre-
lations may be organised. We have focused in particular on whether non-canonical algebras can
provide legitimate quantum DOFs. While we have not obtained a definitive answer, we have seen
that this is still very much a work in progress. We have obtained a closed expression, Egs. (75)-
(82), for a self-energy-like object M (w) appearing in the Dyson form of Eq. (58). We further
made an RPA-like resummation of density-induced correlations, Eq. (103), leading to a GW-like

approximation for the Green’s function, Eq. (105), which has a comparable level of complexity to
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its canonical counterpart. We have also highlighted issues related to generating conserving approx-
imations, and have discussed routes forward related to the study of vertex corrections, collective
modes and transport.

We have provided a coherent description of key examples of non-canonical DOFs, those for spin,
electron and local moment systems. We have emphasised the appearance of parameters A inherent
to their respective algebras, and have discussed the role these play in organising correlations. We
have also highlighted large-S limits suitable for characterising spin and charge order of electronic
origin, which have yet to be analysed.

We have paid particular attention to the non-canonical formulation of the electronic DOF. We
have argued in favour of a non-canonical Hubbard Fermi liquid, distinct from the canonical Landau
Fermi liquid. We have clarified how this provides a unified description of electron and local moment
systems. We have complemented our analysis with discussions of both the emergence of criticality
and of DMFT, resulting in a proposal of a generic phase diagram for the metallic behaviour of

correlated electrons, Fig. 1.
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A Lie superalgebra u(N|M)

In Sec. 2 we described non-canonical DOFs for spin, electron, and local moment systems. In this
appendix we provide a more formal overview of the underlying algebraic structures, along with their
representations. This allows for a better understanding of the origins of the non-canonical DOF's,
and also reveals how they relate to certain slave-particle formulations of lattice models frequently
invoked in theoretical studies of condensed matter systems [106-108].

We focus on the family of Lie superalgebras u(N|M) (we adopt a physicist’s convention and do
not distinguish between u(N|M) and gl(N|M), nor between su(N|M) and sl(N|M)). Firstly, the
algebra su(N|M) is generated by a set of operators Q%, Q%, L¢, 3 and C, witha=1,2,..., N

and o = 1,2,..., M. The pair Q% and Q¢ are fermionic, obeying the anti-commutation relations
(Q2, Q")) = 6305C + 68 LY + 62 RD. (107)

The Lj and Rj generate two bosonic sub-algebras, su(IN) and su(M) respectively,

[Ly, JC) = opJ° — %%’JC, [R5, J7] = 6gJa — ﬁégJ”, (108)

[L§, J) = =000y + 00 d°,  [R§,Jy] = =657 + 408,

where J denotes any generator with appropriate index. The generator C' obeys
C.Qi="77Qs  [C.Q1]="FQ", (109)
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and is central if N = M, i.e. it then commutes with all generators. The algebra su(N|M) is

extended to u(N|M) by incorporating an additional generator D obeying
[Da QTS} = QT37 [D7 QZ] - _an (110)

and commuting with all other generators.

It is useful to introduce an oscillator (slave-particle) realisation of u(/N|M) as follows

Qi =blf., Q%= flba,
L = blb, — Loblbe, RS = flfs — 508 f1 .
C = Lblb, + 17 £l far
D = —1bib, + L fl fa,

(111)

where b, and f, are canonical bosons and fermions respectively, summation over repeated indices
is implied, and D is defined up to a constant shift. In the following we shall denote the common
vacuum of b, and foTl by |2). As bib, + fct fo commutes with all generators, a representation can be

constructed for each positive integer N by restricting to the space of states obeying the constraint
biba + flifa=N. (112)

Representations obtained in this way are commonly referred to as ‘atypical’ or ‘short’. In particular,
if N = M then C is central and its eigenvalue is fixed through NC = N, referred to as the shortening
condition.

The fundamental representation of u(N|M) is (N + M )-dimensional. In the oscillator realisation
this corresponds to taking N' = 1, i.e. the basis is given by the one-particle states. It is instructive
also to consider a matrix realisation for the fundamental representation. The generators of su(N|M)

are then regarded as the (N + M) x (N + M) matrices with zero supertrace, where for a general

matrix M = | ----- soson the condition of zero supertrace is str M = tr A—tr D = 0. Schematically

(oix) i (00 _(xi0 (o0
Q‘(ao) Q‘(*ﬂ)’L‘<ao)’R‘<a*>’ i

where * denotes the existence of non-zero entries. The generator C' is diagonal, and for N = M it

is proportional to the identity. The extension to u(N|M) is given by

1 i
_7]:[ I 0
D= <2NXNF 77777777777 ) : (114)

which has non-zero supertrace.
Next we consider specific examples, which are both of interest in their own right and moreover

serve to illustrate the general structure.

29



Spin su(2): We can regard su(2) in terms of su(N|M) as either N =2, M =0or N =0, M = 2.
In cither case the fermionic generators Q, Q' drop out, and the algebra reduces to one or other of
the bosonic subalgebras.

In the first case N = 2, M = 0 the surviving non-trivial generators are L. These can be
related to S through S = L3 =L}, St = L% S~ = L. The oscillator realisation of L gives
the Schwinger boson formulation of su(2). The family of representations determined through the
constraint b;bl + b;bz = N, provide all (25 + 1)-dimensional multiplets |S,m) of su(2), where
N =2S and S is the magnitude of the spin. For each A/, the basis can be expressed explicitly as

(b})S+m(bl)5—m
VS +m)I(S —m)!

|S,m) = |2), me{-5,-S+1,...,5}. (115)

For the alternative case N = 0, M = 2 the R are the remaining generators. These are related
to S similarly as above §* = R2 = —Rl, S* = R?, S~ = R}. Here the oscillator realisation
gives the Abrikosov fermion formulation for the spin-1/2 representation of su(2). Due to the Pauli
exclusion principle for fermions, the oscillator realisation here provides a non-trivial representation
only for N' = 1, with basis given by the doublet

W=s), m=r. (116)
The matrix realisation of the generators for the fundamental representation of su(2) over this
1
-5 0 00 0 1
basis are given by S% = < 02 ), ST = < S = < 00 ) The extension to u(2) is

1 1 0)

2
obtained by incorporating the identity, which commutes with all other generators.

Canonical fermion u(1]|1): The simplest Lie superalgebra is su(1|1), which is none other than
the familiar anti-commutation relation of canonical fermions, {c,c/} = 1. To see this we note that
for N = M = 1 the two bosonic subalgebras trivialise, i.e. L = R = 0, and the only non-trivial
relation is {Q},Q"1} = C, where C = C1 is proportional to the identity 1. The operator D
extending the algebra to u(1[1) further obeys [D, Q1] = Q! and [D, Q1] = —Q1. We can thus
interpret ¢ = \%Q%, cl = %QT% and n as D, and in doing so we reobtain the canonical fermionic
relations of Eq. (1). We remark that the representations obtained through the oscillator realisation

are two dimensional for all A/, with basis

(GRS [9) Mﬁ Q) (117)
VAT RV TS TR

and C = N. For the N = 1 representation we can identify [0) = bl |Q) and ¢t [0) = f] |Q), and

the corresponding matrix realisation is given by

1:<1 0)7 CZ(O 1)7 cT:<0 0)7 n:<0 0>' a18)
01 00 10 0 1

Comparing u(1]1) with su(2) we see that their 2 x 2 matrix realisations are essentially identical.
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Let us emphasise for clarity then that their algebras are distinguished by their grading. This detail
is not very significant when dealing with operators at the same site, but it becomes crucial when
operators at different sites are involved. Bosonic generators at different sites commute to zero,
whereas fermionic generators at different sites anti-commute to zero, with the consequence that

u(1|1) and su(2) encode non-local correlations in distinct ways.

Non-canonical electron u(2]2): The final example we take is u(2]2) [47,48,109], which plays a
central role in our discussion of electronic and local moment DOFs in Secs. 2.2 and 2.3. We begin
by highlighting an important subtlety, which is that u(2|2) admits an exceptional central extension.

Whereas for general u(N|M) the fermionic generators obey
{@.Qp=0 {Q7.Q%}=0 (119)
for the case of u(2|2) these relations can be made non-trivial
{QL Q4 =case™a,  {Q'5,Q} = carc™B, (120)

where the generators A, B are central, and €19 = —eo; = 1, €11 = €92 = 0. This is special to
N = M = 2, as only then are the antisymmetric tensors €,; and €,3 well-defined. So as not to
labour notations we refer to this exceptionally extended algebra also as u(2|2).

The extension deforms the oscillator realisation of the generators to

Q4 = ublfo+veleasfiby, QI =u" flby +v" ePead] fa,
o =blb, — 154blbe, 4= flfs— 30511 f,,
A =wv (blb, + fl fa), B =u"v* (blba + flf.), (121)
C = 3([ul* + [v]?)(blba + fLfa),

D = —3blba + 3 fl o,
where the deformation parameters are constrained to obey |u|? — |v]? = 1. We we can thus again
construct representations for each positive integer N by restricting to the space of states obeying
the constraint Eq. (112). Here the shortening condition becomes 2v/C? — AB = N, where A, B,C
are the eigenvalues of A, B, C.
The fundamental 4-dimensional representation is obtained by restricting to the single-particle
states

blIQ), BLIQ), Q). fi19). (122)

The bosonic and fermionic states are respectively su(2) doublets of L and R. These are naturally

identified with the four basis states of an electron

) 1M, o), [e), (123)

from Eq. (9). This electronic interpretation of u(2|2) is discussed in detail in Sec. 2.2. The fermionic
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generators can be identified through

qTO = \/EQL qTO = _\/EQ%a qio = \/EQTL QL = _\/EQT%

(124)
4o = \/EQ%a qie = _\/Equ qu = \/EQTév qIO = _\/EQT%

for which the deformation parameters are u = u* = NG and v =v* = ;77%

The choice of whether to assign spin/charge to the bosonic/fermionic sector is not of great
importance for the fundamental representation. It does however play an essential role in the
identification of higher dimensional representations. As the Pauli exclusion principle limits growth
of the fermionic sector, increasing N primarily corresponds to an increasing number of bosons. To
proceed we focus on the case of assigning spin to the bosonic sector, although we highlight that
the alternative possibility is also of interest as commented upon in Sec. 2.3. For the fundamental

N =1 representation we thus adopt the identification of states
h=0bl1), I)=0}I0), [o)=flI0). [®)=7510). (125)

Increasing A then yields 4N states which are comprised of four su(2) spin-multiplets. Writing
N =285 + 1 these are as follows: two spin-S multiplets,

(b))% (b])

V(S +m)(S —m)

,ff|9>, me{-5,-S+1,...,5},

(bT)S—l—m(bT)S—m ; (126)
2 1 £ 1), me{-S5,-S+1,...,5},
V(S +m)I(S —m)!
a spin-(S + %) multiplet,
(bT)S—F%—Fm(bT)S—I—%—m
\/ 2 - L - ), me{-S-3%-S+1,...,9+1}, (127)
(S+35+m)(S+ 35 —m)!
and a spin-(S — %) multiplet,
(b;)s_%—km(bbs_%_m topt 1 3 1
1519, me{-S+35-9+5,....,5 -3} (128)

—_

\/(S—§+m)!(s— Y

This basis of states admits a natural interpretation as combining a spin-S local moment with the
electron. Firstly, the two spin-S multiplets of Eq. (126) can be written as |o;.S,m) and |e; .S, m),
which are the states of a spin-moment with the electronic state respectively unoccupied and doubly
occupied. The remaining two multiplets arise as S ® % = (S + %) & (S — %), manifesting the
entwining of the spin-moment with the electronic spin. Specifically, the the spin-(.S + %) multiplet
takes the form

Yoo [TSim=g) o [l S m+ 3), (129)
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and the spin-(S — 5) multiplet the form

1
2

V1

S+tm
2S5+1"

directly to the local moment DOF, as discussed in Sec. 2.3. Through this identification of basis
states we obtain g of Eq. (25) from Eq. (121).

with vE = In this way we see that these higher dimensional representations correspond

B Mori—Zwanzig projection scheme

In this appendix we briefly summarise the Mori-Zwanzig projection scheme [14-16], see also [58,62].
This complements the analysis of Sec. 4, allowing one to connect to the literature more broadly.

Here we formulate time evolution through the Liouville operator, LO = [H, O], as follows

dai (t)
dt

= iuai(t) + iﬁai(t), (131)

where we have extracted explicit dependence on the chemical potential to match with the conven-

tions of Sec. 4.1. This has the formal solution a(t) = e**e!“ta = e*ae !, allowing the retarded
Green’s function to be expressed as G;j;(t) = —id(t) (ai\ei(“*ﬁ)ta;). Switching to frequency this
gives,
o0 . .
Gij(w) = —i/o dt et (ai\el(“_ﬁ)ta}) = (a; wﬂi_ﬁa;% Imw > 0, (132)

which is a formal rewriting of the equation of motion.
We proceed to project correlations onto the local DOFs by decomposing £ = Lp + Lq in terms

of the projection operators
p= Zla (ailal)” a’]|_2|a e, q=1-p (133)

We then write

1 1 1 1
= + L , 134
wt+p—L wH+p—Lg wH+p—Lqg pw+u—£ (134)
employing the operator identity ﬁ = % ;bal 5> With @ = w + 1 — Lq and b = Lq, resulting in
Giy(w) = 9+ 3" (@] ———— Lal) TuGiy(w). (135)
ii(w) = a
* w + B4 w +u—Lg HH L
Further decomposing oy Lqﬁ =omta +fji Lqﬁ, we arrive at
3 ((w )T — K = Mi(@) ) I Gy (w) = Iy, (136)

k.l
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where

* Ty — T * — T
K3 =(ai|La;) = (a;L]a}), M (w) = (aiﬁlqmqﬁaj>. (137)

We see that this matches Eq. (58) upon switching to momentum space. The expressions for K
are identical, and consequently the expressions for M} (w) are formally equivalent. We thus see
that the Mori-Zwanzig projection scheme organises correlations in precisely the same manner as
the Tserkovnikov approach of Sec. 4.1. The distinction is that here M;;(w) is formulated through a
static projection operator normalised by I;;, whereas in Eq. (54) it is formulated through a dynamic
projection operator normalised by G;j(w) [17]. We find this latter formulation more convenient for

practical purposes, and its derivation more instructive.
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