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Abstract

The nature of unconventional superconductivity is intimately linked to the mi-
croscopic nature of the pairing interactions. In this work, motivated by cubic
heavy fermion compounds with embedded multipolar moments, we theoreti-
cally investigate superconducting instabilities instigated by multipolar Kondo
interactions. Employing multipolar fluctuations (mediated by RKKY interac-
tion) coupled to conduction electrons via two-channel Kondo and novel mul-
tipolar Kondo interactions, we uncover a variety of superconducting states
characterized by higher-angular momentum Cooper pairs, J = 0,1,2,3. We
demonstrate that both odd and even parity pairing functions are possible,
regardless of the total angular momentum of the Cooper pairs, which can
be traced back to the atypical nature of the multipolar Kondo interaction
that intertwines conduction electron spin and orbital degrees of freedom. We
determine that different (point-group) irrep classified pairing functions may
coexist with each other, with some of them characterized by gapped and point
node structures in their corresponding quasiparticle spectra. This work lays
the foundation for discovery and classification of superconducting states in
rare-earth metallic compounds with multipolar local moments.
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1 Introduction

The instability of the Fermi liquid state to interactions is at the heart of a wealth of
emergent phenomena. Of particular interest is the superconducting transition, wherein
an attractive potential leads to the formation of bound electron pair states. The subse-
quent macroscopic condensation of these Cooper pairs and mass generation for the gauge
fields through the Anderson-Higgs mechanism, leads to the eponymous perfect conductiv-
ity and expulsion of magnetic fields. In BCS superconductivity, the pairing of opposite
spin electrons by phonon-mediated interactions leads to a superconducting ground state
characterized by an isotropic (in momentum space) pairing function and a gapped quasi-
particle excitation spectrum.

However, the discovery of superconductivity in a variety of strongly-correlated systems
—including cuprates , heavy fermions , transition metal oxides , organic
and U-based ferromagnetic [27-30] superconductors — has challenged this conventional
wisdom. Appropriately named as unconventional superconductors, they have broadly been
characterized by anisotropic condensate wavefunctions, odd/even under spatial parity and
time-reversal, as well as possessing gapless (nodal) structures in the quasiparticle spectrum
. Understanding their microscopic origins led to decades of active research, which
has given rise to a number of proposed mechanisms that go beyond the phonon-mediated
description of conventional superconductors. For instance, magnetic/spin fluctuations
have been attributed to the origin of the odd-parity superconductivity in heavy fermion
UPts and the d-wave superconductor UPdsAl; , while orbital fluctuations
have been suggested as the cause in the iron-pnictides . The evidently intimate link
between the nature of the superconducting state and the interaction that instigates its
formation leads one to question if novel superconducting instabilities may occur from
novel interactions.

The investigation of rare-earth metallic compounds provides an ideal avenue to explore
this question. Through the combination of spin-orbit coupling and crystalline electric
fields, the localized rare-earth ions support anisotropic charge and magnetization densi-
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ties, described by higher-rank multipolar moments [38-41]. As a consequence of their non-
trivial transformations under lattice symmetries, conduction electrons may interact with
them in atypical manners. For instance, in the single-impurity limit, so-called multipolar
Kondo interactions lead to the development of both multi-channel as well as exotic non-
Fermi liquid states, where both the conduction electron spin and orbital degrees of freedom
become intertwined under scattering events with the moment [42}45]. In the generalized
lattice setting, this Kondo effect competes with RKKY interactions between the moments
leading to a rich phase diagram of exotic phenomena including hidden multipolar-ordered
phases [46H504/50-53], emergent non-Fermi liquids [54-56], and unconventional supercon-
ductivity [57H61] in the neighbourhood of a putative quantum critical point [62}/63]. In
ferro-quadrupolar PrTisAlyg, for example, thermodynamic and transport measurements
indicate the existence of a broad superconducting dome coexisting with ferro-quadrupolar
ordering under hydrostatic pressure [64]. Indeed, the T is enhanced near the critical point
suggesting that multipolar/orbital fluctuations of the local moments play a crucial role in
the pairing mechanism. Since the interactions between the moments and electrons may
themselves be unusual, this provides the tantalizing prospect of the development of exotic
unconventional superconducting behaviours.

In this work, motivated by superconducting behaviours in ferro-quadrupolar PrTis Alsg
[64], we investigate the superconducting instability instigated by multipolar Kondo in-
teractions. Employing a Ginzburg-Landau theory of ferro-multipolar ordering (medi-
ated by RKKY interaction), we consider Gaussian multipolar fluctuations in the high-
symmetry paramagnetic phase. These fluctuations (and the associated order parameters)
are symmetry-permitting and coupled to conduction electrons possessing spin (1,]) and
orbital (¢ = 1) degrees of freedom. Due to the nature of the Kondo coupling, the elec-
trons’ decoupled spin and orbitals are interwoven to form effective j = %,% conduction
electrons. The multipolar Kondo interaction used in this work was recently shown to
result in both two-channel and novel non-Fermi liquid behaviours in the single-impurity
limit; as such, we consider these two limiting Kondo interactions as the source of super-
conductivity. Integrating out the Gaussian multipolar fluctuations, and employing group
theoretical methods, we derive the superconducting interaction wherein the Cooper pair
channels are organized into the (Op) cubic symmetry irreps, A4, Aog, T14, Tog, which
involve combinations of the total angular momentum of the Cooper pairs, J = 0,1, 2, 3;
for brevity we drop the gerade subscript henceforth.

The pairing functions arising from the two-channel Kondo interaction, have even/odd
spatial parity that follows from their even/odd J. Intriguingly, from the novel Kondo
interaction, both even/odd parity channels are possible regardless of the Cooper pair’s total
angular momentum. This is a marked difference from conventional BCS and highlights the
exotic nature introduced from the novel Kondo interaction. Using mean-field theory, we
examine the corresponding quasiparticle spectra and discover either point nodes along the
various cubic axes [100], [110] and [111], or a fully gapped spectrum on the Fermi surface
(with a momentum space dependence acquired from the pairing potential) depending on
the superconducting irrep of interest. This work lays the foundation for the discovery of
unusual forms of superconductivity in multipolar based heavy fermion compounds.

The rest of the paper is organized as follows. In Sec. [2] we present a Ginzburg-Landau
theory of multipolar fluctuations based on the symmetry-constraining environment sur-
rounding the multipolar moments. In Sec. [3| we consider the multipolar Kondo coupling
of conduction electrons (of total angular momentum j = %, %) to ferro-multipolar order
parameters. The Gaussian multipolar fluctuations are then integrated out to obtain effec-
tive electron-electron interactions that can instigate superconducting instabilities. Section
organizes the subsequent pairing Hamiltonian (composed of Cooper pair operators of
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total angular momentum J € [0, 3]) into the irreducible representations of the Oy, point
group. In Sec. [5| we consider the variety of superconducting order parameters arising from
two-channel and novel multipolar Kondo interactions, and discuss the mixing of different
pairing irreps. Section [0] details the properties of the non-trivial superconducting states
(including the nodal structure of the quasiparticle spectra) using a mean-field theory ap-
proach. Lastly, in Sec. V we discuss the key findings from this study and provide
directions of future work.

2 Ginzburg-Landau theory of multipolar ordering

Localized multipolar moments arise from a combination of spin-orbit coupling and crys-
talline electric field (CEF) effects. As a representative example, we consider the family of
cubic multipolar compounds, Pr(Ti,V)2Alsg, where the Pr ions reside on a two-sublattice
diamond lattice. Encircling each Pr ion is a cage of Al-atoms that subjects the 4f2
electrons to a local T; symmetry, which splits the J = 4 multiplet to yield a low-lying
non-Kramers doublet of ground states, \Fé’2>. These states support solely higher-rank
multipolar moments, namely time-reversal even quadrupolar moments Osp = %(3J 2_J?),

Ogy = @(J% — Jj), and a time-reversal odd octupolar moment 7A;yz = %JmJsz [41].
The two-fold nature of the ground state permits a tidy representation of the multipolar
moments in terms of pseudospin-1/2 operators S = (S*, SY, S%),

Sﬁ,B ~ @22, Szy4,B ~ @20, sz47B ~ 7/\;312. (1)

Due to the sublattice nature of the underlying diamond structure, the local moments are
also specified by their sublattice (A,B) location.

Conduction electron mediating RKKY-like interactions permit the development of
spontaneous ferro- and antiferro- multipolar orderings. In this work, we focus on the
possible development of ferro-like order of both quadrupolar and octupolar moments de-
scribed by the coarse-grained Landau order parameters [65],

Pay,2(r) = (537 () + (S (r)). (2)

where r denotes the coarse-grained spatial coordinate. We note that in the subsequent
path-integral formulation, ¢, , . are bosonic field variables.

Constrained by the surrounding T; point group of each moment, time-reversal sym-
metry, and spatial inversion about bond-centre (detailed in Appendix , we have the
following Euclidean time static Ginzburg-Landau action for the multipolar moments,

So= [ 32 sul-aMu(@)sfa), (3)

a pv

where we employ the Fourier modes of the order parameters, [ = foﬁ dr, Mgz(q) = (mo+

aoq’+azqy), Myy(a) = (mo+aod® —azq;), M:=(a) = (mo+a1a?), Myy(a) = My(q) =
(agqi). We employ the cubic E, normal modes ¢2 = 3(2¢2 — ¢2 — qZ) and qi = @(qg -
qg), phenomenological constants mg o represent the mass terms for the quadrupolar and
octupolar degrees of freedom, and ag 1,2 > 0 express the stiffness associated with spatial
fluctuations of the order parameters. We retain only the quadratic fluctuations of the
order parameters under an implicit Gaussian approximation that only weak fluctuations
are important for the superconducting instability in the approach from the paramagnetic

phase (mgo > 0).
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3 Electron-electron interactions from multipolar Kondo ef-
fects

The nature of the interaction between the multipolar moments and conduction electrons,
and the subsequent many-body ground state, is strongly dependent on the available con-
duction electron spin and orbitals [42-45]. As a representative example, we consider
conduction electrons, characterized by orbital p,, . (I = 1) and spin—1/2 degrees of free-
dom, forming a Fermi surface well localized about the high-symmetry zone-centre of the
Brillouin zone [66167]. The electrons are degenerate in both orbital and spin space, where
the orbital degeneracy in the p orbitals satisfies the cubic (Oy) symmetry of the high-
symmetry zone-centre and the spin degeneracy is guaranteed by time-reversal symmetry.
The free fermion action is given by,

S, = /T ;C““ [ (0r + €x) 5,4 ks (4)

where p, v run over the six flavours of fermions (Appendix |B| details the conduction basis
used) which have a degenerate dispersion € = % — Up.

Though the isolated conduction electrons do not necessarily possess intrinsic spin-orbit
coupling, the interaction with multipolar Kondo moments necessitates the intertwining of
the orbital and spin degrees of freedom,

Sk = /Z [CkJrq,# [qu¢x(q) + qu¢y(q) + FZVQSZ((I)] Ck,v + (q < —CI)] (5)
T k,q

where we detail the form of the interaction vertices I'*¥* in Appendix B} it suffices to state
here that the Kondo interaction vertices involve three coupling constants Jj 2 3. The nat-
ural basis for the conduction electrons in Eq. [5]is in terms of the total angular momentum
j=l®s=1® % = %, % In the single impurity limit, this multipolar Kondo interaction
permits the development of (i) a two-channel non-Fermi liquid behaviour (characterized
by J2 = 0), and (ii) a novel non-Fermi liquid behaviour (J; = 0) at low temperatures [44].

The Gaussian nature of the multipolar order parameters permits them to be integrated
out (as described in Appendix |C]) of the path integral to yield an effective action,

Z = /D[c, ; @, ple” (SotSetSk) — /D[c, cle et (6)

In order to study the superconducting instabilities instigated by Seg = fT Hg, we rewrite it
in terms of pairing channel terms by (i) normal ordering the interaction and (ii) projecting
the interactions to ensure Cooper pairs are formed from electrons of opposite momenta
(in the renormalization group sense, any other possible pairs yield irrelevant interaction
vertices [68]). The effective superconducting Hamiltonian is,

Heg = — Z Z (Vaﬁvé)k—k’CLacT_k;yc—k’,(SCk’,ﬁ (7)
oK afs

where the complete form of the interaction potential (Vagfy(;)k’k/, involving bi-quadratic
products of the interaction vertices I'**¥* and momentum dependent form factors, is pre-
sented in Appendix [C] The abundance of possible terms in Eq. [7] encourages a careful
examination of two limiting cases of the effective electron-electron interaction generated
from (i) two-channel Kondo interaction, and (ii) novel multipolar Kondo interaction, which
we do so in the subsequent sections.
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4 Higher-angular momentum Cooper Pairs

The nature of the effective interaction permits superconducting instabilities of electrons
belonging solely in the j = 1/2 sector, solely in the j = 3/2 sector, and a mixture of the
two j sectors. This leads to the development of Cooper pairs of total angular momentum
J,

1 1
S®- 0@l 8
5®5 2 0® (8)
3 3
5050010203 (9)
1 3
505102 (10)

which follows from standard angular momentum addition. This higher-angular momentum
nature of the Cooper pair is unlike the standard singlet state of BCS theory. We note
that the conduction electrons created here possess only the total angular momentum (or
“effective spin”) j and no additional orbital angular momentum.

Formally, the angular momentum sector of a generic form of a Cooper pair creation
operator with momentum k can be decomposed into the total angular momentum states
69,

CL]-ICT,k;]2 = Z<]17m1 J2.malj, j2; J, M>bJM X (11)
JM

where ji12 and mqo are the effective spin and z-direction component of each electron
(my,2 subscripts for the conduction electron operators are dropped for brevity), and
bTJ, Mik is a Cooper pair creation operator of total effective spin J and M component
along the z-direction at momentum =+k. (ji,m1;j2, malj1,j2; J, J,) are the Clebsch-
Gordon (CG) coefficients, which takes into account the symmetric/anti-symmetric prop-
erty of effective spin exchange via the phase factor ie. (ji,m1;j2, malj1,jo; J, M) =
(=1)779 =22 (o, ma; j1, malja, j1; J, M).

Due to the electrons possessing both j and k quantum numbers, fermionic exchange
involves the composition of spin exchange (j1 <> j2) and spatial parity (k — —k). For
J1 = ja2, the associated Cooper pair operator must be even (odd) under spatial parity if J is
even (odd) to satisfy Fermi-Dirac statistics; this can verily be identified from Eq. [11| using
the aforementioned CG phase factor and the anticommutation of fermionic operators. For
J1 # ja, special care needs to be taken to establish the spatial parity nature of the pairing
operator, as one can define a Cooper pair creat10n operator in two ways: bt J, Mk (bjr] ka)
with j = 5 (j = 5) fermion at k and j = 5 (j= 5) fermion in the —k in Eq. |11} These
Cooper pair operators are related to each other by the CG phase factor under exchange
of 71 and jo. In order to create a Cooper pair of definite parity, one should thus consider
symmetric (+) and anti-symmetric (—) linear combinations of the Cooper pair operator

in Eq.

1 .
bTJ,M;k;:t = ﬁ (bT],M;k + b}L],M;k) (12)
where due to satisfying Fermi-Dirac statistics, EB,M;_k = (—1)‘]+1th]7 . Thus, bJM et

(bT]’M;kh) is odd (even) under spatial parity for even J; and bB7M;k;+ (bTJ’M;k;f) is even
(odd) under spatial parity for odd J.

The cubic nature of the interactions necessitates that the Cooper pair operators of
total angular momentum b}L] vk Pe organized into the irreducible representations of the
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associated point-group Oy, rather than the good quantum number of spherical symmetry,
J [70H72]. The group theoretical decomposition of Cooper pair states are: for J =0 — Ay,

|A1) = |0,0) (13)
for J =1— 17,
) =5 [[1.1) = 1 -1)] (14)
1
Tie) = 5[ L1+ 11, -1) (15)
Ty@) = [1,0) (16)
for J=2 = E® T,
1
Bo) = 5|22 +12,-2) | (17)
[E) = 12,0) (18)
Tn) = 5 [12:0)+12.-1) (19)
Ty} = 5 [12:1) = 12.-1) (20)
Tyo) = 5122 = 12.-2) (21)
and for J =3 — Ay ® T & T,
42} = —=[13.2) ~13.-2)| (22

T = 2 [13.9) - 2.1+ 2151 - jp.-3)] )
Ty) = % 3,3) + \[|31 \[|3 1) +13,-3) (24)

Ty)) = [3,0) (25)

—_

Ty = /2 [8.3+ /280 - 218, -1 - s3] (26)
T = /2[5 - 20 - 218, -1+ 3. -3)] (21)
o) = 5[ 13.2) +13.-2)] (25)

where we use the notation of the irreps of Oy, point group, and |J, M) is the total angular
momentum wavefunction of the Cooper pair operator bt JM k- We stress that the irrep
decomposition is of the total angular momentum J, rather than the linear momentum, of
the Cooper pair. The above total angular momentum states are even (with the appropriate
gerade subscript) under the inversion element of O due to being composed of orbital
angular momentum [y = [o = 1 electrons i.e. picks up a phase of (—I)ZIH2 = 1 under the
inversion [73]. We contrast this with the spatial parity that flips the linear momentum
k. As mentioned previously, we have dropped the gerade subscript for brevity. The
procedure by which the group decomposition is performed is detailed in Appendix [D] and
the composition of the Cooper pair in terms of individual fermionic bilinears is presented
in Appendix
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Figure 1: Superconducting order parameters arising from % ® % electrons, with ¢+ =1,2,3
denoting the components of the three-dimensional irreps, from the two-channel Kondo
interaction. Coupled order parameters have an intersection between their depicted circles.
The Cooper pair operators associated with the order parameters are detailed in Appendix
The complete form of the pairing Hamiltonian is presented in Appendix

o
Q
o
o
Y
5
—
<

| w S
~———

/N
| w
®

5 Superconducting instabilities from multipolar Kondo in-
teractions

The Cooper pairs, and the associated pairing functions, are associated with definite spatial
parity. In order to account for this, the interaction potential must similarly be decomposed
into even and odd under spatial parity components [74],

(e = 5[ (e & (e (29)

where the I indicates a particular irrep of interest of definite spatial parity, and the inter-
action potential is inversion-symmetric (V) 1 = (Vi) _ici- From inspection, (Vi)
and (V[ )x_y are respectively even and odd under spatial parity, and thus the interaction
Hamiltonian will project out terms of definite parity i.e. pairing operators even (odd)
under spatial parity only contain the associated VFJr (Vi) portions of the interaction po-
tential.

5.1 Two-channel Kondo interaction derived pairing instabilities

The superconducting order parameters derived from the two-channel Kondo interaction
involve electrons solely belonging to the j = % sector. They can divided into two fam-
ilies: those involving even-J and odd-J total angular momentum, which correspond to
even-(odd-)J pairing functions under spatial parity. Since the interaction potential is
functionally dependent on momentum space, this permits certain Cooper pairs of different
cubic irreps to scatter off each other. For the even-J sector, A‘{ =0 and T 2‘7 =2 are decoupled
from the rest, while the two components of the two-dimensional Eg =2 irrep mix with each
other. For the odd-J sector, this mixture effect is more prominent as though the A2J =3

~ J=1 - J=3
sector is decoupled from the rest, the T; and Ty irreps mix with each other to form
two linear combinations out of which one of the linear combination (for each component

- J=3
of the three dimensional irrep 77) couples to a component of 7 . The complete form
of the Hamiltonian is presented in Appendix We present a schematic depicting the
decoupling for the even and odd-J channels, and subsequent mixing of the irreps in Fig.

M
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Figure 2: Superconducting order parameters arising from % ® % and % ® % electrons, with
i = 1,2,3 denoting the components of the three-dimensional irreps, from the novel fixed
point Kondo interaction. Coupled order parameters have an intersection between their
depicted circles. The Cooper pair operators associated with the order parameters are
detailed in Appendix [E] The complete form of the pairing Hamiltonian is presented in

Appendix [G]

5.2 Novel Kondo interaction derived pairing instabilities

The superconducting order parameters derived from the novel Kondo interaction involve
electrons belonging to the j = % and j = % sectors. This offers a novel avenue of diversity
of superconductivity as Cooper pairs may be (i) formed from within each sector separately
and scatter off pairs in the other sector, and (ii) may be composed of one fermion from
j = % and the other from j = % sector. The classification of even/odd spatial parity
Cooper pairs for scenario (i) follows the previous approach, namely it is identified with
the even/odd J nature of the Cooper pair. As detailed in Sec. {4} the parity identification
for scenario (ii) is not as simple, and one has both even and odd parity pairings regardless
of the even/odd-ness of J. This is a clear distinction from the instabilities arising from
the two-channel Kondo interaction. We depict the mixing of the various pairing channels
for scenario (i) and (ii) in Figs. [2] and [3| respectively. As seen in Fig. though the

components of the Cooper pairs formed within the j = % sector are decoupled from each

other (for both even and odd J), the Cooper pair formed within with j = % sector provides
a common source to scatter and mix the decoupled channels amongst themselves. For the
scenario (ii) in Fig. [3] even and odd J Cooper pairs are permitted to scatter off each other,

since even/odd J no longer corresponds to even/odd spatial parity pairing functions.

6 Properties of Superconducting States

The characterization of the superconducting channels in terms of even/odd parity cu-
bic irreps permits a BCS-mean field theory to be developed to study the properties of
the superconducting state. Employing a Hubbard-Stratonovich (HS) transformation (as
detailed in Appendix we obtain gap equations of the form,

tanh(BE,,q/2) OE2
Do =YY (Qpa)ar > (gmq a/? aZ:Y (30)
q 7

i=1,....m

where F,,q is the Bogoliubov quasiparticle dispersion of the m™ quasiparticle, (Qpq)ay
is a collection of interaction potentials associated with a decoupled irrep (or collection of
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Even Parity: Odd Parity:
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Figure 3: Superconducting order parameters arising from % ® % electrons, with ¢ =1,2,3
denoting the components of the three-dimensional irreps, from the novel fixed point Kondo
interaction. Coupled order parameters have an intersection between their depicted circles.
The Cooper pair operators associated with the order parameters are detailed in Appendix
The complete form of the pairing Hamiltonian is presented in Appendix [G]

irreps that is decoupled from the rest), and § = 1/7. In the case of a unique (m = 1)
quasiparticle dispersion, as is for the decoupled pairing channel in % ® % and the pairings
from case of (ii) of the novel interaction, there is an additional factor of the 2 on the right
hand side of Eq.

For choice of parameters provided in Appendix [H] we obtain non-trivial gap solutions
for particular irreps of the aforementioned interactions. We present a summary table for
the non-vanishing order parameters in Table [T and [2] for the two-channel Kondo interac-
tion and the novel multipolar Kondo interaction, respectively. As seen, for the choice of
parameters, not all order parameters are realized.

Spatial Parity A Superconducting Properties
A{=0 G.D.
Even =2 G.D.
Coexisting superconducting order
T 2‘](1:,5’73), parameters. Gapless point nodes
Tjr](:l,l;i) along body diagonals
Odd [111], [T11], [1T1], [11T] axes
Tj:}g% Gapless point nodes
along cubic [100], [010], [001] axes

Table 1: Non-vanishing superconducting states resulting from electron-electron interac-
tions induced by two-channel Kondo coupling. G.D. = Gapped dispersion with acquired
k dependence from pairing potential. The corresponding order parameters are provided

in Fig.

The nature of the superconducting state and the accompanying Bogoliubov quasiparti-
cle dispersion is intimately linked to the composition of the Cooper pairs from the fermionic
j sectors. For Cooper pairs formed from j = % or j = % sector, the realized even-parity
order parameters have gapped quasiparticle dispersion, though with a momentum space
dependence that follows from the momentum distribution of the interaction potential.

This property applies even in the case of multiple coexisting even-parity order parame-

10
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Spatial Parity A Superconducting Properties
Ai]; ?21 /2 Coexisting superconducting order
Even A{; ;23 /20 parameters.
=2
B3 G.D.
le;j:11 /29 Coexisting superconducting order
T jr]:ig /20 parameters. Gapless point nodes
0dd Vel
Ti;j:3/2, al(lng [11@, [10!, [011],
T2 [110], [101], [011] axes.
Even Eii2®§ G.D.
1222
TQJEE 23 Coexisting superconducting order
122
Odd Ti]jlle@ 3 parameters. G.D.
122

Table 2: Non-vanishing superconducting states resulting from electron-electron interac-
tions induced by novel Kondo coupling. G.D. = Gapped dispersion with acquired k de-
pendence from pairing potential. The corresponding order parameters are provided in

Figs. 2 B

ters. The odd-parity order parameters, on the other hand, acquire gapless nodes in the
quasiparticle dispersion, in a manner that respects the underlying cubic symmetry. We
present a schematic of the realized gapless quasiparticle nodes for the order parameters in
Fig. 4l The distinction in the location of the gapless nodes provides a means to distinguish
the odd-parity order parameters.

For Cooper pairs formed from the combined j = %,% sectors, gapped quasiparticle
dispersions are realized for both even and odd parity order parameters. Unlike the order
parameters where Cooper pairs are formed in the j = % or j = % sectors independently,
odd-parity order parameters develop for even-J Cooper pairs. This is an important dis-
tinction of this model from standard BCS-like instabilities formed from j = % or from
j= % sectors. A further intriguing aspect from the combined model is that the odd and
even J Cooper pairs may coexist with each other. This is seen, for example, in the coexist-
ing gaps formed from TlJ—:é 3 and T;fé 2’
the quasiparticle spectrum is gapped on the Fermi surface. We contrast this with the
nature of the gap functions obtained for odd-parity Cooper pairs, where distinct gapless
nodes are along the various depicted cubic directions in Fig. [4] The origin of such unusual
superconducting instabilities can be routed to the novel multipolar Kondo coupling that

permitted the mixing of multi-orbital conduction electrons.

where despite being odd under spatial parity,

7 Conclusion

In this work, we examined the nature of superconducting instabilities originating from
two-channel and novel multipolar Kondo interactions between multi-orbital conduction
electrons and localized non-Kramers moments. Due to the multipolar nature of the local-
ized moments, the spin and orbital of conduction electrons became intertwined, leading to

pairing instabilities between effective j = 1, 3

3, 5 the conduction electrons. Using group theo-
retic symmetry analysis, we characterized the variety of higher-angular momentum Cooper
pairs according to the irreducible representations of the Oy point group. The Cooper pairs
arising from two-channel Kondo interactions are composed of electrons from the j = %,
j= % sectors independently, and possess even and odd spatial parity gap functions that

11
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k2

Figure 4: Gapless nodes in the Bogoliubov quasiparticle dispersions for odd-parity order
parameters formed by fermions belonging to 7 = 1/2 or j = 3/2 sectors independently.

(a): Gapless nodes for T' 1(2112‘?’5) , T§/=3 order parameters resulting from two-channel Kondo
J=1,3

interaction are located along body diagonal [111] directions. (b): Gapless nodes for T )",
order parameters resulting from two-channel Kondo interaction are located along primary
cubic é; axes. (c): Gapless nodes for Ting /9> T‘_]jig’ /2 Tz‘]]:jg /o Tesulting from novel
Kondo interaction are located along the [1 £ 10], [10 £ 1], [01 £ 1] axes. The red-dashed

lines are for ease of viewing the directions of gapless points.

follow from the even and odd-ness of their corresponding total angular momentum .J.
Indeed, the odd-parity quasiparticles possess point-nodal structures along various cubic
directions in their dispersion. Intriguingly, Cooper pairs arising from the novel Kondo
interaction leads to coexisting even-J and odd-J instabilities, which have even and odd
spatial parity regardless of the even/odd-ness of the Cooper pair total angular momentum.
Our studies are broadly applicable to the rare-earth family of Pr(Ti,V),Aly,

Pr(Ir,Rh)9Zny, where multipolar moments are situated on diamond lattice sites with
well-localized Fermi surface formed by Al atoms. Indeed, our work may be employed as a
theoretical guide to classify the superconducting instabilities occurring in the paramagnetic
phase, which may be achieved via the application of hydrostatic pressure. Future directions
of study would be to examine and classify the nature of the superconductivity coexisting
within a multipolar ordered phase. Due to the reduced symmetry of the ordered phase,
the above cubic irreps become reducible and it is natural to expect further mixing of the
pairing functions. Such studies would be highly relevant to observed superconductivity
coexisting with quadrupolar ordered phase in PrTisAlyy [64]. Indeed, microscopic details
of the conduction electrons (such as the conduction electron band structure) would be
required to make direct connections with such coexistence experiments |75].
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A Symmetry transformations of multipolar moments

The phenomenological order parameters transform as their microscopic counterparts under
the generating elements of the Ty point group (improper rotation Sy, and a C3 rotation
along the [111] axis), namely [43,53]:

bo(r) 222, ~¢u(R5lr) (31)
0y (r) 25 0y (R x) (32)
6:(r) == ~:(Rg) ) (33)
alr) < o)+ Lo, (Re en
31 ]- —
6, (x) <25 V) ~ S, ) )
. (r) 24 ¢-(R! r) (36)
The Fourier transform of these order parameters are given by,
1 .
Puy,2(q) = N Z e "V gy 2 (1) (37)

r

B Multipolar Kondo interaction

The single-impurity model studied in Ref. [44] can be extended to a generalized coarse-
grained lattice model where conduction band electrons uniformly couple to the ferro-
multipolar order parameters in a manner respecting the local Ty symmetry of the moments,

HK—2Z Z Cru Mycru¢d ) (38)

r d=z,y,z

where

% = J1 (AN + 07T — (At = \30),
TY = J; (A3 + A%) — (A% — \32), (39)
% = —J3(\2 4+ \%).

Here, J1, Jo, J3 are the Kondo couplings to the multipolar moments, r denotes the coarse-
grained spatial coordinate, and A" are the SU(6) Gell-Mann generators W = {1,2...,35}
with normalization such that tr[A\*] = %5‘“’. In the single impurity limit, the IR fixed
points are described by (i) J; = J3 # 0;Jo = 0 (two-channel Kondo interaction fixed
point), and (ii) J2 = J3 # 0; J3 = 0 (novel fixed point). In terms of the coefficients studied

in Ref. [44): J; = — LK+ 2, J, = \ﬁKl +V2Ks, and Js = v3K3. We note that the

factor of 2 in Eq. [38)is cancelled out by the factor of 4 5 introduced in Eq. |5to include both
¢zy,-(q) and ¢z .(—q) coupling to the fermionic bilinears. We note that the 1/2-factor
normalization of the SU(6) Gell-Mann generators is absorbed into the definition of Jj 23
henceforth for simplicity. The conduction electron basis employed in Eq. is,

). (40)
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where the subscript r; j, j, for the fermionic operator indicates the coarse-grained spatial
coordinate, total-angular momentum j, and z-component projection of the total angular
momentum j,, respectively. The Fourier transform of the conduction electron fields is

given by,

1 ik-r
Crp = —F— E e k- 41

C Effective electron-electron interaction from multipolar Kondo
interaction

The total path integral (composed of conduction electron action, Kondo coupling, and
multipolar fluctiations) is given by,

~ [ Dle. D@, gle S+ 0v0)
—/D[c,c]e_SCD[¢, ¢]e—fm[zw¢u(—q)Muu¢u(q)+ZM¢u(q)F“(q)+Zu¢M(—q)F“(—q)] (42)

B 2 kap Octaaloplis
[(q) = | Xk, Cktaal ozt (43)
> ki f Cktaal hpck

and the measure is given by

Dg.dl= [ DI ol

,u:{x,y,z}
N ~
do,, ,d
= H (hm 7(25’” ,(ﬁu’l>
N—oo 271
.“‘:{x’yvz}
= ] 40y . (44)
,uz{:z:,y,z}

Integrating out the bosonic field variable using the identity:

-1
/H db, dba —(baMagbg—jaba—baja) — el ’ (45)
2mi det[M]’
we thus arrive at Z = [ D[E, cle ce~%f with the effective interaction
—eff = /kkl (Vaﬁws)quJr(—&—q,ackﬁcL_qﬁck’,5 (46)
T 7q

where the interaction vertex is,
(Vapys)a = [fo(Q) (FxBde +T7,0 75) + fila) (T55155) — fav(a) (Fiﬁr Faﬁr'y§>
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—m@@w%ﬂm%ﬁ, (47)
and the interaction potential terms are,
2
_ (a0g® +mo)
fo(q) = <a0q2 +m )2 o a2 ( 4 + 4) (48)
Q 2 qu 4y
1
= - 49
fl(q) al(q)2+m0 ( )
2
aq
fap(a) = 5 (50)
(a0q?® +mq)* — a3 (¢ + q)
2
a2q,
fa(aq) = : (51)
(a0 +mo)* — a3 (¢ + qt)

We note that once again, ¢2 = 1(2¢2 — ¢2 — q;) and qi = @(qﬁ — ¢;). This interaction is

prepared for investigating superconducting instabilities by (as described in the main text)
(i) normal ordering the interaction : CL+q,ack7ﬁcL/,qﬁck’,63 = Cli—}—q,ac-il.(’fq’»yck/,(sckvﬁ’ and
(ii) projecting the Cooper pairs to being formed by opposite momentum electrons (in the
same spirit as BCS theory), k' = —k. This leads to the effective interaction Hamiltonian

in Eq. [7

D Symmetry decomposition of total angular momentum Cooper
pair states

The total angular momentum Cooper pair states can be elegantly decoupled into the irreps
of the point group Oy. The Oy, point group contains 48 elements Oy, = {Ty,1x Ty}, where I
is inversion, and the Ty elements are, Ty = {E, C4;, C5;, C3y, Csy, Cas, Cz, Cy, Cazy Oz, Cay, O,
SL, SIU, SIZ, Sz S4_y, S12:0das Odb, Odes Odds Ode, Oqf } Where we use the standard Schoenflies
notation to denote the symmetry elements.
The total angular momentum states can be used to construct basis functions for each
of the irreps using the projection operator,
P= S riary (52)
G
where ¢ labels the basis function of the d,-dimensional irrep T';, (i.e. the basis function is
IT%)). g = 48 is the order of the point group of interest, and a runs over the possible irreps
in O,. In order to employ the projection operator, the matrix elements (I | G [T'%)" in Eq.
need to be extracted. Since the basis functions of the irreps in terms of cartesian basis
states is known (for example, for Tyy, the basis functions are [I'r,,) = {yz, 2z, y}), they
are employed (along with the cartesian representation of the elements of Op,) to compute
the aforementioned matrix element, and thus the projection operator.

3

E Cooper pair composition from j = %, 5 sectors of conduc-

tion electrons

The Cooper pair operator associated with a particular irrep can be constructed from
different means depending on the angular momentum j associated with the individual

15
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conduction electrons. We list the possibilities below, and use the notation of

T : _ T
Ay (317“% »72””3’2) = Cjimyy kCjaimyy i~k (53)
for brevity. We organize the Cooper pairs in terms of even or odd total angular momentum
J, as well as the conduction electrons sector from which they are constructed from.
Even J: % ® %

. 1 111 -1 1 —1]1 1
A1#=0 N 1 i (1 1 4
(A7) 217k\272(27 2 k\2” 91272 (54)
Odd J: L@l
o 1 1111 1 —1]1 =1\ |
Mo he=75 1% 23|23 k{2772]27 2 (5)
o 1] 1111 1 —1]1 =1\ |
Mo k=7 |M(332)23) T2\ 22|22 (56)
_ 1] 1 1)1 -1 1 —1]1 1\ |
(1(3) )k 5 k|9 2’ 9 + k|9 9 979 (57)
EvenJ:%®%

o 1 3 33 -3 31(3 -1
(AT e =518 303[37 k\92]2" 2

{3 L3 1Y Ny (3 333
+Ak<2’ 2 22) M2 2|22 (58)

e n= [ (50) -4 (1
GG @

e a (33 G
_AL<2_21‘2;>_AL<2_23B;)>] (60)

w3 (23R - (32 )
SAERD-ACTEY] -

o 1 3 33 —1 3 —1|3 3
TTvJ*Q :7AT I _AT —_ |- —
(Tyz) e 2[ k922" 2 k\92 79729
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AT (BB 3 Lar (383 L

A1‘(2’2‘2’ 2 ) TA 9 g |22 (62)
J=2 1 33|31

(T3 )kzzlAT <2 2‘ > < ‘ >

3 3 —3 3 -1
Odd J: 3@ 3

1 3 3 3|3 -1 3 -1/3 3
TN =24/ 2 |Aal (2,212, = ) + Al (2, —]2,2
(Mo k=3 5[ klzlz 2 ) Tl 2|20

1 31(3 1 3 3 -1
——AT T[° 4
V5 k<2 2‘2 2> k<2’2‘2 2)] (64)
. 1 /3 3 33 -1 3 3 3
rhr=ty, L 3| At -1 t
(1@))“25 2792127 2 k\9 797272

P (31131 R
5 Ak<2’2‘2’2 T2 223 (65)
=1y _ 1 F(333 23 Jal (212 L
(T 25 3Ak<2’2‘2’ 2 2'2(2° 2

oAb (32131

Ak<2,2‘2,2 +3A] (66)
fymsy 1 3 3|3 1 P (31]33
S 2[A (22‘22 T2\ 230202

BN Rt e A NN N el Rt

Ak<2’2‘2’2 Ml )22 (67)

V5 3333 3 =33 -3
TiI=3y _ VILAT (2 212 2) AT (2 2|2 —°
(T 4<k2’22’2 k2’22’2)
3 31131 3 1|3 -1
— (Al (2,2]5,2) — Al
4@( k(z’z'z’z) <2 2‘2 2)]
1 /3| .+ (3 3]3 -1 ¢ (3 —1[3 3
4 5[Ak<2’2‘2’ 2 >+Ak<2’ 2 ’2’2)

313 -3 3 =313 1
AT (2 22 T2 AT (2 2212 2
k(z’z’z’ 2) k<2’ 2 '2’2)] (68)
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famsy VB[N (333 3) A (3 -3[3 =3
(e “he= 7 [ <2 2‘2 2) T A 22|22 )
3 /.t (3131 + (3 —-1]3 —1
+4\/5<Ak (2’2)2’2>+A1‘ <2’ 2 ‘2’ 2 >]
1 /3] ,+(3 3]3 —1 3
i 4A<2J ) Q” >)
£ (3 1]3 -3 -3[3 1
k\2'2|2" 2 2 122
fI=3 1 333— 313—1
3

3 -1]3 1 3 33
A (2 222 2 AT
3 k<2’2‘2’2>+ (2 2‘2 2)]

3333 3 1[3 1
AL (2212 2) +Al (2,22,
1<<2’2‘2’2>Jr k<2’2’2’2>
—1 -1 — —
CAL(E B ) a3 B3 3
27 2|27 2 272 (27 2
(3313 -1 P(3 133
Ak<2’2‘2’2 T\ g2
3 1|3 -3 3 =313 1
AT (2202 T2 AT (2 2212 2
k<2’2’2’ 2> k<2’ 2 '2’2)]
V3 33|33 3 1(3 1
=3y _ VO IAT (2 9|2 3 At (2 L2 2
(T )i k\2'2|272 k\2'2|272
3 —-1[3 -1 3 -3|3 -3
— Al Al
k<2’2‘2 2>+ (2 2’2 2)]
1|+ (3 3]3 -1 i (3 —1|3 3
1|2 (2’2‘2’2>+Ak (2’2'2’2)
P(3 L3 =3 A (3 331
+Ak<2’2‘2’2 T\ 22203
ra=3 _ V3|1 (33|31 i (3133
(Ty) )k_[Ak(77 t28k (5 3]375

4 272|272
—A 3 —-113 -3 A 3 =33 —1
2212 2 22102 2

o

(73)

For Cooper pairs created from the mixed sector of j = 1/2 and j = 3/2 the ordering of the
fermionic operators are improtant. We use the M notation to indicate operators where

the order of the operators is interchanged. Even J: % ® %; [% ® %]

pr=2y L [Ar (33|11 (3 23|11 -1
o) )k_ﬁ[A“<2’2’2’2 T2 2|2
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<E§5’=Q>k—$:ﬁ£ (G355)+ L@’_zl‘z’_;):
(Eg;‘{:Q)k:%:AL(;_;‘Z’;) I‘@;‘;?)
(T = = AL (; 3‘2 _21>+N (3_2?)‘;;)
(ot (G )+l (B2 )]

(1= 2)k_212 Al (g g’; _21> - AL (3_23‘;;>
(ol (3 alrn) -4 G ) ]
gt Sl (330 - 23]
ot ot (2B 3+ (34 7)
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|
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Th/=h, — | Al (2 2|2 2
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@y lakl (3533 ) - a5 5 ;;)] 0
= o () vt (2 )
S ERY)] @
i s () - (2 )
a(E(EY -SR]
a5 (AR D ERD)] e
F Two-channel Kondo interaction derived pairing interac-

tions

The pairing interactions generated from the two-channel Kondo interaction can be clas-
sified into even and odd spatial parity, which follows from the even and odd J angular
momentum, in Eqgs. [91] and respectively,

even

H2CK [HQCK + Hch (90)

For brevity, we drop the superscript indicating the total angular momentum; Fig.
indicates the total angular momentum of the Cooper pair.

HEK = =3 [ - At +2026]  AlAu

k. k’
=Y [ -2 ) BB = Y[R+ 208 ] Bl B
k.k! folke kK’ ok
+ Z [2J1 f2“} (Egn (@K The ) + Z [fl‘]3 +2Ji fo} T2k Ty (91)
kK’ K.k’ ke ke

CK [ a al
HGH = =30 | = 1B =27, Abedme =3 | = A+ 2h7t| | T Toe (92)
Kk’ Kk’
=SB o VB ] T, T
kk
—Z f1J3 J1f21,+\f<]1f24 +(1)kT+(1)k’
kk'
[ 2 2 f
+ Z I - \/§J1 f21/ - ‘]1 fgu] k,k’ (TZ(l)kT'f‘(l)k/ + hC)
Kk’
- Z f1J3 + J} for + V3IF f2u} T<2>kT2<2>k'
Kk’
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- Z flJ:)? - J12f21/ \[Jlf2u} +<2) T+(2)k’
kk'

+ Z _\/§J12f21/ — J%fgu} e (T;(2>kT+(2)k/ + h.C.)
k,k’ ’

=B -2t ] Tl Taene = 3 | AT H 2R P Tl Ty
kk/ kK’

+ Z — 2J12f2/1} K/ (T2T(3)kT Bk’ + TT (3)kT2(3)k/> (93)
kk/ ’

where the linear combination of the T3 irreps are defined by

Tios = \}5( 2715 + T1T<i73>3) (94)
"o = (- THE - 2rlis) (95)
i (—2T“ LoThs 3) (96)

<T1T<5€ L2t ) (97)

G Novel Kondo interaction derived pairing interactions

The pairing interactions arising from the novel Kondo interaction can be classified into two
types of models: (i) Cooper pairs formed separately within j = 1/2 and 7 = 3/2 scatter
off each other, and (ii) Cooper pairs formed with one fermion from j = 1/2 and the other
from j = 3/ sector. We present the Hamiltonians for each of the families of models below.

G.1 Cooper pairs formed separately within j = 1/2 and j = 3/2 sectors

The pairing interaction can be decomposed into even and odd parity sectors (which follows
from the even and odd J total angular momentum),

novel nove novel (i
Hg V= [H YO G ()} (98)

even

where

novel (i ) - [ 2 t
Heven _\/§f0J2:| (A 1= kaA ,j—%;k/ + hC>
+ _ﬂfgng] o <ALJ, i +hee. )

+ _\/ifmh]g}kk’ (ALJ B or +hc>

[ ot J=2 BJ=
_ _fng}kk, <_A1;j:g;kA1;jg§kl + B[ B 2) (99)

As seen in the above interaction, the Ap irrep arising from the pair formed by j = 1/2
sector of conduction electrons mixes with the Cooper pairs formed from the j = 3/2 sector;
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we give the operators the corresponding j sector subscript label. We once again drop the
total angular momentum superscript for brevity.
The odd parity pairing interactions are,

novel (i [
Hogy' V==~ _\/ifojﬂkk/ (T jaac T jms e + e (100)

1 2 3 2
N Z _ﬁfzw]? N \/;f2ﬂ‘]2}kk/ (TIT(l);j:1/2;kT+(1)§]':3/2;k, - h‘C')

Kk’
[ 3 J2 ]‘ 2 T h
-3 \ g Szt \ﬁf?;ﬂz}kk, (Tl(l);jzl/Q;kTQU);j:3/2§k, + 'C')
k.k’ ’
[ ¢ 72 i U T T
+ RARS S]kk/ (T—“);j:3/2;kT—(1>;j:3/2;k' ~ Tgmagmad b s
kK’ ’
T T
N T2<1>;j=3/2;kT2<1>;j:3/2;k’)
[ 2
- Z |~ \/§f0J2] (TI@) G=1/2; k- @j=3/20 T h.c.)
Kk k'
- Z i f2u<]2 + \/7f2u=]2 KK T1T(2> j=1/2; 1L+ 2)5=3/2K +h C)
Kk’
_ Z _ \/>f211‘]2 f2MJ2i| k/ (TI@),j:1/2,kT2(2)7.7:3/27k/ + hC)
Kk’
[r 72 i l T T
+ RARS S]kk/ (T—(2>;j:3/2;kT—(2>;j:3/2;k' ~ Thergmamad b s
kK’ ’

T T
N T2<2>;j=3/2;kT2<2>;j:3/2;k’)
[ 2 t
= |[V2hi] . (Tl T 90 + )
Kk ’
i , ,
- Z - \/§f2u=]2} K/ <T1<3>;j:1/2;kT+<3>;j=3/2;k’ + h‘c'>
kk' ’
[ 2
-2 \/if2uj2}kk, (TlT(3);j:1/2;kT2(3)§j=3/2§k' + h-C'>
kk' ’
(o 12 t t f t
* Z _fl JP’] KK (T*(?’);j=3/2;ka(3>;j=3/2;k’ - T+<3);j=3/2;kT+<3);j=3/2;k’
k' ’

_f f
T2(3);j:3/2;kT2(3) ;j:3/2;k,>

The T irrep arising from the j = 1/2 sector mixes with the Cooper pairs formed from
the j = 3/2 sector; we once again present the operators with the corresponding j sector
subscript label.

G.2 Cooper pairs formed from j =1/2 and j = 3/2 sectors

The interaction arising from this case needs to be treated more carefully as the order in
which the fermionic creation operators are written to form a given Cooper pair provides an
additional complexity: for example, for the J = 2 pair, we can have EL{ and E'Ik presented
in Appendix [E] To ensure the pairing function is odd under fermion-exchange and spatial
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inversion/parity, we need to consider symmetric and antisymmetric combinations of these
pairing operators: one will yield an even under parity combination, while the other will
yield and odd under parity combination:

. 1 _ =
Et :—( TjEET) 101
+k V2 k k (101)
Tl:tk = L (leTk + ﬁk) (102)
V2
- 1 b= -
T2T:tk = ﬁ (Tsz + TQTk) (103)

We thus organize the interaction Hamiltonians into even and odd under spatial parity
Cooper pairs.

R ) = g 00 4 e O, (101)
where
I O = =37 [ = fo?| | Bl Brone = 3 | = FauB® = Jo?], | Bl By
kk' k k'’
+ Z B fzuﬂﬂkk/ (Ei(l)k LK + h. C) + Z [fQWB :|kk/ ( T(l)kE_(z)k/ + hC)
Kk ’ kK
- Z — faB® + fof3 ] E' o B =Y [fm,ﬁ? + foB } wWE-ow
kk kK’
(105)
L U V3
et = S 108 4 2 ol — L2 o ] BT
kK’
_ 1 V3
2 2 2
=208 = g e T
T3
+ 3 [= Lond - 3], (T i T + hie)
kk
_ 1 V3
=3 [foB% + 5B+ S )Ty Tasione
k.’ ’
- 1 \/>
= 0B = 5faB” — —f W8] T o
kk'
\[
+53 0] - —f2y52 n leﬂﬂkk/ ( T} o Tione + h.c.)
kk
=D [R08 — T onTavone = 2 [Fo8 + | T T
Kk Kk k'
+ Z f2,u,52] ( 2T+(3) Tl—(3)k’ + hC> (106)
kK’

- {(T2+,T17) “ (T27,T1+)}7

where once can notice that the E decouples from the F_, and the Tb1 couples to the
same component of T+.
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H BCS Mean field Theory Gap equation

The BCS gap equation can be elegantly derived by the Hubbard—Stratonovich (HS) trans-
formation. We present a sketch of the derivation below, focussing on the aspects that
require special attention.

We consider the form of a typical collection of interaction terms,

B _
Sint = —/ dr g E Xka(Qkk’)aBXk’a (107)
0

Kk of

where AT, Bt are generic Cooper pair operators made up of conduction creation operator
bilinears, «, § runs over the internal structure of the interaction potential (Qy/)as; as
a simple example, for the pairing instability arising in the % ® % sector’s E7=2 Cooper
pairs, (g )ap is @ 2 X 2 matrix in the internal structure, where each entry is a matrix in
momentum space.

We now introduce the auxillary field zj into the partition function with its correspond-
ing free action,

3
/ A ) Za (Vi as?a (108)
0 Kk of

where we use the generalized (Moore-Penrose) pseudoinverse. The pseudoinverse is typi-
cally introduced when solving a system of linear equations

AZ =b. (109)

When A is singular matrix, the unique inverse cannot be employed, thus necessitating the
introduction of the pseudoinverse which provides the solution to Eq.

T= A%+ (1— AYA)G (110)

where AY is the pseudoinverse matrix, and & is an arbitrary vector. Importantly, the
pseudoinverse matrix satisfies the identity AA9A = A, and provided that a solution exists

for Eq. then
AA9b = b, (111)

where we emphasize for the pseudoinverse matrix, A9A # I in general.
Returning back to the path integral, we perform the shift of the auxillary field,

Zka = Aka + Z(Vkp)a’YXPW (112)
Py

Zka = Zk;oa + ZYP’Y(Vpk)’YOU (113)
p?’y

where we now introduce the superconducting HS field Ay,. To make progress, the HS
field is taken to satisfy the criterion,

DY (Voka(Vi)asls = Apy (114)
kk! af
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For an invertible interaction, Eq. reduces to a trivially true statement, but for a non-
invertible matrix this equality is rationalized as the application of Eq. [I11]with the identi-
fication of b as the static HS field satisfying the linear equation >k 25V )ap{Xig) =
Ayo. We thus we arrive at the effective interaction,

Hor = ZBAka(kaf)aﬁAkfg + ) (AkaXia + XkalAka) (115)
kk’' o, k;a

with the accompanying path integral,

Z = / DIA, AJD[e, cle o 4754 8@ +ea)ict-Her) (116)

where we reinserted the free fermion action, where e, = % — UF.
To make progress, the fermions are re-written in a Nambu basis depending on the
nature of the interactions in Eq. m For the Cooper pairs arising in the % ® % sector,

the Nambu basis is,

— T —
Cs 2,
?’§7k
C3 1,
23K
el
3 =l
€7 2
Oy = | (117)
kid T | 272
C3 2.
2,37k
C3 1,
55k
C3 —1.
233k
_037%33_1(_

and for models that involve both j = % and j = % fermions the basis is expanded to be
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In terms of the Nambu basis, the HS transformed path integral is bilinear and as such we
can simply integrate out the fermionic fields. The subsequent fermionic determinant is of
the form Hizl,,,,7m(w3 +E§k)2, where w,, is the fermionic Matsubara frequency, m runs over
the possible quasiparticle energies. In the cases we consider in this work, m = 1,2, 3 are
the only possibilities; for m = 1, the determinant is (w2 + E%k)‘l. Finally, approximating
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the path integral via the standard saddle-point approximation, leads to the mean-field free
energy,

Fyrr = —TInZpes
=—2T) ) In(w)+ER) + BT ) A, )apBig (119)
k,wy, i=1...m kk' o,
where f§ = 1/T in the second term comes from integrating a static term over 7 €

[0,]. Extremizing the mean-field free energy with respect to Aqy and multiplying by
>q 2~ (2pg)ay leads to Eq. in the main text. As mentioned above, for the case of a
single quasiparticle energy (m = 1) the right hand side of Eq. has an additional factor
of 2.

In solving the mean-field equations, we employ the following choices for the phenomeno-
logical constants: m = 0.2, ur = 1.0,a9 = 2.5,a; = 0.67,a2 = 1.67,mg = 4.0, mp = 20.8.
These choices for parameters ensure that the multipolar action is non-singular, thus per-
mitting the Gaussian fluctuations to be integrated out. For the multipolar Kondo inter-
actions, we choose uniformly «, 3,7 = 10, where in the two-channel (novel) interaction

=0 (a=0).
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