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Abstract

A relativistic density-functional theory based a Fock-space effective quantum-
electrodynamics (QED) Hamiltonian using the Coulomb or Coulomb-Breit
two-particle interaction is developed. This effective QED theory properly in-
cludes the effects of vacuum polarization through the creation of electron-
positron pairs but does not include explicitly the photon degrees of freedom.
It is thus a more tractable alternative to full QED for atomic and molecular
calculations. Using the constrained-search formalism, a Kohn-Sham scheme
is formulated in a quite similar way to non-relativistic density-functional the-
ory, and some exact properties of the involved density functionals are studied,
namely charge-conjugation symmetry and uniform coordinate scaling. The
usual no-pair Kohn-Sham scheme is obtained as a well-defined approximation
to this relativistic density-functional theory.
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1 Introduction

The basic formulation of the relativistic extension of density-functional theory (DFT) was
first laid down by generalizing the Hohenberg-Kohn theorem [I] to a Hamiltonian based
on quantum electrodynamics (QED) with the internal quantized electromagnetic field and
an external classical electromagnetic field [2H5]. These early works did not address the
subtle issues of QED renormalization. These issues were studied by Engel, Dreizler, and
coworkers [6HI0] who put relativistic (current) density-functional theory (RDFT) on more
rigorous grounds. In their works, they confirmed the validity of the relativistic extension
of the Hohenberg-Kohn theorem using a charge-conjugation-symmetric form of the QED
Hamiltonian written with commutators of field operators and appropriate renormalization
counterterms. Eschrig et al. [I1,[12] took another approach to RDFT based on Lieb’s
Legendre transformation using a normal-ordered QED Hamiltonian. Ohsaku et al. [13]
proposed a local-density-matrix functional theory based on a QED Hamiltonian with an
one-photon-propagator fermion-fermion interaction. Despite these formal foundations of
RDFT based on QED, in practice four-component RDFT is invariably applied in the
Kohn-Sham (KS) scheme with a non-quantized electromagnetic field and in the no-pair
approximation (i.e., neglecting contributions from electron-positron pairs) [14-21], most
of the time using non-relativistic exchange-correlation density functionals.

In this work, we examine an alternative RDFT based on a Fock-space effective QED

Hamiltonian using the Coulomb or Coulomb-Breit two-particle interaction (see, e.g., Refs. [221-

25]). This effective QED theory properly includes the effects of vacuum polarization
through the creation of electron-positron pairs but does not include explicitly the photon
degrees of freedom. It is thus a more tractable alternative to full QED for atomic and
molecular calculations. This so-called no-photon QED has been the subject of a number
of detailed mathematical studies [26H31], which in particular established the soundness
of this approach at the Hartree-Fock (HF) level. This is thus a good QED level to base
a RDFT on. It is shown that we can develop indeed a RDFT formalism based on this
effective QED theory using the constrained-search formalism [32/[33] in a quite similar way
to non-relativistic DFT. The usual no-pair KS scheme is then obtained as a well-defined
approximation to this RDFT.

The paper is organized as follows. In Section 2 we expose the effective QED theory
considered in this work. We define the normal-ordered electron-positron Hamiltonian,
we discuss how to define the polarized vacuum state and N-negative-charge states by a
minimization formulation, and we introduce the no-pair approximation in this approach.
In Section [3, we develop a RDFT based on this effective QED theory. We describe the
KS scheme in this approach, we give the expression of the Hartree, exchange, and cor-
relation density functionals, we study some exact properties of these functionals, and
discuss the local-density approximation (LDA). Section Ml contains conclusions and per-
spectives. In the appendices, we prove some important and, to the best of my knowledge,
seemingly unknown aspects of the effective QED theory. First, in Appendix [Al we show
that the electron-positron Hamiltonian expressed in terms of the normal ordering with
respect to the free vacuum state has the correct charge-conjugation symmetry. Second,
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in Appendix [Bl we show that the electron-positron Hamiltonian based on normal order-
ing with respect to the free vacuum state is essentially equivalent to an electron-positron
Hamiltonian based on commutators and anticommutators of Dirac field operators.

In contrast to the quantum chemistry literature where often everything is formulated
in a basis, here we prefer to use a real-space formalism which is more adapted to DFT.
Hartree atomic units (a.u.) are used throughout the paper.

2 Effective quantum electrodynamics

2.1 Free Dirac equation and quantized Dirac field

We consider the time-independent free Dirac equation

D(7)4pp(7) = eptpp(7), (1)
with the 4 x 4 Dirac kinetic + rest mass operator
D() = c (& §) + B me?, (2)

where p = —iV is the momentum operator, ¢ = 137.036 a.u. is the speed of light, m =1
a.u. is the electron mass, and & and 3 are the 4 x 4 Dirac matrices

- 0, o . I, 09
a-(a_, 02>and,3—<02 _12>, (3)

where 6 = (04, 0y, 0) is the 3-dimensional vector of the 2 x 2 Pauli matrices, and 02 and
I, are the 2 x 2 zero and identity matrices, respectively.

The eigenfunctions form a set of orthonormal 4-component-spinor orbitals {1, (7)} that
we will assume as being discretized (by putting the system in a box with periodic boundary
conditions). This set can be partitioned into a set of positive-energy orbitals (¢, > 0) and a

set of negative-energy orbitals (¢, < 0), i.e. {¢(7)} = {¥p(7)}peps U {¢p(7) }pens, where
PS and NS designate the sets of “positive states” and “negative states”, respectively. The
Dirac field is then quantized as

1,@(77) = Z &p"/’p(m = Z de’p("?) + Z dL‘ﬁp(F)v (4)
pEPSUNS pePS pENS

where the sum has been decomposed in a contribution involving electron annihilation op-
erators Ep = a,, for p € PS and a second contribution involving positron creation operators
d;@ = a, for p € NS. The annihilation and creation operators obey the usual fermionic
anticommutation rules

{ap,al} = 6pg and {ap, a4} ={a),al} =0 for p,q € PSUNS, (5)

and the corresponding free vacuum state |0) is defined such that

by|0) =0 for pe PS and dy0) =0 forpe NS. (6)

2.2 Electron-positron Hamiltonian

We then consider the normal-ordered electron-positron Hamiltonian in Fock space written
with this quantized Dirac field introduced in Refs. [221[34] (see, also, Ref. [23]) that we can
write as

H = Tp+W+V, (7)
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where the Dirac kinetic + rest mass operator TD, the two-particle interaction operator W,
and the external potential-energy interaction operator V' are expressed as (using o, p, T,
v as spinor indices ranging from 1 to 4)

~

v = / Tr[D(7)by (7, 7| jr—e dF = / (Do p(F)t1 po (7, 7 r—ie AT, (8)
op

and
i 1 g = =2 — —
W = 2//TI"[W(Tl,7“2)112(7“1,7"2)](1’/‘1d7“2
1 g g A — — — —
= 5 Z //wUTPU(TlvT2)n2,pvar(rlur2) drldTQ, (9)
opTU
and

~

Vo= / o(F)A(F) dF, (10)

where the one-particle density-matrix operator ny (7, 7’) and the pair density-matrix op-
erator ny(7,7) are defined using creation and annihilation Dirac field operators with
normal ordering A[...] of the elementary creation and annihilation operators 13;, I;p, d}i, dp
with respect to the free vacuum state |0)

11,00 (7, 7") = N ()b (7)) (11)

i1z puor (71, 72) = N DL 05 (71) 8, (P (7)), (12)

and the (opposite) charge density operator is
() = Te[a(7)] = Y fe (7), (13)

where n(7) = n;(7,7). In Eq. (I0) v(7) is a scalar external potential (for example, the
Coulomb potential generated by the nuclei) and in Eq. (@) w(7,72) is a two-particle
interaction matrix potential which could be for example the Coulomb (C) + Breit (B)

interaction

—

wO’Tp’U (’Fi? FQ) — ngpU(TIQ) + wETp’U (r12)7 (14)
with 719 =7 — 75 and 712 = ’7712|, and

wfﬁm(m) = w(r12)05p07v, (15)

wfmv(ﬁ?) - —gw(hz) (070,3 @y + (Oécrp ) 7"12)2(04m . r12)> ’ (16)
T12

where w(rj2) = 1/r12. The Coulomb-Breit interaction corresponds to the single-photon
exchange electron-electron scattering amplitude in QED evaluated with the zero-frequency
limit of the photon propagator in the Coulomb electromagnetic gauge. More specifically,
the instantaneous Coulomb interaction corresponds to the longitudinal component of the
photon propagator, whereas the Breit interaction is obtained from the zero-frequency
transverse component of the photon propagator. The Breit interaction comprises the



130

131

132

133

134

135

136

137

138

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

instantaneous magnetic Gaunt interaction, —w(rlg)o_fop - Gy, and the remaining lowest-
order retardation correction (see, e.g., Ref. [35]).

The electron-positron Hamiltonian H does not commute separately with the electron
and positron number operators,

No= 3 blb, and Np= 3 did,, 17)

pePS peNS

A~

i.e., it does not conserve electron or positron numbers. However, the Hamiltonian H
commutes with the opposite charge operator (or electron-excess number operator)

N =R N, (18)

i.e., it conserves charge. As a consequence, the eigenstates of the Hamiltonian H belongs
to the Fock space gathering together different particle-number sectors

(00,00)

Fooo@ e, (19)
(Nepr):(Ovo)

where HNVe:Np) is the Hilbert space for N, electrons and N, positrons. The Fock space
can also be decomposed into charge sectors

F= é My, (20)

q=—00

where H, is the Hilbert space for (opposite) charge ¢q. For ¢ > 0, we have H, = H(@0) g
H@HLD @ H@+22) ¢ ... @ H(@+°9%) and for ¢ < 0, we have H, = HOD @ HLa+D) g
H(2:a+2) @y ... H(o0at00)

Importantly, due to the fact that the electron-positron Hamiltonian in Eq. () is ex-
pressed in terms of the normal ordering with respect to the free vacuum state, it has
the correct charge-conjugation symmetry, i.e. CH [U]OT = H [—v] where C is the charge-
conjugation operator in Fock space (see Appendix [A]).

2.3 No-particle vacuum states

By construction of the Hamiltonian H, the free vacuum state |0) has a zero energy, i.e.
Efree = (O\ﬁ |0) = 0. However, this is generally not the lowest-energy vacuum state. We
can consider other no-particle vacuum states |0) (often referred to as polarized vacuum or
dressed vacuum) parametrized as [23,[36] (see, also, Refs. [22]34,37,138])

0) = ¢*[0), (21)

where e® performs an orbital rotation in Fock space (corresponding to a Bogoliubov
transformation mixing electron annihilation operators b, and positron creation operators
d;r; [22]) with the anti-Hermitian operator &

R = Z Hpqd;r,dq = Z “pqi)zti’f" Z ZHP‘?BLCZ‘TY

p,q€PSUNS p,q€PS pePS geNS
7 b 7 gt
)T Kpgdpbg + Y spgdpd, (22)
peNS qePS p,gENS
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with the orbital rotation parameters k,, € C being the elements of an anti-Hermitian
matrix k. Note that the second term in the last expression of Eq. (22]) creates electron-
positron pairs. This generates new creation and annihilation operators related to the
original ones via the unitary matrix U = e*

=efale = Y alU, and G, =cfae = > a,U;, for pe PSUNS,(23)
q€PSUNS q€PSUNS

and corresponding new orbitals

Py(7) = Z pg(F)Ugp  for p € PSUNS, (24)
q€PSUNS

such that the Dirac field operator in Eq. () can be rewritten as

1&(77) = Z apd’p ) = Z bzﬂpp Z d“pp (25)

pePSUNS pePS peENS

with again l;p = fzp for p € PS and CZIT, = &p for p € NS. The new creation and annihilation
operators still obey the fermionic anticommutation rules in Eq. (Bl). Moreover, even though
this orbital rotation does not necessarily preserve the sign of the orbital energies, it does

preserve the charge, i.e. we have [N, bjr] = bJr and [N, dT] = —d;r,. So the new creation

operators b;, and d;, can still be interpreted as creating electrons and positrons, respectively,
and the partition into PS and NS should now be understood as a partition into positive and
negative opposite charge states. As expected, the new electron and positron annihilation
operators satisfy

bpl0) =0 forpePS and dy|0) =0 forpe NS. (26)

The new vacuum state |0) contains electron-positron pairs associated with the original
operators b;r, and d;f, but does not contain any particle associated with the new operators
IN)T and a?T

We can then introduce a new one-particle density-matrix operator n1( 7') and a new
pair density-matrix operator 1’12(7“1,7“2) defined using normal ordering A [} of the new

elementary creation and annihilation operators 5};, Ep, J};, Jp with respect to the new
vacuum state |0)

1,90 (7, 71) = N YL )b, (7)), (27)
and
12, poor (71, 72) = NI )DL (7)1, (71 )by (7). (28)

Using Wick’s theorem, the original one-particle density-matrix and pair density-matrix
operators in Eq. (IT]) and (IZ) can be rewritten as [22]

1,90 (7, 7) = 11 o (7, 7) + )5, (7, 71), (29)
and
M2 poor (T1,72) = N2 puor (F1,72) + %, (P2, o)1 por (71, 71) + 7yt (71, 1)1 (P2, 72)
— Y8 (P 1)1 pr (71, ) — YY) (71, )01 o (P, 71 ) 4 A0, (1, ),
(30)
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where ny? (7, 7') is the vacuum-polarization (vp) one-particle density matrix

—,-,/

Mo (T T) = {0l po (7 )|0)
= (019} ("), (7)]0) — (O[5 (7" ), (7)|0)
= pra(F/ T/’ppf' pr, 7Y p p(7), (31)

pENS peENS

(@)}

and ny" (7, 7%) is the vacuum-polarization pair-density matrix

yor (T 72) =, (P, 7o) AT, (71, 71) — 7L, (71, 72) 5 (72, 7). (32)

The electron-positron Hamiltonian in Eq. (@) can then be rewritten as [22]

H = To+W+V+ VP4 E, (33)

with
Ty — [ DD (34)

and
// Tr[w (rl,rQ)]drldrg, (35)

and

Vo / W(F)R(F) dF, (36)
with the new (opposite) charge density operator

(7) = Tr[n(7)], (37)

Sb

where n(7) = n (7, 7). In Eq. (33), the normal reordering with respect to the new vacuum
state |0) [Egs. (29) and (B0)] has generated two new terms: the vacuum-polarization

potential V'P and the new vacuum energy Ey. The vacuum-polarization potential [22]
can be written as

VY = TP 4 VP, (38)

with a Hartree (or direct) contribution

‘:/}\pr — /Tr[{lﬁp< Y (r)]dr = Z/UH op (7)o (F)AT, (39)

where O, (71) = 32, [ Worpu(F1,72)R07 (F2)di2 and i7(72) = yh,, (75, 7), and an ex-

change contribution
VP = // Tr[VYP (P, )y (71, 72)] A i, (40)
where O35, (71,72) = — Y, Worpw(T1, 72)1) Y, (72, 71). Note that in the literature the

name “vacuum polarization” is often restricted to the direct term in Eq. (89) whereas the
exchange term in Eq. (@Q) is often designated as “self-energy” (see, e.g., Ref. [25]). Here,
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we adopt the terminology of Ref. [22] where vacuum polarization designates both terms.
Finally, the new no-particle vacuum energy [22] can be written as

Ey = (0|H|0) = /Tr[D(F’)ﬁTp(F,F/)]F/:*dF—F /v(f‘)fz"p(F) dr
—i—% // Tr[W(Fl,FQ)ﬁ;p(Fl,FQ)]d’FldFQ. (41)

Throughout the paper, |0) will refer to an arbitrary floating vacuum state, and {Q,va(F)}
and FE, will refer to its associated orbitals and vacuum energy. The optimal HF vacuum
state is defined as the vacuum state minimizing Ey with respect to the orbital rotation
parameters K

ENY = min E. (42)
K

Clearly, if n\P(7,7') = 0 then Ey = 0, and thus E}F is necessarily negative. It can
in fact diverges to —oo due to infrared (IR) and ultraviolet (UV) divergences. The IR
divergences appear when taking the continuum limit of the sums in Eq. (BII), but can
simply be avoided by putting the system in a box with periodic boundary conditions and
taking the thermodynamic limit of quantities per volume unit (see, e.g., Refs. [11,29,30]),
similarly to what is done for the homogeneous electron gas. The UV divergences come
from the unbound large-energy (or large index p) limit of each sum in Eq. ([B1]), even if we
expect a cancellation of these UV divergences to some extent between the two sums. A
standard way of dealing with these UV divergences is to introduce a fixed UV momentum
cutoff and to remove the cutoff dependence via renormalization of the electron charge and
mass in the Hamiltonian [26131] (see also Ref. [39]). In the rest of this work, we will simply
assume that a proper renormalization scheme is applied in order to keep everything finite.

Finally, in Appendix [B, we provide an alternative definition of the electron-positron
Hamiltonian based on commutators and anticommutators of Dirac field operators and
we show that, after removing the vacuum energy, both Hamiltonians are equivalent to
each other and also identical to the effective QED Hamiltonian of Refs. [25,140H44] [see

Eq. (IT5)].

2.4 Correlated vacuum state

More generally, the vacuum state can be defined beyond the HF approximation as the
lowest-energy state with zero charge, which will refer to as the correlated vacuum state
|Wo) € Ho. In a full configuration-interaction approach, the correlated vacuum state can be
parametrized as a linear combination of states with arbitrary numbers of electron-positron
pairs

[Wo) = (CO+ Z Z Cp1q1b;rald2;1+ Z Z Cplqwzqzbzldglb;gdgz

p1€PS q1 ENS p1,p2€PS q1,02€NS

+ Z Z CP1Q1P2Q2P3Q3b}:1d$1b;2 d:rh b;L,S d:g?, + - ) |0), (43)
p1,p2,p3€PS q1,92,g3ENS

and minimizing the energy with respect to the coefficients leads to the correlated vacuum
energy Fy = <\I’Q|ﬁ |¥o). Note that the particles inside this vacuum state cannot generally
be absorbed into an orbital rotation because of the two-particle interaction in the Hamil-
tonian. Therefore, the correlated vacuum state generally contains electron-positron pairs,
in the same way as the non-relativistic ground state contains excited Slater determinants
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that cannot be absorbed into a redefinition of the orbitals. With the parametrization of
the vacuum state in Eq. ([43]), there is no need to perform orbital rotations (i.e., orbital
rotation parameters are redundant). The correlated vacuum state |¥p) and correlated
vacuum energy Fy include all vacuum contributions (i.e., contributions from orbitals in
the set NS) to all orders in the two-particle interaction.

2.5 N-negative-charge states

The ground-state energy for a net total amount of ¢ = N negative charges (the equivalent
of N electrons for the non-relativistic theory) is found as

Exy = min (U|Tp+ W +V|¥), (44)
|[V)eHN

where |¥) is constrained to have a net total amount of N negative charges, i.e. [(U|n(7F)|¥)dr
N. Note that we will always tacitly assume that |¥) is constrained to be normalized to 1,
e. (U|U) =1. A state |V) € Hy has the form

"I’> - ( Z Cp1.. PNbp1 bT Z Z Cpy.. prN+1q1bP1 bT b;r’z\wldgl

p1,....,pNEPS P1,~~~,PN7PN+1€PS q1ENS

+ Z Z Cpy .. prN+1<I1pN+sz2bp1 : bT b;erHle bI)N+2dJL12 o ) |0>

P1s-sPNsPN+1,PN+2€PS q1,q2€NS

(45)

Again, vacuum contributions to all orders are included in the presence of N negative
charges, and there is no need to perform orbital rotations. Obviously, in the special case
N =0, this reduces to the correlated vacuum state in Eq. (43)).

Since the number of particles is not fixed for the Fock state |¥) in Eq. (#H), there is
no concept of N-particle wave function (depending on N space coordinates) associated
with the state |¥). Thus, one cannot study for example the wave function at electron-
electron coalescence. However, one could study the small interparticle behavior of the
pair-density matrix ng(7,7) = (V|hg(7,72)|¥), which should ultimately control the
convergence rate of the energy with respect to the one-particle basis used to expand the
orbitals. So far, as far as we know, the electron-electron coalescence has been studied only
for more approximate configuration-space-based relativistic theories where the concept of
wave function is retained [45,[46]. How to extend in practice these studies to Fock-space
approaches such as the one of the present work is an open question.

Finally, let us mention that we can allow for negative N to describe the case of N-
positive-charge states, i.e. states with a majority of positrons. We will however normally
think of N as being positive and write the equations accordingly.

2.6 No-pair approximation

Finally, we consider the no-pair (np) approximation [47,48]. In the context of the present
theory, it is natural to first define what we will call here a “no-pair with vacuum-polarization”
(npvp) approximation (see Ref. [22]) in which the ground-state energy for N electrons is
expressed as

EY™® =  min (Ui |Tp+ W +V|Uy), (46)
|04 ) eHN0)
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N,O) =

where the minimization is over normalized states in the set that we designate by H(
e"HINV:0) which is the set of states generated by all orbital rotations of N-electron states.
A state [¥) € HNO) has the form

‘\Il+> = Z CPI“'PNb;LH e b;r?N‘0> = Z CP1-~-PNb;r71 T b;er‘(~)>_ (47)
pla"'szEPS p1,,pN€PS

We can also write this state as

Wy) = PL|W), (48)
where |U) is an arbitrary state constrained to have a net total amount of N negative
charges, i.e. |¥) € Hy, and ]5+ is the projector onto the N-electron Hilbert space con-

structed from the set of electron creation operators {IN)]TJ} associated with the floating vac-
uum state |0). The energy is not only minimized with respect to |¥) but also with respect

to the projector Py by performing orbital rotations between PS and NS orbitals. The
optimal floating vacuum state |0) will of course depend on the number of electrons N
considered. This npvp approximation thus restores the concept of the N-electron (4N-
component spinor) wave function, i.e.

Uy (71,72, s TN) = Z Cp1~~~pN¢p1(F1) ARE /\T/JPN(FN)? (49)
P1,---,PN EPS
where A is the normalized antisymmetrized tensor product. In this approximation, the
vacuum contributions are taken into account at the mean-field level. Indeed, using the
rewriting of the electron-positron Hamiltonian in Eq. (B3], we have

EWYP = (U |Tp+ W+ V + VP |0, + Ey, (50)

which includes the vacuum-polarization potential [Eq. (88)] and the vacuum energy [Eq. [@I)].
The common no-pair (np) approximation corresponds to additionally neglecting all
vacuum contributions
EY =  min (U |Tp+ W+ VW), (51)
|04 ) €H N0
where we use now the Hamiltonian written with normal ordering with respect to the
floating vacuum state |0). The no-pair approximation with optimized orbitals is analogous
to the complete-active-space self-consistent-field method of quantum chemistry.

~

Note that in Eq. (@8) or (5I) one can minimize with respect to the projector Py since
the Fock-space normal-ordered electron-positron Hamiltonian is bounded from below. If
one starts instead with the configuration-space Dirac-Coulomb or Dirac-Coulomb-Breit
Hamiltonian, the same ER,p can be obtained but using instead a minmax principle in
which the energy is maximized with respect to the projector (see Refs. [23,49H51]).

3 Density-functional theory based on effective quantum elec-
trodynamics

We now formulate a RDFT based on the electron-positron Hamiltonian in Eq. (7). We
will consider the simplest case of functionals of only the (opposite) charge density n(7) =
(U|n(7)|¥), which is appropriate for closed-shell systems. More generally, one could con-

sider functionals depending also on the (opposite) charge current j(7) = (¥|j(7)|¥) with

j(7) = Tr[e@ a(7)]. Even more generally, one could consider functionals of the local
density matrix n(7) = (¥|n(7)|¥), as proposed in Ref. [13].

10



w7 3.1 Kohn-Sham scheme

208 Using the constrained-search formalism [32,33], we define the universal density functional
200 F'[n] for N-representable charge densities n € Dy, i.e. charge densities that come from a
30 state |U) € Hy,

Fin) = win (6T W]9) = (¥ T+ V]9 o), (52)

s where Hy(n) is the set of states |¥) € Hy constrained to yield the charge density n, and
s2 |U[n]) designates a minimizing state. A N-representable charge density must of course
303 contain a net total amount of N negative charges, i.e. [n(F)d¥ = N, but other than
s« that the set of N-representable charge densities Dy is a priori unknown. This is unlike
305 the non-relativistic case for which the mathematical set of N-representable densities is
306 explicitly known [33]. The N-negative-charge ground-state energy can then be written as

Ey = min [F[n] + /U(F) n(r) df’} . (53)
neDn

307 Note that, in the special case N = 0 we obtain the correlated vacuum energy of Sec. 2.4l

38 Also, as already indicated, we can allow for negative IV to describe the case of N positive

300 charges.

310 To setup a KS scheme [52], we decompose F[n] as

F[TL] =T [n] + EHXC[”], (54)
su where Ty[n] is the non-interacting kinetic + rest-mass density functional

Tyn)= min  (D[Ip|®) = (@[n]|Tp|®[n]), (55)
|P)eSN:0) (n)

312 where the minimization is over the set S(V:0)(n) of single-determinant states |®) = EJ{ 5; . IN)M@)
313 with a fixed number of electrons N with respect to a floating vacuum state and yielding the
s charge density n, and Eyyc[n] is the Hartree-exchange-correlation density functional. The
315 minimizing state (that we will assume unique up to a phase factor for simplicity) is the KS
s16 - single-determinant state |®[n]). Note that in Eq. (55) we have tacitly assumed that any
si7 - N-representable charge density n can be represented by a single-determinant state |®).
s1s8 For the non-relativistic theory, this can be proved to be true by explicitly constructing a
310 single determinant yielding any given N-representable density [33,53,54]. This proof does
320 not apply to the present relativistic theory due to the more complicated form of the charge
sz density n(7) which includes the vacuum-polarization contribution [see Eqgs. (62]) and (G3))].
322 In fact, because of the vacuum-polarization contribution the charge density n(7) may not
323 generally have the same sign at all spatial points. This is particularly obvious for the case
322 N = 0: the charge density integrates to zero [ n(7)d# = 0 and thus necessarily changes
325 sign. Whether the proofs of Refs. [33L53,[54] can be generalized to the relativistic case is
326 an open question. We can then write the ground-state energy as

Ey = min [<(I>|TD + V‘(I)> + Ech[n|<I>)} , (56)
|®)yeSV.0)

27 where S0 is the set of single-determinant states with a fixed number of electrons N
328 with respect to a floating vacuum state. Note that, contrary to a general N-negative-
320 charge state in Eq. (45), we can associate a wave function to a single-determinant state,

330 1.e. @(Fl,FQ, ...,FN) = 1;1(771) VANEREIA @N(FN)-
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More explicitly, the expression of the energy in terms of the orbitals {zﬁp} is

Exl{dp}] = [ TIDE 0SS pr dit+ [ o) n) a7+ Bl (57
with the KS one-particle density matrix
nfS (7 7y = afS (7 7y + 2P (7, 7)), (58)

which includes the contribution from the electronic occupied orbitals

~KS 77 Z'(/]Z mw'l' —»/) (59)
and from the vacuum polarization [see Eq. (B1])]

AP ) = 3 BB — 3 (@), (60)

pENS peENS

and with the corresponding charge density n(r) = Tr[n¥S(7,#)]. Taking the functional
derivative of En[{t,}] with respect to @b;(f') with the orbital orthonormalization con-
straints, we arrive at the KS equations

(D(7) + 0(7) + vr1xe (7)) Pp(F) = &3Py (), (61)

where vhxe () = 0 Erxc[n]/on(7) is the Hartree-exchange-correlation potential and &, are
the KS orbital energies. The KS equations must be solved self-consistently with the density

N
n(7) = Y Pl (PP + P (), (62)
i=1
where the vacuum-polarization density is

AP(F) = Y PP — > $i(F)

peNS peNS
S TETERS z;;wpm), <6s>
pENS pePS

where the last equality follows from Eqs. (I67) and (I71I]). Equations (61))-(G3) have the
same form as for the KS scheme based on renormalized QED [7HI0] except that we did
not take into account any renormalization counterterms and that the present functional
Erixc[n] is associated with the effective Coulomb or Coulomb+Breit two-particle interac-
tion.

3.2 Hartree-exchange-correlation density functional

The Hartree-exchange-correlation density functional Fpy.[n] can be decomposed as
EHXC [n] = EHx[n] + Ec[n]a (64)

where Epy[n] is the Hartree-exchange energy encompassing all first-order terms in the
two-particle interaction

Biax[n] = (®[n]|1V|@[n] / / Tefw (71, 7)niS(71, )7 7, (65)
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with the KS pair-density matrix nkS(7,7) = (®[n]|hz(71,72)|®[n]), and F.[n] is the
correlation energy. The Hartree-exchange energy can be written more explicitly as

Eux[n] = EHX[”] + Eﬁi[”]? (66)

where Epy[n] is the main contribution

EHX // Triw(7, 7)n ~KS(7"1,7“2)]C17"1d7“2, (67)

depending on the part of the KS pair-density matrix coming from the electronic occupied
orbitals

Mo per (FLT2) = Ao (T, )iy oy (P, T1) — Ty (71, )i g (P2, 71), (68)

and E;P [n] is the vacuum-polarization contribution

&)

B = [T ORSE e [ [ e ek @)
45 [ el P (7, 7o)l i, (69)

where the vacuum-polarization potentials v{{(7) and v¢" (71, 7) were defined after Egs. (39)
and. (40), respectively, and the vacuum-polarization pair-density matrix ny" (7, 72) was
defined in Eq. (32]).

We can further decompose the functional Epy[n| as

Enx[n] = Buln] + Ex[n]. (70)

where the Hartree functional Ey[n] collects all direct terms and the exchange functional
E[n] collects all exchange terms. The expression of the Hartree functional is

Exn] = Enln] + EfP[n], (71)
with

// Tr[w (?”1, )| di1d7s, (72)

where n?%(rl,m) is the Hartree contribution to nkS(7y,7%) [the first term in the right-
hand side of Eq. ([68))], and

TV ~V ~ — — 1 - S\ ~V e - 1
EHp[n] = /Tr[va(f’)nIfS(r,F)]dT—l—2//Tr[w(rl,rg)nﬁ{(rl,rg)]drldrg, (73)

where nyh; (71, 7) is the Hartree contribution to ny (71, 7) [the first term in the right-hand
side of Eq. (82))]. Similarly, the expression of the exchange functional is

Ex[n] = Ex[n] + EJP[n], (74)

with

1 o NAKS/ o oo 1o
= [ B Rk (75)
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where ngg (71,7%) is the exchange contribution to n&> (7, 7) [the second term in the right-
hand side of Eq. (68)], and

EVp //TI‘ ~VP 7“1,7‘2 (7"1,7"2 d?"ldTg + = //Tl“ 7“1,?72 n2$(?”1,7"2)]d771d772,
(76)

where ny" (71, 72) is the exchange contribution to ny”(,75) [the second term in the right-
hand side of Eq. (32)].

The Hartree energy can also be more compactly written as a sum of Coulomb and
Breit contributions

Enln] = Efi[n] + Ex[n], (77)

where the Coulomb contribution has the same form as in non-relativistic DF'T

-2 / / w(r2)n(F)n(F)dF 7, (78)

involving the charge density n(7) [Eq. (62))], and the Breit contribution has the form

)36 j(71) e J(7) Tz | L
12 // w(rie) |7(7) - 7(7%) + AGVSGE 2]( 2) o dr diy, (79)
c iy
involving the KS charge current density ;(F)
J(F) = Tr[ea nf(F, 7)) = cz«w (F)ainpi(7) + j*P(7), (80)

where j'P() is the vacuum-polarization current density

1

Sa

W) = e | Y phFag, () — Y wh(Pd(T) | - (81)

peENS peNS

Since we did not consider any vector potential in the KS equations [Eq. (61])], the KS
Hamiltonian has time-reversal symmetry and the KS orbitals {J;p} come in degenerate
Kramers pairs (see, e.g., Ref. [23]) with opposite current densities, and similarly for the
orbitals {1} of the free Dirac equation. It seems then reasonable to conclude that the

vacuum-polarization current density ;P (7) vanishes in the present context, glossing over
the fact that the sums in Eq. (8I]) are infinite. Moreover, for closed-shell systems, the
contribution to the charge current density ]( ) coming from the occupied electronic states
in Eq. (B0) vanishes as well, and there is no Breit contribution to the Hartree energy.
For open-shell systems, the charge current density does not vanish and there is a Breit
contribution to the Hartree energy. Since the charge current density j(f’) is only an
implicit functional of the charge density via the KS orbitals, the calculation of the Breit
contribution to the Hartree potential would require to use the optimized-effective-potential
method (see, e.g., Ref. [55]). A simpler alternative is to switch to functionals depending
also explicitly on the charge current density j(7).

The correlation functional E.[n] is conveniently expressed with the adiabatic-connection
approach [56H58] which can be straightforwardly generalized to the present relativistic the-
ory. For this, we define an universal density functional similarly to Eq. (52) but depending
on a coupling constant A € [0, +oo[

Fn] = \m?%i]%(n)@'%“w"“: (WA [n)[To + AW [WA[n]), (82)
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where |[U*[n]) denotes a minimizing state. This functional can be decomposed as

F[n] = Ty[n] + AEnx[n] + E2[n], (83)
where the A-dependent correlation contribution is
EX[n] = (I[n]|Th + AW[®[n]) — (B[n]|Th + AW |[n)). (84)

We will assume that F*[n] is of class C! as a function of A for A € [0, 1] and that FA=%[p] =
Ti[p]. Taking the derivative of Eq. (84) with respect to A and using the Hellmann-Feynman
theorem for the state |U*[n]), we obtain

aEé‘ [n]
o\

= (WA []|W[¥ ) — (@[] |W|@[n]). (85)

Integrating over A from 0 to 1, and using EX~'[n] = F.[n] and E2=[n] = 0, we arrive at
the adiabatic-connection formula for the correlation functional

En] = /0 AN (T[] W[ []) — (B[] W[ [n])

1 1
= 5 [ [ miw n Ll an, (36)
0

with the correlation contribution to the A-dependent pair-density matrix n%"c(f’l,f’g) =
(U [n]|fag (71, 72) [T [n]) — nKS(7, 7). More explicitly, the correlation functional has the
expression

E.[n] = Ec.[n] + EX®[n], (87)

where E[n] is the main contribution

- 1 U,
Bfn] = /O d / / Tefw (71, ) (71, 72) 71 47, (88)

with ﬁé\c(f’l, ) = (U n]|ng (71, 72) [ [n]) —0KS (71, 7), and EYP[n] is the vacuum-polarization

contribution coming from the variation of the one-particle density matrix with A

1 1
B = /O a\ / TP (PR o (7, P17 + /O I / / TeR P (1, 7o) o (7, 7o)l A7y d,
(89)

with fli\7c<771, 772) = <\I/)‘[n]|1311 (771, FQ)‘\I/)\[TLD — flIf?(Fl, 772) Note that both fl%vc(f"l,f’g) and
ﬁic(ﬁ,?g) include contributions from orbitals 1, with p € NS, which generate vacuum
contributions to the correlation energy beyond first order in the two-particle interaction.
3.3 No-pair approximation

In the npvp approximation introduced in Eq. ([@6l), the universal density functional becomes

F"PYP[n] = min <\I/+]TD + W]\I/+> (90)
0.) R0 (n)

where HV:0(n) is the set of states in HV:0) yielding the charge density n. In this
approximation, the definition of Ti[n| in Eq. (B3] is left unchanged and consequently the
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KS determinant state |®[n]) and the Hartree and exchange functionals Fy[n| and Ex[n]
are also left unchanged. We thus have the decomposition

FP[n] = Ti[n] + Bux([n] + EP"P[nl, (91)

where E¢P"P[n] is the new correlation functional in this approximation. In this npvp KS
scheme, the ground-state energy is then obtained as

EY® = min [(®[Th + VI®) + Euxlnia)] + B Pl (92)
|®)eSH,0)

Hence, this approximation affects only the correlation functional, namely E¢" ?[n] has the
same expression than F.[n] but in Egs. (88) and (89) n2’c(r1, ) and n1,c(7“1, T2) are now
calculated with a state |¥2[n]) € H™Y(n) and thus do not contain any contributions
coming from orbitals ’lZ)p with p € NS. However, vacuum contributions are still included
at the mean-field level with the potentials v{{ (7) and v (7, 72).

In the most common no-pair approximation of Eq. (BIl), the universal functional is
defined as

F'®p] = min (U [Tp + W[T,), (93)
W4 ) e (n)

where we use now the operators written with normal ordering with respect to the floating
vacuum state |0), and the non-interacting kinetic + rest-mass density functional is defined
as

TP = min (@[Tp|®) = (@"P[n]|Tp|@"P[n)), (94)
|B)€S(N0) (n)

where |®"P[n]) is the KS determinant state in this approximation (again, assumed to be
unique up to a phase factor for simplicity). The functional F"P[n]| can then be decomposed
as

F™[n] = T/ [n] + E2[n] + EXP[n], (95)

where E [n] is the no-pair Hartree-exchange functional
B n] = (@™ [n] [V |B"P[n] //Tr w71, 7o) iy P (7, 7)) A7 A, (96)

with the no-pair KS pair-density matrix ﬁgs’ (7, 7) = (®"P[n]|ng (7, 7)|®"P[n]) (which,
as before, can be trivially separated into Hartree and exchange contributions), and Ec"[n]
is the no-pair correlation functional

E™[n / d\ //Tr w(7, ) ngélp(ﬁ,m)]d?ﬁdrz, (97)

with ﬁ;‘fp(f’l, ) = <\Ifj\r[n]|r£12(771, Fg)]@i[ﬂ]} KS PP (7, 7)) and |\If>‘[ ]) is a A-dependent
no-pair minimizing state for the charge density n. Flnally, the no-pair ground-state energy
is obtained as

P — ' O|Tp + V|®) + E°P 4 B , 98
i o ((RITD +VI2) + By + B njay]] (98)

and the no-pair charge density is simply n(7) = ZZ]\L 1 1&3 (F) (7).
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This constitutes a no-pair KS RDFT with well-defined universal exchange and correla-
tion functionals Fy®[n] and Ec[n]. This contrasts with the RDFT based on the relativistic
extension of the Hohenberg-Kohn theorem of Refs. [7HI0] for which the no-pair approx-
imation is only introduced a posteriori without giving an unambiguous deﬁnitiOI} of the

involved functionals. Indeed, the no-pair approximation involves the projector ]5+ onto
the subspace of electronic states [Eq. ([@8])] which depends on the separation of the or-
bitals into PS and NS sets, and therefore depends on the potential used to generate these
orbitals. If the projector is applied to the Hamiltonian, the whole resulting projected
Hamiltonian is thus dependent on this potential, and one cannot isolate, as normally done
in DFT, an universal part of the Hamiltonian, and one thus cannot define unjversal den-

sity functionals. In the present work, instead of thinking of the projector ]5+ as being
applied to the Hamiltonian, we equivalently think of the projector as being applied to the

state, i.e. |¥,) = P,|¥), and optimize the projector simultaneously with the state |¥).
In this way, we can introduce universal density functionals, similarly to non-relativistic
DFT, defined such that for a given density a constrained-search optimization in Eq. (@3]
or ([@4) of the projected state |V, ) determines alone the optimal projector without the
need of pre-choosing a particular potential, at least for systems for which orbitals can
be unambiguously separated into PS and NS sets. The same view can be taken in the
configuration-space approach using a minmax principle [51].

3.4 Exact properties of the density functionals
Charge-conjugation symmetry

A state [¥[n]) in Eq. (52)) yields the charge density n and minimizes (U|Tp + W|¥). The
charge-conjugated state C'|¥[n]), where C' is the charge-conjugation operator in Fock space
(see Appendix [A]), yields the charge density —n since

(W [n)|CTR(ACIPIn]) = —(W[n]a(7)| ¥ [n]) = —n(7), (99)
where we have used the antisymmetry of the density operator under charge conjugation,
CTﬁA(F)C = —n(7) [Eq. (I43)]. Moreover, the charge-conjugated state C'|¥[n]) minimizes
(¥|Tp + W) since

(W[n)|CT (T + W)C|¥[n]) = (¥[n]|Tp + W|¥[n)), (100)

since both Tp and W are symmetric under charge conjugation [Eqs. (I42) and (IZT)]. We
thus conclude that

Cl¥n]) = [W[-n]), (101)
and that the universal density functional is symmetric under charge conjugation
F[n] = F[—n]. (102)
Similarly, the KS determinant state in Eq. (53] transforms as

C|®ln]) = |@[-n)), (103)

and the functionals Ty[n|, Ex[n|, Ex[n]|, and E.[n] are all symmetric under charge conju-
gation

Ty[n] = Ty[-n], (104)
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Ex[n] = EX[_nL (106)
Ee[n] = Ec[-n]. (107)

In other words, these functionals must be even functionals of the charge density. Conse-
quently, their functional derivatives with respect to n(7) must be odd functionals of the
charge density. This is particularly obvious for the Coulomb contribution to the Hartree

energy in Eq. (78).

Uniform coordinate scaling relations

In non-relativistic DFT, the uniform coordinate scaling relations [59-H61] are important
constraints on the density functionals. We show how to generalize them for the present
RDFT.

Since there is generally no concept of wave function in the present relativistic theory,
we cannot define coordinate scaling on wave functions, as normally done. Instead, we must
work in Fock space and we thus define an unitary uniform coordinate scaling operator 5’7
which transforms the Dirac field operator as

SIap(7) Sy = ¥ 24 (v, (108)

where v €]0, 400[ is a scaling factor, and similarly for the separate electron and positron

field operators in Eq. (I34)), i.e. gllﬁjL('F’)g,y = v3/29p_ (y7) and 5@1&_ (F’)S} = 73/29p_(y7).
The one-particle density-matrix and density operators transform as

ST (7,7") Sy = P (v7, 47 ), (109)
and
N
T a() Sy = y*a(yr), (110)

while the pair density-matrix operator transforms as

SI g (71, 72) Sy = 70ha(y7, v7%). (111)

Since the scaling relations involve scaling the speed of light ¢, we will explicitly indicate
in this section the dependence on c. A state |¥*¢[n]) in Eq. (82)) for any coupling constant
A and speed of light ¢ yields the charge density n and minimizes <\IJ\T5 + )\W\\IQ The
scaled state

03 <[n]) = 85[0 <[n)), (112)

yields the scaled charge density [see Eq. (I10)]

1y (7) = 7*n(y7), (113)
and minimizes (W\TS + MW W) since
(UIn]| T3 + My W W3 [n]) = o> (U [n] [T + AW [UN[n]), (114)
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where we have used Egs. (I09) and (IIIl). We thus conclude that the scaled state \\I/iy\c[nb
at coupling constant A and speed of light ¢ corresponds to the state at scaled density n.,
scaled coupling constant A, and scaled speed of light ¢y

[W3[n]) = (9N n,]), (115)
or, equivalently,
W) = (W[, ), (116)
and that the universal density functional satisfies the scaling relation
F¥[n,] = 42 [, (117)
or, equivalently,
F [, = y2FN 1<), (118)
At A =0, we find the scaling relation of the KS single-determinant state
|95/ [n]) = |9°n, ), (119)
which directly leads to the scaling relation for the non-interacting kinetic density functional
Te0n,] = 215, (120)
and for the Hartree and exchange density functionals
Eiilny) =vE{"[n] and  Efn,] = vES[n]. (121)
The correlation density functional has the same scaling as F*¢[n]
B[, = 12BN, (122)
and, in particular, for A =1
Eln,) = y2EY 7/ [n) (123)

These scaling relations imply that the low-density limit (7 — 0) corresponds to the non-
relativistic limit (¢ — o0), while the high-density limit (y — o0) corresponds to the
ultra-relativistic limit (m — 0 where m is the electron mass).

In the low-density limit, we indeed recover the well-known behaviors of the non-
relativistic density functionals. After removing the rest-mass energy of N electrons, Nmc?,
the non-interacting kinetic-energy functional scales quadratically as v — 0

T, — Nmc® ~ ~*TNR[n], (124)
v—0
where TR [n] = lim, o0 (T[n]— Nmc?) is the non-relativistic (NR) non-interacting kinetic-
energy functional. The Hartree and exchange functionals scale linearly as v — 0

c NR c NR
Efin,] ot vEq[n] and Egn.] ot ~E; % [n], (125)
where ENR[n] = lim.,o EG[n] = E§[n] [Eq. (@¥)] and ENR[n] = lim._, ES[n] are the

non-relativistic Hartree and exchange functionals. The correlation functional also scales
linearly as v — 0

Ellny) ~ AW ], (126)
¥—0
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where WESE 0] = limy o0 Eo ] /A is the non-relativistic strictly-correlated-electron
(SCE) correlation functional [62-65] obtained from the non-relativistic correlation func-

tional along the adiabatic connection Ee *[n] = lime_y00 E 1] [see Eq. (&4)] in the limit
of infinite coupling constant A — oco. The low-density limit is also called the strong-
interaction limit since in this limit the Hartree, exchange, and correlation energies domi-
nate over the non-interacting kinetic energy.

The high-density limit of the relativistic density functionals is more exotic. The non-
interacting kinetic-energy functional scales linearly as v — oo

Tty TR, (127)

where TVR[n] = lim,, 0 T¢[n] is the ultra-relativistic (UR) non-interacting kinetic-energy
functional obtained by letting the electron mass going to zero in the Dirac operator
[Eq. (@)]. This is in contrast with the quadratic scaling of the non-relativistic kinetic-
energy functional, i.e. TN®n,] = v2TR[n]. The Hartree and exchange functionals also
scale linearly as v — oo

c c¢,UR c N c¢,UR
Exin,] e vyEF n] and  E{[n,] e yE$Y M n], (128)
where EGURn] = lim,, 0 EG[n] and ESYR[n] = lim,, 0 ES[n] are the ultra-relativistic

Hartree and exchange functionals. This is similar to the linear scaling of the non-relativistic
Hartree and exchange functionals EY%[n,] = yENR[n] and EX®[n,] = yENR[n]. Finally,
the correlation functional scales linearly as v — oo

Feln) v 7R, (129)
where ESYR[n] = limy_o E¢[n] is the ultra-relativistic correlation functional. This is
again in contrast with the non-relativistic case where the correlation functional goes
to a constant as v — oo, for a KS Hamiltonian with a non-degenerate ground state,
limy 00 EXNR[n,] = ExRCE21n) where En %M [n] is the second-order Gérling-Levy (GL2)
correlation energy [66,67]. Hence, in the relativistic case, the high-density limit is no longer
a weak-interaction or weak-correlation limit since T¢[n,], Ef[n,], E[n,], and Efn,] all
scale linearly in . In particular, the divergence of the relativistic correlation functional in
the high-density limit has important implications for relativistic functional development.
Indeed, many non-relativistic correlation functionals, such as the Perdew-Burke-Ernzerhof
(PBE) one [68], have been designed to saturate in the high-density limit. Hence, these
non-relativistic correlation functionals should be rethought so as to satisfy Eq. (129]).

The same scaling relations apply in the no-pair approximation, as well as in the npvp
variant of Eq. ([@0). In the configuration-space approach of the no-pair approximation,
these scaling relations could be obtained using the minmax principle (see Ref. [51]).

In the non-relativistic theory, the high-density limit is realized in atomic ions in the
limit of large nuclear charge, Z — oo, at fixed electron number N (see Refs. [69,70]). In a
relativistic setting, the relation between the high-density limit and the large nuclear-charge
limit is more complicated due to the scaling of the speed of light [49]. However, we note that
numerical studies show that relativistic no-pair and beyond-no-pair correlation energies
(calculated with respect to HF) of two-electron atoms diverge as Z increases [49/[71], which
is in line with the divergence of E¢[n,] as v — oo [Eq. (I29))].

Finally, for v = A, the scaling relation in Eq. (I22]) gives an expression for the corre-
lation functional along the adiabatic connection at coupling constant A

EX[n] = NXESny ], (130)

which could be useful for analyzing approximate correlation functionals and for developing
a relativistic extension of the multideterminant KS scheme of Refs. [72[73].
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3.5 Local-density approximation

The LDA is usually the first approximation considered in DFT. In the present relativistic
theory, the LDA exchange-correlation functional may be written as

B> M n) = / (Pl = (In(P))ar, (131)

where GECHEG (n) is the exchange-correlation energy per particle of the relativistic homo-

geneous electron gas (RHEG) of constant charge density n € [0,+o0[. We have used
the absolute value of the charge density in order to satisfy charge-conjugation symmetry
[Eqs. (I06) and (I07)].

Since the RHEG has a spatially constant charge density, its KS potential v 4+ vy
in Eq. (6I) must necessarily be a spatial constant as well. Since the KS potential does
not depend on spinor indices either (contrary to the HF potential), the KS orbitals of
the RHEG are thus simply the eigenfunctions of the free Dirac equation. In other words,
due to translational symmetry, the KS vacuum state |0) of the RHEG is equal to the free
vacuum state |0). Consequently, the vacuum-polarization one-particle density matrix in
Eq. ([@0) vanishes for the RHEG and the LDA exchange functional does not contain any
vacuum-polarization contribution, i.e. ELPA[n] = ELPA] [Eq. (T5)] or EypLDA [n] =0
[Eq. (78)]. Similarly, for the LDA correlation functional, we have EFPA[n] = ELPA[p)
[Eq. (B8)] or EYpLDA [n] = 0 [Eq. §9)], but EXPA[n] still contains vacuum contributions
via the correlation pair-density matrix ﬁ%,c(ﬂ, ) of the RHEG.

Moreover, for the same reason, the KS orbitals of the RHEG obtained in the no-pair
approximation [Eq. (@4])] are also necessarily the eigenfunctions of the free Dirac equa-
tion, and thus the no-pair approximation has no impact on the LDA exchange functional,
ie. ELPA[p] = EQP’LDA[n]. By contrast, the no-pair approximation or its npvp vari-
ant [Eq. @I)] do have an impact of the LDA correlation functional, i.e. E“PA[n] #
Erevp DAL ppLDAT ince the vacuum contributions are now suppressed from
1y (71, 7).

The exchange energy per particle of the RHEG for the Coulomb interaction of Eq. (I3])
is [4.[74] (see, also, Ref. [50])

2
5 1 2 1 1 1
6+§52+g 1+52arcsinh<6>—3<1+52> 1n<1+52>

1 (m _ Parcsinh (1)>] (132)

3k
RHEG,C _ _2nhF
6X (n) 47T

2 C

where kp = (372n)/? is the Fermi wave vector and & = mc/kp is a relativistic parameter.

The exchange energy per particle for the Breit interaction of Eq. (I6) has a similar form [75]
(see, also, Ref. [50])

(RHEGB (1) — % [1 —2(1+52) (1 —52<—2 In (&) +In (1 +52)>>
+2 <\/1 @ — Parcsinh <i>>2] . (133)

Note that these expressions are valid for an arbitrary speed of light ¢. The dependence
on the adimensional parameter ¢ is then necessary for the LDA exchange functional to
satisfy the scaling relation of Eq. (I2I]). Note that the Breit exchange energy per particle
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is an approximation to the exchange energy per particle obtained with the transverse
component of the full QED photon propagator [3l/41[74]. The exchange energy per particle
obtained with the full QED photon propagator has in fact a simpler expression than the
Coulomb-Breit one, thanks to the cancellation of many terms between the Coulomb and
transverse components,

(QED(y 3k [1 _3 (m _ Parcsinh (é))zl . (134)

47 2

The Coulomb-Breit exchange energy per particle is a good approximation to the exchange
energy per particle obtained with the full QED photon propagator for kp < ¢ [50]. In

~

any case, the LDA exchange functional corresponding to the present RDFT is given by
Eqgs. (132) and ([I33), and not by Eq. (I34).

Contrary to the case of exchange, the correlation energy per particle of the RHEG
cannot be calculated analytically. It has been estimated numerically at the level of the
relativistic random-phase approximation, using either the no-sea approximation (which
includes parts of the vacuum contributions) or the no-pair approximation, and the full
QED photon propagator or the Coulomb-Breit interaction [76,77] (see also Refs. [7HIL14]
78-80]). However, to the best of my knowledge, these calculations were done for the fixed
physical value of the speed of light. Therefore, we do not have the dependence on ¢ and
we cannot apply the scaling relation of Eq. (I23]) or (I30). More work seems necessary to
construct the LDA correlation functional including the dependence on ¢ with or without
the no-pair approximation.

4 Conclusions

In this work, we have examine a RDFT based on an effective QED without the photon
degrees of freedom. The formalism is appealing since it is simpler than RDFT based on
full QED. We have used this formalism to unambiguously define density functionals in the
no-pair approximation, thus making a closer contact with calculations done in practice,
and to study some exact properties of the involved functionals, namely charge-conjugation
symmetry and uniform coordinate scaling. The formalism has also the advantage to be
easily extended to multideterminant KS schemes which combine wave-function methods
with density functionals based on a decomposition the electron-electron interaction (see,
e.g., Refs. [72/811182]).

In possible future works on the present RDFT, one may study whether this approach
can be made mathematically rigorous, one may develop density-functional approximations
for this approach, one may examine the extension to functionals of the charge current
density or of the one-particle density matrix, and one may implement this approach for
example for calculations of vacuum-polarization effects in heavy atoms.
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A Charge-conjugation symmetry of the electron-positron
Hamiltonian

Under charge conjugation, the Dirac field operator transforms as (see, e.g., Refs. [9,42,/44]
83])

O (MOt = YT (), (135)

with the unitary charge-conjugation symmetry operator in Fock space C, the unitary
matrix C = —ia,3 defined up to an unimportant phase factor, and T designating the
matrix transposition. If we decompose the Dirac field operator into free electron and
positron field contributions

P(F) = Py (P + P (D), (136)
with 94 (F) = 3 cps bptp(7) and 9 (F) = 32 cng dithp(7) in which {4,(7)} is the set

of eigenfunctions of the free Dirac equation, then charge conjugation interchanges these
contributions as

Cipy (F)CT = CPpl (), (137)
Cp_(7)CF = cPpll (). (138)

Let us stress that Eqs. (I37)) and (I38]) are only valid when using the orbitals of the free
Dirac equation {¢,(7)} and not arbitrary orbitals {1}, (7)}. These equations allow us to
find the transformation under charge conjugation of the electron-positron Hamiltonian in
Eq. (@) expressed with normal ordering with respect to the free vacuum state.

In terms of the free electron and positron field operators, the one-particle density-
matrix operator in Eq. (II]) has the expression

111,90 (7, 7) = I (P Vg o (P) + I (P o () + L (7 Vs p(P) — b (P (7,

(139)

which becomes under charge conjugation

Oy po (7, 7)CF = Z Clopt [0 ot (PO (7) + p o (P )L (7)
+w+, (FYL () — zﬁi Py (FHICH,
= chpp,nlgp 7 At (140)
plo’
or, in matrix form,

Ciy (7, 7)Ct = —Cal (7,7 CT. (141)

From this, we deduce that the Dirac kinetic + rest mass operator T in Eq. ([®) is symmetric
under charge conjugation

CIpCt = — / Te[D(7)CaT (7, 7) Cr—p dF
~ - [ BCDO O] (7 e dF

= [ D@ e o7
= 1p, (142)
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where we have used C'D(7)C = —D*(#) = —DT(#). Moreover, from Eq. (IZ1]), we find
the expected antisymmetry of the charge density operator under charge conjugation

Ca(R)CT = —a(7), (143)

which immediately shows that the external potential operator V in Eq. (I0) is also anti-
symmetric

cver = —v. (144)

A similar calculation gives the transformation of the pair density-matrix operator in
Eq. (I2) under charge conjugation

CnQ,pUUT (Tla 7"2 é Z Cpp’cvv/n2 T'o'v'p! (T27 7"1)0:[ TCU o (145)

p ,U/T/OJ

or, in matrix notation,
Ciap(71,7)C1 = (C ® C)Ag (7, 71)(C ® C)F, (146)

where ® is the matrix tensor product. This shows that the two-particle interaction oper-
ator W in Eq. (I0) is symmetric under charge conjugation

AvRr A 1
CWet = 2//Tr[w(Fl,Fg)(C@)C)ﬁg(FQ,ﬁ)(C@JC)T}dﬁdFQ

1
_ ! // Tr[(C ® C)fw (7, 7%)(C ® C)al (7, 71)]di di

_ //ﬁ o (7, 7|7 dF

- (147)

where we have used (C ® C)'w(7,7)(C ® C) = w(F,7h) = wb (7, 7) and w(7,7) =
W('FQ, 7?1 )

In conclusion, we thus have found the expected transformation of the electron-positron
Hamiltonian under charge conjugation

CHvC' = H[-v]. (148)

B Alternative definition of the electron-positron Hamilto-
nian

As an alternative to the definition of the electron-positron Hamiltonian based on normal
ordering with respect to the free vacuum state in Eq. (), an electron-positron Hamiltonian
based on commutators and anticommutators (which we indicate by using the superscript
c) of Dirac field operators can be defined as

H® = TS+ W°+Ve, (149)
with

Ty = / Te[D ()85 (7, 7 s dF, (150)
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and

- 1

e — 2//Tr[ (71, )0 (71, )| A7y d, (151)

and
Ve = / v(F)Ac(F) dF. (152)

In these expressions, n§(7,7’) is an one-particle density matrix operator defined as a
commutator of Dirac field operators

17~ .
5 o (7. 7) = 5 [05G), () | (153)

n¢(7) = Tr[n§(7, )] is the associated (opposite) charge density operator, and similarly
n§(r, ) is a pair density-matrix operator defined as an anticommutator of products of
Dirac field operators

35 o (73 72) = 5 { G )E ), (7))} (154)

Whereas the commutator form in Eq. (I53]) is well known in the literature (see, e.g.,
Refs. [9125]), the anticommutator form in Eq. (I54) is, to the best of my knowledge, original
to the present work. The commutator and the anticommutator in these definitions impose
the correct transformation under charge conjugation without having to use normal ordering
with respect to the free vacuum state. Indeed, using Eq. (I33)), it is straightforward to see
that n§(7,7’) correctly transforms as in Eq. (I41])

Cns (7, 7)CT = —Ca§T (7', 7)CT, (155)
and, similarly, n§(7, ™) correctly transforms as in Eq. (I40])
C5 (7, 7)C" = (C © C)as' (7%, 71)(C ® C). (156)

Using Wick’s theorem, we can express n§ (7, 7’) in terms of the one-particle density-matrix
operator ny (7,7’) defined with normal ordering with respect to the alternative no-particle
vacuum state |0) in Eq. (27

A o (7 71) = N1 po (7, 7') + 22 (7, 7), (157)

R = (Ol 0 (7 7)[0)
= S (OWLE)BP0) — 01, (35 )I0))
= ;(2 Do (F Vo (F) = 3 00 (F wppm) (158)
peENS pePS

Similarly, we can express n$(7,72) in terms of the pair density-matrix operator 1o (71,7%)
defined with normal ordering with respect to the vacuum state |0) in Eq. (28])

S oo (P13 T2) = T poor (71, 72) + 71y v (P2, 72) 101 o (71, 1) + 73 o (71, 71) 70 07 (72, 72)
— 71 o (P, 1) 7o (71, ) — A T2 (71, 72) 1o (T2, 1) + 7y pogr (P11, 72),

(159)
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with the associated vacuum-polarization pair density matrix

1 - - - - N
—2< D U () (o) o (P ap(F1) = D U (70) U p(71) 0 (71) .0 ()

p,gENS p,geNS

+ Z pr ¢p, ( 2)1;;,0( 7pqp Tl Z %, wpp( )~Z,U(F1)¢Q7U(F2)>'

p,q€PS p,qePS

Similarly to what was done in Eq. (33)), the electron-positron Hamiltonian in Eq. (I49)
can then be rewritten as

H = Tp+WHV 4V E, (161)

where Tp, W, and V have been already defined in Eqs. [B4)-(36), and VP and E§ are
the vacuum-polarization potential and no-particle vacuum energy associated with this
Hamiltonian. Similarly to Eq. (38]), the vacuum-polarization potential can be written as

VP = VP VP, (162)

with a direct contribution
VP = /Tr[ SYP(F)n(r)]d, (163)
where vd (7“1) = >0 [ Worpo(7T1,72) 57 Y (72)drs and ngy P (7)) = A Zf;(rg,rg) and an

exchange contrlbutlon

VP = //Tr[{’i’Vp(Fl,Fz)ﬁl(Fl,772)]d771d772, (164)
where Ux7p(71,72) = — 35, Worpw (71, 72) Ry o (T2,71). Finally, the associated no-particle

vacuum energy can be written as

B — (i
_ / B 7,7 07 4 [ 079757 7
w5 [ / Tefw(i, 72) 85 (7, 7)) dr . (165)

As suggested by the fact that we used the same notation, it turns out that both the
direct and exchange contributions to the vacuum-polarization potential in Eq. (I62]) are
identical to the ones introduced in Eq. (88]). This can be shown as follows. First, using the
fact that the orbital rotation in Eq. (24]) leaves invariant the following sum over orbitals

> (P (F) 4+ Y o (P () = Y s o (F ) p(F) + D 0 o (7)o (7),

pePS peENS pePS peNS
(166)
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the vacuum-polarization one-particle density matrix in Eq. (I58]) can be expressed in terms
of the vacuum-polarization one-particle density matrix introduced in Eq. (31]) as

Ry e (7 7") = b (7 7) + ny o (7, 7)), (167)

ngve (7, 7) (Z Ui o (F ) o (7) = Y b, (F) %Aﬁ) (168)

pENS pePS

which is the vacuum-polarization one-particle density matrix associated with the operator
in Eq. (I53) but over the free vacuum state, i.e. ny"?(7,7’) = (0[S (7, 7')|0). Using charge-
conjugation symmetry on the set of eigenfunctions {1,(7)} of the free Dirac equation, we
have

C,V — =/ 1 * —/ —/ * —
nlng(r,r ) = 5 ( Z w 70(7‘ )wp,p(F) - Z ZCpp’wp,a’(T )wp,pl(r)ci/o—> ) (169)

pENS peENS p'o’
or, in matrix form,
ny P ) = npP () - Cny P, 7)CT, (170)
where 7™ (7,7") = (1/2) ZpGNS Uy o (T )p (7). We then immediately see that the

cvp(

density associated with n{""? (7, 7’) vanishes

n>"P(F) = Tr[ny"P(F,7)] =0, (171)

i.e., the free electron vacuum density and the free positron vacuum density are identical,
as already known [25]. Now, using CfaC = o, it can be checked that

Zwo"rpl} T17F2 cvp( 2) 07 (172)

and therefore the contribution of ny"? (7, 7’ ) to the direct vacuum-polarization potential

in Eq. (I63) vanishes. Finally, even tough n; (71, 7) does not satisfy charge-conjugation
symmetry in the sense of Eq. (I41)), it does satisfy the following relation

(7, 7) = Cnf (7%, 7)CT, (173)

and, together with the symmetry properties of wer,,(71,72), it can be used to check that

// Z wwpv 7’1,?2)77,; ZI;(FQ,7_"1)7:117p7—(7:'1,772)df’1d?:'2 = 0, (174)

TPOU

and therefore the contribution of n{""? (7, 7’) to the exchange vacuum-polarization potential
in Eq. (I64)) vanishes as well. This establishes the equivalence between the vacuum-
polarization potential in Eq. (88) and in Eq. (I62]).

The no-particle vacuum energies Ey in Eq. @I) and E0 in Eq. (I6H) are different
however. In particular, in comparison to the situation for Ej discussed after Eq. (4],
the UV divergences are more serious for E‘S since the sums in Eq. (I63) tend to give
cumulative negative energies rather than cancelling energies. For this reason, we prefer
to work with the electron-positron Hamiltonian H in Eq. ([@. The form of the electron-
positron Hamiltonian H¢ in Eq. (I49) remains useful however to establish links with the
literature. In particular, by writing explicitly HC in Eq. (I6I) in terms of elementary
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creation and annihilation operators corresponding to the orbital basis {zﬁp(F)}, and after
removing the vacuum energy E§, it can be checked that one exactly recovers the effective
QED (eQED) Hamiltonian of Refs. [25/[40H44]. So we have

Hoqrp = H® — ES = H — E, (175)

where Hoqgp is the Hamiltonian in Eq. (46) of Ref. [25]. Whereas this cQED Hamiltonian
was obtained in Ref. [25] via a “charge-conjugated contraction” of the fermion operators,
here it is obtained via the commutator and anticommutator in Eqs. (I53) and (I54), or
equivalently via the normal ordering with respect to the free vacuum state in Eqgs. (1)

and (I2).

References

[1] P. Hohenberg and W. Kohn, Inhomogeneous electron gas, Phys. Rev. 136, B 864
(1964), doi:10.1103/PhysRev.136.B864.

[2] A. K. Rajagopal and J. Callaway, Inhomogeneous electron gas, Phys. Rev. B 7, 1912
(1973), doi:10.1103/PhysRevB.7.1912.

[3] A. K. Rajagopal, Inhomogeneous relativistic electron gas, J. Phys. C 11, 1,943 (1978),
doi:10.1088,/0022-3719/11 /24 /002.

[4] A. H. MacDonald and S. H. Vosko, A relativistic density functional formalism, J.
Phys. C 12, 2977 (1979), doi!10.1088/0022-3719/12/15/007,

[5] H. Eschrig, G. Seifert and P. Ziesche, Current density functional the-
ory of quantum electrodynamics, Solid State Commun. 56, 777 (1985),
doi:10.1016/0038-1098(85)90307-2.

[6] R. M. Dreizler and E. K. U. Gross, Density Functional Theory, Springer-Verlag,
Berlin, doi;10.1007/978-3-642-86105-5 (1990).

[7] E. Engel, H. Miiller, C. Speicher and R. M. Dreizler, Density functional aspects
of relativistic field theories, In E. K. U. Gross and R. M. Dreizler, eds., Density
Functional Theory, Vol. 387 of NATO ASI Series B, p. 65. Plenum, New York,
do0i110.1007/978-1-4757-9975-0| (1995).

[8] E. Engel and R. M. Dreizler, Relativistic density functional theory, In R. F. Nale-
wajski, ed., Density Functional Theory II, Vol. 181 of Topics in Current Chemistry,
p. 1. Springer, Berlin, doi:10.1007/BFb0016642/ (1996).

[9] E. Engel, Relativistic density functional theory: Foundations and basic formalism,
In P. Schwerdtfeger, ed., Relativistic Electronic Structure Theory, Part 1: Funda-
mentals, Theoretical and Computational Chemistry, Vol. 11, pp. 523-621. Elsevier,
doizhttps://doi.org/10.1016,/S1380-7323(02)80036-X (2002).

[10] E. Engel and R. M. Dreizler,  Density Functional Theory: An Advanced
Course, Theoretical and Mathematical Physics. Springer-Verlag, Berlin Heidelberg,
doi:10.1007/978-3-642-14090-7 (2011).

[11] H. Eschrig, The Fundamentals of Density Functional Theory: 2nd Edition (revised
and extended), Edition am Gutenbergplatz, Leipzig, doi:10.1007/978-3-322-97620-8
(2003).

28


https://doi.org/10.1103/PhysRev.136.B864
https://doi.org/10.1103/PhysRevB.7.1912
https://doi.org/10.1088/0022-3719/11/24/002
https://doi.org/10.1088/0022-3719/12/15/007
https://doi.org/10.1016/0038-1098(85)90307-2
https://doi.org/10.1007/978-3-642-86105-5
https://doi.org/10.1007/978-1-4757-9975-0
https://doi.org/10.1007/BFb0016642
https://doi.org/https://doi.org/10.1016/S1380-7323(02)80036-X
https://doi.org/10.1007/978-3-642-14090-7
https://doi.org/10.1007/978-3-322-97620-8

776

7T

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

813

814

815

816

817

818

[12]

[13]

[14]

[15]

[16]

[24]

[25]

H. Eschrig and V. D. P. Servedio, Relativistic  density  func-
tional approach to open shells, J. Comput. Chem. 20, 23 (1999),
doif10.1002/(SICT)1096-987X (19990115)20:1<23::AID-JCC5>3.0.CO;2-N.

T. Ohsaku, S. Yamanaka, D. Yamaki and K. Yamaguchi, Quantum electrodynamical
density-matriz functional theory and group theoretical consideration of its solution,
Int. J. Quantum Chem. 90, 273 (2002), doii10.1002/qua.940.

E. Engel, S. Keller, A. Facco Bonetti, H. Miiller, and R. M. Dreizler, Lo-
cal and monlocal relativistic exchange-correlation energy functionals: Comparison
to relativistic optimized-potential-model results, Phys. Rev. A 52, 2750 (1995),
doi:10.1103 /PhysRevA.52.2750.

W. Liu, G. Hong, D. Dai, L. Li and M. Dolg, The Beijing four-component density
functional program package (BDF) and its application to EuO, FEuS, YbO and YbS,
Theor. Chem. Acc. 96, 75 (1997), doi:10.1007/s002140050207.

S. Varga, B. Fricke, H. Nakamatsu, T. Mukoyama, J. Anton, D. Geschke, A. Heit-
mann, E. Engel and T. Bacstuug, Four-component relativistic density functional
calculations of heavy diatomic molecules, J. Chem. Phys. 112, 3499 (2000),
doi:10.1063/1.480934.

T. Yanai, H. likura, T. Nakajima, Y. Ischikawa and K. Hirao, A new implementation
of four-component relativistic density functional method for heavy-atom polyatomic
systems, J. Chem. Phys. 115, 8267 (2001), do0i:10.1063/1.1412252.

T. Saue and T. Helgaker, Four-component relativistic Kohn—Sham theory, J. Comput.
Chem. 23, 814 (2002), doi:10.1002/jcc.10066.

H. M. Quiney and P. Belanzoni, Relativistic density functional theory using Gaussian
basis sets, J. Chem. Phys. 117, 5550 (2002), doi:10.1063/1.1502245.

S. Komorovsky, Michal Repisky, O. L. Malkina, V. G. Malkin, I. Malkin Ondik,
and M. Kaupp, A fully relativistic method for calculation of nuclear magnetic
shielding tensors with a restricted magnetically balanced basis in the framework
of the matriz Dirac—-Kohn—Sham equation, J. Chem. Phys. 128, 104101 (2008),
doi:10.1063/1.2837472.

L. Belpassi, L. Storchi, H. M. Quiney and F. Tarantelli, Recent advances and perspec-
tives in four-component Dirac—Kohn—Sham calculations, Phys. Chem. Chem. Phys.
13, 12368 (2011), doii10.1039/C1CP20569B.

P. Chaix and D. Iracane, From quantum electrodynamics to mean-field the-
ory. I. The Bogoliubov-Dirac-Fock formalism, J. Phys. B 22, 3791 (1989),
doi:10.1088,/0953-4075/22 /23 /004.

T. Saue and L. Visscher, Four-component electronic structure methods for molecules,
In S. Wilson and U. Kaldor, eds., Theoretical Chemistry and Physics of Heavy and Su-
perheavy Elements, pp. 211-267. Kluwer, Dordrecht, doi:10.1007/978-94-017-0105-1_6
(2003).

W. Kutzelnigg, Solved and unsolved problems in relativistic quantum chemistry,
Chem. Phys. 395, 16 (2012), doi:10.1016/j.chemphys.2011.06.001.

W. Liu and 1. Lindgren, Going beyond “no-pair relativistic quantum chemistry”, J.
Chem. Phys. 139, 014108 (2013), doi:10.1063/1.4811795.

29


https://doi.org/10.1002/(SICI)1096-987X(19990115)20:1%3C23::AID-JCC5%3E3.0.CO;2-N
https://doi.org/10.1002/qua.940
https://doi.org/10.1103/PhysRevA.52.2750
https://doi.org/10.1007/s002140050207
https://doi.org/10.1063/1.480934
https://doi.org/10.1063/1.1412252
https://doi.org/10.1002/jcc.10066
https://doi.org/10.1063/1.1502245
https://doi.org/10.1063/1.2837472
https://doi.org/10.1039/C1CP20569B
https://doi.org/10.1088/0953-4075/22/23/004
https://doi.org/10.1007/978-94-017-0105-1_6
https://doi.org/10.1016/j.chemphys.2011.06.001
https://doi.org/10.1063/1.4811795

819

820

821

822

823

824

825

826

827

828

829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

851

852

853

854

855

856

857

858

[26]

[27]

[28]

[29]

33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

E. H. Lieb and H. Siedentop, Renormalization of the reqularized relativistic electron-
positron field, Commun. Maths. Phys. 213, 673 (2000), doi:10.1007/s002200000265.

C. Hainzl, M. Lewin and E. Séré, FEuxistence of a stable polarized vacuum in the
Bogoliubov-Dirac-Fock approximation, Commun. Maths. Phys. 257, 515 (2005),
doi:10.1007/s00220-005-1343-4.

C. Hainzl, M. Lewin and E. Séré, Self-consistent solution for the polar-
ized wvacuum in a no-photon QED model, J. Phys. A 38, 4483 (2005),
doi:10.1088/0305-4470/38/20/014.

C. Hainzl, M. Lewin and J. P. Solovej, The mean-field approzimation in quantum
electrodynamics: The no-photon case, Comm. Pure Appl. Math. 60, 0546 (2007),
doii10.1002/cpa.20145.

C. Hainzl, M. Lewin, E. Séré and J. P. Solovej, Minimization method for relativistic
electrons in a mean-field approrimation of quantum electrodynamic, Phys. Rev. A 76,
052104 (2007), doi:10.1103/PhysRevA.76.052104.

M. Lewin, Renormalization of Dirac’s polarized vacuum, In P. Exner, ed., Mathe-
matical Results In Quantum Physics: Proceedings of the Qmathl11 Conference, pp.
45-59. World Scientific Publishing, doi:10.1142/9789814350365-0004 (2011).

M. Levy, Universal variational functionals of electron densities, first-order density
matrices, and natural spin-orbitals and solution of the v-representability problem,

Proc. Natl. Acad. Sci. U.S.A. 76, 6062 (1979), doi:10.1073/pnas.76.12.6062.

E. H. Lieb, Density functionals for Coulomb systems, Int. J. Quantum Chem. 24,
243 (1983), doi:10.1002/qua.560240302.

P. Chaix, D. Iracane and P. L. Lions, From quantum electrodynamics to
mean-field theory. II. Variational stability of the wvacuum of quantum electro-
dynamics in the mean-field approximation, J. Phys. B, 22, 3815 (1989),
doi:10.1088/0953-4075/22 /23 /005.

0. Gorceix and P. Indelicato, Effect of the complete Breit interaction on two-electron
ion energy levels, Phys. Rev. A 37, 1087 (1988), doi:10.1103/PhysRevA.37.1087.

K. G. Dyall and K. Faegri, Jr., Introduction to Relativistic Quantum Chemistry,
Oxford University Press, doi:10.1093/0s0/9780195140866.001.0001 (2007).

T. Ohsaku and K. Yamaguchi, QED-SCF, MCSCF, and coupled-cluster methods in
quantum chemistry, Int. J. Quantum Chem. 85, 272 (2001), doi:10.1002/qua.10017.

T. Ohsaku, Theory of quantum electrodynamical self-consistent fields,
arXiv:physics/0112087 http://arxiv.org/abs/physics/0112087.

C. Brouder, Renormalization of QED in an external field, EPJ direct 4, 1 (2002),
doi:10.1007/s1010502c¢0003.

W. Liu, Perspective: Relativistic Hamiltonians, Int. J. Quantum Chem. 114, 983
(2014), doi:10.1002/qua.24600.

W. Liu, Advances in relativistic molecular quantum mechanics, Phys. Rep. 537, 59
(2014), doi:10.1016/j.physrep.2013.11.006.

30


https://doi.org/10.1007/s002200000265
https://doi.org/10.1007/s00220-005-1343-4
https://doi.org/10.1088/0305-4470/38/20/014
https://doi.org/10.1002/cpa.20145
https://doi.org/10.1103/PhysRevA.76.052104
https://doi.org/10.1142/9789814350365_0004
https://doi.org/10.1073/pnas.76.12.6062
https://doi.org/10.1002/qua.560240302
https://doi.org/10.1088/0953-4075/22/23/005
https://doi.org/10.1103/PhysRevA.37.1087
https://doi.org/10.1093/oso/9780195140866.001.0001
https://doi.org/10.1002/qua.10017
http://arxiv.org/abs/physics/0112087
https://doi.org/10.1007/s1010502c0003
https://doi.org/10.1002/qua.24600
https://doi.org/10.1016/j.physrep.2013.11.006

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

881

882

883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

898

899

[42]

[43]

[44]

[45]

[50]

[51]

W. Liu, Effective quantum electrodynamics Hamiltonians: A tutorial review, Int. J.
Quantum Chem. 115, 631 (2015), doi:10.1002/qua.24852.

W. Liu, Big picture of relativistic molecular quantum mechanics, Natl. Sci. Rev. 3,
204 (2016), doi:10.1093/nsr/nwv081.

W. Liu, Essentials of relativistic quantum chemistry, J. Chem. Phys. 152, 180901
(2020), doi:10.1063/5.0008432.

W. Kutzelnigg, Generalization of Kato’s cusp conditions to the relativistic case, In
D. Mukherjee, ed., Aspects of Many-Body Effects in Molecules and Extended Systems,
p. 353. Springer-Verlag, Berlin Heidelberg, doi:10.1007/978-3-642-61330-2_19 (1989).

Z. Li, S. Shao and W. Liu, Relativistic explicit correlation: Coalescence conditions
and practical suggestions, J. Chem. Phys. 136, 144117 (2012), do0i:10.1063/1.3702631.

J. Sucher, Foundations of the relativistic theory of many-electron atoms, Phys. Rev.
A 22, 348 (1980), doi:10.1103/PhysRevA.22.348.

M. H. Mittleman, Theory of relativistic effects on atoms: Configuration-space Hamil-
tonian, Phys. Rev. A 24, 1167 (1981), do0ii10.1103/PhysRevA.24.1167.

A. Almoukhalalati, S. Knecht, H. J. Aa. Jensen, K. G. Dyall, and T. Saue, Electron
correlation within the relativistic no-pair approzimation, J. Chem. Phys. 145, 074104
(2016), doi:10.1063/1.4959452.

J. Paquier and J. Toulouse, Four-component relativistic range-separated density-
functional theory: Short-range exchange local-density approximation, J. Chem. Phys.
149, 174110 (2018), doii10.1063/1.5049773.

J. Paquier, E. Giner and J. Toulouse, Relativistic short-range exchange energy func-
tionals beyond the local-density approximation, J. Chem. Phys. 152, 214106 (2020),
doi:10.1063/5.0004926.

W. Kohn and L. J. Sham, Self-consistent equations including exchange and correlation
effects, Phys. Rev. 140, A1133 (1965), doi:10.1103/PhysRev.140.A1133.

T. L. Gilbert, Hohenberg-Kohn theorem for nonlocal external potentials, Phys. Rev.
B 12, 2111 (1975), doi:10.1103 /PhysRevB.12.2111.

J. E. Harriman, Orthonormal orbitals for the representation of an arbitrary density,
Phys. Rev. A 24, 680 (1981), doi:10.1103/PhysRevA.24.680.

E. Engel, Orbital-dependent functionals for the exchange-correlation energy: A third
generation of density functionals, In C. Fiolhais, F. Nogueira and M. A. L. Marques,
eds., A Primer in Density Functional Theory, Vol. 620 of Lecture Notes in Physics,
pp. 56-122. Springer, Berlin, doii10.1007/3-540-37072-2_2 (2003).

D. C. Langreth and J. P. Perdew, The exchange-correlation energy of a metallic
surface, Solid State Commun. 17, 1425 (1975), doi:10.1016,/0038-1098(75)90618-3.

O. Gunnarsson and B. I. Lundqvist, Ezchange and correlation in atoms, molecules,
and solids by the spin-density-functional formalism, Phys. Rev. B 13, 4274 (1976),
doi:10.1103 /PhysRevB.13.4274.

D. C. Langreth and J. P. Perdew, Ezchange-correlation energy of a metallic surface:
Wave-vector analysis, Phys. Rev. B 15, 2884 (1977), doi:10.1103/PhysRevB.15.2884.

31


https://doi.org/10.1002/qua.24852
https://doi.org/10.1093/nsr/nwv081
https://doi.org/10.1063/5.0008432
https://doi.org/10.1007/978-3-642-61330-2_19
https://doi.org/10.1063/1.3702631
https://doi.org/10.1103/PhysRevA.22.348
https://doi.org/10.1103/PhysRevA.24.1167
https://doi.org/10.1063/1.4959452
https://doi.org/10.1063/1.5049773
https://doi.org/10.1063/5.0004926
https://doi.org/10.1103/PhysRev.140.A1133
https://doi.org/10.1103/PhysRevB.12.2111
https://doi.org/10.1103/PhysRevA.24.680
https://doi.org/10.1007/3-540-37072-2_2
https://doi.org/10.1016/0038-1098(75)90618-3
https://doi.org/10.1103/PhysRevB.13.4274
https://doi.org/10.1103/PhysRevB.15.2884

900

901

902

903

904

905

906

907

908

909

910

911

912

913

914

915

916

917

918

919

920

921

922

923

924

925

926

927

928

929

930

931

932

933

934

935

936

937

938

939

940

[59]

[62]

[63]

[64]

[65]

[66]

[71]

M. Levy and J. P. Perdew, Hellmann-Feynman, wvirial, and scaling requi-
sites for the exact universal density functionals. Shape of the correlation poten-
tial and diamagnetic susceptibility for atoms, Phys. Rev. A 32, 2010 (1985),
doi:10.1103 /PhysRevA.32.2010.

M. Levy, Density-functional exchange correlation through coordinate scaling in
adiabatic connection and correlation hole, Phys. Rev. A 43, 4637 (1991),
doi:10.1103/PhysRevA.43.4637.

M. Levy, Coordinate scaling requirements for approximating exchange and correlation,
In E. Gross and R. Dreizler, eds., Density Functional Theory. Plenum Press, New
York, doi:10.1007/978-1-4757-9975-0_2 (1995).

M. Seidl, J. P. Perdew and M. Levy, Strictly correlated electrons in density-functional
theory, Phys. Rev. A 59, 51 (1999), doi:10.1103/PhysRevA.59.51.

M. Seidl, Strong-interaction limit of density-functional theory, Phys. Rev. A 60, 4387
(1999), doi:10.1103/PhysRevA.60.4387.

M. Seidl, P. Gori-Giorgi and A. Savin, Strictly correlated electrons in density-
functional theory: A general formulation with applications to spherical densities,
Phys. Rev. A 75, 042511 (2007), doi:10.1103/PhysRevA.75.042511.

P. Gori-Giorgi and M. Seidl, Density functional theory for strongly-interacting elec-
trons: perspectives for physics and chemistry, Phys. Chem. Chem. Phys. 12, 14405
(2010), doi:10.1039/c0cp01061h.

A. Gorling and M. Levy, Correlation-energy functional and its high-density limit
obtained from a coupling-constant perturbation expansion, Phys. Rev. B 47, 13105
(1993), doi:10.1103/PhysRevB.47.13105.

A. Gorling and M. Levy, FEzxact Kohn-Sham scheme based on perturbation theory,
Phys. Rev. A 50, 196 (1994), doi:10.1103/PhysRevA.50.196.

J. P. Perdew, K. Burke and M. Ernzerhof, Generalized gradient approrimation made
simple, Phys. Rev. Lett. 77, 3865 (1996), doi:10.1103/PhysRevLett.77.3865.

S. Ivanov and M. Levy, Connections between high-density scaling limits of DFT
correlation energies and second-order Z~! quantum chemistry correlation energy, J.
Phys. Chem. A 102, 3151 (1998), doi:10.1021/jp9731415.

V. N. Staroverov, G. E. Scuseria, J. P. Perdew, J. Tao and E. R. Davidson, Fn-
ergies of isoelectronic atomic ions from a successful metageneralized gradient ap-
prozimation and other density functionals, Phys. Rev. A 70, 012502 (2004),
doi:10.1103 /PhysRevA.70.012502.

H. Tatewaki and Y. Watanabe, Necessity of including the negative energy space in
four-component relativistic calculations for accurate solutions, Chem. Phys. 389, 58
(2011), doi:10.1016/j.chemphys.2011.07.028.

K. Sharkas, J. Toulouse and A. Savin, Double-hybrid density-functional theory made
rigorous, J. Chem. Phys. 134, 064113 (2011), doii10.1063/1.3544215.

K. Sharkas, A. Savin, H. J. A. Jensen and J. Toulouse, A multiconfigurational hybrid
density-functional theory, J. Chem. Phys. 137, 044104 (2012), doi:10.1063/1.4733672.

32


https://doi.org/10.1103/PhysRevA.32.2010
https://doi.org/10.1103/PhysRevA.43.4637
https://doi.org/10.1007/978-1-4757-9975-0_2
https://doi.org/10.1103/PhysRevA.59.51
https://doi.org/10.1103/PhysRevA.60.4387
https://doi.org/10.1103/PhysRevA.75.042511
https://doi.org/10.1039/c0cp01061h
https://doi.org/10.1103/PhysRevB.47.13105
https://doi.org/10.1103/PhysRevA.50.196
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1021/jp9731415
https://doi.org/10.1103/PhysRevA.70.012502
https://doi.org/10.1016/j.chemphys.2011.07.028
https://doi.org/10.1063/1.3544215
https://doi.org/10.1063/1.4733672

941

942

943

944

945

946

947

948

949

950

951

952

953

954

955

956

957

958

959

960

961

962

963

964

965

966

[74]

[75]

B. Jancovici, On the relativistic degenerate electron gas, Nuovo Cimento 25, 428
(1962), doi:10.1007/BF02731458.

M. V. Ramana, A. K. Rajagopal and W. R. Johnson, Effects of correlation and Breit
and transverse interactions in the relativistic local-density theory for atoms, Phys.
Rev. A 25, 96 (1982), doii10.1103/PhysRevA.25.96.

M. V. Ramana and A. K. Rajagopal, Inhomogeneous relativistic electron gas: Cor-
relation potential, Phys. Rev. A 24, 1689 (1981), doi:10.1103/PhysRevA.24.1689.

A. Facco Bonetti, E. Engel, R. M. Dreizler, I. Andrejkovics, and H. Miiller, Relativistic
exchange-correlation energy functional: Gauge dependence of the no-pair correlation
energy, Phys. Rev. A 58, 993 (1998), doi:10.1103/PhysRevA.58.993.

R. N. Schmid, E. Engel, R. M. Dreizler, P. Blaha and K. Schwarz, Full potential
linearized-augmented-plane-wave calculations for 5d transition metals using the rel-

ativistic generalized gradient approzimation, Adv. Quantum Chem. 33, 209 (1998),
doi:10.1016/S0065-3276(08)60437-2.

J. Paquier and J. Toulouse, Short-range correlation energy of the relativistic homo-
geneous electron gas, arXiv:2102.07761 http://arxiv.org/abs/2102.07761.

J. Paquier, Relativistic range-separated density functional theory, Ph.D. thesis, Sor-
bonne Université (2020).

A. Savin, On degeneracy, near degeneracy and density functional theory, In J. M.
Seminario, ed., Recent Developments of Modern Density Functional Theory, pp. 327—
357. Elsevier, Amsterdam, doi:10.1016/S1380-7323(96)80091-4 (1996).

J. Toulouse, F. Colonna and A. Savin, Long-range—short-range separation of the
electron-electron interaction in density-functional theory, Phys. Rev. A 70(6), 062505
(2004), doi:10.1103/PhysRevA.70.062505.

C. Itzykson and J.-B. Zuber, Quantum field theory, McGraw-Hill Inc., New York,
ISBN 978-0-486-44568-7 (1980).

33


https://doi.org/10.1007/BF02731458
https://doi.org/10.1103/PhysRevA.25.96
https://doi.org/10.1103/PhysRevA.24.1689
https://doi.org/10.1103/PhysRevA.58.993
https://doi.org/10.1016/S0065-3276(08)60437-2
http://arxiv.org/abs/2102.07761
https://doi.org/10.1016/S1380-7323(96)80091-4
https://doi.org/10.1103/PhysRevA.70.062505

	Introduction
	Effective quantum electrodynamics
	Free Dirac equation and quantized Dirac field
	Electron-positron Hamiltonian
	No-particle vacuum states
	Correlated vacuum state
	N-negative-charge states
	No-pair approximation

	Density-functional theory based on effective quantum electrodynamics
	Kohn-Sham scheme
	Hartree-exchange-correlation density functional
	No-pair approximation
	Exact properties of the density functionals
	Local-density approximation

	Conclusions
	Charge-conjugation symmetry of the electron-positron Hamiltonian
	Alternative definition of the electron-positron Hamiltonian
	References

