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Abstract

We study 3+1 dimensional SU(N) Quantum Chromodynamics (QCD) with Ny degen-
erate quarks that have a spatially varying complex mass. It leads to a network of interfaces
connected by interface junctions. We use anomaly inflow to constrain these defects. Based
on the chiral Lagrangian and the conjectures on the interfaces, characterized by a spatially
varying #-parameter, we propose a low-energy description of such networks of interfaces.
Interestingly, we observe that the operators in the effective field theories on the junctions
can carry baryon charges, and their spin and isospin representations coincide with baryons.
We also study defects, characterized by spatially varying coupling constants, in 2+1 dimen-
sional Chern-Simons-matter theories and in a 341 dimensional real scalar theory.
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1 Introduction and Summary

A quantum field theory can form various defects by making its coupling constants space-
dependent. These defects can be co-dimension one interfaces, co-dimension two strings
and so on. They can also intersect and form junctions of higher co-dimensions. In some
cases, these defects support localized degrees of freedom with intricate dynamics. These
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localized degrees of freedom are often protected by anomaly inflow [1], generalized anomalies
involving coupling constants [2,3] or higher Berry phase [4-6].

An example of such defects is interfaces in 341 dimensional SU (V) Yang-Mills theory
with a position-dependent #-angle that interpolates from 6 = 0 to § = 27.! The interface
supports an SU(N)_; Chern-Simons theory on its worldvolume [7-9]. The Chern-Simons
theory has a spontaneously broken Zy one-form symmetry which signals deconfinement of
probe quarks on the interface. The Zy one-form symmetry has an 't Hooft anomaly that
cancels the anomaly inflow from the bulk [8,10,11]. The anomaly inflow can also be phrased
in terms of a generalized anomaly involving the #-angle [3].

Similar interfaces with varying € have also been studied in 341 dimensional SU(N)
QCD [3,9,12].> The Lagrangian of the theory is?

Ny
£ = 3T P Fur) + 53 ol ) + 3 01D+ )i (1)
I=1

where f is the field strength of the dynamical gauge field ¢. Depending on the fermion
mass m, the number of flavors N; and the number of colors NN, the interface can either
support a topological quantum field theory, a gapless sigma model or a trivially gapped
theory. These theories also appear in the recent discussions on 241 dimensional QCD and
dualities of Chern-Simons-matter theories [14].

In this note, we will explore other defects in SU(N) QCD by making the complex fermion
mass m vary on a plane. We will use two coordinates on the plane interchangeably, the
polar coordinates (r, @) and the Cartesian coordinates (z,y) = (rcosa,rsin«a). Consider
a winding mass profile m oc re”(®") where f(a,r) is a smooth function that satisfies
fla+2m,r) = f(a,7) + 27. At large radius, the fermions are heavy so they can be
integrated out. This reduces the theory to a pure SU(N) Yang-Mills theory with a winding
-angle, § = Ny f(c, 7). It leads to Ny interfaces centered at the trajectories where f(o, 1) =
(m 4+ 27Z)/Ny. Each of these interfaces supports an SU(N)_; Chern-Simons theory. The
fermion path integral also generates a classical winding counterterm of the background
gauge fields and the metric. The winding of such counterterms is robust under the addition
of other smooth space-dependent counterterms.

The question we would like to answer is what happens in the interior of the space. Let
us first consider the anomaly inflow from large radius. There are two contributions: the
gravitational anomaly inflow from the SU(N)_; Chern-Simons theories on the interfaces

LOur discussion is restricted to smooth interfaces whose dynamics is uniquely determined by the micro-
scopic theory. It is to be contrasted with discontinuous interfaces where 6 jumps abruptly. Discontinuous
interfaces have an ambiguity of adding more degrees of freedom localized on the interfaces.

2See [13] for a study of QCD domain walls from a holographic perspective.

3We will work with Lagrangians in the Lorentzian signature (—, +, +, +).



and the anomaly inflow from the winding counterterm. The nontrivial anomaly inflow
has to be absorbed by some localized gapless degrees of freedom in the interior. We will
present a coherent picture of the dynamics in the interior based on the chiral Lagrangian
of QCD and some conjectured low-energy descriptions of the #-varying interfaces. The
proposal is consistent with the anomaly inflow. For the validity of the chiral Lagrangian,
our discussions throughout the paper will be restricted to Nepr > Ny > 1 where Ngpr is
the lower bound of the conformal window. Despite the restriction, many discussions in this
note can be applied to Ny > Ncpr.

Let us summarize our proposal. We will first consider a specific profile m = ere’®A?2.
Here A is the QCD scale and ¢ is a dimensionless constant.

For Ny = 1, as illustrated in Figure 2, there is only one interface at large radius. It
continues along the radial direction and terminates around the point where the quadratic
potential of the i’ particle vanishes. The interface theory goes through a transition from the
SU(N)_; Chern-Simons theory to a trivially gapped theory at certain radius Ry ~ 1/(eA).
It leads to a 1+1 dimensional compact chiral boson localized around the transition interface.
Interestingly, the excitations of the chiral boson can carry baryon charges, and the spin of
corresponding operator Oy = ¢V¢ coincides with the spin of the baryon € Ne), - -,
in the ultraviolet theory.*

Around the end point of the interface, the quadratic potential of the n’ particle vanishes.
One might suspect that the n’ particle gets localized around the end point and reduces to
some gapless 141 dimensional excitataions. We will show that this intuition is not correct.
On the contrary, the localized excitations of the i’ particle have a non-zero effective mass
in 1+1 dimensions so there are no gapless degrees of freedom localized at the end point.

For Nepr > Ny > 1, the discussions are divided into two cases: ¢ < 1 and € 2 1.

e When ¢ < 1, the N; interfaces continue along the radial direction and meet at the
origin where they form an interface junction of size Ry ~ 1/('/3A). At certain radius
Ry ~ 1/(eA), the theories on the interfaces go through a transition from an SU(N)_;
Chern-Simons theory to a CPY/~! sigma model with a Wess-Zumino term. On the
junction, the fields obey an orthogonality condition (5.12) that reduces the target
space from Ny copies of CPY/~! manifold to the flag manifold

UNy)
[T.2, U(1)

We emphasize that the flag sigma model on the junction is not an isolated 141

(1.2)

4 This observation has been recently employed in the quantum Hall droplet proposal for the Ny = 1
baryons [15]. An important element of the proposal is a meta-stable sheet of the n’ particle. In contrast
to the proposal, the setup we considered with a spatially varying fermion mass, although not translation
invariant, is stable.



dimensional theory. It should be thought of as the boundary theory of the 241
dimensional theories on the interfaces. The flag sigma model can be parametrized by
a U(Ny) matrix with a block-diagonal Hi\zl U(1) gauge symmetry acting from the
right. It is supplemented by a Wess-Zumino term Swzw of the U(Ny) matrix defined
in (5.22). Swzw is not invariant under the Hfz\/:fl U(1) gauge symmetry but its gauge
variation can be canceled by the gauge variation of the Wess-Zumino terms of the
CPY/~! sigma models on the interfaces. The flag sigma model on the junction and its
Wess-Zumino term Swzw can be derived from the chiral Lagrangian. The proposal
is summarized in figure 3.

e When ¢ 2 1, Ry & R; so the SU(N)_; Chern-Simons theories on the interfaces
are in direct contact with the interface junction. The theory on the junction be-
comes a gauged U(Ny) Wess-Zumino-Witten model with a restricted block-diagonal

i\zl U(1) gauge symmetry acting from the right. The gauge parameters are re-
stricted such that they depend only on one light-cone coordinate. Such chirally gauged
Wess-Zumino-Witten models were studied in [16]. The theory has a chiral algebra
that consists of a left-moving u(/Ny)y and a right-moving u(Ny)y/ Hflvzfl u(l)y (we do
not pay attention to the global form of the chiral algebra). The chiral algebra has the
correct 't Hooft anomaly that cancels the anomaly inflow from large radius. Interest-
ingly, the junction theory has operators that carry baryon charges. For instance, it
has an operator with spin N/2 which transforms under the Sym® (O) representation
of the U(Ny) global symmetry. The spin of the operator coincides with the spin of
the baryons in the same isospin representation.

For a general mass profile m = ere’/(®m A2 the interfaces still form a junction at the
origin but some of them can merge into one interface before joining with others at the origin
(see Figure 6). This leads to a network of interfaces connected by interface junctions. Each
of these junctions supports a 1+1 dimensional chiral algebra. The total central charge and
the total 't Hooft anomaly of these chiral algebras are constrained by the anomaly inflow.

The low-energy descriptions above for interfaces and interface junctions are similar to
the descriptions for domain walls and domain wall junctions in A/ = 1 supersymmetric
gauge theory [17-20]. The theory on the domain wall is conjectured to be a supersymmetric
Chern-Simons theory [17] and the theory on the domain wall junction is conjectured to have
a supersymmetric coset chiral algebra [18].5 We emphasize that domain walls and interfaces
are two different objects: domain walls are dynamical excitations that separate two different
vacua while interfaces are defects created by the variation of coupling constants. Similarly,
domain wall junctions should be distinguished from interface junctions.

The rest of the paper is organized as follows. In Section 2, we review the chiral La-

°See [21-24] for related discussions on domain wall junctions in supersymmetric theories.



grangian and the dynamics on the interfaces with a varying #-parameter. In Section 3, we
initiate the study of SU(N) QCD with a space-dependent fermion mass m o re’® by ana-
lyzing the large radius behavior of the theory. In Sections 4 and 5, we propose a coherent
picture of the interior for Ny = 1 and Ny > 1 respectively. In Section 6, we discuss more
general mass profiles m o< re*/(*7) . Appendix A studies interfaces in Chern-Simons-matter
theories including U (1), Chern-Simons theory coupled to Ny scalars with a spatially vary-
ing mass squared and SU(N)_x, Ny /2 Chern-Simons theory coupled to N; fermions with a
spatially varying mass for Ny > k > 0. Appendix B studies defects in a 3+1 dimensional
real scalar theory defined by making the coefficients of the quadratic and the linear term
in the potential space-dependent.

2 Background

2.1 Phase Diagram

We begin by reviewing the QCD phase diagram presented in [9]. The phase diagram is
consistent with the large N analysis [25-29] and the constraints from 't Hooft anomalies
3,8].

The theory depends on the complex fermion mass m and the #-angle only through the
combination M™s where M = me/Ns. The theory is trivially gapped at generic M. It has
a first order phase transition line along the negative real axis of M7 coming from infinity.
The first-order phase transition is associated to the spontaneous symmetry breaking of the
CP symmetry. When N; = 1, the line terminates at M = M, < 0 with a massless 7/
particle. When Ny > 1, the line terminates at M = 0 with an SU(N;) non-linear sigma
model for Ncpr > Ny > 1, an interacting CFT for %N > Ny > Ncpr or a free gauge
theory for Ny > %N . The phase diagram is summarized in Fig 1.

Our discussion below will be restricted to Nepr > Ny > 1. We will briefly comment on
the cases with Ny > Ncpr.

2.1.1 1n Effective Field Theory

For Ny =1, the low energy dynamics of the 7’ particle near M = M can be described by
an effective Lagrangian

1 1 1
Ly=f2 (ﬁ(an’)Q + Ky + 5;377’2 + ZAn"‘) , (2.1)

where x oc Im(M) and p? < (Re(M) — My). The 5’ particle is a pseuodoscalar so when it
condenses for M < My, it breaks the time-reversal symmetry.
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Figure 1: (a) The phase diagram of QCD with single quark. The first order line terminates
at M = M, with a massless i’ particle. (b) The phase diagram of QCD with Nepr > Ny > 1
quarks. The first order line terminates at M = 0 with an SU(Ny) non-linear sigma model.

The ' particle has a particularly nice interpretation in the large N limit. In the strictly
infinite N limit, the U(1) axial symmetry is restored at M = 0 and the 7’ particle can be
identified with the phase of the chiral condensate

() = fahe™ (2.2)

and hence, as the Nambu-Goldstone boson of the restored U(1) axial symmetry. Here we
define A to be the QCD scale. A does not scale with NV in the large N limit but f,, ~ VNA.
Because of the Adler-Bell-Jackiw anomaly, 1/N correction explicitly breaks the U(1) axial
symmetry and correspondingly generates a small mass for the 1 particle. For |[M| < A,
the i’ particle can be described by an effective Lagrangian®

1 1
Ly = §f73/ (on')? — fg/A(Re(M) cosn’ — Im(M)sinn') + §XA4mink(77/ +27k)* . (2.3)

The effective Lagrangian only includes the leading 1/N corrections. Here x is the topological
susceptibility defined by the two-point function of the instanton density in the pure gauge
theory. The 1/ particle becomes massless at M = M, where My = —yA3/ fg,. Around
M = M,, the effective Lagrangian (2.3) reduces to (2.1).

5The 7’ potential has a cusp singularity at # = 7, which signals a rearrangement of the heavy fields.
This means that the effective n’ field theory breaks down when 71’ crosses 4.



2.1.2 SU(Ny) Chiral Lagrangian

For Nopr > Ny > 1, the chiral symmetry is spontaneously broken at /M = 0 which leads to
an SU(Ny) non-linear sigma model parametrized by an SU(N;) matrix U. We will ignore
the dynamics of the 7’ field. For Ny > 3, the sigma model has a Wess-Zumino term, which
is defined using a five-dimensional extension of the field configuration:

_ L tUY
FWZ 24071_2 /NS Tr [(U dU) } y (24)

where Ny is a five-manifold whose boundary is the original spacetime M. On a closed
manifold, the Wess-Zumino term is always an integer multiple of 27, so for the path integral
to be independent of the extension, the coefficient of the Wess-Zumino has to be an integer.
It is fixed to be N by matching the perturabative 't Hooft anomalies at the ultraviolet [30].
When Ny = 2, the sigma model has no Wess-Zumino term, instead, it has a four-dimensional
Zy-valued discrete 6 term associated to my(SU(2)) = Zs [31]. We will use the same notation
I'wyz to denote the discrete 6 term. When Ny = 2, the ultraviolet theory has no perturbative
anomaly for the SU(2), x SU(2)r symmetry but it can have a non-pertubative Zy-valued
SU(2) anomaly associated to m4(SU(2)) = Zy [32]. To match with the non-perturbative
anomaly, the coefficient of the 6 term has to be N mod 2.

The chiral Lagrangian is still valid for |M| < A but it includes a potential generated
by the fermion mass term. The full action is given by

1
Se=f7 | (Te(@U10"U) = ATe(MU + M*U)) + Nl . (2.5)

My

where M = me/Ns is defined before.

The non-linear sigma model has skyrmions associated to m3(SU(Ny)) = Z. These
skyrmions are identified with the baryons in the ultraviolet theory [31]. The skyrmion
current is given by

]' 14 [
@:ﬂp%wﬂmmNMWWwmeﬂ. (2.6)

The 't Hooft anomalies involving the baryon current in the ultraviolet theory can be repro-
duced by the chiral Lagrangian with the skrymion current [30].
2.2 Interfaces

We can create an interface in QCD by making the 6-angle vary from 6 = 0 to 6§ = 27k along
one coordinate. Such #-varying interfaces have been discussed extensively in [3,9,11,12,19].



We will focus on the interfaces with k = 1.

For large fermion mass m > A, the bulk theory reduces to an SU(N) Yang-Mills theory
with a varying 6, which leads to an SU(N)_; Chern-Simons theory on the interface. For
small fermion mass m < A, the bulk theory reduces to the effective field theories discussed
in Section 2.1. For Ny = 1, the effective field theory of the 1’ particle leads to a trivially
gapped interface theory. For Nepr > Ny > 1, the effective field theory is an SU(Ny)
non-linear sigma model with a position-dependent potential

— %mfﬁ/\ (/NI TY(U) + c.c) . (2.7)
On one side, # = 0, the potential is minimized at U = 1. On the other side, # = 27, the
potential is minimized at U = e~2™/Ns1. Without lost of generality, we can interpolate
between them using a diagonal matrix

el
ele2

V= , Zcpa:Omod 27 . (2.8)
eiSONf

The vacuum has ¢, = (1 — Ny)p and @y = -+ = @y, = ¢ where () is a function that

interpolates from 0 to —27/N;. The other vacua can be generated by the SU(Ny) global

symmetry U = gV ¢g'. The vacua constitute a

U(Ny)

IP)Nf—l —
t U(1) x UN; — 1)

(2.9)

manifold which then becomes the target space of the three-dimensional non-linear sigma
model on the interface.

The sigma model has a three-dimensional Wess-Zimino term which descends from the
Wess-Zumino term Ty of the bulk chiral Lagrangian [9]. The CP"~! sigma model can be
parametrized by N; complex scalars ®; with a constraint 3. ®'®; = 1 and a U(1) gauge
symmetry ®; — ®re~™.  Alternatively, it can be parametrized by a U(N;) matrix gy,
with a U(1) x U(Ny — 1) block-diagonal gauge symmetry acting from the right. The two
descriptions are related by ®; = gr;. The three-dimensional field on the interface and the

four-dimensional bulk field U(z, Z) are related by
Uz, 2) = g(2)V(2)g(2)" (2.10)

where 2" denotes the transverse coordinates on the interface. To compute the Wess-Zumino
term 'z, we can construct a five-dimensional extension of U by extending only ¢(2) to



a four-manifold Ny. The boundary of N, is the worldvolume of the interface Mjs. This
choice of extension is only for computational convenience. The Wess-Zumino term does not
depend on the choice of the extensions. We notice that

g UNAUg = VigldgV + VIdV — ¢ldg . (2.11)

Since V depends only on the z coordinate, we need exactly one factor of VdV appearing
in the Wess-Zumino term. The Wess-Zumino term NI'wyz then simplifies to

iN
Viav(Vigldgv — ¢tdg)? “”“’/ (47 dg)av (97 d9)oe(g7dg)ea(gTdg)ua -
el N Tr [VidV (VigldgV — gldg) Z 9)ab(9'd9)ec(9'dg)ca(g'dg)a
(2.12)
The coefficient Clpeq is
Copea = N / sin sm <%C) sin (¢0d> sin <@> d (Yva + Pdc)
2 2 2 (2.13)

> N((1 = 641)001 (1 = 0e1)bar — a1 (1 — p1)0e1 (1 — 6ar))

where @ = @ — pp. In the end, we obtain the three-dimensional Wess-Zumino term for
the CPY/~! sigma model

N
— [ d(g'dg)nd(g'dg)1 = — bdb | (2.14)
Ny

47 A7 Jar—on,

where we define a composite gauge field b = i . ®1d®; = i(g'dg);;. When Ny = 2, the
bulk theory has only a discrete Zs-valued 6 term, which reduces to the discrete Zs-valued
0 term of the CP' non-linear sigma model associated to m3(CP') = Z [33,34]. The 6-term
can also be presented as a Chern-Simons term of the composite gauge field b

TN (4; /M bdb) . (2.15)

The term in the parenthesis is an integer when M3 is a closed manifold.

Using the relation (2.10), we can also reduce the bulk skyrmion current (2.6) to the
interface:

1 Pab 1 v
/Jud:v = 2eu,,p(g 3"9)an(g T8pg)ba/sm ( )d Oba = Ee,“,p(? b, (2.16)

where the indices are restricted to the ones for the transverse coordinates. The reduced
current coincides with the skyrmion current of the CP™*~! sigma model associated to
7o (CPNf~1) = Z. This means that skyrmions in the CPY7~! sigma model can be interpreted



as baryons localized on the interfaces.

In summary, the £ = 1 interface theory has two phases. For large fermion mass m > A,
the theory is an SU(N)_; Chern-Simons theory. For small fermion mass m < A, the theory
is trivially gapped for Ny = 1, or a CPYr~! non-linear sigma model with a Wess-Zumino
term for Negpr > Ny > 1. For Ny > Ncpr, it is natural to conjecture that the interface
theory remains SU(N)_; Chern-Simons theory for all mass [9].

For Nepr > Ny > 1, the interface must go through a phase transition when the bulk
fermion mass increases. Whether this phase transition is first-ordered or second-order
has not been determined. A possible three-dimensional theory that captures this phase
transition is U(1) y Chern-Simons theory coupled to Ny scalars [9]. The theory is consistent
with the anomaly inflow from the bulk [3,9]. It has a conjectured fermionic dual, an
SU(N)-14n;/2 Chern-Simons theory coupled to Ny fermions [14]. In the following sections,
we will assume the validity of these effective interface theories.

Let us briefly summarize the dynamics on k£ > 1 interfaces. We will assume k < Ny /2.
The theories on the interfaces depend on how fast 6 varies. For large mass m > A,
there is only one interface that supports an SU(N)_, when |V > A and k separated
interfaces with each of them supporting an SU(N)_; when |Vf| < A. For small mass
m < A, the interface theory is trivially gapped for Ny = 1 and a non-linear sigma model
for Nepr > Ny > 1. When |V0| > vV'mA, there is only one interface and the target space
of the sigma model is the Grassmannian manifold

U(Ny)

M(k, Ny — k) = U(k) x UN; — k)

(2.17)

When |VO| < vVmA, there are k interfaces and each of them supports a CPY~! sigma
model. As before, these non-linear sigma models have nontrivial Wess-Zumino terms (see
Appendix A.2 for a detailed discussion on the Wess-Zumino terms).

3 Large Radius Behavior and Anomaly Inflow

We now promote the complex fermion mass m to be space-dependent while fixing the 6-
angle to be zero. The fermion mass has a winding profile m = ere’®A%2” We will first
analyze the theory at large radius and then determine the dynamics in the interior in the
subsequent sections.

At large radius where |m| > A, we can integrate out the fermions. In this process, we
will keep track of the classical counterterms of the background gauge fields and the metric.

"Even though the theory depends only on M™/, we can not consider the fermion mass profile m o
re'®/Ns since it has branch cut.
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The global symmetry of the theory includes a U(Ny)/Zy symmetry. For simplicity, we
will not couple the theory to the most general background. Instead, we turn on only an
SU(Ny) x U(1) background. The background consists of a U(1) gauge field A with a field
strength Fy and an SU(Ny) gauge field B with a field strength Fp. The two gauge fields
can be combined into a U(Ny) gauge field B+ Al. A can be thought of as the background
gauge field of the baryon symmetry. It is normalized such that the baryon has charge N.

Before integrating out the fermions, we can remove the phase of the fermion mass m
by a chiral rotation. This generates a winding f#-angle for the dynamical and background
gauge fields as well as for the metric:®

Te(f A FAAF Te(Fp A F
Lo N BUAD |y FanEa TrEe A F)

Tr(RAR)
2 &2 &2

INN
AR ATy

(3.1)
We emphasize that this procedure is possible only for non-zero m and therefore only away
from r = 0. After integrating out the fermions, the large radius theory becomes a pure
SU(N) Yang-Mills theory with # = Ny together with a winding counterterm for the
background.

It is well-known that quantum field theories are subject to an ambiguity due to the
addition of smooth space-dependent counterterms. Since the plane is contractible, the
coefficients of smooth counterterms always have trivial winding numbers around infinity.
This means that the winding number of the counterterm at infinity is robust but the precise
form of the counterterm can be deformed as long as the winding number is preserved. The
winding counterterm provides an anomaly inflow to the interior. The anomaly inflow is
characterized by an anomaly polynomial

e AN Fa T £ F)

2 82

Tr(R A R)

AN =

(3.2)

which depends only on the winding number of the counterterm.

The winding 6-angle for the dynamical gauge field, § = Nya, leads to Ny interfaces
centered at o« = (7 + 2nZ)/Ny. Notice that the condition |V6| < A always holds at
sufficiently large radius. Each of these interfaces support an SU(N)_; Chern-Simons theory.
For Nt = 1, the only interface must end with a boundary in the interior. For Ny = 2, the two
interfaces can connect into one interface. For Ny > 2, the interfaces can form junctions at
the origin. The SU(N)_; Chern-Simons theories on each interfaces provide a gravitational
anomaly inflow to the interior. The anomaly inflow is determined by the framing anomaly
or the chiral central charge ¢ of the Chern-Simons theory [35,36]. It is characterized by the

8The integral 55— [ Tr(R A R) is an integer on closed spin manifolds and an integer multiple of 7 on

closed non-spin manifolds. It defines the gravitational Chern-Simons term dCSgpay = m%Tr(R A R).

11



anomaly polynomial

Tr(R A R)
—4drc—m— . .
mc TV (3.3)

For SU(N)_; Chern-Simons theory, the chiral central charge is ¢ =1 — N.

Combining the contributions from the winding counterterm and the Ny SU(N)_; Chern-
Simons theories, the total anomaly inflow to the interior is
FiNFy TI‘(FB/\FB)

Tr(R A R)

3.4
38472 (34)

The anomaly inflow imposes a constraint on the dynamics in the interior. Below, we will
present a consistent and coherent picture of the interior using various low energy effective
field theories for the bulk and for the interfaces.

4 Interior for Ny =1

In this section, we focus on QCD with one quark. The analysis in Section 3 shows that
at large radius, the theory has only one interface centered at @ = 7 with an SU(N)_;
Chern-Simons theory on its worldvolume together with a winding counterterm

FA A FA TI'(R A R)
No—— +2Na——~ 4.1
g TN (4.1)
We can deform the counterterm such that it jumps across the interface
FA A FA TF(R VAN R)
27N — 4.2
TN6(a —) < o R Ty (42)

Here ©(z) is the Heaviside step function. This generates some classical Chern-Simons terms
on the interface

N
— -AdA —2NCSyy . (4.3)

Here A is a U(1) gauge field with 27 integer flux. More generally, we can promote A to
a U(1)/Zy gauge field with fractional flux since the faithful global symmetry is U(1)/Zy.
This twists the dynamical gauge bundle from an SU(N) bundle to a PSU(N) bundle such
that the combination ¢ = ¢ + Al is a well-defined U(N) gauge field. This allows us to
combine the dynamical SU(N)_; Chern-Simons theory with the classical Chern-Simons
term (4.3) into

ol 2\ 1
L= 47TTr <cd5 30) 27Taal(Tr(E) NA) —2NCSgay , (4.4)
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Figure 2: The dynamics in the interior for a space-dependent mass profile m = ere’*A? when
Ny = 1. The interface extends along the negative = axis and terminates at some point. At
radius Ry, the theory on the interface goes through a transition from an SU(N)_; Chern-
Simons theory to a trivially gapped theory. It leads to a 141 dimensional compact chiral
boson localized at the transition interface.

where a is a dynamical U(1) gauge field that acts as a Lagrangian multiplier. The combined
theory is level-rank dual to a U(1)y Chern-Simons theory with no additional counterterms
[37):

N N

The background gauge field A now couples to the magnetic U(1) symmetry of the dual
theory. We will use the U(1)y description for the interface theory below.

The theory has only one interface at large radius so the interface has to terminate
somewhere in the bulk. The bulk phase diagram suggests that the interface continues
all the way along a = 7 following the first-order phase transition line and ends around
1o = My/(eA?) where the quadratic potential of the 1’ particle vanishes. The dynamics in
the interior is summarized in Figure 2.

On the interface, at certain radius Ry ~ 1/(¢A) where |m| ~ A, the theory undergoes a
transition from a U(1)y Chern-Simons theory to a trivial theory. We will assume that the
transition can be described by an effective field theory on the interface: a U(1)y Chern-
Simons theory coupled to a complex scalar. The transition leads to an interface in the
effective theory where the mass squared of the scalar interpolates from a positive value
to a negative value. We will refer to this interface as the transition interface. The theory
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becomes a U(1)y Chern-Simons theory on one side where the scalar is massive, and a trivial
theory on the other side where the scalar has a non-zero vacuum expectation value.

The transition interface is analyzed in Appendix A. Here we summarize the result. We
use the light-cone coordinate for the transverse directions

1
xiza(t:l:z), Oy =0, +0,, ar=a;*a,. (4.6)
At long distance, the system becomes a sharp transition interface separating a U(1)y Chern-
Simons theory and a trivially gapped theory. On the transition interface, the gauge field
satisfy a chiral Dirichlet boundary condition a_ = 0. It leads to a 1+1 dimensional compact
chiral boson on the transition interface [38-40]. The action of the chiral boson is

S = /d% (—%a_gzsam + %A_éw) , (4.7)

where ¢ is periodic ¢ ~ ¢ + 27, and it has a gauge symmetry ¢ — ¢ + A(z_) which
eliminates the anti-chiral modes. The background gauge field A for the baryon symmetry
now couples to the shift symmetry of the compact boson. Under the background gauge
transformation,

A= A+de, ¢—o+€, (4.8)

the action is not invariant instead it is shifted by

S S+ / &z (%a_gmg + %A_mg) . (4.9)

This represents an 't Hooft anomaly, and it can be canceled by the following 2+1 dimen-
sional invertible field theory together with a 1+1 dimensional counterterm
N 5 N
- d*x P AL0,A, — o / d*r A_A, . (4.10)
The corresponding anomaly polynomial matches with the U(1) part of the anomaly inflow
(3.4). The chiral central charge of the theory ¢, — cgp = 1 also agrees with the anomaly
inflow.

Interestingly, the excitations of the chiral boson can carry baryon charges. Consider
a vertex operator Oy = eV®. The operator carries N U(1) charges or equivalently one
unit of baryon charge. The corresponding excitation can be interpreted as a baryon in the
ultraviolet theory, €' N1, ---1),,, that get localized at the 1+1 dimensional transition
interface. This observation has been recently utilized in the quantum Hall droplet proposal
for the Ny = 1 baryons [15]. Let us briefly summarize the proposal. Within the large N

14



effective field theory of 7/, one can define a two-form global symmetry associated to the

topological current .

Jowp = %eum@“n’ . (4.11)
The charged objects are two-dimensional sheets. Such two-form symmetry is absent in the
ultraviolet theory, which means that the charged sheets are only meta-stable excitations in
the full theory. It was proposed that these meta-stable sheets have a compact chiral boson
on their boundary, and following the same discussion as above, the sheets with nontrivial
boundary excitations can be interpreted as baryons in the ultraviolet theory [15].° As a
nontrivial check, the operator Oy has spin N/2, which precisely matches with the spin of
the baryons. The chiral boson has more basic vertex operators such as O; = ¢ which
can be thought as the end point of the charge 1 Wilson line in the U(1)y Chern-Simons
theory. This operator should be contrasted with the genuine local operator Oy = V¢
that connects to a transparent Wilson line in the Chern-Simon theory. The excitations
corresponding to O; have fractional 1/N baryon charge. Hence they can be interpreted as

a liberated quark.

Let us come back to our analysis of the interface. Around the end point of the interface,
the effective field theory of the n' particle is valid. Its Lagrangian is

£~ 3 (G007 + o + o+ x| (4.12)
where k(y) o< ey and p?(x) o< e(x — xp). The quadratic term in the 1’ potential vanishes at
xo. One may suspect that the n’ particle gets localized at xy and becomes a gapless 141
dimensional excitation. In Appendix B, we analyze the system in an extreme scenerio where
k(y) and p?(x) are discontinuous step functions. We observe that the 141 dimensional
effective mass of the 7’ particle is always positive. Even though the analysis is restricted
to discontinuous profiles, we expect the conclusion holds for generic profiles. This suggests
that there are no gapless degrees of freedom localized at x.

Let us compare the ' profile in our system with the one around the 7’ sheet. We will
work with the large N chiral Lagrangian (2.3). Consider the theory at a radius which is
large compared to the scales in (4.12) but still small enough such that the chiral Lagrangian
is valid. At such radius, the potential energy dominates the chiral Lagrangian, so in order
to minimize the potential, ' & —a for a € (—7 + ¢, 7 — €) where € denotes a small angle.
In order to avoid the singularity at the origin, 7’ cannot have a nontrivial winding number
at large radius, so it increases rapidly from ' & —m+eton =7 —efora € (1 —e€,m+€).
This leads to an interface centered at &« = w. The 1’ profile is everywhere smooth and

9See [41] for discussions on the connections between the Ny = 1 quantum Hall droplet and the Ny > 1
Skyrmions.
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never crosses 1 = w. It is to be contrasted with the 7’ sheet where 1’ changes by 2w
across the sheet and it remains constant away from the sheet. This configuration has a
nontrivial winding around the boundary of the sheet, and hence generates a singularity on
the boundary. The singularity cannot be computed in the 7’ effective field theory but it
can be resolved in the full theory by a vanishing vacuum expectation value of the chiral
condensate.

5 Interior for Ny > 1

We now consider QCD with more than one quark. The Ny = 2 case will be discussed
separately in a subsection. We will assume Ncpr > Ny so that the chiral Lagrangian is
valid. The analysis in Section 3 shows that at large radius, the theory has N; interfaces
centered at a = (7 +27Z) /Ny with an SU(N)_; Chern-Simons theory on the worldvolume
of each interface. There is also a winding counterterm

C(FA/\FA —I—NO(TY(FB/\FB) LONN TI"(R/\R)

NN AR
LA 872 ATy

(5.1)

As in the Ny = 1 case, we can deform the counterterm such that the gravitational coun-
terterm and the U(1) counterterm jump across each interface:

N
Tr(Fp A Fp) ! (2a — )7\ (FaAANFy _Tr(RAR)
Na—"B27B) 4 onxN - 2 . 2
g T ; oL N; G Ty (5:2)

This generates the classical Chern-Simons term (4.3) on each interface, and with this coun-
terterm, the interface theory can be dualized to a U(1)xy Chern-Simons theory. The winding
counterterm for the SU(Ny) gauge field B remain intact.

The dynamics in the interior depends on how large ¢ is. The discussion will be divided
into two cases: e < 1 and ¢ 2 1.

5.1 Slowly Varying Mass Profile

We will first consider the case of ¢ < 1. The dynamics in the interior is summarized
in Figure 3. The interfaces at large radius extend towards the interior along the radial
direction. When they enter certain radius Ry ~ 1/(¢A) where |m| ~ A, the theories on
the interfaces undergo a transition from a U(1)y Chern-Simons theory to a CP"f~! sigma
model with a Wess-Zumino term. At the transition radius Ry, |VO| ~ 1/R; ~ eA < A so
the interfaces are still far apart.

In general, there are many different boundary conditions one can choose between the
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orthogonality b.c.

U(Ny)/U(1)Nt target space /

/
. N — CPM ! 5-model

s
s
-

\— SU(N)_; theory

Figure 3: The dynamics in the interior for a space-dependent mass m = ere’®A? with
e < 1 when Ny = 3. There are Ny interfaces continuing from infinity to the origin. When
the interfaces pass through radius Ry ~ 1/(¢A), the theories on the interfaces undergo
a transition from an SU(N)_; Chern-Simons theory to a CPY/~!' sigma model with a
Wess-Zumino term which leads to 141 dimensional chiral modes localized at the transition
interfaces. The interfaces form an interface junction of size Ry ~ 1/(g!/3A) at the origin. On
the interface junction, one should impose an orthogonality boundary condition ) _, CIDLCID =
dap for the Ny CPYr~! sigma models. This reduces the target space on the junction from N ¥
independent copies of CP™/~! manifold to the flag manifold U(N;)/U(1)"s. The flag sigma
model on the junction is supplemented by a Wess-Zumino term Swzw defined in (5.22).

U(1)y Chern-Simons theory and the CP"*~! sigma model. Here we determine the boundary
condition by assuming that the transition is described by an effective theory on the interface:
a U(1)y Chern-Simons theory coupled to Ny complex scalars. The transition leads to an
interface in the effective theory where the mass squared of the scalars interpolates from a
positive value to a negative value. We will refer to this interface as the transition interface.
On one side of the transition interface, the scalars are massive so the theory becomes
a U(1)y Chern-Simons theory. On the other side, the scalars have a non-zero vacuum
expectation value so the theory becomes a CP™ ! sigma model.

As discussed in Section 2.2, the CPY/~! sigma model can be parameterized by N ¥
complex scalars ®; with a constraint 3> ®1d; = 1 and a U(1) gauge symmetry &; — e,
We define a composite gauge field b =i ) CIDJ}dCIJ 7 that transforms as an ordinary gauge field

under the gauge symmetry.
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The transition interface is analyzed in Appendix A. At long distance, the system be-
comes a sharp interface separating a U(1)y Chern-Simons theory and a CPMr~1 sigma
model. On the transition interface, the fields obey a chiral boundary condition a_ = b_
that identifies a light-cone component of the Chern-Simons gauge field a with the corre-
sponding light-cone component of the composite gauge field b. The U(1) gauge symmetries
on both sides share the same gauge parameter on the interface. As discussed in Appendix
A, after integrating out the Chern-Simons gauge field and fixing the gauge symmetry, a
boundary term on the transition interface is generated for the CP™~! sigma model. The
action of the system is

N N
S = /d3$ <U§D‘LL(I);D#(I)] + Ee“ pb#d,bp) ~ /dzx b_b, , (5.3)

where D®; = (0 + ib)®;.1% On the transition interface, the U(1) gauge symmetry of ®; is
restricted such that the gauge parameter depends only on x_. This leads to a chiral mode
that depends only on x,. It absorbs the gravitational anomaly inflow of (3.4). We can
couple the system to the U(1) background gauge field A through

N 5 N

> d*z e A,0,b, — > / d*z A_b, . (5.4)
The background A couples to both the skyrmion current in the bulk of the interface and
the current localized on the transition interface. These currents should be interpreted as

baryon currents. Under the background gauge transformation
A— Atde, O — P, b—b—dE, (5.5)

the action is not invariant; instead, it is shifted by

S — S+ /de (%a_gmg + %A_&Lg) . (5.6)

This represents an 't Hooft anomaly that can be canceled by the 2+1 dimensional invertible
field theory (4.10). The corresponding anomaly polynomial matches with the U(1) part of
the anomaly inflow (3.4).

After passing through the transition radius R, the interfaces continue towards the
origin. In the domain around the origin where |m| < A, the low energy dynamics can be
described by the chiral Lagrangian with a space-dependent potential

L. = %fﬁTr(@uUT@“U) — %aﬁf/&?’ (re’Tr(U) + re Tr(U)) . (5.7)

10 Any two-dimensional integral should be understood as an integral on the transition interface.
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The interfaces are still far apart whenever the condition |V0| ~ 1/r < vVmA = VerA3
holds. The condition is violated within the radius Ry ~ 1/(¢'/3A) where the interfaces

smear out and form an interface junction (see Figure 3).

Between R; and R,, each interface supports a CP™' ! sigma model. As discussed in
Section 2.2, these sigma models are present because the eigenvalues of the bulk field U
interpolate across the interfaces following different trajectories which break the SU(Ny)
symmetry of the bulk chiral Lagrangian.

Now with a winding mass the eigenvalues will depend on both the radial and the angular
coordinates. Let us denote the vacuum eigenvalue matrix of the bulk field U by

eiﬂol
P2

V(r,a) = , Z ¢, = 0 mod 27 . (5.8)
eiSONf

All vacua can be generated by the SU(N;) symmetry V — gVg'. Outside the radius

R, the eigenvalues depend only on the angular coordinate ae. We will determine how the

eigenvalues interpolate as a winds outside R,. Let us partition the angular coordinate «

into Ny intervals labeled by n = 0,--- , Ny — 1

B 2mn

e (5.9)

I, = [a, i), ap
Within each interval, there is exactly one interface so the eigenvalues should follow the same
trajectories as how they interpolate across an interface described in Section 2.2. On the
n-th interval I,,, the phases of the eigenvalues interpolate from (—a, mod 27) to (—ay,41
mod 27). Ny — 1 of them interpolate using ¢(a — o,) and the remaining one interpolates
in the opposite direction using —(Ny — 1)¢(a — o). Here ¢(a) is a function on [0, 27/ Ny|
which interpolates from 0 to —2m/Ny. It is crucial that these phases do not have nontrivial
winding numbers at infinity, otherwise, they develop a singularity in the interior. The only
way to achieve this is to demand that each phase interpolates using —(N; — 1)p(a — ay,)
once in one of the Ny intervals. Gluing the /Ny intervals together, the phases are smooth
functions of « in the following form

Ny Ny—1
Pa = —NfCP (a - aa) Ha + Z 27TH7Z + Z (SO (O[ - an) - an) 1—[n+1 . (510)
n=a+1 n=0

Here IT,, () = O(a — ay,—1) — O(a — ;) denotes a rectangular function that has support
only on the interval I,,_;. Figure 4 sketches how the phases interpolate as a winds outside
Ry. They set the boundary conditions for the phases inside Rs.
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Pa()

21

Figure 4: The trajectories of the phases ¢, («) outside Ry for Ny = 4. We deliberately split
the trajectories by a tiny amount for a better illustration. The trajectories that are close
to each other are supposed to coincide.

Different eigenvalues have different boundary conditions at the radius Ry so the SU(Ny)
global symmetry is broken to its Cartan subgroup U(1)™f~! inside Ry. This leads to a 1+1
dimensional sigma model at the center whose target space is the flag manifold

G/ (5.11)

1.2 U(1)

We will refer to this sigma model as flag sigma model.'! We emphasize that the flag sigma
model at the center is not an isolated theory. It lives on the junction of the Ny incoming
interfaces, so it should be viewed as the boundary theory of the Ny copies of gapless 241
dimensional CP™*~! sigma model on the interfaces. As we will explain below, the flag sigma
model does not have any additional degrees of freedom compared to the Ny CPY/~! sigma
models. All of its fields come from restricting the fields of the N, CPM+~! sigma models to
the junction. Since the flag sigma model lives on the boundary of 2+1 dimensional theories,
its action can include terms that do not exist in the isolated theory. For instance, as we will
see later, the action of the flag sigma model includes a gauge non-invariant Wess-Zumino
term Swzw defined in (5.22) whose gauge variation is canceled by the gauge variations of
the three-dimensional theories.

Let us parametrize the CPY/~! sigma models on the N s interfaces by an Ny x Ny
matrix ®7, where a labels the Ny interfaces and I labels the N; complex scalar fields

HSee [42-44] for discussions on 1+1 dimensional sigma models with flag manifolds as target spaces.
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on each interface. The scalar fields have a constraint ), ®f ®;, = 1 and a U(1) gauge
symmetry ®r, — ®r,e7* for each a. Note that ®r, need not be a U(N;) matrix.

We can also parametrize each sigma model by a U(Ny) matrix with a block-diagonal
U(1) x U(Ny — 1) gauge symmetry acting from the right. The matrix on the a-th interface
is denoted by h®. Since the trajectory of the a-th eigenvalue is different from the others
across the a-th interface, we will demand that the U(1) gauge symmetry of h* acts on its
a-th column vector. The two parametrizations are related by (h*);, = ®y,.

The flag manifold can be parametrized by a U(N;) matrix g7, with a block-diagonal

127, U(1) gauge symmetry acting from the right g, — grae~*+. The unitarity condition

imposes a constraint ) _; g}agjb = Oyp-

Since the flag sigma model and the CPY/~! sigma models all arise from the symmetry
breaking of the bulk theory, we should be able to relate their target spaces. The Ny copies of
CPYs~! manifold can be embedded in the flag manifold through the identification g, = ®;,.
The constraint and the gauge symmetry of each CPY/~! sigma model is included in the
unitarity constraint and the gauge symmetries of the flag sigma model. On the other hand,
the flag sigma model is more constrained than N; independent copies of CPNr~! sigma
model. The flag sigma model requires that the /N scalar fields from different copies are
orthogonal,

> @B =0 fora#b. (5.12)
I

The orthogonality condition should be viewed as a boundary condition at the junction for
the Ny copies of CPY7~! sigma model on the interfaces. The boundary condition restricts
the target space from Ny copies of CP"~! manifold to the flag manifold which then becomes
the target space of the 141 dimensional sigma model on the junction.

Let us determine the effective action of the flag sigma model on the junction. Specifically,
we will consider the reduction of the Wess-Zumino term NT'yz of the bulk chiral Lagrangian.

The bulk field U is related to the fields on the interfaces and the fields on the interface
junction through

g(Z)V(r a)g()]T, for r < Ry

U(r,a,2) = (5.13)

ZH Yhe(r, 2)V (a)h%(r, 2)T, forr > Ry

It is invariant under the gauge symmetries of g and h®. It is also continuous everywhere,
especially at radius R thanks to the identification g;, = (h®)7,. To compute the Wess-
Zumino term, we construct a five-dimensional extension of U by extending g(2) to a three-
dimensional manifold N3 and h%(r, Z) to a four-dimensional manifold N§ for each interface.
The boundary of N3 is the worldsheet of the junction M, and the boundary of Nf is the
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Figure 5: The geometry of the extensions of the interfaces and the interface junction. The
two transverse directions are not shown in the figure. w is the coordinate for the fifth-
dimension.

union of N3 and the worldvolume of the a-th interface M. The extension of gr, and (h%),
should agree on N3. The details of the extension are illustrated in Figure 5.
We notice that
g UNAUg = VigldgV + VIdV — ¢ldg . (5.14)

Outside Ry, V' depends only on the angular coordinate so we need exactly one factor of
VIidV. As computed in Section 2.2, this gives

N a jra __ N a Jha N a Jjha
;E/gdbdb_zajg/gbdb—ﬂ/%;bdb, (5.15)

where we define b* = i), (ﬂadcb 7a- The minus sign of the second term comes from the
orientation of N3 which is chosen such that N3 = OM§ = M. Inside Ry, V' depends only
on the radial and the angular coordinates so we need exactly two factors of VidV. This
gives

N
4872

< / Tr [(VIaV)*(VigldgV — g'dg)*] +

Ny D? (5.16)

/ Tr [(VTdV)(VTgngV — gng)(VTdV)(VTgngV — g%lg)ﬂ) )
]\/3><l)2
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The first term vanishes since (V1dV)? = 0. The second term simplifies to

N
2472

|3 Cnlgldg)untg'dghels’dg)en- (5.17)
N3 ube

The coefficient Cy, is determined by the following integral

1 ) . .
Cabe = 3 / [sin(@ap) + sin(@ee) + sin(pea)| (dpadipy + dppdipe + dp.dpa)
r<Ra
1
= _6 / COS(@ab>d(Qpca + Spcb) + COS(QObc)d((Pab + (Pac) + COS(SOca)d(SDbc + Qpba)
r=Rag
(5.18)
where we rewrite the integral into a boundary integral using the Stokes’ theorem. On the

boundary, the phases are of the form of (5.10). The integrand can be expanded as follows

ngab = Nf(Hb — Ha)dg@ y

(5.19)
cos(@ap) =14 (1 — 64p)(cos(Nyp) — 1)(I1, + 11y
using which, the integral evaluates to

Cabc = —27T(1 - 5ab)(1 — 51)0)(1 - 50(1) . (520)

In the end, inside Ry, the Wess-Zumino term reduces to

N N

—— | Tr[(¢'dg)*] + — b db” 5.21
or [, T loa) + 3 [ Svar, (5.21)

where we use the identification g7, = ®;, on N to replace i(g'dg).. by b®.

Combining the two terms (5.15) and (5.21), we conclude that the Wess-Zumino term

NTwyz reduces to
N

N
—— | Trl(¢'dg)?] +— bedb® . 22
or J, a0+ 50 [ (522

Swzw

The first term Swzw is the Wess-Zumino term of the U(Ny) field g which does not depend
on the extensions. It is not gauge invariant under the Hivzfl U(1) gauge symmetry. The
second term is the Wess-Zumino term of the CP"*~! sigma models on the interfaces. This
Wess-Zumino term is also not gauge invariant under the gauge symmetry but its variation
can be written as a boundary term which exactly cancels the gauge variation of Swzw on
the junction.

The SU(Ny) global symmetry acts on the flag sigma model as g — hg. Let us couple
the symmetry to the SU(Ny) background gauge field B. This modifies the Wess-Zumino
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term Swzw to

N N .
Sewzw = ——-— Tr [(9Td9)3] - —/ TY(ZBdQQT) . (5.23)
Mo

127T N3 47T

Sawzw is not invariant under the infinitesimal background gauge transformation

B — B+ [B,(]+d¢, g—g+iCg. (5.24)
It transforms as N
Sawzw —* Sawzw + ETY(BdC) (5.25)

This represents an 't Hooft anomaly that can be canceled by the following 2+ 1 dimensional

invertible field theory
N e (BaB - 2B (5.26)
- — xTr - — )
A 3
which matches the SU(Ny) part of the anomaly inflow (3.4) from infinity. The excitations
of the flag sigma model do not carry any baryon charges. It can be seen directly by reducing

the skyrmion current (2.6) to the junction.

The dynamics in the interior when ¢ < 1 is summarized in Figure 3. There are Ny
interfaces continuing from infinity to the origin. When the interfaces pass through radius
Ry, the theories on the interfaces go through a transition from SU(N)_; Chern-Simons
theory to a CPY ™! sigma model. It leads to 141 dimensional chiral modes localized
at the transition interfaces. The interfaces form an interface junction of size R, at the
origin. On the interface junction, one should impose an orthogonality boundary condition
o q)}aq)n, = 0q4p for the Ny CcpNr1 sigma models. This reduces the target space on the
junction to the flag manifold U(N;)/U(1)"7. The flag sigma model on the junction is
supplemented by a Wess-Zumino term Swyzw.

5.2 Rapidly Varying Mass Profile

We now increase . It shrinks the domain between R; and R, where there are gapless
CPVs—1 sigma models on the interfaces. When ¢ is order 1, Ry ~ Ry ~ 1/A so the
theory on the junction is in direct contact with the gapped topological field theories on the
interfaces. Since the interfaces are gapped, the gapless degrees of freedom on the junction
can be described by a 141 dimensional theory. We will use the U(1)y description for the
topological field theories on the interfaces.

When ¢ < 1, the boundary condition at the transition interface on the a-th interface is

at =iy 0Py, . (5.27)
I
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On the junction, the field g7, of the flag sigma model is identified with the field &, of
the CP ! sigma models. When ¢ is order 1, the transition interfaces collapse with the
junction, and the two boundary conditions combine into

a® = i(gTﬁ,g)aa , (5.28)

on the junction. We will use the same notation b* to denote i(g'dg)aq.

The boundary condition can be imposed dynamically by equations of motion. As dis-
cussed in Appendix A.1, this amounts to introducing a boundary term on the junction.
The action of the system is modified to

S = +—Z/
_ N x| Tr(0_g'o g)—QZa“ b® —|—Zaa a’ —i/ Tr [(9'dg)?] .
At Jos, " — T 12y,

(5.29)
It is invariant under the Hivzfl U(1) gauge symmetry. The boundary condition a* = b*
is imposed by the equation of motion of a on the junction. Similar to the discussion in

Appendix A, we can integrate out a® in the Chern-Simons theory and solve the constraint
by introducing compact bosons ¢*

al = 0,9 ay = 0,0" . (5.30)
The action then becomes
S = N d%(Tr((? g'0,9) — 223 P + ZE) ¢*0 qb“) - i/ Tr [(gng)?’] .
4 S, U - s - o 127 Jn,
(5.31)

The system has a gauge symmetry
Gra = gra€” TG0 ¢ A (wyw ) € () (5.32)

We can fix the gauge symmetry by demanding ¢* = 0. This constrains the gauge parameter
A (zy,x_) to be a function that depends only on z_, ie., \*(z_) = —&*(x_). After
imposing the gauge fixing condition, the action (5.31) can be rewritten as a gauged U(Ny)
Wess-Zumino-Witten model

- / Pz Tr(0_glo.g) —% / Tr [(g'dg)*] | (5.33)
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with a Hiv:fl U(1) gauge symmetry, that depends only on z_, acting from the right
9ra = grae” M) (5.34)

Such chirally gauged Wess-Zumino-Witten models have been studied in [16].

It was shown that the theory has a chiral algebra that consists of a u(Ny)y left-moving
chiral algebra and a u(Ny)y/ Hi\zl u(1)y right-moving coset chiral algebra. Here we do not
pay attention to the global form of the chiral algebra. The U(Ny) global symmetry of the
ultraviolet theory acts on the gauged Wess-Zumino-Witten model from the left ¢ — hg. We
can couple the symmetry to the U(Ny) background B+ A1. The chiral algebra implies that
this symmetry has an 't Hooft anomaly which exactly matches with the anomaly inflow
(3.4) from infinity. The theory also has the correct chiral central charge ¢, —cr = N.

Let us examine the spectrum of the junction theory. We will first discuss the vertex
operators of the left-moving and the right moving chiral algebra and then discuss their
pairing. The vertex operators of the u(Ny) left-moving chiral algebra are labeled by their
U(Ny) representations R. Following the GKO construction [45], the vertex operators of
the u(Ny)y/ Hi\zl u(1)y right-moving coset chiral algebra are labeled by U(Ny) represen-
tations R and Hivzfl U(1) representations {q,} that the U(Ny) representations R can be
decomposed into. Note that U(1) representations are labeled by their integer charges q.
The U(Ny) Wess-Zumino-Witten model has a diagonal pairing. Following this property,
the primary operators of the junction theory pair up vertex operators with the same U(Ny)
representations. This suggests that the primary operators are in one-to-one correspondence
with the right-moving vertex operators. The labels for the primary operators (R, {q.})
have actual physical meanings. The operator labeled by (R,{q,}) transforms in the R
representations under the U(Ny) global symmetry acting from the left. It is connected to a
charge g, Wilson line of the U(1)y Chern-Simons theory on the a-th interface. It has spin
Lo—Ly=>,q%/2N.

Let us consider the operator labeled by the Sym” () representation and ¢ = N,
g2 = -+ = qn, = 0. The operator is connected to transparent Wilson lines of the Chern-
Simons theories so it is a genuine local operator. It has one unit of baryon charge and
spin N/2. The excitations corresponding to this operator can be interpreted as a baryon
localized on the junction. Interestingly, the spin of this operator coincides with the spin of
the baryon in the same isospin representation.

A similar observation has been employed in the quantum Hall droplet proposal for
baryons [15]. It was proposed that on the boundary of the droplet there is a u(Ny), chiral
algebra. The spin of the primary operator in the Sym® (O) representation of the U(Ny)
global symmetry is also N/2, which agrees with the spin of the baryons in the same isospin
representation.
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53 N;p=2

We now turn to study the Ny = 2 case. As reviewed in Section 2.1, the chiral Lagrangian
has no ordinary Wess-Zumino term; instead it has a Zy-valued #-term with coefficient
N mod 2. The Wess-Zumino term of the bulk chiral Lagrangian is crucial in the Ny > 2
proposal: it gives rise to Swzw on the junction, which absorbs the anomaly inflow associated
to the SU(Ny) background. Since the Wess-Zumino term is absent in the Ny = 2 chiral
Lagrangian, one might expect that the Ny > 2 proposal does not apply to Ny = 2. However,
as we will show, the f-term of bulk chiral Lagrangian plays a similar role as the Wess-Zumino
term so the Ny > 2 proposal works even at Ny = 2.

Consider the case of € < 1. The chiral Lagrangian has a space-dependent potential for
the SU(2) matrix U
V(U) = —ef2A3r cos(a)Tr(U) , (5.35)

where we use the property Tr(U) = Tr(UT) for SU(2) matrices. The potential depends only
on the x = r cos(a) coordinate, so the theory has an emergent translation symmetry along
the y direction. To minimize the potential energy, U = 1 at large positive z and U = —1
at large negative x. The interpolation between them breaks the SU(2) global symmetry,
and hence leads a 241 dimensional interface perpendicular to the x direction. As discussed
in Section 2.2, the interface supports a CP' sigma model with a Z,-valued 6-term with
coefficient N mod 2. Unlike the case of Ny > 2, there is no interface junction at the origin.
In particular, the target space at the origin is the same as the target space elsewhere on
the interface. It is a happy coincidence that the flag manifold U(2)/U(1)? is the same as
CP'. As far as the target space is concerned, it is consistent with the N ¢ = 2 application
of the Ny > 2 proposal.

At certain radius Ry ~ 1/(eA), |m| ~ A, the chiral Lagrangian is no longer valid
so the emergent translation symmetry along the y direction is also not valid. The CP!
interface then connects with the two interfaces coming from infinity. Together they form
a continuous interface along the y axis. Let us pick a continuous orientation along the
interface by flipping the orientation as well as the sign of the Chern-Simons level at y > A.
The interface is described by different theories at different domains. It is described by an
SU(N)_y Chern-Simons theory at y < —A, an SU(N); Chern-Simons theory at y > A
and a CP' sigma model in between. Let us also keep track of the classical counterterms.
We can make the winding counterterm (5.1) jump at o = 7/2,37/2:

FiNF T
27TN@<O[—E) AN A—i— HRAR)
2 872 38472 (5.36)
3T FA/\FA TI“(FB/\FB) TI"(R/\R) ’
2mNO (a 7) ( 82 * 82 2 38472
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This induces a classical Chern-Simons term on the interface. For y > A, it is

N
o AdA+2NCSgray (5.37)

and for y < A, it is
N N 2i
— L AdA - 2Tr (BdB — 2 B%) — 2NCSyray - (5.38)
A A 3

The SU(N)4; Chern-Simons theory at large |y| can be dualized to a U(1)+y Chern-Simons
theory. This removes all of the classical Chern-Simons terms except for the one associated
to the SU(2) background gauge field B at y < A.

We will assume that the transitions between the CP' sigma model and the U(1)iy
Chern-Simons theories are described by a U(1)1y Chern-Simons theory coupled to two
scalars with a spatially varying mass squared. According to the conjectures in [14], the two
transitions can both be described by a three-dimensional SU(N) QCD with two quarks at
a zero Chern-Simons level. Appendix A.2 studies the interfaces in SU(N)_jy Ng/2 Chern-
Simon theory coupled to N fermions with a spatially varying mass when Ny > k£ > 0. Our
discussion here specializes to Ny = 2 and k = 1.

We can parametrize the CP' sigma model by a U(2) matrix g with a block-diagonal
szl U(1) gauge symmetry acting from the right. Let us introduce an artificial interface
in the middle of the Grassmannian sigma model at y = 0. We emphasize there are no
localized degrees of freedom on the interface. The f-term of the CP' sigma model has a
presentation as

N N N

—— | Tr[(4'dg)? +—/ bldbl——/ v db* | 5.39

. 127 [, [( )}, A Jy<o A Jy~0 ( )
Sv;gw

where b = i(g'dg)a, and N3 is a three-dimensional manifold that extends the x = 0 locus.
The 6 term is independent of the extension 3. It is also independent of the choice of the

artificial interface because of the relation
Ly + Lpegrr — Ly [(¢7dg)?] (5.40)
47 4 127 ) ’

The 6 term has many other presentations. For example, it can be presented as

k 1 1 k 2 2
o - 41
o [t or pll UL (5.41)

with & = N mod 2. All these presentations are equivalent on closed manifolds but in-
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equivalent on open manifolds. In particular, they have different gauge variations under the
HZ=1 U(1) gauge symmetry on open manifolds. At the transition interfaces, we identify bt
and b? with the corresponding light cone components of the U(1)y and the U(1)_y gauge
fields, respectively. Among these three presentations, only the gauge variation of (5.39)
cancels the gauge variations of the Chern-Simons theories at the transition interfaces. The
boundary condition therefore selects the specific presentation of the 6 term in (5.39).

The presentation (5.39) of the 6 term is identical to (5.22). Hence we conclude that the
Ny > 2 proposal is also valid at Ny = 2 for both e < 1 and € ~ 1.

6 General Winding Mass Profile

More generally, we can consider a mass profile m = ere’/(®"A? where f(a,r) satisfies
fla+2m,7) = f(a,r) + 2m. The large radius analysis in Section 3 still applies except now
the N interfaces are centered at the trajectories where f(o,7) = (7 + 27Z)/Ny. Each of
these interfaces still supports an SU(N)_; Chern-Simons theory. We are interested in the
dynamics in the interior of the space.

For Ny = 1, the same discussion in Section 4 holds except that the trajectory of the
interface is now deformed. For N; = 2, the two interfaces from infinity no longer connect
into one straight interface along the y axis instead they are connected at the origin at an
angle. For Ny > 2, there is a possibility that two interfaces can merge into one interface
before joining with other interfaces at the origin. This happens when the separation of the
two interfaces is comparable to 1/A when they are outside R; or comparable to 1/ vmA
when they are inside R;. The merging of the interfaces leads to a new interface junction.

Consider for instance a configuration in Figure 6. For simplicity, let us assume that the
merging occurs outside R;. The theory on the new interface is an SU(N)_y Chern-Simons
theory as discussed in Section 2.2. The natural boundary condition on the junction is to
identify the SU(N) gauge fields of the three Chern-Simons theories on the interfaces since
they originate from the same bulk SU(N) gauge fields. This boundary condition leads to
a coset chiral algebra Tfyl on the junction [38]. Here we define the chiral algebra

™ SU(N)p, X - X su(N)g, ' (6.1)
e SUN )iy 4t R

The new interface continues towards the origin. We can dualize the SU(N)_o Chern-Simons
theory to a U(2)y Chern-Simons theory by adding twice of the classical counterterm (4.3).

Let us first consider the situation when ¢ < 1. At radius Ry ~ 1/(eA), |m| ~ A, all
the interfaces undergo a transition to a CPY/~! sigma model except for the new interface,
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orthogonality b.c.

—— T} chiral algebra
M(2,1---,1) target space 7

«——— SU(N)_, theory

~

— M(Ny —2,2) o-model

\

N — CPY ! g-model

N ~

R «—— SU(N)_; theory

Figure 6: The dynamics in the interior for a mass profile m = ere/(®IA? with ¢ <« 1
when Ny = 4. The centers of the interfaces follow the trajectories (colored in black and
blue) where f(a,r) = (m + 27Z)/N;. Two interfaces (colored in black) can merge into
one interface (colored in blue) when their separation is less than 1/A outside the radius
Ry ~ 1/(eA). This leads to an interface junction that supports the chiral algebra TlN,1 defined
in (6.1). The theories on the interfaces undergo a transition from Chern-Simons theories to
sigma models with appropriate Wess-Zumino terms at radius R;. It leads to chiral modes
localized at the transition interfaces. The interfaces form a junction of size Ry ~ 1/(/2A)
at the origin. On the interface junction, one should impose an orthogonality boundary
condition that reduces the target space on the junction to the flag manifold M(2,1,--- ,1).
The flag sigma model on the junction is supplemented by a Wess-Zumino term Swzw
defined in (5.22).
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which undergoes a transition to a Grassmannian sigma model with target space

U(Ny)

Ny —22) = . 6.2
Here we introduce a notation for general flag manifolds
U .

Miny, - ) = Lt t ) (6.3)

U(ng) X -+ x Ulng)

The M(N; —2,2) sigma model has a three-dimensional Wess-Zumino term with coefficient
N (see Appendix A.2). We will assume that the transition on the new interface is described
by a U(2)n Chern-Simons theory coupled to Ny scalars. As discussed in Appendix A.2, this
leads to a chiral boundary condition. After integrating out the U(2) Chern-Simons gauge
field and fixing the gauge symmetry, the U(2) gauge symmetry of the M(Ny — 2,2) sigma
model becomes restricted on the boundary such that its gauge parameter depends only on
one of the light cone coordinates. This leads to chiral modes at the transition interface.

Eventually all the interfaces meet at the origin and form an interface junction with
size R,. Similar to the discussion in Section 5, on the junction, we should impose an
orthogonality boundary condition, which reduces the target space to

U(Ny) .
2) x [I2°U()

The M(2,1,---,1) sigma model can be parametrized by a U(N;) matrix with a block-
diagonal U(2) x Hivzfl_ U (1) gauge symmetry acting from the right. It is supplemented by
a Wess-Zumino term Swzw of the U(Ny) matrix defined in (5.22). The Wess-Zumino term
Swzw is not gauge invariant. Its gauge non-invariance is canceled by the three-dimensional

M1 1) = (6.4)

Wess-Zumino terms of the sigma models on the intefaces. Similar to the discussion in
Section 5, the Wess-Zumino term Swzw on the junction can be derived from the Wess-
Zumino term NIz of the bulk chiral Lagrangian.

When ¢ 2 1, the Chern-Simons theories on the interfaces directly couple to the 1+1
dimensional M(2,1,--- 1) sigma model at the center. After integrating out the Chern-
Simons gauge fields and fixing the gauge symmetries, the theory on the junction is re-
duced to a gauged U(Ny) Wess-Zumino-Witten model with a restricted block-diagonal
U(2) x iV:fl_ U (1) gauge symmetry acting from the right. The gauge parameters depend
only on one of the light coordinates. The theory has a Sé\fl’_,_,l chiral algebra. Here we
define a chiral algebra ST]X n, Which consists of a u(} ] n,)y left-moving chiral algebra and
a u(d_n.)n/[1u(ng)ny right-moving chiral algebra. The U(Ny) global symmetry of the
ultraviolet theory acts on the gauged Wess-Zumino-Witten model from the left. Hence the
chiral algebra implies an 't Hooft anomaly of the global symmetry which is consistent with
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the anomaly inflow (3.4). The total chiral central charge of the two junction theories is
cr, — cg = N which also matches with the anomaly inflow from infinity.

It is straightforward to generalize the discussions to general mass profile m = ere/ (A2,
The interfaces can form a network connected by interface junctions. In particular there is
always an interface junction at the origin. For simplicity we will discuss only the case with
e 2 1. The theories on the interfaces are all Chern-Simons theories. The theory on the
junction at the origin is a chirally gauged U(Ny) Wess-Zumino-Witten model whose gauge
symmetry is determined by the Chern-Simons theories on the interfaces that the junction
connects to. The gauge parameters are restricted such that they depend only on one of the
light cone coordinates. The chirally gauged Wess-Zumino-Witten model has a chiral alge-
bra of the form of sz\i

(3.4). The theories on the junctions away from the origin have chiral algebras in the form

.. my,» Which has a U(Ny) anomaly that absorbs the anomaly inflow
of T,ﬁ - k- The total chiral central charge of these junction theories is always ¢, —cp = N
as constrained by the anomaly inflow.
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A Interface in Chern-Simons-Matter Theory

In this appendix, we study interfaces in Chern-Simons-Matter theories including U (1),
Chern-Simons theory coupled to Ny scalars and SU(N)_g4n,/2 Chern-Simons theory cou-
pled to Ny fermions with Ny > k > 0.

A.1 U(1)r + Ny Scalars

We will consider interfaces in U(1), Chern-Simons theory coupled to Ny complex scalars
with an SU(Ny)-symmetric potential. We make the mass squared of the scalars mono-
tonically decreases in one spatial coordinate x, from a positive value to a negative value.
As a result, the scalars develop a non-zero position-dependent vacuum expectation value
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v(x) everywhere. v(x) smoothly increases from zero to a finite value vg. Ignoring the mas-
sive amplitude fluctuation of the scalars, the low energy dynamics of the system can be
described by an S*s~! sigma model coupled to a dynamical gauge field a with Lagrangian

k
L=-—F"E, + Ee“”pa#&,ap +v(x)? (8"@}8“@1 — 2ia, ®I*D; + a,@“) +'(z)? (A1)

1
4¢?
where F,, = d,a, —0,a, and ®; are complex scalars that satisfy the constraint Y |®;]* = 1.

The U(1) gauge symmetry acts as ®; — ®;e~*, a — a + d\. The transverse coordinates

are denoted by vy and ¢, and we pick the convention e*¥! = —1.

A.1.1 Localized Chiral Mode

Let us start by analyzing the equation of motion of the gauge field:
O, F™ + mege"?d,a, + miy(v)a = my(z)*b" (A.2)

where we define mes = 3=k, mpg(z) = V2gv(z) and b = Y i®id®;. In the light cone
coordinates,

1
xizﬁ(tiy), 0p =0,+0,, ar=a,+a,, €€ t=1, (A.3)
the equation of motion becomes
1 1 9 9
0+0_a, — éﬁx(ﬁ_aJr +0ia_) + §mcg(8_a+ —0ya_) +my(x)a, = muy(x)°b, ,
1 1
5(&4‘9, — 20N ax — 3 2 az + 0:0,a, £ mes(Opas — Oray) + my(z)ar = my(r)’by .
(A.4)
These equations are invariant under a parity transformation

y——y, ax—az, by —=by, mes — —Mmes . (A.5)

The solutions of the equations of motion can be decomposed into a nonhomogeneous
solution and homogeneous solutions with arbitrary coefficients. The homogeneous solutions
solve the equations with b = 0. They represent dynamical excitations of the gauge field. We
are interested in gapless excitations localized on the interface. They can be decomposed into
chiral and anti-chiral modes. Without lost of generality, we will assume positive chirality
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0_a, = 0. Correspondingly, the homogeneous equation simplifies to
dD2a_ +mesOya_ —my(z)a_ =0,
0y0ra_ +mesOra_ — 2m3(z)a, =0, (A.6)
1
Oa, + 50_2%@* — 0,00, — mes(0pay — 0pay,) —m3y(z)ay =0 .
The equations have nontrivial bounded solutions only for positive m¢cg. The solutions are

in the form of
ay =a_ =0, ay=a4(ry, ). (A7)

Similarly, using parity transformation (A.5), the anti-chiral solutions exist only for negative
mes.

To find the bounded solution, we first assume a, = a_ = 0, which reduces (A.6) to
Oay —mesOpay —my(v)a, =0 . (A.8)

The equation is independent of the transverse coordinates so a, can be decomposed into
ay = 0+¢(x4)h(x). Let us examine the behavior of h(z) in the asymptotic regions:

e When z — +oo, m%(x) — m%(+00), the equation implies the following asymptotic
behavior

R"(x) — mesh!(z) — mi(+o00)h(z) =0 =  h(z) = e +ce*,  (A9)

where Ay = $(mes + /mg + 4m% (+00)). We set ¢; = 0 for the solutions to be
bounded. This selects a unique solution.

e When x — —oo, m%(z) — 0, the equation implies the following asymptotic behavior
h'(x) —mesh’(z) =0 = h(xz) = c3e™5" + ¢4 . (A.10)

For bounded solutions with ¢; = 0, ¢35 and ¢4 generally do not vanish. Hence the
equation has a bounded solution only if mcg is positive.

The assumption a, = a_ = 0 can be justified by considering the first two equations of
(A.6). The first equation of (A.6) is the same as (A.8) with mcs — —meg so the equation
can have nontrivial bounded solutions only if mcg is negative. However, for such solutions,
(0r + mes)a_ approaches a constant when © — —oo which makes a, diverge according to
the second equation of (A.6). Therefore bounded solutions have a, = a_ = 0.

We conclude that when +m¢g is positive, the equations of motion have a homogeneous
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solution
ay =ax =0, ay=0s¢(xs)h(x), (A.11)

which represents a compact chiral boson localized in the z coordinate. Note that it is not
a free compact boson when Ny > 1. It interacts with other gapless fields.

A.1.2 Sharp Interface

Let us consider the limit g approaching infinity and v(z) approaching a step function vy©(x)
with large vg. The system reduces to a sharp interface between a U (1), Chern-Simons theory

k ” k 1
e &’z e"?a,d,a, = 3 ), dx (agﬁ(@_aJr —0ya_) + §(a+8xa_ - a_aanr)) ,
(A.12)
and a CP™ ! sigma model with a Wess-Zumino term
a3 2 gt k Hvp A
x| vgD'®; D, P + o b,0,b, | , (A.13)
x>0 ™

where D®; = (9 4 ib)®; and b = Y. i®ld®;. When Ny = 1, the CP*/~! sigma model is
simply a trivial theory.

In general, one can impose many different boundary conditions on the sharp interface
but here we will land on a unique boundary condition by taking the limit described above.

The limit has two consequences on the equations of motion (A.2)

e The profile h(z) becomes a step function O(z). When +m¢g is positive, the homo-
geneous solution has az = 0 and ay = 03¢(x4)O(x). This means that a4 is always
continuous across the interface while a1 can have discontinuities.

e The equation of motion (A.2) becomes a, = b, for z < 0.

When +£ is positive, the appropriate boundary condition on the interface is a; = bs. There
are no constraints relating a4 and b.. since they can differ by a discontinuous homogeneous
solution with arbitrary coefficient.

We now discuss the consequences of this boundary condition. In the discussion below,
we will assume k is positive. The case with negative k can be inferred using the parity
transformation (A.5). The boundary condition a_ = b_ can be imposed dynamically by
the equations of motion. This amounts to adding a term on the interface

L d*x (a+b_ - %(a_aJr + b_b+)) : (A.14)

27 =0
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The full action, including (A.13), (A.12) and (A.14), is invariant under the gauge symmetry
Oy = dre™™ a—sat+d\, b—b+d\. (A.15)

To check the gauge invariance, let us compute the gauge variation of a piece of the action

k k
S=—-— dra_a, + —/ Bz e™a,d,a,. A.16
A Jo—o + 47 2<0 H p ( )
Here + sign is introduced so that the computation can also apply to the term associated
to b. The gauge variation can be written as a boundary term

k 1
S—5—— d*z <aia¢)\ + —(9_/\8+)\> . (A.17)
21 Jo—o 2
It is then straightforward to the check the gauge invariance of the full action. Let us also
compute the variation of (A.16) with respect to a, which gives

k k
0S8 = j:—/ dx (f_y0a, + foday + frda_) — —/ d*r azdaz . (A.18)
2m <0 27 =0
Combining it with the variation of 5= [ d*z ayb_ gives the constraint a_ = b_.

We can integrate out a_. It restricts the remaining gauge fields to be pure gauge

Ay = x¢, ay = 8+¢ s (Alg)

where ¢ is a compact boson, ¢ ~ ¢ + 27, with a redundancy ¢ — ¢ + £(z_). Substituting
the solution back into (A.13), (A.12) and (A.14) gives

/ dx (vgpﬂcp}pucb[ + ﬁeﬂ”ﬂbuaybp) _ / d?x (0_¢0, ¢ +b_by —2b_0,0) .
>0 4m AT Jamo

(A.20)
Even though the boundary action is not chiral, ¢ is in fact a chiral boson due to the
redundancy ¢ — ¢ + £(xz_). Let us summarize the gauge symmetry of the system

O — Bre M=) h S b dNa_,xy), ¢ — o4+ Na_,xq) +E(x) . (A.21)

We can fix the gauge symmetry by demanding ¢ = 0. It reduces the action to

ko k
/m>0 d*x (USD“(P}DM(I)I + Ee“ pblﬁybp) ~ /x:o d*rb b, . (A.22)
The gauge parameter A is restricted such that it depends only on z_, A(z_) = —£(z_).
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The restricted gauge symmetry on the boundary can be interpreted as an extension of the
CPY/~! sigma model to the S?¥7~! sigma model by the compact chiral boson (A.11) [46].
When N; = 1, the bulk sigma model is trivial so the theory on the interface is a free
compact chiral boson with the action

kj 2
- /xzod 20600 | (A.23)

and the gauge symmetry ¢ — ¢ + A(z_).
We can couple the system to a U(1) background gauge field A by introducing the
following coupling to the full Lagrangian (A.1)

1
5 Audua, (A.24)

When the system is reduced to a sharp interface, the coupling becomes

1 1 1

— Pz e A,0,a, + — Pz P A,0,b, + — d*z e A, (b, —a,) . (A25
o |, € p p+2ﬂ-/x>0 € p p+27T - e Au( ) ( )
The background gauge field A couples to the U(1) magnetic symmetry of the Chern-Simons
theory and the baryon current of the sigma model. As discussed above, when k is positive,
we can integrate out a_ and solve the constraint by introducing a compact boson ¢

1

1
Ay = __A:c + 8$¢7 ay = k

’ AL +040 . (A.26)
This generates the following coupling in addition to the action (A.20)

T / Pr A_(by —0,6) . (A.27)
T Jz=0

2m >0
As before, we can fix the gauge by setting ¢ = 0. This reduces the coupling to

1 1
— d*x P A,0,b, — gy /_0 d*r A b, . (A.28)

2m >0

When Ny = 1, the bulk sigma model is trivial so the background gauge field A couples only
to the compact boson on the interface

1 2
o /I:Od rA_D,0 . (A.29)

A can be interpreted as the background gauge field of the shift symmetry of the compact
chiral boson.
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A.2 SU(N)_jin,2 + Ny Fermions

Consider an SU(N)_x, Ny /2 Chern-Simons theory coupled to Ny degenerate fermions with
Ny >k > 0. According to [14], the theory flows to an SU(N)_j1n, Chern-Simons theory
for large positive mass, an SU(N)_; Chern-Simons theory for large negative mass, and a
quantum phase, described by a sigma model with a Grassmannian target space

U(Ny)

Ml Ny =) = g eTER (A.30)

for intermediate mass. Let us also keep track of the classical counterterms of the background
gauge fields. The theory has a U(Ny)/Zy global symmetry [47]. For simplicity, we will
only couple the theory to a U(1) background gauge field A and an SU(Ny) background
gauge field B. The two gauge fields can be combined into a U(Ny) gauge field B + Al.
The classical counterterms at large positive and large negative mass differ by

NN;

N 2
o AdA T (BdB -3B ) +2NN;CSgray - (A.31)

We can use level-rank duality [37] to dualize the SU(N)_ 44y, and the SU(N)_; Chern-
Simons theory of the two asymptotic phases to U(Ny — k)_n and U(k)n, respectively.
This removes the difference of the U(1) and the gravitational counterterms but leaves the
SU(Ny) counterterms intact.

The transitions between the quantum phase and the asymptotic phases are described by
two separate bosonic theories: a U(k)y coupled to Ny scalars and a U(Ny — k)_n coupled
to Ny scalars. The Grassmannian sigma model of the quantum phase can be seen from
the bosonic theories by condensing the scalars. The Chern-Simons terms of the bosonic
theories become the Wess-Zumino term of the sigma model (or the Zs-valued 6 term of the
CP' sigma model when N; =2, k = 1).

Let us explain the Wess-Zumino term in more detail. The Grassmannian sigma model
can be described by a U(Ny) matrix g with a block-diagonal U(k) x U(N; — k) gauge
symmetry acting from the right. We define two composite gauge fields

ary =i(g'dg)1y, 1<I1,J <k,
bry =i(g'dg)ry, k+1<1,J<N;. (A.32)

They transform as ordinary gauge fields under the U(k) and the U(N;—k) gauge symmetry
respectively. The Wess-Zumino term is defined on a four-dimensional manifold N, which
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U(k)n + Ny scalars U(Ny —k)_n + Ny scalars

M, |8
Mj \ My
SU(N) 4 «—Ulk)y Mk, Ny —k) o-model — SU(N)_gyn, «— U(Ny — k)_n*

Figure 7: SU(N)_pyn,/2 Chern-Simons theory coupled to Ny fermions with a spatially
varying mass m o x. There are two interfaces separating the U(k)y Chern-Simons theory,
the M(k, Ny — k) Grassmannian sigma model and the U(N; — k)_y Chern-Simons theory.
The interfaces can be described by the bosonic theories with a spatially varying mass
squared. The sigma model has a Wess-Zumino term which consists of three components:

NCS(a) on M} (red), —NCS(b) on M} (blue) and NWZW(g) on N3 (black).

extends the original spacetime M3,

% /N 4 > (g'dg)ri(g'dg) ik (gidg)kr(gidg) s - (A.33)

1<I,K<k
k+1<J,L<N;
The definition is independent of the extensions modulo 27. The integrand is a total deriva-
tive so the Wess-Zumino term can also be expressed as a Chern-Simons term for the com-
posite gauge fields
N CS(a) = =N CS(b) . (A.34)
M3 M3

CS(a) denotes the Chern-Simons form of a

1 21
CS(a) = ETT (ada - ga?’) . (A.35)

When Ny =2, k=1, the CP! sigma model does not have a Wess-Zumino term, instead, it
has a Zy-valued discrete 6 term [33,34] which can also be expressed as (A.34).

Let us now make the fermion mass vary slowly along one coordinate, m oc x. As
illustrated in Figure 7, this leads to two interfaces that separate the U(k)y Chern-Simons
theory, the Grassmannian sigma model and the U(Ny — k)_y Chern-Simons theory. In
the bosonic descriptions, the mass squared of the scalars varies across the interfaces. This
leads to chiral boundary conditions on the interfaces. The boundary conditions identify a_
and b_ of the Grassmannian sigma model with the corresponding light cone components
of the U(k) and the U(N; — k) gauge fields on the two interfaces, respectively. Similar to
the discussions in Appendix A.1, we can integrate out the Chern-Simons gauge fields and
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fix the gauge symmetry. This leads to a restricted U(k) and U(N; — k) gauge symmetry
on the two interfaces, respectively. The gauge parameters are restricted such that they can
depend only on the light cone coordinate x_ on the interfaces. Hence there are chiral modes
localized on the interfaces. These chiral modes do not carry SU(Ny) anomaly.

Let us examine the Grassmannian sigma model in the intermediate region. Around the
two interfaces, the Chern-Simons terms of the dual bosonic theories both descend to the
Wess-Zumino term of the sigma model. However, they have different presentations. One of
them is NCS(a) and the other one is —NCS(b). This suggests that we should use a specific
presentation of the Wess-Zumino term that agrees with the two presentations around the
interfaces. Let us introduce an artificial interface My in the middle of the Grassmannian
sigma model. There are no localized degrees of freedom on the interface. As illustrated in
Figure 7, we define the manifold on the left hand side by Mj, the manifold on the right
hand side by M3 and a three-dimensional manifold that extends My by N5. We can present
the Wess-Zumino term as

N[ CS(a)—N [ CSB)+N | WZwW(g) . (A.36)

M} MY N3

where WZW(g) denotes
WZW(g) = —éTr [(g'dg)*] = CS(a) + CS(b) . (A.37)

The Wess-Zumino term in this presentation is independent of the extensions on N3. When
Ny =2, k=1, the 0 term of the CP' sigma model can also be expressed as (A.36).

The three different presentations of the Wess-Zumino term in (A.34) and (A.36) are
equivalent when Mz = M3 U M{ is a closed manfiold. It can be shown using the relation
(A.37). But these presentations are not equivalent on open manifolds. In particular, they
have different gauge variations on open manifolds. We choose the presentation (A.36) such
that its gauge variation cancels the gauge variations of the Chern-Simons theories at the
interfaces.

We can couple the SU(Ny) global symmetry of the Grassmannian sigma model, g — hg,
to the SU(Ny) background gauge field B. This modifies the Wess-Zumino term to

N | CS@-N /[ CS(b)+N WZW(g)—g / Tr(iBdgg') , (A.38)

M My N3 n

where we define

arg=1i(g'(d+iB)g),,, 1<1,J<k,
bry=i(g'(d+iB)g),,, k+1<I,J<Ny. (A.39)
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The modified Wess-Zumino term is not invariant under the infinitesimal gauge symmetry

B— B+ [B,(]+d({, g—g+ilg. (A.40)
It is shifted by
N
ETr(BdC) , (A.41)

which exactly cancels the anomaly inflow due to the difference in the SU(Ny) counterterms
(A.31) at large |z|.

When the fermion mass varies rapidly, the intermediate region described by the Grass-
mannian sigma model shrinks and becomes negligible. The two interfaces then collapse into
one interface between the U(k)y and the U(N;—k)_n Chern-Simons theory. The theory on
the interface is a two-dimensional Grassmannian sigma model with the same target space
M(k,N¢ — k). The Wess-Zumino term of the three-dimensional sigma model reduces

N[ wWzw(g) (A.42)

N3

where N3 extends the interface worldvolume M;. On the interface, we impose boundary
conditions that identifies a_ and b_ with the corresponding light cone component of the
U(k) and the U(N; — k) gauge fields, respectively. After integrating out the Chern-Simons
gauge fields and fixing the gauge symmetry, the theory on the interface becomes a gauged
U(Ny) Wess-Zumino-Witten model with a restricted U(k) x U(N; — k) gauge symmetry
acting from the right. The gauge parameters can depend only on the z_ coordinate.

The theory has a chiral algebara that consists of a u(Ny)x left-moving chiral algebra and
au(Ny)n/(u(k)y xu(Ny—k)xn) right-moving coset chiral algebra. The chiral algebra has an
't Hooft anomaly for the U(Ny) background that couples only to the left-moving currents.
The 't Hooft anomaly exactly absorbs the U(N) anomaly inflow due to the difference in the
classical counterterms (A.31) at large |z|. The chiral central charge of the chiral algebra
also agrees with the gravitational anomaly inflow which includes contributions from the
SU(N)_y, and SU(N)_gyn, Chern-Simons theories as well as the difference in the classical
counterterms.

B Defects in Real Scalar Theory

In this appendix, we shall prove the claim made at the end of Section 4: the 141 dimensional
effective mass of the 1’ particle [localized on the string at (z,y) = (x0,0); we shall choose
ro = 0] is positive when k(y) and p?(z) are discontinuous step functions. The Lagrangian
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that we are going to study is (4.12)

1 1 1
L= 5(ac1>)2 + k(y) D + §u2(:v)<b2 - Zm‘* : (B.1)
where we define the scalar ® = f,yn’ with a canonical mass dimension, and rescale x(y) and
p?(z) accordingly. We restrict x(y) to be an odd function of y since the original problem

has the same property. Hence, the above Lagrangian has a Zs symmetry, y — —y and
¢ — —.

B.1 Interface

To get a sense of the kind of arguments we will use to prove the above claim, we shall
first consider an interface where r(y) = 0, i.e., only pu*(z) varies along . One may expect
that because ©2(0) = 0, 1’ becomes a gapless 2+1 dimensional excitation localized along
r = 0. However, we shall see that when p?(z) is a discontinuous step function, the 241
dimensional effective mass of 1’ is always positive.

Let p?(x) be a step function
+pu? >0, x>0
() = { ; . (B.2)
—py < 0, <0
The vacuum solution v(x) satisfies the equation of motion
— 02v(x) + pP(z)v(x) + M(x)* =0, (B.3)

where we expect that, for energy reasons, the vacuum depends only on the longitudinal
direction z. We also expect that v(z) = ps/v/A as & — —oo, and it decays to v(z) = 0 as
xr — 4o00. In fact, the above equation can be exactly solved, and the solution is

H2 Mol VAug
_ﬁ tanh [E — arctanh ( s )] , <0
v(z) = (B.4)

2
V2 12 + arcsinh V2 , x>0
UQ\/X

VA
where vy = p2/v/2X\ (13 + p2) = v(0). Note that, if v(x) is a solution, then —v(z) is also

csch

a solution because of the Zy symmetry. We can work with one of them without loss of
generality.
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Figure 8: The potential M?(x) (solid line) and their corresponding lower bounding square-
well potentials V(z; L) (dotted line) when: (a) p2 < p?2/2, (b) p2/2 < p3 < 2u?, and
(c) pu3 > 2p2. In (c), since M?(x) is already positive, we do not need a lower bounding
square-well potential.

Consider the linearized fluctuation around this vacuum ® = v + €y, which satisfies
— P+ M (2)p =0, (B.5)

where M?(x) = p?(x) + 3\v?(x). Since the linearized equation of motion is translational
invariant along the transverse coordinates (¥/,t), we can assume the following ansatz

p = BT (x) . (B.6)

The wave function v (z) is the eigenfunction of a one-dimensional Schrodinger equation

— Opp(x) + M*(z)(z) = m*)(x) | (B.7)

whose eigenvalue m? = E? — [p]? is the effective 241 dimensional mass of the excitations.

2 is always non-negative if v(z) is the true vacuum with minimal energy.

The eigenvalue m
To show that it is indeed positive, i.e., there are no zero modes, consider the following three

cases (see Figure 8):

o 12 < p2/2: In this case, 0 < M?(—o00) < M?*(4+00), and we have a region where
M?(z) < 0. The negative M?(z) region lies in —Ly < x < 0 where Ly > 0 depends
on the parameters (1, o and A) of the theory. In fact, the minimum is obtained at
xr = 0, where M?(07) = —pu3 + 3\v2 < 0. For some L > L, consider a square-well
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potential of the form

M?*(-L), z<—Lorz>0

o (B.8)
M=(07), —-L<z<0

V(z; L) = {

This potential is chosen such that M?(z) > V(x; L) for all z and L, i.e., the square-
well potential lower bounds M?(x). Hence, if we can show that there exists an L
such that the Schrodinger equation (B.7) with potential V(x; L) has only positive
eigenvalues, then the Schrodinger equation with potential M?(x) also has only positive
eigenvalues. First, it is clear that L > L for the square-well potential to have any
positive eigenvalues with bounded solutions at all. As is familiar from quantum
mechanics, the eigenvalues of the square-well problem are given by a transcendental

equation,
4n? My(L)L
A= M2+ %, where nsecn = % ,

and MZ(L) = M?*(—L) + M} > 0 is the depth of the potential V(z; L), and M} =

—M?(07) > 0. The lowest eigenvalue corresponds to 0 < n < 5. Requiring A > 0

(B.9)

then gives us the constraint that

ML My(L)L - ML ML MQ(—L) < tan? ML
— ————— = 7pSsec sec — ——— an ——
2 2 18eCT = 2 M? 2
(B.10)

because secz is a monotonically increasing function in 0 < x < 7. Since n < 7, we

only need to look for L < /M. Therefore, the possible range of L is Ly < L < w/Mj.

Defining ¢ = % and (o = M12L°, we can write the range as o < £ < 7, and the

n >

constraint as M2(—20/0L)
_ ) )

—3p >t ‘. (B.11)

For u2 = 12 /2, there is indeed an ¢ that satisfies the above constraint (for example,
choosing L such that pj,(—L) = 3u? satisfies the above condition). As ps/p1 — 0,
the LHS approaches 3tanh?v/2¢ — 1, and it can be verified numerically that any ¢
between ¢, = 0.647549 and ¢, = 0.730573 satisfies (B.11). In fact, as the above two
limits suggest, for the entire range of s considered here, an ¢ that satisfies (B.11)
can always be found. Figure 9 shows these limiting cases and some cases in between.

Therefore, any bounded solution of (B.7) has m? > 0.

ui/2 < p3 < 2u2: In this case, there is still a region where M?(z) < 0 but now
0 < M?(+00) < M?(—c0). Once again, we can use a lower bounding square-well
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Figure 9: (a) Four cases of the LHS of equation (B.11) are plotted here. All of them
have a range of ¢ where they are above the RHS (tan?/) curve. (b) Zoomed up version of
pi2/ 11 — 0, in which case the LHS of (B.11) corresponds to 3 tanh®+/2¢ — 1.

potential

3
ZM%7 r<—Lorxz>0

V(z; L) = (B.12)
M*07), —L<z<0

where L is chosen such that M?(—L) = 3u} (here, 2 isn’t special, it just serves the
purpose). It can be shown that for any us in the given range, this potential has only
positive eigenvalues. Hence, even in this case, any bounded solution of (B.7) has

m? > 0.

o 42 > 2u%: In this case, M?(x) > 0 everywhere, and hence, any bounded solution of
(B.7) has m? > 0.

We conclude that the effective 241 dimensional mass m? of the 1’ excitations are al-
ways positive when p?(z) is discontinuous. Although the proof is restricted to discontinuous
p?(z), we expect that deforming pu?(x) to a generic profile doesn’t change the above con-
clusion drastically.

It is interesting to consider the limit py 2, A — oo such that jy o/ VA is finite. In this
limit, the vacuum solution (B.4) behaves like a step function with v(z) = g /v for z < 0,
and v(z) = 0 for z > 0. In this case, the system can be thought of as being in the massive
phase on one side, and the condensed phase on the other side.

B.2 String

Let us now go back to our original problem with both (y) and p?(z) being discontinuous
step functions. We define p?(x) as before, and x(y) as an odd step function with k(y) = ko
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for y > 0. The vacuum v(x,y) satisfies the equation of motion
— (07 + 0p)v(x,y) + K(y) + 4 ()v(z,y) + M(z,9)* =0 . (B.13)

Due to the Zs symmetry, y — —y and & — —®, of the Lagrangian (4.12), we expect the
vacuum to be an odd function of y. In particular, this means v(x,0) = 0 for all z. At
large |z|, we expect the vacuum to be independent of x, so the equation (B.13) reduces to
a one-dimensional problem in y. An exact solution for both v(+o00,y) and v(—oc,y) can be
found with suitable boundary conditions. Since p?(—o0) < 0 < p?(+00), the asymptotic
solutions satisfy v?(—o0,y) > v*(+00,y) for all y. We expect the vacuum to interpolate
between these two asymptotic solutions monotonically, so v?(z,y) > v*(+o00,y) for all x
and y.

Assuming the ansatz ¢ = eF=P%)(z,y) for the linearized fluctuation around the
vacuum ® = v + ep, the wave function ¥ (zx,y) is the eigenfunction of a two-dimension
Schrédinger equation

— (92 + )0 (x,y) + M (z,y)(z,y) = m*P(z,y) (B.14)

where M?(z,y) = p*(x) + 3 \v?(z,y), and the eigenvalue m? = E? — p? is the effective 141
dimensional mass of the excitations. Since v(z,0) is always zero, the potential M?(x,0)
is negative for x < 0. In fact, there is always a region around the negative x axis where
M?(z,y) < 0. Hence, there is always a possibility of bounded solutions with zero eigenvalues
m?. We shall show that this is not the case.

Consider the following lower bound on the potential,
M?(z,y) = pi?(z) + 3X0% (2, y) = —pi5 + 3M0*(+00,y) . (B.15)

Although this is a crude bound, it is enough for our purposes for a wide range of py, pi2, A
and kg. The RHS in the above inequality can be further lower bounded by the following
square-well potential,

—4i5 lyl <L

: ) (B.16)
—piy + 3 (00, L), |y| > L

V(y; L) = {

Let u be the real root of the cubic polynomial u® +u+ (v Ako/p?) = 0 (there is only one real
root). It can be shown that, whenever u? > 2u2/u3, there exists a value of L such that the
eigenvalues of this square-well problem are positive (here, the factor of 2 in the inequality
can be made smaller by more careful analysis). Therefore, as long as this condition is met,
the above crude bound allows us to conclude that the eigenvalues m? of the Schrodinger
equation (B.14) are always positive.
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Once again, the above proof shows that the effective 141 dimensional mass m? of the
1’ excitations are always positive in the case of a discontinuous x(y) and p*(z), and with
a certain restriction on the parameters. We expect that, with better lower bounds on
the potential M?(z,y), we can relax this condition but we do not attempt this exercise
here. Moreover, deforming «(y) and p?(z) to a generic profile shouldn’t change the above
conclusion drastically.
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