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Abstract

We study symmetry principles associated with the approximately conserved
enstrophy current, responsible for the inverse energy cascade in non relativistic
2+1 dimensional turbulence. We do so by identifying the accidental symmetry
associated with enstrophy current conservation in a recently realized effective
action principle for hydrodynamics. Our analysis deals with both relativistic
and non relativistic effective actions and their associated symmetries.
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1 Introduction

Non relativistic incompressible fluid flow in two spatial dimensions supports an approxi-
mately conserved enstrophy charge whose existence plays a crucial role in generating the
inverse energy cascade of turbulent flow [1]. Planar, non relativistic and compressible flow
also supports an approximately conserved enstrophy charge as long as the equation of
state is barotropic (the pressure is a function of the mass, or particle number density),
see, e.g., |2]. Likewise, an approximately conserved enstrophy charge was shown to be
present in relativistic and conformal invariant fluid flow in 2 + 1 dimensions [3].

Charges which are conserved under the equations of motion are tied, via Noether’s
theorem, to symmetries of the underlying action. Thus, it stands to reason that there exists
an approximate symmetry responsible for the approximate conservation of enstrophy. The
goal of this work is to identify the symmetry associated with enstrophy conservation in
relativistic and non relativistic fluid flows using a recently discovered action principle for
fluids [4-6]. (See also [7H19].)

In local theories charge conservation follows from current conservation. It is interesting
to contrast the approximate conservation of the enstrophy current with the behavior of
the entropy current. Recall that the entropy current is given by J& = su* + O(9) where
s is the entropy density, u* is the velocity field (u* = ~(1, v') in a relativistic setting
and the same with 7 = 1 in a non relativistic one), and O(9) denotes corrections which
include derivatives of hydrodynamic variables. The entropy current is conserved in the
absence of dissipative terms and its divergence is positive semi-definite otherwise. Thus,
at leading order in a derivative expansion one may view the entropy current as being
approximately conserved in the sense that 9, J¢ = O(0?) under the equations of motion.
That is to say, the leading order contribution to the entropy current is of zeroth order in
a derivative expansion, but, under the equations of motion, its divergence is second order.
The approximate conservation of the enstrophy current is of a similar type. As we will
see shortly, the enstrophy current is second order in derivatives but, under the equations
of motion, its divergence is fourth order. The analogy between the enstrophy current and
the entropy current may run deeper than a comparison of their approximate conservation
at leading order. In planar, non relativistic, incompressible flow the enstrophy charge is
conserved in the absence of dissipation but its time derivative is negative semi-definite
once dissipation comes into play.

Be that as it may, it is possible to identify the symmetry principle responsible for
the conservation of the entropy current in the absence of dissipative terms using the
hydrodynamic effective action [20-24]. In fact, one can identify the mechanism responsible
for its full non conservation for generic, dissipative, fluids [9}/14,15]. This raises the hope
that a similar construction may be generated in order to better understand the enstrophy
current. In this work we take a first step in this direction and find the symmetry associated
with enstrophy conservation at leading order in the derivative expansion. Along the way
we provide a rudimentary construction of the effective action for Galilean fluids, offering a
slightly different perspective on it than the recent comprehensive work of [25]. In addition,
we identify an enstrophy current in generic relativistic fluids, generalizing the result of [3].
We will not discuss negativity of enstrophy production in a relativistic setting but will
comment on its possible realization where relevant.

Our work is organized as follows. In Section [2| we discuss the structure of the rela-
tivistic and Galilean enstrophy currents. Our result for the relativistic enstrophy current
generalizes that of [3], relevant for an uncharged conformal fluid, while our expression
for the non relativistic enstrophy current has been cast in a manifestly covariant form by
using the Newton-Cartan formalism. In Section [3| we discuss how a conserved enstrophy
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current arises as a Noether current of an effective action for fluid dynamics in 241 dimen-
sions for both relativistic and Galilean fluid flows. We end with an outlook and discussion
in Section [dl A review of the traditional approach to the construction of the enstrophy
charge and a summary of Newton-Cartan geometry and its relation to Galilean invariant
hydrodynamics have been relegated to the appendices.

2 The enstrophy current

In 241 dimensional incompressible non relativistic fluid flow the enstrophy charge is given
by

1 y
W = 2/\/§wijw”d2x, (1)
where w;; is the vorticity two form
wij = Ov; — 0jv; , (2)

with v; the velocity of a fluid element. The argument that W is time independent in the
absence of dissipation and negative semidefinite otherwise can be found in any textbook on
hydrodynamics, e.g., [26]. We present the canonical derivation of this result in appendix
[A] for completeness.

The total enstrophy W in may be interpreted as a volume integral over an enstrophy
density which may be thought of as the zero component of an enstrophy current,

Gty = wijeu (3)

with
ug = (1, 7). (4)

The reason for the parenthetical (1) in will become clear presently. The subscript G
in stands for Galilean, to be distinguished from its Lorentzian counterpart which we
will introduce shortly. The enstrophy current jé) satisfies V, jé) = 0 at leading order in
a derivative expansion and V, jéLl) < 0 otherwise.

To be somewhat more precise, there exists not one, but a family of enstrophy currents
usually written in the form

Gy = (Wijw) ugs (5)

with n a positive integer. As was the case for jﬁ), Vujé‘n) = 0 at leading order in the

derivative expansion, and, as long as n > 0, V“jéLn) < 0 in the presence of dissipation.
While non-standard, it is straightforward to argue that the currents can be replaced
with

Jh = hwiw"ug, (6)
where h is a monotonically increasing function of its argument; one finds that V, j,’f <0
with a strict equality once the viscosity is set to zero.

Slightly less familiar is the family of conserved enstrophy currents associated with non
relativistic, inviscid, compressible, and barotropic fluids,

jc = gs(ai/_pl) (wijw™)" ufs (7)

Here, p is the particle number density, s the entropy density, and g an arbitrary function.
The barotropic condition states that P = P(p) where P is the pressure. Note that in
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incompressible flow the particle number density and the entropy density are constant so
that takes the same form as @ in its regime of validity. The expression can be
replaced by

gl = h(s/p, wijw" [s%)sul. (8)
Following standard conventions we will, throughout this work, consider the version of the
enstrophy current given in . Where relevant we will comment on the alternate form
jte ), mentioned above.
An uncharged, inviscid, relativistic, conformal fluid in 2 4+ 1 dimensions also possesses
a conserved enstrophy current given by

QQ
JH = —-u! (9)

conformal 62/3
with € the energy density, u* a relativistic velocity field and Q% = Q0" where €1, =
Vi (€3u,) =V, (€/3u,). See [3]. In what follows we will generalize this result. In
particular, we will argue that, in the presence of a U(1) global symmetry, one can write a
conserved enstrophy current for generic fluids of the form

g = I00) g2y (10)
with
Yo =0, (71 (3 ) uw) =0 (77 (7)) - (1)

Here, T is the temperature, p the chemical potential, p a U(1) charge density, and f an
arbitrary function of its argument. The current J* is conserved as long as the pressure, P,
satisfies P(T, ) = p(T'f(p/T)). In the presence of an external electric field, f becomes
linear in p, and €2, in receives a contribution linear in the field strength, (see (26)).
As was the case for the Galilean enstrophy current one may replace the family of conserved

currents with
JI' = h(s/p,Q%/s%)sut. (12)

2.1 The relativistic enstrophy current

Recall that the dynamical fields of hydrodynamic theory can be chosen to be the tem-
perature T, a velocity field u* satisfying uw,u* = —1, and a chemical potential p if a
conserved charge is present. The energy momentum tensor and other conserved currents
of the theory can be expressed in terms of the dynamical fields and their derivatives. This
description is usually made manifest in terms of a derivative expansion. For instance,

T = (T, v’ + P(T, u) (9" + uu”) + 0(9) ,

JF = p(T, p)ut + 0(9) . (13)

Here, (T, ), P(T, 1) and p(T, ) are functions of the temperature and chemical potential
which, in equilibrium, reduce to the energy density, pressure and charge density respec-
tively. The entropy density s(7', 1) and charge density p(7T', 1) satisfy

), (),

e+ P=sT+pu. (15)

and
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In the inviscid limit, energy-momentum and charge current conservation, V, T = F"FJ.,
and V,J!' = 0, lead to the equations of motion E =0, E' =0, and E,, = 0 with

E = -V,(su"),
P+e .,
B, =\ 7 )(PM 9T + Tay) — pVy (16)

E = -V, (ou") .

Here a, = u*V,u,, is the acceleration, P,g = gag + uqug is a projection matrix and
V, = Fyu” — P9, (%) : (17)

with F,, an external field strength.
Suppose we find a closed two-form €2, dx#dz" which is orthogonal to the velocity field,
Quu” =0, (at least under the equations of motion). Such a two-form satisfies

Lo =0 (18)

under the equations of motion, with £, the Lie derivative in the u* direction. Using

and ) ] )
Vg = 30ma + JWna + E@P’M — Uyl (19)

where d is the number of spatial dimensions and

1 1 1
501“, = §P‘U‘Oépy6 (VQUIB + VIB’U,Q) — &PWVQUO‘,

o 20
wu = PP (Voug — Viug) (20)

we find that under the equations of motion
2
Q"V o (u¥Qp) = Q" 0,0y + 0 Q2 (1 — d) : (21)

In two spatial dimensions, the right-hand-side of vanishes. That the first term is
zero follows by denoting

(0% (0%
0" Qap + Q%00 = €pppuo,

Oy = €upu’w (22)
w = €uvp )
where €, is the Levi-Civita tensor, and noting that
o X e“”pupayo‘eaMAu)‘w =0. (23)
Thus, in two spatial dimensions, and after imposing the equations of motion,
M"Vo (u*Q) =0. (24)

It is now straightforward to argue that J* given in is conserved for any value of n
under the equations of motion. Note that if n < 0, then J* is ill defined in equilibrium.
Also, J# = su* coincides with the (inviscid) entropy current for n = 0 and g = 1. Likewise,
J# = put coincides with the charge current for n = 0 and g = s/p. The first term on
the right-hand side of bears a striking similarity to the vortex stretching term of non
relativistic incompressible flow (see equation in appendix . Therefore, it is sensible
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to identify J# of with n = 1 and g = 1 with the enstrophy current and J* with larger
n with its higher moments.

Using one can also show that the current J;: defined in is also conserved
under the equations of motion. It is also possible to generalize to fluids with multiple

P1" " pn
is conserved. One might be tempted to construct an additional conserved current by
contracting (24 with e**”u, to generate

U(1) charges whereby J* = g (i R ) i?jﬁ ut, with p; the various charge densities,

Jy = H(s/p,@/s)su" (25a)

with
@ = upePQy,. (25b)

It is straightforward to show that QO = 1w?+O(E) implying that Ji; and J}' are equivalent
under the equations of motion.

The enstrophy current was derived on the premise that a closed two-form Q =
Qudxtdx”, satisfying €, u” = 0 is available. To find it, let us start with the most general
exact two-form which is first order in derivatives

Qu =0, (T(T, v)u,) — 0, (Tf(T, v)uy,) + 0F,, , (26)

where 6 is a constant, v = /T and f is an arbitrary function of its variables. A somewhat
lengthy computation yields

T o +<pr of of foT

) TP Ov—T 2 P29y T— < - ) Fuu’. (27)

14
Quu” =

Py M P+e Ov or * P+e

In order for the penultimate term on the right-hand side of to vanish we need
that
of _

or
Solving for both and the requirement that the second term on the right-hand-side of
vanish, we find that the equation of state must take the form

P(T, p) = p(Tf(u/T)). (29)

Requiring that vanishes under the equations of motion implies, in addition, that

0. (28)

fv)=0v+6 (30)

with 0y an integration constant.

Let us summarize our findings. In the presence of an external electromagnetic field, a
charged fluid must have an equation of state of the form with in order to possess
a conserved enstrophy current. In the absence of an electromagnetic field, we must satisfy
the somewhat less restrictive condition, (29)), in order for J* of to be conserved. Note
that a charged conformal fluid and any neutral fluid will automatically have an equation
of state of the form and therefore possess a conserved enstrophy current (10)).

2.2 The Galilean enstrophy current

The conserved enstrophy current for Galilean fluids can be constructed by borrowing
the techniques used to construct the relativistic enstrophy current. A key feature of the
construction of the relativistic enstrophy current was the existence of a closed two-form
Quudxtdz” which was orthogonal to the velocity field under the equations of motion.
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With this two-form at hand, and the decomposition , we were lead to from which
enstrophy conservation in 2 4+ 1 dimensions followed.

To construct such a Galilean invariant two-form, and consequently a conserved enstro-
phy current, we use the Newton-Cartan formalism which allows one to couple a Galilean
invariant theory to a background spacetime in a covariant way. Galilean boost invariance
is ensured by requiring a certain “Milne invariance” of the background geometry. We sum-
marize this and other salient features of the Newton-Cartan geometry in appendix
Briefly, Newton-Cartan geometry is characterized by a spatial metric h*", two timelike
vectors n,, and n* such that h*”n, = 0 and n,n* = 1, and a gauge field A,. From these
data one constructs an inverse metric l_LW and a projection P, via (106b]). Fluid dynam-
ics in a background Newton-Cartan geometry can be described by introducing a timelike
Galilean velocity field u’é which satisfies u’énu = 1. We briefly review hydrodynamics in
a Newton-Cartan geometry in appendix The interested reader is referred to [27] for
a detailed exposition.

In a generic Newton-Cartan background geometry the equivalent of the decomposition

@) i

~ 1 1 2 ~
Vyug = 50#1/ T 5“’“” t QP:@ + nua”, (31)

with the combinations

Here, IEW and P*, are given in , @M is the Milne invariant covariant derivative
constructed in , Ve = poB @fg and in obtaining we made repeated use of @#haﬁ =
0 together with nﬂvau‘é = 0. The latter follows from the requirement that V,n, = 0. It is
important to keep in mind that in the Newton-Cartan formalism the Christoffel connection
has torsion, see ([119)). Following [27], we have chosen it to be timelike.

Using the Cartan formula £,€,,, = 0, we find that, under the equations of motion,

- 2 ~
QY (ufQag) = —Q*0 Q07 + 002 (1 - d) —20°°TY uli Qs (33)

where Téj 5 is the torsion tensor, and we have defined
QM = hHORPQ 5 0% = Q" Q, . (34)

Since torsion is timelike, T O’fﬁ = —uéFa({Z), c.f., (119)), the last term on the right-hand-side
of vanishes under the equations of motion,

—20°PTY ut Q5 = 20 F{Dult (ufQyp) = 0. (35)

Thus, reduces to

~ 2
QY (s Qap) = —Q*Qq,0l + 007 (1 — d> : (36)
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Equation is the Galilean equivalent of : the last term on its right clearly vanishes
in d = 2 spatial dimensions. The first term on the right-hand-side of is a vortex
stretching term which, as we will now show, also vanishes in d = 2 spatial dimensions.
Let us work in a coordinate system where, locally, ug = (1,0). In this coordinate system

we have Q,, = 5g5ﬂeijw with ¢;; the Levi-Civita tensor and w a real number. It is now
straightforward to compute

1 .~
Q5 = iszng (37)

from which
0P Quu0h =0 (38)

follows.
Using , we find that in 241 dimensions and under the equations of motion

(Vu—Gu)Jb =0, (39)

where Q~M was defined in (124) and JZ is given by

=g (2) . (10)

Equation (40)) is a covariant version of (|7 . In obtaining (39]) we repeatedly used the fact
that guuG = 0 and V hH = O As in the relativistic case, conservatlon of

JE, = h(s/p,Q%/s%)suly (41)

also follows from . Moreover, contraction of with €#"Pn, leads to a conserved
Jb i = H(s/p,w/s)suly where @ = n,e"PQ,,,. Since O? = 1w? + O(E), J4, and J& 4
are equivalent up to terms proportional to the equations of motion.

It remains to find a closed and velocity orthogonal €2,,,. The most general U(1) and
Milne invariant closed two-form 2, that can be constructed using the Newton-Cartan
data is given by .

Qu = Fuy + 0u(qny) — 0,(qny) , (42)

(up to a multiplicative constant which we set to 1 without loss of generality) where ¢ is a
generic function of the entropy density, s, and particle number density, p, and FW is the
Milne invariant field strength defined in . Contracting one of the indices of with
the velocity field and using the equations of motion we find

Quug = <p 9 (9p> P Oup + ( D5 85) P Ons + <q+ o Eug . (43)

In the absence of torsion, F,Sﬁ) = Oyny, — Oyn, = 0, we find that the right-hand-side of
(43)) vanishes for an equation of state of the form

P = P(p) (44)

and

1 OP
q=— /gp 9 dp:—,u—i—c()(T). (45)
I

'If the torsion tensor is not timelike then QNMué # 0. Nevertheless, it is possible to show that the
enstrophy current is conserved, in the sense of , as long as a closed two-form Q,,, dz*dz" orthogonal
to the velocity field exists.
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In the presence of torsion we need to require, in addition, that

p=p(p+c(T)) (46)

(where ¢o(T) = =T (T)).

So far we have considered generic flows. In the context of fluid flow at low velocities it
is also interesting to consider subsonic flow where the fluid becomes incompressible, see,
e.g., |28]. In this limit the particle number density becomes constant, so that the equations
of motion reduce to the incompressible Navier-Stokes equations. Put differently, incom-
pressible flow can be thought of as a particular class of solutions to the equations of motion
where the particle number density, and consequently the entropy density, are constant,
and the pressure becomes an independent function of the coordinates. In torsionless, in-
compressible flow, equation is automatically satisfied for an arbitrary choice of ¢. In
the presence of torsion we must require ¢ = —(P + ¢€)/p.

To relate the covariant expressions , and to and we take the
flat, torsionless, spacetime limit of defined in (126). The enstrophy current Jg in
(40)) reduces to @ For incompressible flow, the particle number density, and therefore
the entropy density become constant in which case reduces to up to an overall
constant.

3 Enstrophy from symmetry

As stated in the introduction, it stands to reason that the enstrophy current of hydro-
dynamics is a result of an emergent symmetry of the theory. In what follows, we will
use a recently developed formalism which allows one to construct an effective action for
hydrodynamics [4-6] in order to identify the symmetry associated with enstrophy conser-
vation. We will start with the relativistic enstrophy current for which the effective action
has been studied in detail and then move on to the non relativistic theory where some
extra ingredients are necessary in order to construct the effective action and derive the
symmetry associated with (approximate) enstrophy conservation.

3.1 Relativistic enstrophy from symmetry

An effective action for an ideal charged fluid can be written in terms of a set of dynamical
fields X*(o) and C(0),

Supp(XP.C5 B, Mgy gpus Ay) = / gy P(T, w)d* o (47)

The function X*(o) may be thought of as a dynamical Eulerian coordinate specifying the
location of the fluid in a target space and C'(0) an equivalent function specifying its phase
under a global U(1) symmetry. The parameters 3 and A specify the configuration of the
fluid in the far past, and g, and A, specify the metric and U(1) flavor field of the target
space where the fluid resides. The fields g;;, 7" and 1 are defined via

9ij(X) = 0 X1 0; XV g (X),  Blgy = -T2, % = BHBX"AL(X) 4+ 8:0) + Ag
(48)
and P is a real function. By computing the stress tensor one finds that P can be identified

with the pressure, T'" with the temperature and p with the chemical potential. Other
actions for ideal or inviscid fluids can be found in [29-34]. We have chosen since by
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doubling the fields (and adding appropriate ghosts) the action can be extended to include
non dissipative fluids. We refer the reader to [35] for an extensive discussion.
We claim that the following transformation of the dynamical fields

1 2 4 4 1
SXM = — Pt — — E'O — — PP Q00" + PPV, | Q%
Ts sp sp P S (49)
_ M H2
0C = ﬁQ — A0 X,

is a symmetry of the action in 2 4+ 1 dimensions. Here u* = 9;X*3'T, and the remaining
objects are related to u”, T, ;4 and P as in section For instance, p’ is the derivative of p
with respect to its argument (see ) Further, the symmetry leads to a conserved

current )

g =Ly Lowg, (50)

s Sp
which we may identify with the enstrophy current with ¢ = 1 and n = 1 once the
equations of motion are satisfied. We will generalize and the associated to obtain
the class of currents shortly.

To see that is indeed a symmetry and leads to let us consider a generic vari-
ation 6 X* and dC of the action. The equations of motion for § X* are energy-momentum
conservation in the target space and the equation of motion for §C is current conservation.
Thus,

SxSepf=— / Ao\ /g ( (VTH, — FJey + AV, JR) §XY 4V, JESC+ ( del@g,t;tlive) ) :
(51)

If the transformations 6X* and 0C are a symmetry of the action, then dxScrr = 0

independently of the equations of motion. Therefore, if § X# and dC are symmetries,

(VuT", — F ey + AN JH) XY + YV, JH6C = V5" (52)

with S* a local current. The symmetries which will generate the enstrophy current should
lead to S* = J* up to possible extra terms proportional to the equations of motion. Using
the expression for J* in with ¢ =1 and n = 1 we find

2
8p’2

1 4 4 1 Q¥E
VHJ'M = ?EQZ - (EaEa)e + Sfp,QaﬁaaEﬁ + Z?va <8Qa6) Eﬁ — 4V, ( ﬁ) )

p's

(53)
Inserting into and solving for § X* and §C will give us transformations which can
not be written in terms of positive powers of the equations of motion or their derivatives.

To remedy this, we use S* = J’* which leads to
(Eo — TEuq — TuE'u,)0 X — E' (A0 X + 6C) =
2
P

1 4 4 1 54
+ SEQ? = —(E“E.)0 + —Qapa®E’ + =V, (Qa5> Eg. 54
s sp D s
(Note that covariance of is ensured due to 6C — —§ X0, A under gauge transforma-
tions.) One can check that the 6 X* and 6C given in satisfy .

Symmetries associated with conserved currents constructed from higher powers of 2
as in (10, can be obtained in a similar fashion. Using S* = J* 4+ O(E) in we find

10
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that
SXH — (27;5—27})9(92)%# _ TSQil_lp(Qz)nuu _ 82315;/2(92)711]5#@
- ﬁjﬂ(ﬂ?)n—lpﬂﬁaﬁ%a + jpﬂﬁva (S@'e?) . (59)
5C :W(m)“ - ngf;pmz)n - 82(719_,1)[)2(92)" — Aa6X°,
leads to the conserved current
7= (2) G0 (2) i@, (56)

For n =1 and g = 1 we recover and as expected. For completeness we note that

82 p / /2 S

5Xu: l %QQ—fh/—h uy,_ 4hPMOLQaBaﬁ_&®EM+£P“Bva hQaﬁ ,
T sp sp i

K 2h 2 _ Sy 5%
0WC=—=—-h—-h]—-=h—-A,0X"
T (52 p ) P>

(57)

generate J,‘; as defined in . In we have defined &’ and h to be the derivatives with
respect to the first and second argument of h respectively.

Unfortunately, neither nor nor seem to provide a physically meaningful
insight into the symmetry responsible for enstrophy conservation. The simplest expression
we were able to extract from is

1 4
X% = Ly, 50 =~ Aux, (53)

(up to the equations of motion), obtained by setting n = 1/2 and g = 1. The transfor-

mation is associated with JJ/L’; = % (wu“ + ]%e”afBEaug> obtained from with

H = %w /s. It is unclear whether the divergence of the latter current is sign definite.

So far we have worked with a Lagrange description of the fluid. It is possible to relate
the symmetry to a symmetry of the Eulerian degrees of freedom, u*, T" and p. This
symmetry can be easily found by considering the pushforwards of the initial state data
through the dynamical degrees of freedom X* and C,

Bl =0,X"3(0(X)),  Ag=Ag(0(X))+ B9,C(0(X)) (59)
which, under a change ) X* and §C, transform as
opr =— LsxpH, 6Ag = —LsxAg + "0,6C, (60)

where Lsx is the Lie derivative in the d X* direction with 6 X* and 6C defined in .
Using and the definitions of the Eulerian variables in the target space
1 _
T=—u, ut =T, p=u'A,+ Ag, (61)
\V — B 5Vg/w g

the symmetry , or more generally , acts on the conventional degrees of freedom as
Sut = —TPILsx B, 0T =T u,Lsxf",

_ 62
op = — ,LLTUV,ngﬁV —TA,LsxB" — Tﬁ(sxAﬁ + u“@uéc’, ( )

while it is inert on the target space sources
0guw =0, 0A, =0. (63)

11
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3.2 Galilean enstrophy from symmetry

The procedure described in the previous section for obtaining the symmetry which gen-
erates the relativistic enstrophy current can be readily generalized to Galilean invariant
systems. In what follows we first describe the ingredients required to construct an effective
action for Galilean invariant fluids and then proceed to identify the symmetry associated
with approximate conservation of enstrophy.

3.2.1 A GGalilean effective action for hydrodynamics

A Schwinger-Keldysh effective action for Galilean fluids can be constructed from a higher
dimensional relativistic one by equipping the latter with a null Killing vector [36]. This
procedure was carried out in detail in [25]. Here, we will use an alternate construction
similar to the one used to formulate the Schwinger-Keldysh effective action for relativistic
fluids, or any infrared action for that matter. Namely, we identify the symmetries and
dynamical fields associated with the fluid and then construct the most general action
compatible with those symmetries. Since a full construction of the Schwinger-Keldysh
effective action for Galilean fluids is available in [25] and since the various conceptual
hurdles for constructing effective actions for fluids were described in detail in [4H19], we
will be somewhat sparse in our exposition.

In a Newton-Cartan background geometry, the effective action should be invariant
under coordinate reparameterizations, x# — z# + ¥, the U(1) gauge symmetry with
parameter A, and Milne boosts with parameter 1,,. When acting on the the Newton-
Cartan data, these transformations take the form

Oy = Leny,,
O P = LM
0t = Len? + Wy,

1
OyAy = LAy + 0N+ P, — inqu? ,

5XITLW = Lehy, — (n#Plj\ + nl,P:‘> Py + nun,,@b2 ,

where 9)? = 1, 1p,h¥P and 6, denotes a target space coordinate reparameterization, a U(1)
gauge transformation and a Milne transformation. The inverse metric Buu is defined in
(105D).

The dynamical fields of the Galilean invariant effective action for fluid dynamics are
given by the coordinates X# (o) and a phase C(o). As is the case for relativistic fluid dy-
namics, the X* fields parameterize worldlines of fluid elements. They provide a mapping
between a parameter space specified by the coordinate o which we refer to as a worldvol-
ume and the space where the fluid elements live in, which we refer to as the target space.
Similarly, C(o) is the field that captures the local phase of each fluid element. The astute
reader will note that in addition to X*#(o) and C(o), one may have included a field ¢, (o)
which maps Milne transformations from the target space to the worldvolume. Worldvol-
ume quantities which are not Milne invariant could then be rendered as such by modifying
them with appropriate factors of ¢, (o). As we shall see shortly all worldvolume quantities
are explicitly Milne invariant so that ¢,(o) will not appear in the effective action.

The dynamical variables are bifundamental fields and as such transform under the
target space symmetries as well as under the corresponding symmetries induced on the
worldvolume: worldvolume reparameterizations labeled by éi, worldvolume U(1) gauge

12
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transformations with parameter A, and worldvolume Milne boosts parameterized by 12)1-,

S X"(0) = —€"(X(0)) + £ (0)0: X" (0)

) ’ (65)
.1 C(0) = =A(X(0)) + Ao) + LC(0),
with d; denoting worldvolume transformations. Had we added ¢,(c), we would have
found

Si)0u(7) = ~PUX(0)0u(X (0) + PLX () (0:X") " i(0) + (o) Digru o) - conte)

66
As should be clear from , 0X* and 0C are both invariant under worldvolume Milne
transformations.

In addition to the dynamical fields, the effective action will depend on the initial
state data which specifies the equilibrium state of the system in the infinite past. This
consists of a timelike Killing vector, 3(c), specifying the initial velocity and temperature,
a gauge Killing parameter, Ag(o), associated with the initial chemical potential, and a
Milne boost one-form @ZJ%(U). Since the system is in equilibrium in the infinite past the
mapping between the target space and worldvolume is trivial. Thus,

dgn,u(t = —00) =0, 0gh!”(t = —00) =0, dgnt'(t=—-00)=0, JdgAu(t=—00)=0,

(67)
where dg collectively denotes a worldvolume transformation given in with parameters
{Bi,Ag,de }. Worldvolume coordinate reparameterizations and U(1) gauge transforma-
tions acting on the initial data take the formﬂ

638" = ﬁgﬂi ,
03hg = LeAg — oA, (68)
ogy = Eg%ﬂ — Lghi + i .
Notice that 8¢ and Ag are invariant under Milne boosts while T/)iﬁ transforms non trivially
under it.
The local effective action for Galilean fluids, S.rf, is constructed from worldvolume

and target space invariant combinations of the dynamical fields and initial state data. In
practice, it is convenient to define the target space invariant quantities

ni(o) = 0;:X"n,u(X),
K (o) = (0:X") 10, X)) (X)), (69)
Ai(o) = 0; XHA,(X)+0,C,
hij(0) = 3, X"9; X" hyw (X)),
where the tilde’d quantities
flu =A, +ugu — 1n,w%;,
2 (70)

7 7 2
hyw =huw — ug pny — uguny + nynyug ,

2Note that it is always possible to choose a gauge where the parameters specifying the initial data are
fixed. A common choice is the static gauge where % = b(l,ﬁ), with b a constant, Ag = 0 and wf =0.
As a result worldvolume transformations of the initial data will be restricted to a subset preserving the
static gauge. We refrain from choosing a gauge in order to retain an explicitly covariant formulation of
the action.

13
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with

1
B Bin;
are Milne invariant. Note that had we not used the target space Milne invariant variables
flu and fLW in , we would have been forced to use ¢, to ensure target space Milne
invariance of A; and iLZ] It is the absence of ¢, on the right-hand-side of that ensures
that it does not appear in the effective action. It is straightforward to show that the target
space invariant combinations transform under worldvolume reparameterizations and
U(1) gauge transformations induced by the transformations of the dynamical fields
as

ug(X)

BjanM’ uGp = Bul/uz‘a u2G = uGu”é» (71)

Ogni = Leni,
3xh* = L,
%&zQ&+@A
Syhij = Lehij ,
and are invariant under worldvolume Milne boosts.
The symmetries on the worldvolume can be maintained by requiring the action to be

a scalar that depends only on U(1) gauge invariant and Milne invariant quantities. At
leading order in derivatives, the unique scalar invariants are

_ 1
_5%1”

corresponding respectively to the temperature and the chemical potential. Keeping all
the symmetries intact, we find that the most general effective action for Galilean fluids at
leading order in derivatives is

T p=TBA; +TAg (73)

Sepf = /dd+la\ﬁP(Ta [OF (74)

where the measure is given by the (Milne invariant) determinant of v;; = 9; X#0; X ”BW +
n;n; and P is a generic function of the temperature 7' and chemical potential y.

To get a feel for this formulation of Galilean hydrodynamics let us derive the equations
of motion for (ideal) Galilean fluids by varying the effective action with respect to the
dynamical variables. A generic variation of the effective action is given by

1
0Sefs = /dd+10ﬁ (P(S\ﬁ—i-S(ST-i—,O(S,UJ) (75)
VA
where we have defined

s::<g§>u and p=:<gi>T. (76)

In order to write the variations specified in (75)) in terms of variations of the dynamical
variables, we first use (73) to write

0T = —Tubon;
op = ulG(st - ,U«Uigfsni s (77)
1 1

. 1 .. -
— 0/ = —=0/F = upxon; + =Y 5h;; ,

14
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where we have defined u’G = T4 and

Fig = ming + hij, 37 = ugul + b (78)
To derive the last expression in we have used
5;%]- = P,f;lf’ljéﬁklf(uGifniué)PJkénkf(qufnjué)Pikénk, 5u6 = fuiGulé(;nk, (79)

with u2G = uGiuiG and f’; = hikﬁkj = 5; — u’GnJ In writing the generic variations in
we have not included variations with respect to the initial state data 8* and Ag since they
do not depend on the dynamical variables.

Next, consider

(5n7; = &-X“E(;Xnﬂ,
6A; = ;X Lsx Ay, + 0;0C, (80)
Shij = 0; X" 0, X" by,

where Lsx is the Lie derivative along d X*. Inserting into and then into we
find

0Sefy = _/ddﬂa\ﬁ ( (Ep+ (TE + pE')np) 6X° — E' (50 + Ap(SXp) > (B

up to total derivatives. In writing we have repeatedly used the relation
1 - -
ﬁau(\ﬁvu) = (Vu - g#)vu = (Vu - gM)V“ (82)

with QNM defined in (124). Satisfyingly, the expressions for E, E’ and E,, coincide with
those in (125]). We reproduce them here for convenience,

Ey = P20oP — pFuoul + (P + ) F{Wu,
E = _(@u - gu)(s ué) )
E = _(Vu - gu)(PUZ) .

3.2.2 Extracting the Galilean enstrophy from symmetry

The transformations of . X* and 6C' which generate the symmetry associated with enstro-
phy conservation must satisfy

(B, + (TE 4 pE\)n, )6 X" — E'(6C + A,6X") = (V,, — G,)S*, (83)
with
St = JL+ O(E). (84)
In 241 dimensions the expression in reduces to
. ~ 1 1
QY (1 Qug) = —204V,, <Eu> + 200 F(Mqyp (Ey> , (85)
P P
and conservation of the enstrophy current defined in reads
. ~ (2n — 1)9 n g' S n
(Vi — gu)‘]g :T(Qz) B+ ps2n—1 ;E/ - B (Qz)
(86)
4ng n—1nofo 1 dng n—lQ« n
T g2n—1 @) Vo (PEB) - 52n—1p(92) 0 ﬁFo(zu)“léEﬁ'
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Defining

4dng

JE = Jh+ Q)" Eg, (87)

S2n—1p
we find

~ < 2n — 1 ! s

(83)
(QQ)TL—IQ&B) +

4dng
g2n—1

4dng

1 -
+ ;Egva < 82n_1p(92)n—1QGﬂF(§Z)uléEﬁ .

It is now straightforward to show that

1 (2n—1)g 2\n g 2\n

§2n (Q ) ué - Tp 82n—1( ) ué
+-PiV, ( (92)"19“5> o,
(20— 1)g / :

n /'L g n g n A
on (92) - fpsgn_l (92) 7(92) - Adep

IXH =

= N

4dng
g2n—1

4dng

(@)1 ERug;, (89)

hs

0C =

NI=

S o p2 5212
satisfy the condition with S* given by JgL , defined in . For completeness we note
that

1 (2h s 4- -~ (h 4 ~
Xr=— =02 2n - B4 ZPHgV, | =8 | 4 = PraQef Flny Y
0 T<S2 ph’ h>uG’+p ﬁv (8 )+5P B8 av’ UG

H 2 2 Sy s,
0WC==|=0—-h"—-h|——=h"—A,6X“
T <32 p > P2

lead to the conservation of Jg h defined in .

4 Conclusions

In this work we used the recently discovered effective action for hydrodynamics to deter-
mine the approximate symmetry responsible for the approximately conserved enstrophy
current in 2 + 1 dimensional relativistic and Galilean flow. In the process of our analysis,
we have identified a mechanism which allows for the construction of the enstrophy current
and used it to generalize previously known results regarding its form.

The mechanism we identified for constructing the enstrophy current relies on the ex-
istence of a closed two-form (2, dz#dx” orthogonal to the velocity field, ,,u” = 0, at
least under the equations of motion. Once such a two-form is available the existence of the
enstrophy current is guaranteed. We believe that this mechanism can be used to construct
an enstrophy current for fluid flows which are not relativistic or Galilean. Fluid dynamics
in the absence of boost invariance has been studied recently in [37-39] and may be relevant
to a variety of physical systems, see, e.g., [40].

Our current analysis neglected dissipation, which, in the Galilean case, leads to a non
trivial but sign definite change in enstrophy charge over time. This fact, together with
conservation of energy, is a key ingredient in the argument leading to the inverse energy
cascade in turbulent flow (see Appendix . It is not known whether a relativistic enstro-
phy current whose divergence is sign (semi-)definite exists. In order to study this problem
one would start with J# in (setting, say, n = 1) and consider O(8?) corrections to
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it such that its divergence is sign (semi-)definite up to O(9*). The existence of a rela-
tivistic enstrophy current with a sign (semi-)definite divergence may have implications for
relativistic turbulence in 2 + 1 dimensions.

In the context of holography, the existence of an enstrophy current for conformal 2 4 1
dimensional fluid flow implies its dual manifestation in asymptotically AdS4 black brane
geometries. More precisely, as is the case for entropy, one may expect that asymptotically
AdS, black branes possess a geometric quantity that captures enstrophy conservation in
the boundary theory. There are several approaches to this problem in the literature [41-43]
which may serve as an excellent starting point for fully addressing this issue.

Acknowledgments

We would like to thank A. Frishman and H. Liu for useful discussions. NPF is supported
by the Bijzonder Onderzoeksfonds 2020 at KU Leuven and by the European Commission
through the Marie Sklodowska-Curie Action UniCHydro (grant agreement ID: 886540).
AY is supported in part by an Israeli Science Foundation excellence center grant 2289 /18
and a Binational Science Foundation grant 2016324.

A The non relativistic enstrophy charge

As discussed in the main text it is straightforward to argue that the enstrophy is conserved
in inviscid 2+ 1 dimensional incompressible flow. Consider the Navier-Stokes equation for
incompressible fluids in the absence of random forces

- o 1
WU+ T-Vi+ VP =—-V?7,
) R (91)
V-7=0,

where R is the Reynolds number, P is the pressure, and v is the velocity field. We start
by making two observations. By dotting the Navier Stokes equation into ¥ we find that

G0+ 5V - (00%) + V (0P) = (—Qwijw + Vi (i V7o' — Uivlvj)> (92)
where
U2 =7 ?7, Wij = 82‘%‘ — ajvi 5 (93)

and we have used the incompressibility condition. Integrating we find

1
OE = W (94)

where
1 2 1d 1 ij 7d
E:2/\/§vdx, and sz/\/gwijwjda: (95)

are referred to as the total energy and the total enstrophy respectively. In obtaining
(94) we have assumed that the fluid is on a manifold without a boundary. We will not
consider manifolds with boundaries in the remainder of this work. When R~! = 0 then,
unsurprisingly, energy is conserved.

To understand the role of enstrophy in establishing the dynamics of the theory, let us
consider the equation of motion for w;;. By taking a derivative of we obtain

1 1
8th-j + Vk (vkwij) + 5 (wika + aikwf) = EVQWU (96)
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where

oij = Viv; + Vjv;. (97)

The third term from the left is referred to as a ‘vortex stretching’ term and it vanishes in
2 spatial dimensions. Indeed, let

k k _
Wik0; + oW = €ijs (98)

and also
wij = qu . (99)

Then,

k

5 X e”wikaf = we ol = aj =0 (100)

where the last equality follows from the incompressibility condition. The enstrophy pro-
duction equation reads

; ; 1
8tW = /\/ﬁwjiwzkakjddx - EP (101)

where P is the Palinstrophy,

pP= /\/gvkwijvkwijd%. (102)

In the presence of the vortex stretching term the rate of change of W is not sign
definite. In this case experimental results and indirect theoretical arguments lead to

i = a0
where e is a constant. With some work, (see, e.g., [44]) one can show that leads
to the Kolmogorov energy cascade in turbulent flow. Once the vortex stretching term is
absent, it is easy to show that 0;W < 0. Since the enstrophy is a positive quantity, it can
not diverge if it were initially finite and is no longer valid. Instead one finds, via
, that energy will be conserved at large Reynolds number leading, eventually, to an
inverse energy cascade (and also a direct enstrophy cascade) in two dimensional turbulent
flow.

We also note in passing that higher moments of the enstrophy are also monotonically
decreasing and conserved when R~! = 0, viz.

at/\f wl]w] /\f wl]w kal VEwI P (104)
whenever n > 0. Alternately,
g 1 3 »
O / Vah (wijw”) d’z = & / Vo h (wijw”) kaijvkw”dzx. (105)

is negative as long as h is a monotonically increasing function.

B Newton-Cartan geometry and hydrodynamics

Galilean invariant dynamics in a curved background, and Galilean invariant hydrodynam-
ics in particular, is properly described by Newton-Cartan geometry. In what follows we
will briefly summarize key elements of the Newton-Cartan formalism developed in [45] and
then use it to recast Galilean hydrodynamics in a manifestly covariant form. See [27].
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B.1 Newton-Cartan geometry

In d 4 1 spacetime dimensions, the independent Newton-Cartan background data can be
taken to be the set (n,, h*”, A,, n#), where n, is a nowhere vanishing one-form which
defines the local time direction, h*” is a rank d positive semi-definite symmetric tensor
which satisfies h*¥n, = 0 and can be seen as defining the (inverse) spatial metric, A, is a
U(1) gauge field associated with the conservation of particle number, and n# is related to
n, via

n*n, = 1. (106a)

Based on the Newton-Cartan data, one can deﬁ{le a positive-definite spacetime metric y*”
(and its inverse 7, ), a rank d (spatial) metric h,, and a projector P*, via

v = atnY + MY, huw = Y — 1y pPt, = h“pﬁ,,p =0t —nkn,. (106Db)

Note that i_LWﬁ” =0 and P*,n" = P*,n, = 0.

In Newton-Cartan theory different choices of »* are equivalent. This is a result of the
requirement that the underlying theory is Galilean invariant. In practice, we require that
the action is invariant under a transformation n* — n’* obtained via

't = at + hp, (107)

with v, a transverse one-form, ¢, n” = 0. The transformation (107)) is referred to as a
Milne boost. The action of Milne boosts on the metric and gauge field is given by

]TL:LV = By,l/ - (nuppl/ + nl,Pp‘u)?ﬂp + nunyhaﬁwawﬁ 5

, ST (108
AM - AM + P qu - inuh p¢u¢p,

with A# and n, invariant. Invariance under Milne transformations is a key requirement
used to construct Galilean invariant theories in a curved background.

The covariant measure appearing in spacetime integrals is d%tlz V7, where v =
det(yu), which can be shown to be Milne invariant. The derivative that reduces to a
boundary term under the integral is given by the combination

1

(vu - QH)V“ - ﬁau(\ﬁvu) ) (109)

where we have defined

Gy =To, = —FWa” (110)
with
F = 9uny, — 9y, (111)

A covariant derivative V,, can be constructed by requiring compatibility with the
Newton-Cartan data,
V., =0, V¥ =0, (112)

and restricting the torsion to be timelike, EAPT ﬁ\l’ =0,

1 - - - 1
Doy = 0um + 50 (Db + iy = Ohy) + Sh (0uFup + 1uFpp)

(113)
A A A Ap(n
TW—FW_FW__ FA(W)’
where we have defined the field strength
Fu =0,A, — 0,4, (114)

19



SciPost Physics

and we used the conventions

VuVE = 0V5 +T5,V) —T% Ve (115)

Our construction closely follows that of [45]. A more general analysis can be found in [46].
The connection is not Milne invariant. Unfortunately, using only the Newton-Cartan
data it is not possible to construct a connection that is both Milne invariant and gauge
invariant, see [45]. As we will see shortly, when discussing the hydrodynamic theory, one
can use the velocity field as additional data in order to construct Milne and U (1) invariant
connections, see [27].

B.2 Fluids on a Newton-Cartan background

Let us now consider a fluid in a curved Newton-Cartan background geometry. Following
[27], we equip our theory with a Milne-invariant timelike velocity vector field ué normalized
such that u’énu = 1. We also define the lower index counterpart of u’é and its norm as

UGp = Bwuéa UQG = UGuué (116)
which transform under Milne boosts as

U, = UG — Py + ngh”? (Y, — ua vty
(UIG)2 = ué + h”'}%% - 2huququ .

With these quantities at hand, it is straightforward to construct the Milne invariant com-
binations

(117)

iLW = BW — (ug pnw + uguny) + uQGn“n,, ,
- 1
A=A, +ug, — 5”#“207 (118)

Pt = h“pﬁpy = 0", — ugny,
which satisfy INzWué =0 and ]E’”Vué = P“,,nu =0.

Using the velocity field u‘é we can define a Milne and U(1) gauge invariant connection
compatible with the Newton-Cartan data

- 1 - . - 1 ) _
Dh, = ugdony + 0™ (auhyp + Oyhyy — aph,w) o (nMFVp + nl,FW> ,

L N 2 (119)
T[i‘l/ = Fi\w - in\,u = 7ué¥F;STlZI) ’
where we have defined the field strength
F,, =0,A, - 08,A,. (120)

The constitutive relations for Galilean fluids at leading order in a derivative expansion
for the Milne-invariant stress-energy tensor TH” energy current £# and particle number
current J! are

TH = Ph"Y + pugug + O(9),
M =eug, + 0(9), (121)
Jt = pug, 4+ 0(9),
where P is the pressure function, p is the particle number density, and ¢ is the energy

density. All these quantities are generic functions of the (Milne-invariant) temperature,
T, and chemical potential, u, and satisfy the thermodynamic relations

e=Ts+pup—P, de =Tds + pdp (122)
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where s is the entropy density.
The equations of motion for Galilean fluids in a curved Newton-Cartan background
are captured by the conservation of the stress-energy tensor and currents

(Vo = G)TH = — WP FMEY
(V) —2G,)E" = — % (EPMT“”%UPG + BWTW%ug) , (123)
(6u - -C’;u%]g =0.
Here,
G =T %0 = —Fug, (124)

and @“ is the covariant derivative defined with the Milne invariant connection .
See [27]. The leading order equations of motion for Galilean fluids can be obtained by
inserting the expressions in . After some massaging, one can rewrite these
equations in the form E, =0, £ =0, and E’ = 0, where

Ey = P20oP — pFoul + (P + ) F{u,
E=—(V,-G))(sul), (125)
B = (V= Q).

By taking the flat spacetime limit

n,=(1,0), B =06Y, Wb =(10"), @ A,=0, (126)
where v’ is the usual fluid velocity in Cartesian coordinates and i = 1,...d label the
spatial coordinates, equations ((125)) reduce to the conventional Euler equation, continuity
equation and entropy conservation.
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