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Abstract

A Cardy formula for 6d superconformal field theories (SCFTs) conjectured by Di
Pietro and Komargodski in [1] governs the universal behavior of the supersymmetric
partition function on Sé x S° in the limit of small 8 and fixed squashing of the S°.
For a general 6d SCFT, we study its 5d effective action, which is dominated by the
supersymmetric completions of perturbatively gauge-invariant Chern-Simons terms in
the small § limit. Explicitly evaluating these supersymmetric completions gives the
precise squashing dependence in the Cardy formula. For SCFTs with a pure Higgs
branch (also known as very Higgsable SCFTs), we determine the Chern-Simons lev-
els by explicitly going onto the Higgs branch and integrating out the Kaluza-Klein
modes of the 6d fields on Sé. We then discuss tensor branch flows, where an apparent
mismatch between the formula in [1] and the free field answer requires an additional
contribution from BPS strings. This “missing contribution” is further sharpened by
the relation between the fractional part of the Chern-Simons levels and the (mixed)
global gravitational anomalies of the 6d SCFT. We also comment on the Cardy formula
for 4d N/ = 2 SCFTs in relation to Higgs branch and Coulomb branch flows.

fOne-year civilian service for the Taiwanese government.
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1 Introduction

Universal features provide key checks of dualities and reliable handles on otherwise strongly-
interacting non-perturbative phenomena. It is long understood that the high tempera-
ture/energy limit of quantum field theories exhibits universality. In particular, the Cardy
formula for 2d conformal field theories (CFTs) [2] relates the torus partition function, which
counts operators (with refinement), to the Weyl anomaly coefficient (or Virasoro central
charge) c in the high temperature limitﬂ

7T20

_Tc 0
log Zgy = 3+ O(3,log ). (1.1)
Here, [ is the circumference of one of the circles of the torus, while the other is of unit radius.
The O(log ) is due to the potential “noncompactness” of the CFT. For a holographic theory,
this formula maps to the universality of the Bekenstein-Hawking entropy of BTZ black
holes [3].

In [1], Di Pietro and Komargodski introduced analogs of the Cardy formula for 4d and 6d
superconformal field theories (SCFTs), establishing universal relations between perturbative
anomalies and the Cardy limit (high temperature limit) of the superconformal index ] These
higher-dimensional Cardy formulae involve a sum of terms that depend on the background
geometry and gauge fields, whose overall coefficients are determined by the perturbative
anomaly coefficients. Supersymmetry plays a key role in their higher dimensional Cardy
formulae, particularly because supersymmetric partition functions are (expected to be) geo-
metric invariants — roughly speaking, quantities that depend only on a subset of the bosonic
background data [9-13]. Let us elaborate this point. Unlike the partition function of a 2d
CFT on an arbitrary Riemann surface, which only depends on the complex structure (in the
absence of chemical potentials), the metric dependence for the partition function of higher

IThe convention for the torus moduli is 7 = i%.

2There are other universal limits of the partition function of CFTs in d > 2. The governing formulae are
also called Cardy formulae in the literature. See e.g. [4-8].



dimensional CFTs is much more complicated in general. However, the supersymmetric par-
tition function Zy,, for a SCFT on a spacetime manifold M, is (believed to be) sensitive to a
much smaller subset of the metric data; in the case of even dimensions, this subset comprises
the topology and the complex structure moduli of j\/ld.E] Taking My to be S* x My_1, the
complex structure dependence of Z, translates into the dependence on the “transversely
holomorphic foliation” structure of M,_;. In fact, the sole dependence of Zg1, 4, , on the
transversely holomorphic foliation structure of M,_; has been proven for 3d N’ = 2 theories
in [11,/12] and conjectured for 5d ' = 1 theories in [14][]

The 4d Cardy formula was proven in [1] for Lagrangian theories continuously connected
to free theories via renormalization group (RG) flows triggered by marginal or relevant
deformations (moduli flows were not considered, which we remedy in this paper). They
evaluated the 3d geometric invariants on squashed sphere backgrounds (the evaluation on
lens space was later done in [15]), and determined the coefficients from the Kaluza-Klein
(KK) reduction of the free theory. The 6d Cardy formula was first conjectured in [1], and
further evidence for the conjecture from the superconformal indices of free theories was found
in |1}/16}/17].

In the first part of this paper, we derive the universal background dependence of 6d SCFT's
on squashed S° in the Cardy limit, by studying the 5d effective action from the reduction on
S1. Throughout, we make use of various effective actions, whose relations are summarized
in Figure [I A key ingredient in the proof of the 6d Cardy formula is the classification of
the 5d supersymmetric Chern-Simons terms in [18] by the present authors, and their explicit
forms found earlier in [19-24]. We evaluate these 5d supersymmetric Chern-Simons terms
on the most general supersymmetric squashed S° background, and produce the conjectured
expression of |1]. Along the way, we find further evidence for these supersymmetric Chern-
Simons terms to be geometric invariants.

In the second part, we determine the Chern-Simons levels that appear in the Cardy
formula for a specific SCFT. This is considerably harder in 6d than in 4d, because 6d SCFTs
do not have marginal or relevant supersymmetry preserving operator deformations, and there
are no known interacting 6d SCFTs with weakly-coupled (UV) Lagrangian descriptions [25],
26]. Fortunately, we can consider moduli space flows. Indeed, for theories with a pure Higgs
branch (i.e. very Higgsable theories in the language of [27]), where the effective theory far
away from the origin is particularly simple and described by free hypermultiplets, we can

3This is proven for 4d N'= 1 SCFTs in [11,12], and it would be interesting to pursue a similar argument
in 6d by classifying @-exact background couplings.

4In [11,|12], it was shown that supersymmetry further demands such a background dependence to be
holomorphic. Recently, in [13|, it was pointed out that this statement is actually (slightly) scheme dependent.
Nonetheless, since the different regularization schemes are related by local counter-terms, which are of order
O(PB) [13], they will not affect the singular terms in the Cardy limit.



determine these Chern-Simons levels exactly. This gives a proof of the 6d Cardy formula
for very Higgsable SCFTs, which include in particular rank-N E-string theories [28]29] and
(G, G)-type minimal conformal matter theories [30].

A similar procedure applied to 4d extends the validity of the 4d proof of [1] to a larger
class of theories that includes various non-Lagrangian Argyres-Douglas type theories [31,32].
We also comment on moduli space flows on the tensor and mixed branches in 6d, and on the
Coulomb and mixed branches in 4d.

6d/4d SCFT

on vacuum moduli space

6d/4d Wilsonian effective action integrate out massive 6d/4d effective action
Mmoduli < A7 E <A E < Mmoduli
reduce on S! reduce on S!
integrate out massive integrate out all |
\J
5d/3d Wilsonian effective action integrate out massless

5d/3d effective action

Munoduli < A < ﬂila E < A

Figure 1: Diagram depicting the relations among different effective actions. We denote
by A the cutoff of the effective action, and m,,,4.; 1S the mass scale associated with the
moduli scalar vacuum expectation value. The field contents are as follows: the Wilsonian
effective action contains light dynamical fields and background fields; the 6d/4d effective
action contains massless dynamical fields and background fields; the 5d/3d effective action
contains only background fields. On the one hand, the |— direction is in principle correct
but difficult to carry out (unless the effective theory is weakly coupled). On the other
hand, except on the pure Higgs branch, where the Green-Schwarz/Wess-Zumino type terms
relevant for (mixed) gravitational anomalies are absent in the 6d/4d effective action, it is not
understood how to perform the dashed arrow on the right. This is the source of the puzzle

of Section .



1.1 Review of the 4d Cardy formula

For any N' > 1 SCFT in 4d, we define the supersymmetric Si x S® partition function (or
superconformal index) Zg1x50 Dy [33736]ﬂ

Zgixgs = Try [(—I)Fef'é{Q’QT}e*BZ?:lwi(jiJrR)] ; (1.2)

where Tr4 denotes the trace over the Hilbert space H on S® in radial quantization, and
J1, jo and R are the Cartan generators of the Lorentz and U(1)g-symmetry groupsﬂ The
supercharge @ and its conjugate Q' generate an su(1|1) subalgebra of the full N = 1 super-
conformal algebra. The combinations j; + R commute with the su(1|1) and pair with the
chemical potentials (squashing parameters) w; that refine and regularize the sum. Due to su-
persymmetry, only states annihilated by @ and Q' contribute to the partition function, and
consequently the B dependence drops out. In the Cardy limit § — 0, this supersymmetric
partition function has the expansion (we fix the radius of S® to be r3 = 1)

T2 Wy + wo 0
log Zg1xs = @W/‘“FOW ,log 3). (1.3)

The coefficient x is related to the pertuburtive mixed gravitational-R-symmetry anomaly,
which appears in the anomaly polynomial 6-form as

k
I ———Fr ANtr (RAR .
o3 R (RAR) (1.4
with R the Riemann curvature 2-form and Fp the field strength of the background U(1)g
gauge field Vi. The relation between s and the anomaly coefficient k is k = —km By

supersymmetry, x and k£ are in turn related to the 4d conformal anomalies as

k= —k = 16(c—a). (1.5)

This provides a universal relationship between perturbative anomalies and the spectrum
of protected BPS operators, and has been explicitly checked in examples by localization
computations [1}|43/44,/15]. The combination of and is dubbed the 4d Cardy
formula, due to its similarity to the 2d Cardy formula E|

5For simplicity, we neglect the fugacities for possible flavor symmetries of the system in this subsection.

6The superconformal index differs from the supersymmetric partition function by a Casimir factor [37H40],
which vanishes in the Cardy limit 8 — 0. The two are often used interchangeably in this paper, since we
are only concerned with the singular terms. Furthermore, one can replace the three-sphere more generally
with Seifert manifolds [41,42,9].

"See footnote (9| for a caveat.

8In 4d N = 2 SCFTs, an analogous Cardy formula was derived for the Schur index [44] (see also [45])

7T2Ii

log 2585 = 55 T 08" logh), (1.6)

5



In [1], Di Pietro and Komargodski proved the 4d Cardy formula by considering the 4d
SCFT compactified on S é, which leads to a 3d effective action for a set of background fields
that include the 3d metric, the background graviphoton gauge field A, and the R-symmetry
background gauge field V. To preserve supersymmetry, the fermionic degrees of freedom
are chosen to have periodic boundary condition along the S é Thus, the 3d effective action
contains non-local terms due to integrating out certain massless modes. However, since these
modes are uncharged under the Kaluza-Klein U(1)kk symmetry, such non-local terms are
subleading O(3°,1log 3) in the 8 — 0 limit.ﬂ The leading term in the small § expansion of
the effective action is a Chern-Simons term of order O(371),

W = —logZ = — <—/VR ANdA + SUSY completion> + 0B log B) , (1.8)
T

where the graviphoton A is of order O(ﬁfl)m Evaluating this supersymmetric effective
action on the squashed three-sphere background, one produces the Cardy formula (]1.3).
What remains is to establish the relation ([1.5) between s and the anomaly coefficient k.

Let us first provide a qualitative explanation of the relation ([1.5)) before proving it. In

K
127

fractional. Consequently, under a large background U(1)kk gauge transformation, the parti-

canonical normalization, the Chern-Simons term in (1.8) has level which is in general
tion function will pick up a phase. This is nothing but a manifestation of the global (mixed)
gravitational anomaly of the 4d CFT [48-50].

Proceeding with the proof, the coefficient  first must be invariant under both marginal
and relevant deformations. Otherwise, by promoting the coupling constants of the defor-
mations to background fields, the Chern-Simons term becomes gauge non-invariant under
small background gauge transformations (which contradicts the absence of such perturbative
anomalies in 4d). In particular, this argument forbids not only the continuous dependence
of k on the coupling constants, but also potential jumps of x, since this would lead to gauge

which also naturally arises in the Cardy limit of the associated 2d chiral algebra [46]. The relative factor of
% compared to (1.3]) in the case w; = 1 is due to the ratio between the U(1)r backgrounds that are turned
on in the Schur limit for ' = 2 SCFTs versus the one for a generic N/ =1 SCFT, i.e.

chur 3
Vi = VU (1.7)

Note that the Schur limit also involves turning on the SU(2) g background gauge field along Sé inthe N =2
SCFT, but this does not affect the Cardy limit.

9Strictly speaking, this is only true if the effective action of the 3d massless modes has a minimum at the
origin upon turning on general chemical potentials. In particular, there are counter-examples when c—a < 0
in which case the 1/8 term in the Cardy limit gets shifted by a non-universal piece due to the existence of
nontrivial minima of the potential for the holonomies around S* [44,47,|15]. Here, for simplicity we restrict
to theories where this phenomena does not occur.

0Compared with the convention in [1], our graviphoton field Apere = %"athere.
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non-invariant domain wall configurations (for the coupling) after promoting the coupling
constants to background fields/!]

Now, let us assume that our 4d SCFT is connected to a weakly coupled theory by either
marginal or irrelevant operators that preserve U(1) RH This happens, for example, when the
SCFT is located on the conformal manifold of an N' = 1 conformal gauge theory or as the
IR fixed point of an asymptotically-free gauge theory.H Given such a free-field point, one
can explicitly KK-reduce the free fields along the Sé. The coefficient x receives contributions
from the massive KK-modes via 1-loop diagrams. Summing over such contributions under
the appropriate regularization, one finds the relation between the coefficient x and the
mixed gravitational-R anomaly coefficient k£, computed at the free point. Since both x and
k are invariant under RG flows triggered by deformations in the action, the relation (|1.5))
holds at the superconformal fixed point as well.

1.2 The 4d Cardy formula from moduli space flows

The argument in the previous section can be extended to SCFT's connected to free theories by
moduli space flows. Given a 4d SCFT with a vacuum moduli space, generic S/é reductions
would lift these flat directions. However, for supersymmetric (Scherk-Schwarz type) S[g
reductions which we consider here, the moduli space is (partly) preserved (and sometimes
enhanced) in the 3d theory. In particular, for 4d N/ =2 SCFTs, the Higgs branch moduli
space is preserved and the Coulomb branch moduli space is enhanced (by line operators
wrapping the S') [53]. However, for 4d N' = 1 SCFTs described by IR fixed points of
asymptotically free gauge theories, it is known that upon S! reduction parts of the Coulomb
branch are lifted due to Affleck-Harvey-Witten type monopole-instantons [54]. In such cases,
we use ¢ to denote the directions on the 4d moduli space that are not lifted upon S* reduction.
Since the 4d moduli ¢ is unambiguously identified as a subspace of the 3d moduli, we will
use the same notation. The 3d Wilsonian effective action, which does not involve integrating
out the (massless) scalars ¢ parametrizing the moduli space (and their superpartners), takes
the form of (L.8), but with x promoted to a function x(¢) of the moduli ﬁeldsE However,

1A priori, such jumps in & could happen if there are extra massless degrees of freedom charged under
U(1)kk at special loci of the coupling space. Since we are assuming % is the largest scale, this is not possible
in the present context.

12As explained in [25], there are no relevant deformations of an N'= 1 SCFT without breaking the N’ = 1
supersymmetry and U (1) symmetry. Moreover, marginal deformations can only become exactly marginal
or marginally irrelevant as explained in [51].

13Tn the latter case, one needs to perform a-maximization to identify the superconformal U(1)g symmetry
from a combination of the UV U(1) symmetry and flavor symmetries [52].

1 The effective action contains the usual kinetic term of ¢ plus higher derivative interactions which are of
order O(8°,log 3)).



any nontrivial dependence of k(¢) on ¢ is again in violation of background small U(1)kk
gauge invariance, so the coefficient x(¢) must be constant in ¢[7

From the above argument, one would hope to extract s from a weakly coupled description
on the 4d moduli space which may involve massive particles and (extended) solitons coupled
to the moduli ﬁeldsE Since we are interested in the supersymmetric partition function, we
only expect BPS states to contribute [55-H57]. Consequently, x is simply determined by the
spectrum of BPS states and their U(1)x charges (in the full 4d theory on S* x S3 but prior
to integrating out massive fields).

For a 4d N/ = 2 SCFT with a pure Higgs branch of quaternionic dimension dg, which
may not have a UV Lagrangian description, the low energy description is simply given by
dy massless hypermultiplets. There are no other BPS particles on the Higgs branch due to
the absence of a scalar central charge, but there can be BPS strings (see Appendix for
a discussion) [58+62]. Recall that the U(1)g symmetry of the N' = 1 subalgebra is related
to the SU(2)r x U(1), symmetry of the N/ = 2 algebra by

Ry=1 = §[3+ %TN=2, (1.9)
where I3 is the Cartan element of the SU(2)z. Upon supersymmetric S* reduction, the 3d
Higgs branch is identical to the 4d Higgs branch [63]. Far on the Higgs branch, the effective
theory is described by dp free hypermultiplets. Thus, by a free field computation as in [1],
one finds that"]

1 2d
k= —=Tr(U(1),) = =2 (1.10)
3 3
On the other hand, from anomaly matching [64],
dy = 24(c—a), (1.11)

which confirms (1.5)).

One may worry about potential contributions from the BPS vortex strings [59-62]. For
Lagrangian theories, by looking at the Higgs branch localization formulae for the index [65],
66], we explicitly see that they do not give additional contributions in the Cardy limit.
Combined with the above agreement, we expect this to hold in general.

15We remark that this argument is not affected by the presence of the path-integral measure for ¢, since
perturbative anomalies, which could potentially absorb such gauge non-invariant pieces are absent in 3d.

16Since an explicit mass term (with a U(1) g invariant mass parameter) pairs chiral and anti-chiral fermions
with the same U(1)g charge, integrating out such massive particles cannot contribute to the Chern-Simons
level k. Consequently,  can only receive contributions from massive particles when the U(1)r symmetry is
spontaneously broken, so that the mass parameter could carry nonzero U(1)g charge.

1"The N = 2 hypermultiplet contains two left-handed Weyl fermions with (I3, 7y —=2) = (0, —1).



The above argument extends the validity of the 4d Cardy formula to NV = 2 SCFTs
with a pure Higgs branch, on which there is no additional contribution to s beyond the
massless hypermultiplets. In particular, one can explicitly check that it is obeyed by a

large class of Argyres-Douglas type theories (for instance) using the relation to 2d chiral
algebras [31,45,46]@

On the contrary, the Coulomb branch is known to host a zoo of BPS particles which
undergo complicated decays and recombinations as one explores the moduli space (from one
chamber to another), characterized by the wall-crossing phenomena. However, as we have
argued, k(¢) must remain constant. In other words, one can pick any chamber and compute x
from the stable BPS spectrum within the given chamber. If the theory has a weakly coupled
chamber, such as in Lagrangian theories where the stable BPS particles are W-bosons and
massive hypermultiplets, it is easy to see that holdsm However, a complication arises
when there is no weakly coupled chamber. This happens for instance on the Coulomb branch
of 4d N' = 2 Argyres-Douglas theories, which has mutually non-local BPS monopoles and
dyons, and consequently the effective theory is never weakly coupled [31,32]. In such cases,
the interactions between the BPS particles cannot be neglected in the Cardy limit and will
contribute to k.

One may attempt to determine x using a different procedure by first integrating out the
massive BPS states in 4d which induces various higher derivative terms for the moduli fields,
and then studying the S! reduction of the effective action that only involves the massless
moduli (and the supersymmetric partners). For the supersymmetric partition function, only
F-type higher derivative terms contribute (D-terms are necessarily @-exact). This includes
the supersymmetric Wess-Zumino term [67-69] (i.e. it contains the Wess-Zumino term
for the Weyl a-anomaly used in [70}/71] to prove the 4d a-theorem), which is essential for
matching the perturbative mixed anomaly of the CFT on the Coulomb branch involving the
spontaneously broken U(1), symmetry [72]. When the Coulomb branch is one dimensional,
it was argued in [73] that this is the only F-term that can contribute on S* x SSE However,
it is not clear to us how the Wess-Zumino terms (and its supersymmetric completion) or
other F-terms can contribute to the level x. We leave this for future investigation 1]

18See footnote |8 for an explanation of a relative factor of % where comparing the Cardy formulae that
appeared in [44,46] with that in [1].

9Note that the massive A = 2 vector multiplet contains two left-handed Weyl fermions with (I3, 7y —2) =
(£1/2,1), respectively, so each W-boson contributes —2 to .

20In |73], it was proven that for one dimensional Coulomb branches, the only F-terms are proportional to
the Weyl tensor and its derivatives which all vanish on S x S3.

2L A logical possibility is that (a) integrating out the massive matter in 4d and (b) compactifying on S*
do not commute, and thus the order of first (a) then (b) misses subtle contributions to .



1.3 6d Cardy formula

Now, let us consider a 6d N = (1,0) SCFT in radial quantization. The states in the Hilbert
space are labeled by the energy FE, the spins ji, js, j3 of the SO(Z)3 C SO(6) rotation of
the S°, and the R-charge R of the SU(2)z R-symmetry. The theory has eight Poincaré Q-
supercharges @), j, is.r, and eight superconformal cousins. In principle, the full spectrum of
this theory is encoded in its S* x S% partition function with anti-periodic boundary condition
for the fermions along the S'. However, such a quantity is generally difficult to compute
because the fermionic boundary condition breaks supersymmetry.

A more manageable quantity is the superconformal index, which is related by a Casimir
factor to the S* x 8% partition function with periodic boundary conditions for the fermions,
and with suitable chemical potentials turned on [76}40]. It is also a counting function, but
only for states saturating a BPS bound. To define it, we first pick a particular supercharge
@ = Q___4, whose anticommutator reads

{Q,Q"}y = E—ji—jo—js—4R > 0. (1.12)

Given this choice, the states annihilated by the supercharge ) and therefore saturating the
BPS bound ([1.12)) can be counted (with signs) by the superconformal index [74-76] (see
also [77] for a review),

Zséxs5 = Try [(_1)1’6—5’{@,@*}—5 SrufH{ =B, Wi(ji+R):| ) (1.13)
Here, the trace is taken over the Hilbert space H of states on S°, and /3 is the circumference
of the S'. Furthermore, we have introduced (complex) chemical potentials {w;}_, (with
Rew; > 0) for the isometries, and yf for the flavor symmetries. Finally, H/ are the generators
of the Cartan subalgebra of the Lie algebra of the flavor symmetry G/

Di Pietro and Komargodski |1] conjectured a Cardy formula for the Cardy limit g — 0
of the superconformal index, stating that the singular terms in this limit take the form

log Zr g0 = — T [F1 (20N (ol + e+ e)m = 3my/2) (2
B W1Waolsz 360 6 72 ﬁ (1 14)
(wl + ws + (.(.)3)2:‘{3 2 /L%ﬁ;fo 2 0 :
iy = |\ = 1

with the constants k; completely fixed by the perturbative anomalies as followsﬂ We write

22The normalization of H/ is chosen to be Tr (H{ H{) = §!7.

23 As in the 4d/3d case, we assume that the 5d effective action of the massless modes has a minimum at
the origin as  — 0 (see footnote E[) We checked this explicitly when the 6d index has a known matrix
model description, i.e. for N = (2,0) theories and E-string theories.
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the 8-form anomaly polynomial as
1
Iy = 1 [aca(SU(2)R)* + Beapr + 0T + 0pa] + 1 pica(Gy) (1.15)
where the explicit formulae for the Chern classes ¢; and Pontryagin classes p; in terms of
the field strengths and curvature are summarized in Appendix [Al Here, Gy is the flavor
symmetry of the 6d SCFT. Then, the relations are

3
fio= —40y =100, my— ks = 16720, K3 = —28, kT = —aguCt. (1.16)

N = (2,0) theory check

Before pursuing a proof, let us explicitly check the 6d Cardy formula in AN/ = (2,0) theories
where we have a closed form expression for the superconformal index in the limit w; = wy =
w3 = 1 (unsquashed) and u¢ = 1, computed by localization in [75}/76]. The result for the
theory of type-g, where g is a simply laced simple Lie algebra, is

T

25 5 = ol (%> B R PO i (1.17)
aeAl
where hy is the dual Coxeter number, ry is the rank, |g| is the dimension, A% is the set of
positive roots, and py is the Weyl vector. Notice that the result for g = £ is only conjectural,
as the instanton contributions are unknown. In the Cardy limit, the last factor of
becomes the dominant contribution, and we find

2
o

0528y 0 = 8-+ O(3",log ). (1.18)

To compare, the Cardy formula (1.14) with the Chern-Simons levels x; given in Table

dictates that the S} x S° partition function in the Cardy limit is

2
rem
: (2w1wsg + 2wows + 2wswy + pf — Wi — w3 — w3) + O(B% log B),

(1.19)
which with w; = wy = ws = 1 (unsquashed) and py = 1 matches with the localization

result (1.18)).

The $ — 0 limit of the type-g, N' = (2, 0) superconformal index commutes with the “chi-

log Zg1 s = — 2
08 Zs}hxs® 24 Luwywaws

ral algebra limit” of the 6d theory in which its superconformal index reduces to the vacuum
character of a 2d W, algebra [78]. This implies that the Cardy formula of the corresponding
2d VOA coincides with the 6d (supersymmetric unsquashed) Cardy formula (|1.18)), and the
modular properties of the characters lead to a high/low-temperature relation in the 6d par-
ent between the Casimir energy and the Cardy limit. See [44}46] for analogous statements
in the 4d case.

11



1.4 Sketch of the proof

We presently outline our proof of the 6d Cardy formula, given by and , for
theories with (at least) a pure Higgs branch. The first step is to analyze the most general
5d effective action of 6d SCFTs compactified on S. As argued in [1] and in Section , the
5d effective action has an expansion in the small radius f — 0 limit as

. 3 [en
. 1 K1 K2—§/i3 K3 R¢ G 0
W= —-logZ = — | —L+—2"1——[— L J19) + 0(5°1 1.20
! ©8 87r2(360 ! 144 2 247 2474 ) (. log §),  (1:20)

which contains four types of supersymmetric Chern-Simons terms

I, = /A ANdAANdA+ SUSY completion,
I, = /A Atr (R A R)+ SUSY completion,
(1.21)
I; = /A A'Tr (Fr A Fr) + SUSY completion,
IS = /A A Tr (Fg, N Fg,) + SUSY completion .

Here, A is the U(1)kx graviphoton (which in the 8 — 0 limit scales as $71), R denotes the
Riemann curvature 2-form of the 5d background metric h;j,

2

dsi = (dT + ;Aidxz) + hijdz'da? (1.22)
™

Fr is the field strength of the SU(2)g background gauge field, and lastly Fg, is the field

strength of background flavor symmetry gauge ﬁelds.@ The key realization is that only these

supersymmetric Chern-Simons terms contribute to singular terms in the § — 0 limit.

The squashing dependence of the 6d Cardy formula is recovered by evaluating
the effective action (1.20)) on the rigid supersymmetric background of a squashed S°, with
the squashing parameters w; = 1 + a; of the 5d metric (see Section . We stress that
the contributions from the additional supersymmetric pieces in are absolutely crucial
to our result; without them, the result is not a geometric invariant depending only on the
squashing parameters.

The second part of the 6d Cardy formula is the relation ([1.16]) between the Chern-Simons
levels k; in ([1.14)) and the perturbative anomaly coefficients. To derive this relation, we first
argue that the Chern-Simons levels are constant on the vacuum moduli space, similar to our

24Recall that on the supersymmetric background, the SU(2)g gauge field takes value in the Cartan of
SU(2)r (see Appendix [C]).
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argument in Section for the 4d case. Consider the 5d Wilsonian effective action that
does not involve integrating out the (massless) moduli scalars ¢ (and the superpartners). It
takes the form but with the Chern-Simons levels x; promoted to functions x;(¢) of
the moduli fields. Note that the scalars descend to moduli fields in the 5d theory, since these
flat directions are not lifted under supersymmetric S é reduction. Any nontrivial dependence
of k(¢) on ¢ is in violation of background small gauge invariance, so the coefficients r;(¢)
must be constant on the entire vacuum moduli space.

For 6d SCFTs with a pure Higgs branch, on which we just have several massless hy-
permultiplets and no other BPS particles (see Appendix for a discussion), the above
argument allows us to determine the Chern-Simons levels by simply reducing free fields.
This procedure proves the relation for theories possessing a pure Higgs branch, with
the understanding that v = —%(5 , which is inherently true for such theories.

To derive the relation (|1.16[) on the tensor branch, we compute the one-loop contributions
from the free fields to the Chern-Simons levels x, and find that there must be additional con-
tributions. It is known that the 6d tensor branch supports BPS strings which may contribute
to k upon reduction on S*. Indeed, this is evident from the conjectured localization formulae
for the S* x S® partition function of 6d SCFTs [75[76l[79l[77] (see also Section [3.3). However,
it is not clear how to systematically include contributions from such states to x. Instead, if
we first integrate out the massive states on the 6d tensor branch, we obtain a tower of higher
derivative interactions in the effective action. In particular, one of the leading F-terms is
given by (the supersymmetric completion of) the Green-Schwarz term. Then, one needs to
study the contribution from such terms to x upon reduction on S'; we will not pursue this
in the present paper.

To provide another perspective on the would-be contributions from BPS strings to k,
we consider the relation between the Chern-Simons levels in the 5d effective action and the
global anomalies of the 6d SCF'T, and explain that the extra contributions are essential for the
global anomaly matching. The global gravitational anomalies of the 6d SCFT can receive
contributions from the Green-Schwarz term in the tensor branch effective action [80-86]
(just as for perturbative anomalies), therefore we expect that such terms are responsible for
additional contributions to the 5d Chern-Simons levels upon compactification on S?.

The remainder of this paper is organized as follows. In Section [2] we prove the squash-
ing dependence of the 6d Cardy formula, by solving for appropriate 5d backgrounds with
rigid supersymmetry, and evaluating the supersymmetric Chern-Simons terms on such back-
grounds. In Section 3| we fix the Chern-Simons levels in terms of the perturbative anomaly
coefficients, by combining non-renormalization arguments and free field computations on the
pure Higgs branch. An analogous computation on the pure tensor branch is then performed
which yields a naive mismatch with but the “missing” contributions must come from
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the BPS strings. In Section [4] we remark on the relation between the Chern-Simons levels
and global gravitational anomalies, which further highlights the “missing” contributions on
the tensor branch. Section [5| closes with a summary and comments on future directions. Fi-
nally, in the four appendices we provide more details on various aspects discussed in the main
text. In particular, in Appendix [C| we detail the 6d supersymmetric background on S* x S°,
including its “modified /complexified version” and how it relates to our 5d backgrounds.

2 Supersymmetric Chern-Simons terms on the squashed
S° background

In this section, we study the 5d supersymmetric Chern-Simons terms and their su-
persymmetric completions arising from the dimensional reduction of the 6d theory, and
evaluate them on the squashed S° background. These Chern-Simons terms correspond to
the higher-derivative terms in 5d Poincaré supergravity classified in [1§].

We begin with the S' x S® geometric background and reduce to the 5d background that
also includes a graviphoton field, and further embed this bosonic background into super-
gravity to obtain the full 5d supersymmetric background. We review various ingredients,
i.e. various (matter) multiplets and a version of Poincaré supergravity that arises from a
particular choice of gauge-fixing of the (conformal) standard Weyl multiplet together with a
vector and a linear multipletE] Then, following the general formalism of [36], we provide the
rigid supersymmetric background for a generically squashed S°. Finally, we detail the corre-
sponding higher-derivative terms (supersymmetric Chern-Simons terms) and their evaluation
on the supersymmetric squashed S° background. We refer to [88] for a more general analysis
of the rigid supersymmetric backgrounds in 5d (Poincaré) supergravity, and more detailed
evaluations and statements about the higher-derivative supersymmetric Chern-Simons terms
on various types of backgrounds.

Readers who are not interested in the technicalities of 5d supersymmetric solutions for
various multiplets may skip this section and consult the results summarized in Section

25Note that this is a different choice of Poincaré supergravity than the one employed in [87], and indeed
in [88] we end up with a different classification of backgrounds than the former reference.
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2.1 Squashed S° background from reduction of squashed S' x S°
background

We begin by specifying the appropriate S' x S® background of the 6d theory. This can
be done most straightforwardly by employing a conformal transformation from flat R® to
R x S®, and then compactifying the non-compact direction with twisted boundary conditions
for various fields induced by the chemical potentials in (1.13). The introduction of such
chemical potentials reduces the amount of preserved supercharges. We absorb the twists for
the isometries of the S% into the geometry (for the sake of setting some background fields to
zero), and fix the (deformed) metric of S* x S° to be

3
2 2
dsgixes = T3 E

i=1

. 2
dy? + o7 (d@ + ﬁdr) +dr?, (2.1)
s

where 7 ~ 7+ is the S-periodic S* coordinate, and {y;, ¢; }, are polar coordinates, satisfying
vyl + 3 +y3 =1 as well as ¢; ~ ¢; + 2. Finally, r5 is the radius of the five-sphere, and the
chemical potentials w; are related to the metric deformations via

wW; = 14+ a; , (22)

the round case being w; = 1. The full 6d supersymmetric background and the background
for the “modified” index are detailed in Appendix [C]

As we are interested in the compactification to five dimensions, we can conveniently
rewrite the 6d metric as follows

ds?i, g = R2(dr +irsY)? + ds?, (2.3)
with the (squashed) S° metric dsZ,

3
ds? = > (dy? +y7de}) + 727,
=1
3
Y = Y anids, 2.4)
i=1
3
R = 1= yia),

7j=1

where the squashing parameters are a; € R (a; = 0 corresponds to the round S° limit). A
comparison of the metrics (1.22) and (2.3) (up to a conformal transformation) shows that
the graviphoton field A in the squashed S® background is

A = mKKT5y, MK = ——. (25)

In the following, we set r5 = 1.
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2.2 Off-shell 5d supergravity multiplets

The 5d higher-derivative supersymmetric Chern-Simons terms can be written in terms of
various bd (off-shell) supergravity multiplets. On the one hand, we work with the standard
Weyl multiplet coupled to vector multiplets [1920]; on the other hand, we work with the
5d off-shell Poincaré supergravity. The former is enough if the Chern-Simons term preserves
conformal invariance, which in Poincaré supergravity is explicitly broken. The Poincaré
supergravity is obtained by gauge-fixing the (conformal) standard Weyl multiplet [19,20,89,
90]. In the following, we pick a particular gauge-fixing condition which naturally reduces the
su(2) g symmetry of the standard Weyl multiplet to its u(1) g truncation, which is convenient
because there is a general description of 5d rigid supersymmetric backgrounds of (the u(1)g
truncation of) the standard Weyl multiplet |14}91].

We review the various multiplets of interest, before presenting the solution on the squashed
S5 in the next section.

Standard Weyl multiplet

The (full) 5d standard Weyl multiplet consists of the following matter content
SW = (g, D, V7?, v, by, by, X') (2.6)

given by the metric g, a dilaton D, an su(2)p gauge field ij , a two-form field v, a gauge
field b, of the Weyl symmetry, and two su(2) Majorana fermions ¢!, and x’. To obtain a
rigid supersymmetric background [36], we have to set the fermions to zero and thus find
(at least) one non-vanishing spinors such that the supersymmetry variation of the fermions
vanish. In particular, for a generic transformation

where Q; and S; are the supercharges and their conformal cousins, and €, 1’ are the respective
parameters specifying the transformation, the supersymmetry variation of the fermions of
the standard Weyl multiplet reads
(5 i D 7 1 vp ) 7
¢“ — H& + 51) 7uup5 - %77 ) (28)
o' =¢€'D— 27”7“”6ivuvyp + 'y‘“’FWij(V)s - Q’y"eiewmw”pv")‘ + 47“”%,,77" )

Here, F(V) is the field strength of the su(2)r symmetry gauge field V. The covariant
derivative is given by
1

2bu<€’ + —w, e’ — V,e; . (2.9)

Dy’ = 9,¢'
L€ e + 1
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We recall that the doublet indices i,j € {1,2} are raised and lowered with the totally
antisymmetric tensor € using NW-SE and SW-NE conventions, i.e.,

Ci = EijCj, G = %’Cj’ (2-10)

with €'? = —¢15 = 1. Notice that b, corresponds to the gauge field for Weyl transformations
(and to obtain non-conformal supergravity we have to gauge-fix it). Furthermore, in the
present context we shall work with a u(1)-truncated version of the standard Weyl multiplet
— d.e. the gauge field (V,)’; only has components along the Cartan generator of su(2)g —
in which case the supersymmetry conditions can be recast in terms of certain simple
geometric constraints on the 5d background [14,91].

Vector multiplet

The 5d supergravity vector multiplet contains the fields
V=W, M,Q,,Y7), (2.11)

where W, is the gauge field (the background gauge field for the 5d flavor symmetry), M a
scalar (the “scalar mass parameter”), ! the gaugino, and Y a triplet of auxiliary scalars.
In order to obtain a rigid supersymmetric background, we set the fermions to zero, and thus
their variation [20,92]

. 1 o o .
60 = — " Fu(W)e' = SPME + Y, — My (2.12)

has to vanish. Here, F),, (W) denotes the field strength of the vector multiplet gauge field
W. This version of the vector multiplet is naturally coupled to the standard Weyl multiplet
SW, with the same supersymmetry parameters, £* and 7’.

Linear multiplet

As we shall see, in order to describe Poincaré supergravity, we have to add a vector com-
pensator multiplet as well as another either linear or hypermultiplet compensator. We opt
to go with the former option, and thus introduce the 5d linear multiplet £ here. It contains
the fields

L= (Lyj, ¢,, E*, N), (2.13)

where N and L;; are scalars, E* is a divergence-less vector, i.e.

VIE, = 0, (2.14)
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and ! are their fermionic partners. Again, to preserve rigid supersymmetry, we set the
fermions to zero and require their variation [20492]

. o1 , 1. - i
0p' = = DLl + y"e By + 5e'N + 29" v Ly — 6177, (2.15)

to vanish.

Poincaré supergravity

Now, to obtain 5d Poincaré supergravity, we add compensators (denoted by hatted symbols)
to the standard Weyl multiplet SW and gauge-fix the conformal symmetry [20,123,93]. In
the following, we shall pick the compensators to be given by a vector multiplet V and a linear
multiplet ﬁ To gauge-fix the superconformal transformations and the dilatation one may
impose the following “standard gauge” conditionﬂ

~ ~. 1~ . ~

“Standard gauge”: M=m, b =0, L= éL(Ug)Z]‘, Q= 0. (2.16)
Here, m is (generally chosen to be) an arbitrary constant of mass dimension one, and b,
is the gauge field for dilatations. The first constraint fixes dilatations (up to a constant),
the second constraint fixes special conformal transformations, the third reduces the su(2)g

symmetry down to u(1)g, and the last one fixes the S-supersymmetry.

There is another way to gauge-fix the Weyl and the superconformal symmetries given by

the “KK gauge” condition =@
o 1~ . A )

“KK gauge”: L' = §L(03)lj, L=1, b =0, ¢ =0. (2.17)

As before, the first constraint in (2.17)) breaks su(2)g to u(1)g, the second and third fixes

dilatations and special conformal transformations, respectively, and the last one fixes the

S-supersymmetry transformation. Note that while L?; in the compensator linear multiplet

is completely fixed by the gauge condition, the scalar M in the compensator vector multiplet

is unfixed; We are free to choose its value to be non-constant and proportional to the warping
factor & defined in (2.4)),

M = MKK, where MKK = —mKK/% (218)

26 Alternatively, one can add vector multiplets and a hypermultiplet as compensators; this was considered
in [89%21].

2"The naming of the two gauge-fixing conditions is for the convenience of referencing in this paper, and is
not standard in the literature. There are various other ways to fix the conformal symmetry and get different
versions of Poincaré supergravity, none of which is distinguished (see e.g. [93]).
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is the (fixed) “KK-mass” [

The compensator vector multiplets V in these two gauges have different physical mean-
ings. In the standard gauge, V should be interpreted as a background vector multiplet for a
Cartan component of the flavor symmetry, whose mass parameter is a constant. In the KK
gauge, V should be interpreted as the background vector multiplet for the U(1)kk symmetry,
whose mass parameter is position-dependent and determined by the warping parameter x.

The two gauge-fixing conditions, and , are related to one-another by a Weyl
transformation (prior to gauge-fixing it); we refer to Appendix @ for more details. In fact,
we explicitly find that evaluating the FRR terms for either gauge-fixing or leads
to the same answer in the case of (generic) squashed S°. This gives more credence to the
fact that the answers should be “geometric invariants”, i.e. only dependent on some general
geometric structure (in our case believed to be the transversely holomorphic foliation) and
not on the particular choice of background fields.

The fields of the standard Weyl multiplet SW together with the compensator vector V
and linear multiplet £, gauge-fixed using the conditions (2.16) make up the full (off-shell)
Poincaré supergravity multiplet

Pstd = <guuvD7V:j7vuu7Wuai/ijvEAuaEanqvaa:XZz)@g)’ (219)

In the case of the “KK gauge” (2.17)), we get the following (independent) component fields
in the Poincaré multiplet

PKK: (guy,D7V;jav,u,l/aM7WM’?UJEA'MaN?wLa?XZ’QZz)’ (220)

In the rest of this paper, we will work in the KK gauge if the compensator gauge field W is
identified with the graviphoton gauge field A. This involves the supersymmetric completion
of the AAtr (RA R) term, which contains the graviphoton and is written in terms of Poincaré
supergravity. On the other hand, when we evaluate the supersymmetric completion of the
ANTr (Fg, ANFg,) term, we have to include some other (non-compensator) background vector
multiplets, in which the gauge fields A¢, of the flavor symmetry reside.

To get a supersymmetric background of Poincaré supergravity, we take the rigid limit, and
thus set the fermionic fields to zero. Hence, we are required to find non-trivial solutions for
the Killing spinors &’ to the vanishing fermionic supersymmetry transformations (2.8)), (2.12)

and ([2.15)), whilst imposing the gauge-fixing conditions of (2.16)) or (2.17)).

28Gince the 6d geometry (2.4) is warped, the KK-mass is not constant but rather proportional to the
warping factor & defined in (2.3)).
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2.3 Squashed S° backgrounds in off-shell supergravity

To evaluate the 5d supersymmetric Chern-Simons terms on the squashed S® background ,
we consider the rigid limit of the various supergravity multiplets discussed in the previous
section. We first present the solution for the standard Weyl multiplet, SWW, and then proceed
with solving for the flavor vector multiplets, the KK vector multiplets and finally the full
(KK-gauge fixed) Poincaré supergravity.

Solution for the standard Weyl multiplet

The solution for the bosonic background fields (V*;, v, D) of the rigid standard Weyl multiplet
are detailed in [18], and we simply state the resulf®|

1
v = Edy,
3
D =2 (Z a2 + 2ay0; — afot) 2, (2.21)
=1
Vij = = 2@ = DY+ d(ér + 62+ 65)] (o)

where aio; = 2?:1 a;. This solution for the background fields in the standard Weyl multiplet
satisfies the supersymmetry equations (2.8)) with the following (conformal) Killling spinors

. KB | i ) KB | —i
- 9 € - 9
2v2 | 1 2v2 | -1
-1 -1 (2.22)
1 _ i o ~2 4 a l ab| -1
o= {6 ((1 Aot )R~ — % + = é‘ log (Hﬁ )7 + gl ]6
2 _ |1 B o 4 2 1
N = l 5 ((1 Qo) K- — RB) + =0, log (/@6 >’y + 3vab’y }

29There is some residual freedom in our choice of solution, which we have fixed in order to obtain a
(somewhat) simple-looking answer.
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We have chosen the frame
1
1

— (y2—1)dy1—y1y2dy2 )
ysx/l—yi[ ? )
2o Y {(dgbl_d%”asgalx]’

N

1
3
e’ = ————dys, 2.23
Ve " .
. :L[_dgpﬁlﬁ“?x},
V1—y3 5
1 1
65 :7.)('4—7)},
KB K

with the definitions
3 3
X = Z?/Ed@, y =& Z&iy?dcbi, B =1+ Zaz‘?/?a (2.24)
i=1 =1

and the bd gamma matrices are given by

71 = 03 laxa, Y2 = 02 @ laxa, V3 = —02® 03, (2.25)
V5 = —02& 02, V5 = —02Q 071,

with o; the standard Pauli matrices.

Flavor multiplet solution

Next we present the solution for ny flavor (background) vector multiplets V{, I =1,... ny,

coupled to the standard Weyl multiplet SWW. As mentioned above, we fix the scalar M to
be the constant mass m! of the I'" vector multiplet. Then, we find the following solution to
the vector multiplet supersymmetry condition (2.12)) (of course this is also a solution to the
standard gauge-fixing of Poincaré supergravity given in 2.16)@

Flavor solution V; :

M{ = i,
. 1 1
(Wi)da = uf (1 — m) ((RB)QX - R23y> , (2.26)
; . 1 —aps (o — 1R 2 3 i
oy = 7t Tm <%B>2] ()

30Notice, that for our purposes it is crucial that the solution presented here is continuously connected
to the round S® solution, presented in [18]. In particular, this means that W{ vanishes in the round limit,
a; — 0 —there is another general class of “topologically non-trivial” solutions, which is related to 5d instanton
backgrounds [88].
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KK multiplet solution

For this solution, we would like a connection between the KK gauge field Wik in the vector
multiplet and the graviphoton in the 6d metric (2.3). This will lead to a different solution
for the vector multiplet than the one in , and in particular, the mass Mgk will not
be constant. Of course this is expected, since there is a warping factor in the 6d metric.
Although the two solutions are distinct, we spell out a way to relate them in Appendix [D]

Then, the “KK solution” Vg is given by

KK solution Vkk : My = —mgkk ,
(Wkk)pda" = mKKy7 (2.27)
N lm ~ Z‘
(Ykk)'; = 2KK 52(1 — aot) (03)"

where we remark that indeed Wk precisely agrees with the graviphoton gauge field in ([2.3)),
and we can further pick the constant mgk = % to fully match to 6d.

Poincaré solution in the “KK gauge”

Finally, in order to evaluate the last supersymmetric Chern-Simons term we require a solution
to Poicaré supergravity given by imposing the KK gauge-fixing conditions (2.17). This is
because the relevant Chern-Simons term, AAtr (RA R), contains the U(1) gk gauge field, A,
rather than a flavor gauge field. Then, the corresponding solutions are given by the standard
Weyl solution together with the KK solution (2.27) — which is now a compensator
vector multiplet within the Poincaré multiplet, i.e. V= Vkk — and the following compensator
linear multiplet

2 i i

L'y = 5(o),

2,2
EAMd:E“ = 1yiy;§ (%(al —as) + (a? + a%)/%Q) [(al‘%“g)é\f —de¢r + d¢3:|

2 4 1
1 %yg <E<1 +az) + (a3 — 1)R* — 3) {(J;TMX - d@} !

N = (ig + (aror — 1)/%) :

(2.28)

K

This solution satisfies the supersymmetry conditions (2.8]), (2.12)) and (2.15]) together with
the KK gauge fixing conditions (2.17]), and thus constitutes a solution to KK gauge-fixed

Poincaré supergravity.
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2.4 Supersymmetric Euclidean Chern-Simons terms and their eval-
uation on the squashed S°

With the squashed S® solutions for the various supergravity multiplets in hand, we can
proceed with evaluating the explicit 5d supersymmetric Chern-Simons terms corresponding
to the (minimal) supersymmetric completion of the pieces in the 5d effective theory, arising in
the Cardy limit of the 6d superconformal index. We first introduce their explicit expressions
for Riemannian manifolds, which requires a careful Wick rotation from the expressions in
the literature, and then provide their evaluation on the rigid supersymmetric backgroundE-]

There are four supersymmetric Chern-Simons terms: FFF, F¢FF, FWW, and FRR,
whose linear combinations correspond to [y,..., I in m The first two fall into the
same class in the classification of [18], while FWW and FRR constitute a subset of the
remaining three classes. The reason we can omit the F-Ric? term is that it can be related
to a linear combination of FWW and FRR by a field redefinition.

The FFF and F¢F¢F terms can be treated uniformly by first assuming a generic set of
vector multiplets labeled by I, J, K € {0, 1,..., ny — 1} with structure constant ¢ 5. The
(Euclidean) supersymmetry completion of the A A dA A dA term in the rigid limit can be
written as follows [19,[20] (see also [90] ]

3
S1(Vr) :/ CIIK
Ms

%Wf NEIW)ANFRW) = SMIF (W) A< (W)

+ ;MIdMJ AxdM¥ —3M'M7 (2F(W) + M%v) Axv (2.29)
I J K\ij 1 JarK R

where we denoted by F(W) the two-form field strength of the gauge field W, and the
volume five-form is explicitly given by

V015 = \/Edyl AN dyg AN d¢1 AN d¢2 A d¢3 . (230)

31Tn the following, we shall present the Euclidean version of the relevant supersymmetric Chern-Simons
terms; this is somewhat subtle and to the knowledge of the authors has not been discussed in the literature
before. We will postpone the description of the explicit Wick rotation to [88].

32Here, we are using the notation of [18], and label the Chern-Simons terms by the featured fields: F and
F¢ for the KK and flavor-gauge fields/field strengths, W for the Weyl tensor, and R for the Ricci scalar.

33Here, we use the standard conventions for the 5d Hodge star operator, i.e. for p-forms o and 8 we have
aAxf = ﬁammwﬁ‘”'“% x 1.

34This action also gives rise to the third supersymmetric Chern-Simons term S3 by replacing two instances
of the vector multiplet by composite expressions in terms of the linear multiplet, i.e. we have Sl(fﬂ,z, V),

where by ¥V we denote the vector multiplet expressed in terms of a linear compensator multiplet; See below.
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2.4.1 FFF term

We start by considering the first supersymmetric Chern-Simons term, given by the super-
symmetry completion of the 5d Chern-Simons action

ANdANdA, (2.31)

where (as before) A is the U(1)kk graviphoton. The minimal supersymmetric extension is
simply given by a U(1) vector multiplet Vg coupled to the standard Weyl multiplet SW.
Therefore, there is no need to be working in Poincaré supergravity, and hence, we are not
required to impose any gauge-fixing conditions.

Here, we are solely dealing with the gauge fields arising from U(1)kk-photons, and thus
wemay set [ =J = K = 0and ¢goo = 1 in . We may then plug in our solutions into the
supersymmetric action (2.29)), i.e. we take V = Vkg, with corresponding solutions in ([2.21))
and ﬂ We readily observe that up to some total derivative terms, the integrand
reduces to the 5d contact volume, i.e.

3

m
Sl (VKK,VKK,VKK) == ;{K/ 77/\d77/\d77+/ d*(), (232)
Ms M5

where 7 is the contact 1-form on the squashed S°, given by
n = X+5Y, (2.33)

where X and ) are given in (2.24)). This is true for a more general family of backgrounds,
see [88]. Then, a simple application of the Duistermaat-Heckman fixed-point formula [94]
shows that

miy (27)3
St (Vkk, Vi, Vi) = %% (2.34)
1Wals

2.4.2 FFF term

We now turn towards the supersymmetric completion of the term
ANTr (FGf /\FGf), (235)

where we recall that Fi;, is the field strength for a background flavor multiplet. For simplicity,
we focus on the background

Fg, = Fral = awjH!, (2.36)

f

350ne could also simply evaluate the standard Poincaré supergravity action, which includes a compensator
linear multiplet piece. This would not correspond to the minimally extended version of the corresponding
Chern-Simons term, and it would only contribute to the subleading pieces O(3Y) in the S-expansion.
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where H! are the generators of the Cartan subalgebra of the Lie algebra of the flavor sym-
metry Gy with the normalization Tr (H{ H{) = 6"/.

We start again with the action in equation (2.29)), where we now pick two of the vector
multiplets to be pure flavor multiplets,

vi= (), Mt @b, (7). (2.37)

while the third one is given by the KK vector multiplet, Vkk. The resulting action, Sy (Vf, VY, Vkk)
with c;yx = 6(170K)0, is then given by

1
Sy (VL V! V) = / 51y [6 (2Wff A Fiee + Wigke A F{) AF?
M

1
= <2M{ Fyx + MKKFfI)> A xFY

1
+5 (2Mff d My + Miced M )) A xd M

— oM} (2MKKFfJ n MfJFKK) A 5 (2.38)
— 3MfIMfJMKKv A %V
+ (YY) (QMfJ(YKK)ij + MKK(Yf‘])ij>vol5

1 R
— — fIMfJMKK <D—§> V015 s

4

and we plug in the standard Weyl solution together with one instance of the KK
solution and two instances of the flavor solution (2.26)). By the same arguments as
before, we end up with

MKK (2m)*

Sl<vf17VfJaVKK> = 9 w1w2w3ﬂf ) (239)

where pf =3, (uf)*

2.4.3 FWW term

Let us now turn to the remaining two supersymmetric Chern-Simons terms. They are given
by the supersymmetry completion of the terms AAtr (R A R) and AATr (Fgr A Fr), where
(as before) A is the U(1)kk-photon and Fr = F(V) the background su(2)p field strength.
These terms decompose into (a linear combination of) two supersymmetric higher-derivative
terms, which are themselves the supersymmetric completion of the Weyl- and Ricci-squared
higher-derivative actions in 5d. We shall first focus on the flavor-Weyl?> (FWW) term, and
below discuss the flavor-Ricci? (FRR) one.
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First, we turn to the supersymmetric completion of the Weyl-squared higher-derivative
term. This term gives the supersymmetric completions of a combination of the following
Chern-Simons terms

ANtr (RAR) and AATr (Fgp A Fg) . (2.40)

As in the case of the FFF supersymmetric Chern-Simons term, the FWW term can be
written purely in terms of the vector multiplet coupled to the standard Weyl multiplet. It
was first written down in [21] (see also [90]), and its Euclidean (Wick rotated) version in the
rigid limit is given as followﬁ

Sy(Vr) = /M5 e/ | M (%0 )L D2> . (2 ) a;) o FL (W)

12 6 9
Gt (Satt 4 Ly = 2, 0
nvpo 3 2 3 %] [ald

— Ly, (Zcmcm - F(VWF(VW)

@)
=
X
o)
9
>

By

2
I(W);uz <—’U’DTVT’UU)\ + UpTvaU)\T)
3 (2.41)

M"(F(V) " F(V)™; + 4V,0,, V*0"? — 80, V'V 0)

+ —M" (16R" v, 0", + 12V 40, VH0"? — 2Rv?)

W= Ol —wW|
B
~

+

1
(W)Hr <§UWU2 + 4vﬂpvp’\v,,A) +4M! V" 0,507 Vg

1 v, . po AT
+ §M €pporV VPV v

Y

where we have defined

C? = C"Clypo (2.42)

with the Weyl tensor given by

Cuvpe = Ruvpo — %<9upRW — GupPRyo = GuoBup + Guo Ryip)
+ %(g,upgvo - g,uagup)R .

As before, we use the solution for the KK vector multiplet Vkk (2.27) together with the

36Here, we mostly follow the notation in [90], but with Dyere = 16 Dipere + %Tfhere, Vhere = 4T there, S
I I
well as Mhere = ~Pihere-
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standard Weyl solution (2.21]), and a straightforward yet tedious computation yields

(a2 + a3 + a3) — (aras + aja3 + asas)

Sy (Vkk) = s, (2m)>mxk
2 2 2 2 (2-43)
wi +ws +w; (w1 + we + ws) 3
— (271') MKk ,
2w waws Ow;waws

where we have set ¢; = J; indicating that we are dealing with a single Abelian U(1)kk
gauge field.

2.4.4 FRR term

Finally, the FRR supersymmetric Chern-Simons term coincides precisely with the supersym-
metric completion of the piece

It can be written in terms of Poincaré supergravity, which we introduced as a gauge-fixing
of the standard Weyl multiplet above. Notice that this term explicitly breaks conformal
invariance.

The full Lagrangian was first constructed in |90] (in Lorentzian signature), by taking
the vector multiplet action , and then writing part of the vector multiplet fields as
composite expressions in terms of the gauge-fixed linear multiplet. Therefore, we require
two steps to get the Lagrangian; we write down the vector multiplet action and then replace
the underlined fields by their composite expressions, which we provide further below. The
Ricci scalar squared term then arises from the ZUXU term. By choosing cr 90 = ¢; and all
other ¢y x to zero in the vector multiplet action, we obtain the following (Euclidean) Ricci
scalar squared action in the rigid limit

~ . A 1 - 1 -~
MIXU‘KZ] _ 2BKU (Yl)ij + §M1'£2R i ZMIE;U/EMV

Sy(Vy) = /M i
(2.45)
+_€,uupa)\<W]>'uEVpEm\ )

8
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where the composite expressions (in the rigid limit) are given by

N
. (LiLy):
Aa ~ 2 A 2 ~ A «
F. =2V, (L7L;,) 2E)) + ———F(V),9L; — ——=—I' D, L*D, L,
0 [u(( ]) }) (L”Lij)i ( )u J (LijLij)g EHp 1Lip
3 A 1 A 2 . :
Xij - ﬁLZ]R - ﬁﬁuDuLij - ﬁVMZkDML]k
8(L¥ Lij)2 (LY Lyz)2 (LY Lyj)2
1 A 1 A
~ = gDaLk(iDaLj)mLkm_ ~ ~ .3 2 ij
(LY Lij)® A(LY Lij)®
1 A 1 A 1 A .
— B, E'L; + ——— D —20*) L;; — —— Ly DFLAF
SRR SER )i = Fag g Bl ”( |
2.46
with v? defined as
v = v, (2.47)
the covariant derivative D, L" given by
D, LY = 9,17 +2v, 0, L% (2.48)

and the symmetrization defined as as X;Y;) = 5(X;Y; + X;Y;), and similarly for the anti-

1
2
symmetrization.

We can now plug in our explicit supersymmetric solutions for KK gauge-fixed Poincaré

supergravity, i.e. equations (2.8), (2.12) and (2.15)), with gauge fixing conditions ({2.17]).

Again, a tedious analysis shows that it integrates to

S5(V) = — (6w - ws)” (2m)*mkx (2.49)

Wiwal2

where we have set ¢; = 07 as we are to dealing with a single Abelian U(1)kk-photon.

2.5 Summary

Let us now conclude this technical section with a summary of our results. By carefully
evaluating the supersymmetric completion of the four Chern-Simons terms appearing in the
5d effective action, and imposing the following relation between the KK-masses mkk to the

St circumference 3

O
p
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we have shown that
I = 25) Vkk, Vkk, Vkk) = / ANdANANdA+ SUSY completion
_ ey (2
wiwaws \ S 7
I, = —4|S; (Vkk) — é&;(f])} = //\45 AANtr(RAR)+ SUSY completion

wWi1Waws (2 51)
. .
I; = —553(]/) = / ANTr (Fg A Fg) + SUSY completion

Ms
. (271')3 (wl + wo + W3)2 @
2 W1Waws3 B )’

Iy = 25 (Vkk, Vi Vf‘]) = / ANTr (Fg, A Fg,) + SUSY completion

Ms

(27)3 (2771)
= He \ 2 ) -

Witz 5

3 Deriving the Chern-Simons levels

Having shown that the 5d supersymmetric Chern-Simons terms produce the form of the
Cardy formula, it remains to determine the Chern-Simons levels «; in . Let us revisit
the origin of these terms from the 6d perspective: they come from integrating out mas-
sive Kaluza-Klein (KK) modes, and are accompanied by non-local pieces arising from the
massless degrees of freedom. The latter are uncharged under the U(1)kxk symmetry, so their
contributions are of order O(3°) or O(log 3). Since we are interested in the parts of the 5d
effective action that are singular as § — 0, we only need to take into account the massive KK
contributions, and doing so allows us to determine the Chern-Simons levels. We emphasize
that such 5d Chern-Simons terms are unaffected by the local counter-terms in 6d.

The Chern-Simons terms that arise from integrating out massive KK modes can be
computed explicitly for various 6d free fields. For interacting SCFTs, our strategy is to
connect them to free theories by renormalization group flows on the vacuum moduli space.
To see that this produces the correct answer at the origin (i.e. the interacting superconformal
point), we recall the argument given in Section that in the 5d Wilsonian effective action,
any dependence k(¢) on the moduli fields violates background gauge invariance.

For Higgs branch flows, the free field computation allows us to determine the precise rela-
tion between the Chern-Simons levels and perturbative anomaly coefficients. This completes
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the proof of the 6d Cardy formula for general SCFTs with a Higgs branch. We also carry
out the computation for tensor branch flows, and discover that additional contributions from
the BPS strings wrapping the S!, are essential, though to compute them we need further
information about such objects.

3.1 Integrating out free field KK modes

The 5d Chern-Simons terms arise from integrating out KK modes from the S reduction of
6d tensor, vector and hypermultiplets. It is well-known that only chiral fermions ¢+ and
(anti)-self-dual 2-forms B can generate such Chern-Simons terms. The Chern-Simons terms
of the first two types in (1.21)) are given in [95]. The result is one-loop exact due to the usual
non-renormalization argument. For a conjugate pair of KK modes of U(1)kk charge +n, we
get the following contributions

1 1
= 3T I
v T aget It gt
n 1 3 1
Tiv = g™ I~ gggmle (3:1)
n 4 3 8
I = ~ge It gl

where the various Chern-Simons terms are given in (|1.21)).

For 2m fermions transforming in the 2m representation of USp(2m), a similar computa-
tion gives

nl(USp(2m)),

IZ; ==+ 3972

(3.2)
I(USp(2m)) = /A ATr (Eysp@m) A Fuspem)) + SUSY completion .
A tensor multiplet contains the fields (B," ), while a vector multiplet only contains the
fermions ¢’ , where i € {1,2} is the fundamental index for SU(2)g. On the other hand, ny
hypermultiplets contain 2ny fermions ¢° , which are uncharged under SU(2)p and trans-
formed in 2nyg representation of USp(2ny).

Putting these contributions together and using zeta function regularization to perform
the sum over KK modes,

;(”3> = 1—;0 Zl(N) = —%, (3.3)
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we obtain

Lo 241 2+8 1 2 1,
T 7 487212070 384721272 327212°%
92 1 92 1 9 1
T, = - —= - —I 3.4
Vo 48721207t 384721277 327212°% (34)
TrHE — 2 L _Li _ 2 i[USp(QnH)
H 4872120 384721277 327212°% ’
where I; and IU7®") are
I; = I(SU@)r = USp(2)), I/ = [(USp(2ny)). (3.5)

Thus, we conclude that

nrlr +nyvly +ngly

_(m—nv—-nr) 1 =~ (u—ny+dnr) 1  (—nv+np) 1l 1 1 JUSP(nm)
2472 120" 19272 1272 1672 24°° 167224 4 . 6;

and comparing with the expression of ([1.14) for free fields rewritten as

W o= L I I+ L~
! 872 360 1+ 2883 2t 944

+O(B° log 3) .

1 (TLT +ny —ng nyg +onr — ny nr — TZVI n 1 IUSp(2nH))
3+ —
(3.7)

3.2 On the Higgs branch

On the Higgs branch, the free-field analysis above is sufficient to fully capture the 6d Cardy
formula. The reason is as follows. From the perspective of the 6d effective action (see
Figure , the free-field analysis can potentially miss contributions from extended BPS ob-
jects. In Appendix we classify such objects by studying the central extensions of the
supersymmetry algebra, and find that the only extended BPS objects allowed on the Higgs
branch are codimension-two vortex branes. However, such objects wrapped on S' have in-
finite energy (unlike the BPS strings on the tensor branch), and thus cannot contribute to
the Chern-Simons levels in the 5d effective action. We now proceed with explicitly deriving
the relation between the Chern-Simons levels x; in the 5d effective action and the
(perturbative) anomaly coefficients in the anomaly polynomial .

Let us assume that the 6d SCFT has a non-Abelian flavor symmetry group Gy and
a Higgs branch, whose infrared limit consists of free vector and hypermultiplets. At an
arbitrary point on the Higgs branch, the global symmetry group SU(2)r x Gy is broken to

SUR2)r x Gt — SU@2)p X Gy X -+ x Gy, (3.8)
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where SU(2)p is the diagonal subgroup of SU(2) g and SU(2) x, with SU(2)x xG1 x---xG,, C
Gf.m The infrared theory consists of m half-hypermultiples in the doublet of SU(2)p, and
free half-hypermultiplets in a pseudo-real representation r{ $ro @ ---Br, of Gy X --- X G,,.
Let us denote the dimension of the representation r; by dy,, and dio = Z?:l dy,.

By using the perturbative anomaly matching [64] and global anomaly matching on the
Higgs branch, we prove the formula (|1.16|) for the class of theories considered here. Let us
start with the anomaly polynomial of the UV SCFT, which contains the terms

1
]((]8\)/ ) ] [5]72 + VP% + Bea(SU(2)r)p1 + 24#02(Gf)p1] . (3.9)
Under the general symmetry breaking pattern (3.8)), we have the following relations involving

the second Chern classes:

c2(Gr) = c2(SU(2)p) + ; a;ca(G (3.10)

c2(SU(2)r) = 2(SU(2)p),

where a; are some coefficients that could be determined by the details of the symmetry
breaking pattern (3.8). Thus, the UV anomaly polynomial (3.9 admits a rewriting in terms
of the residual symmetry group as

ok

Spa +vp: + (B + 24u)c2(SU(2) p)p1 + 244 <Z aicg(Gi)> p1] : (3.11)

i=1

On the Higgs branch, the anomaly polynomial of the IR effective theory receives contributions
from the hypermultiplets and contains the terms

1( 1 d 7 d
1(8) D R tot 0 tot 2
HB 4!{ 60(m+ 2 )P\t h

(3.12)
—2(SU2)p)p1 + ZT r;)es(G }
where T¢(r) is defined by
tro(F2) = TC(x)Tr (F2). (3.13)
We have also used
Tr (Fpa) =t fund(Fiap(dien) th (FZ,) = ZTGi(ri)TF (F&,) - (3.14)

3"We have assumed that G; are simple Lie groups. Our argument can straightforwardly be generalized to
the case with U(1) factors appearing on the right-hand side of (3.8]).
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By perturbative anomaly matching [64], we conclude that

1 dtot 7 dtot
(S = —_—— —_
60 (m+ 2 ) ! 77 20 (m+ 2 ) ’ (3.15)

B4 24y = % A8pa; = T%(r,).

Notice that for theories with a Higgs branch,

yo= —=§. (3.16)

Now, let us turn to the corresponding effective action on the Higgs branch. We start
with the general expression

Wyy = —o / ANdANdA
288072 .
. 5 3 (3.17)
S
~ % » AN [g (/{2 - 5/{3,) P+ kg VPR 4 4@0?] )

which under the Higgs branch symmetry breaking pattern (3.8]) reduces to the following

expression
. 1K1
Wov = ——— ANdANdA
UV = 5880m2 /Ms
_ 1 AN 2 /1—§/1 + 4(k3 + Kkp)ce2(SU(2)p) + 4k E a;c
9% / 3 2 5 3| D1 3 f)C2 f 22

(3.18)
On the other hand, plugging in the field content on the Higgs branch to the effective ac-
tion (3.7)), we find

Wiy — — 15 [ andanda
BT T 08802 S,
. . y (3.19)
1 tot G
—% M5A/\ §<m—|— 2)]?1 4mCQSU —4ZT I‘lCQ
Thus, comparing (3.18)) with (3.19)), we find the relations
1 3 1
K1 = —=(2m + dio) Ko — —k3 = — (2m + diot)
L= =5 Cmtd) 2= omy = 3 (2m+ di) 520,
Ky + Ky = —m, kpa; = —T% ;).
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Hence, from (3.15) and (3.20) we derive the universal formulae for SCFTs with a Higgs
branch (with the relation between v and ¢ ([3.16])):

K1 = 605,
3
— Zhy = —300
2T ot ’ (3.21)
R3 = _2ﬁ7
Kk = —48u.
This is consistent with the general formulae conjectured in |1], namely
k1 = —40y — 100,
3
— gy = 167—20
2ot T (3.22)
R3 = _2/67
kf = —A48u.

3.3 On the tensor branch

To extend the analysis to theories without a Higgs branch, a natural step is to derive the
coefficients k; and k¢ on the tensor branch. In this section, we compute the “naive” Chern-
Simons levels k; and k¢ from the one-loop free field contributions on the tensor branch of
several theories, and show that additional contributions must be present. In particular, in
theories that also have a Higgs branch, we find a “mismatch” between the two resultsﬁ
Although in 6d there are no massive particles, there are massive (tensionful) BPS strings —
including “M-strings” in N/ = (2,0) theories and “E-strings” in the E-string theory — that
can potentially contribute to the Chern-Simons levels. A key difference between the Higgs
branch and the tensor or mixed branch is that BPS strings are absent in the former, but are
in general present in the latter. In the M-theory picture, such BPS strings are M2-branes
stretched between M5-M5 or M5-M9 branes, and are massive only when there are separations
between the M5/M9 branes (i.e. on the tensor or mixed branch).

Using supersymmetric localization, the superconformal index can be computed by a con-
tour integral on the complexified tensor branch, and one can explicitly see that the BPS

38 A quick way to see that additional contributions must be present is the following. Many 6d SCFTs
have a one-dimensional tensor branch, on which the massless free field content is the same, but have very
different Cardy limits according to . It is plausible that the difference comes from the Green-Schwarz
type terms, which appear upon integrating out the appropriate BPS objects appearing on the tensor branch
(see Appendix . Likewise, for 4d SCFTs that have a complex one-dimensional Coulomb branch, the
contributions from the supersymmetric Wess-Zumino terms — again upon integrating out the heavy BPS
states — may be crucial for recovering the Cardy formula at the fixed point.
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strings crucially contribute to the Cardy limit of the superconformal index. The integrand
is a product of three copies of the supersymmetric partition function on R* x T2 [75,[79,/76],
which can further be written as a product of the partition function of the free tensor multi-
plets and a sum over the elliptic genera of multiple BPS strings winding around the 7% [96,97].
The Cardy (6 — 0) limit of the superconformal index reduces to the Cardy limit of the el-
liptic genera, which is controlled by the central charge of the theory living on the BPS
strings. Therefore, a potential way to compute the Chern-Simons levels on the tensor branch
is to relate them to the 2d central charges of the BPS strings using the above relations. We
leave this for future investigation.

Below, we elaborate on the one-loop free field contributions and highlight the difference
compared to (|1.14) which should come from BPS strings.

Theory N ny nr
E-string N -1 0 N
type-g (2,0) Ty 0 Ty
TNra, k*N (k* —1)(N —1) N -1
TNIp, 22k —=8)N | k(2k —1)(N = 1)+ (k—4)(2k—=T7T)N | 2N —1
TN, 0 86N — 78 4N —1
'TN,FE7 16 N 160N — 133 6N —1
'TN,FE8 16N 334N — 248 12N —1

Table 1: Field content on the tensor branch of various theories.
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Coefficient SCFT Naive tensor branch | Difference
K1 —ng +ny +nr —ng +ny +nr 0
Free theory | ko — 2k3 | 3(ng —ny +5n7) | 5(ng —nv + 5nr) 0
K3 ny — nr ny —nr 0
gy o) ~1 ~1 0
K1 —30N +1 1 —30N
E-string Ko — K3 15N — 3 3N —3 12N
K3 N(6N +5) —N 6N(N +1)
ke —12N 0 —12N
K1 0 0 0
type-g (2,0) | k2 — 3k3 3rg 3ry 0
K3 —Tg —Tg 0
mf ve —Tg —Tg 0

Table 2: Anomaly coefficients k123 for an assortment of 6d SCFTs I. We exhibit both the
values computed at the SCFT point using the formula ([1.16]), and the naive values by simply
adding free fields on the tensor branch.

In the fourth columns of Table [ and [} we give the values of the Chern-Simons levels
k;’s and k¢ inferred from the free field content of various theories on their tensor branches.
The values of the k;’s can be straightforwardly computed using the numbers of the free
multiplets given in Table [ In the following, we give more details on the computation of
the Chern-Simons level k¢, which only receives contributions from the hypermultiplets. On
the tensor branch, the hypermultiplets transform under the USp(2ny) symmetry. By the
one-loop computation in Section [3.1], we find

gUSPEm) (3.23)

In general a subgroup H of the UV flavor symmetry group G acts nontrivially on the hyper-
multiplets, and it is embedded into the USp(2ny) symmetry. The s can be computed by
the formulae

/f? = IH‘—)GKJfG ) 3.94
H _ USp(2nmg) ( . )
ke = IHC—>USp(2nH)Hf - _IG°—>USp(2nH) )

where Ty, and Zy<,ysp(en,) are the embedding indices of the embedding of the UV flavor
subgroup H into the UV flavor group or the USp(2ny) symmetry or ny free hypermultiplets.
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For the E-string, Ty g,, Tn,g,, and Ty g, theories, the UV flavor group G does not act
on the hypermultiplets, ¢.e. the subgroup H is trivial. Hence, the Chern-Simons level x;¢ for
those theories on the tensor branches is zero.

For the type-g, N' = (2,0) theories viewed as N' = (1, 0) theories, the UV SU(2) symme-
try is embedded as the diagonal subgroup of USp(2)"s C USp(2ry). The embedding index
1s

Lsv@—uspeys = 19, and  Zygpoyracssusper) = 1. (3.25)
We find the Chern-Simons level
HEU(Q) = —ry (3.26)

for the type-g N' = (2,0) theories on the tensor branch.

For Tyr,, . there are k2N hypermultiplets on the tensor branch. Only k? of them are
charged under the UV flavor symmetry SU(k)r. In the IR limit, the k? free hypermulti-
plets transform under USp(2k?). The UV SU(k); symmetry embeds into the IR USp(2k?)
symmetry as SU(k) — SU(k) x SU(k) — SU(k?) — USp(2k?). We find the following
embedding indices

Tsuryssumxsuk)y = k, ZLsumyxsumssuw?)y = 1, Lsum2)-usperz) = 2- (3.27)
Therefore, the Chern-Simons levels /fo(k)L and /if UME on the tensor branch are
/ifU(k)L _ KJEU(k)R — 9k, (3.28)
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Coefficient SCFT Naive tensor branch | Difference
K1 —k? —k? 0
TNTa, Ko — 2Ky 1 (k* + 6N —6) 2 (k* + 6N —6) 0
Ks K2=2)(N=1)| (K =2)(N-1) 0
nfU(k)L or ﬁfU(k)R —2k —2k 0
K1 —2k*+k—1 | —2k*+k+30N -1 —30N
TN, Ko — 3k3 kK2—54+3N-2| K2-L_9gN-2 12N
k(AN —2)—4kN k(AN —2)—16kN _
3 k10N +1 k26N 41 12(k - 3)N
RPOCRIL op o 2OCRR 4 — 4k 16 — 4k —12
K1 —79 90N — 79 —90N
TN, Ko — 3K3 3N + 2 -33N + 2 36N
K3 166N — 77 82N — 77 84N
ligES)L or /{tEEG)R —24 0 —24
K1 —134 150N — 134 —150N
TN I, Ko — 3Ky 3N + 64 —57N + 64 60N
K3 382N — 132 154N — 132 228N
pEDE op (FR —36 0 —36
K1 —249 330N — 249 —330N
TN .Is, Ko — 3K3 3N + 28 —129N + 28 132N
K3 1078 N — 247 322N — 247 756N
R or o (FR)E —60 0 —60

Table 3: Anomaly coefficients x93 for an assortment of 6d SCFTs II. We exhibit both the
values computed at the SCFT point using the formula ([1.16]), and the naive values by simply

adding free fields on the tensor branch.

For T, , there are 2k(2k—8)N hypermultiplets on the tensor branch, but only k(2k—8)

of them are charged under the UV flavor symmetry SO(2k). In the IR limit, the k(2k — 8)
free hypermultiplets transform under USp(2k(2k —8)). The UV SO(2k); symmetry embeds
into the IR USp(2k(2k —8)) symmetry as SO(2k) — SO(2k) x USp(2k—8) — USp(2k(2k—

8)). We find the embedding indices

Tso(2)—s0@k)xUspk—8) = 2k —8,
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O@k)L 4 1 Kf@(%)R

Therefore, the Chern-Simons levels /{fg on the tensor branch are

RSOCRIL — (SORRR 16 g, (3.30)

4 Chern-Simons levels and global anomalies

There is a direct relation between the Chern-Simons levels x; in the 5d effective action and
the phases from global anomalies in the 6d theory [48]98|/49]. This connection immediately
implies that the Chern-Simons levels x; can only jump by an appropriate quantized amount
along renormalization group flows into the Higgs or tensor branch moduli spaces. This
supports the argument of Section that k; are in fact constant on the entire vacuum
moduli space.

We put the theory on a six manifold Mg that is an S! fibration over a five manifold
M, and study the large diffeomorphisms of the coordinate 7 of the S* fiber. The coordinate
7 has periodicity 8, i.e. 7 ~ 74 5. The boundary condition for the fermionic degrees of
freedom along the S* fiber is chosen to be periodic to preserve supersymmetry. Due to this
boundary condition, the fermionic degrees of freedom on My have integer charges under the

background graviphoton,

1
— [ dA € Z, (4.1)

27 Js,
where Y5 is a two-cycle in M. Therefore, the five manifold M5 must be a spin manifoldfig]

In the low energy limit, the tensor or Higgs branch effective theories always contain free
fermions. For the partition function on Mg to be nonzero, we need to choose a background
such that there is no fermionic zero mode. Let us now assume that Ms = S1_ x My, with
the radius of S}  being Rs, i.e.

Ts ~ T5+ 2mR5. (4.3)

The boundary condition of the fermionic degrees of freedom on 5;5 is chosen to be periodic.
The fermion zero modes of the IR free fermions can be lifted by turning on a nontrivial

39If the fermionic degrees of freedom have antiperiodic boundary conditions along the S', then after the
dimensional reduction the fermionic degrees of freedom on Mj would have half-integer charges under the
background U(1)kk graviphoton gauge field A given in the metric . The five manifold M35 could be a
more general spin. manifold. More precisely, the fermionic degrees of freedom on M5 have integer charges
under a spin, connection A, = %A, which satisfies

1 1
— dA, = = / wy mod Z, 4.2
271' )35 2 )3 ( )

where ws is the second Stiefel-Whitney class of M.
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flat connection of either the R-symmetry or flavor symmetry background gauge fields along
the x5 direction. This is equivalent to trivial background gauge fields but with nontrivial
boundary conditions for the charged degrees of freedom.

Consider a background diffeomorphism as follows

T = T+ np z° (4.4)

where n € Z to preserve the boundary conditions for the fermionic degrees of freedom
along the 5’;5. The background diffeomorphism corresponds to the background large gauge
transformation of the graviphoton A,

A= A+ —di®. (4.5)
Rs

In general, for theories with (mixed) gravitational anomalies, the partition function is not
invariant under such a background diffeomorphism, and transforms by a phase,

ZIA+0A] = e ™Z[A]. (4.6)
The 5d effective action completely captures this anomalous diffeomorphism. Under the
large gauge transformation (4.5)), the effective action transforms as

ow

K T 3 T -
= n/M4 (488WdA NdA — i(ﬁg — 5113)]?1 - EH302(SU(2)R) — E’ffoCQ(Gf)) ‘

(4.7)

The above integral satisfies quantization conditions given by various index theorems on the
spin manifold My

1
= —— dANdA € Z
" = 55 -
1
my = 21 1€ 27,
Ma (4.8)
ms = / c2(SU(2)g) € Z,
My
me = / CQ(Gf) e Z.
My
We find that the anomalous phase is given by
nm 2nm 3 n
n = 601#;1 + 5 2 (kg — 5/4@3) - ﬁ(m3/€3 +mesS") mod 2. (4.9)

From the fifth columns of Table [2] and [3, we find explicitly the mismatches between the
global anomaly 7 of the UV SCFT (computed using the formula (1.16])) and the IR effective
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theory on the tensor branch. However, anomaly matching on the tensor branch is more
difficult due to the (possible) subtle contributions of Green-Schwarz type terms which are
generated from integrating out massive BPS strings. Recent progress on understanding the
contribution of the Green-Schwarz type terms to global anomalies has been made in [80-86].
For theories that also have a Higgs branch (where the formula was proven), anomaly
matching between the two branches then predicts what the Green-Schwarz type contributions
must be.

5 Conclusion

We have proven the universality of the Cardy limit of the superconformal index for 6d SCFT's
with a pure Higgs branch, embodied in a precise formula ([1.14) conjectured by Di Pietro
and Komargodski in [1] for the singular terms, with coefficients related to the perturbative

anomalies via (|1.16]).

Summary of proof

i) Compactifying the 6d SCFT on S}, in the Cardy limit (3 — 0), one obtains the 5d
effective action (1.20) that contains four supersymmetric Chern-Simons terms I;, for
j=1,...4, with explicit expressions given in (|1.21)).

ii) We evaluate {; };*:1 on the supersymmetric squashed S° background, and determine the
explicit dependence on the squashing parameters w;. The dependence is in agreement
with the proposal . The pieces that supersymmetrically complete the Chern-
Simons terms contribute nontrivially; in fact, their contributions are crucial for the final
answer to be a geometric invariant, 7.e. dependent only on the transverse holomorphic
structure.

iii) To prove the relation (1.16)) between the Chern-Simons levels x; and the coefficients
a, 3,7 and ¢ in the 8-form anomaly polynomial (1.15]), the following are the steps.

a) First, we use background infinitesimal gauge invariance to argue that the Chern-
Simons levels «; are invariant under RG flows of the 6d SCFT on its moduli space.

b) The IR effective theory on the Higgs branch is a theory of hypermultiplets (free at
large moduli), whose field content can be determined explicitly from the generic
(global) symmetry breaking pattern along the RG flow.

c) We explicitly KK-reduce the free hypermultiplets along the S é, and determine the
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Chern-Simons levels x; by integrating out massive KK modes at one-loop. The
result can be expressed in terms of the perturbative anomaly coefficients «, 3,

and 0 as in ((3.22)).

d) Since k;, a,f,v and § are all invariant under the pure Higgs branch flow, the

relation (3.22)) holds at the UV superconformal fixed point as well.

A puzzle on the tensor branch

iv) By looking at various examples, we remarked that the invariance of the Chern-Simons
levels along the tensor branch flow requires extra contributions to the k;’s, in addition
to the one-loop contributions from the free fields. We leave a more in-depth study of
these extra contributions for future work [99] [

Global anomaly matching

v) We relate the Chern-Simons couplings «; to global gravitational anomalies. By explic-
itly studying the variation of the effective action under large diffeomorphisms, we derive
a relation between the anomalous factor 7 in (4.6) and the Chern-Simons levels &;.

Future prospects

An obvious avenue for exploration is to study more general 5d manifolds with non-trivial
topology. This is especially interesting in view of the relation between the 5d Chern-Simons
coefficients and global anomalies, the latter being sensitive to the topology of the space.

The 2d Cardy formula is intimately related to modular properties of the torus partition
function. In fact, modularity properties for N' = (2, 0) [75[79,[76] have also been understood.
It is an intriguing question to ask whether the Cardy formula for N’ = (1,0) theories also
has a modular origin.

An alternative abstract way of determining the Chern-Simons levels for the 5d effective
action in the Cardy limit was given in [100,/101]. Their argument involves putting the
CFT on conical geometries, and assuming that the partition function is well-defined. In
particular, the answer should not depend on the different resolutions of the singularity. It
would be interesting to extend their analysis to the supersymmetric setting, in which case
the supersymmetric partition function is known to be insensitive to the resolutions of conical
singularities [102-104], which may put their arguments on a more rigorous footing.

40We note that the full 6d anomaly polynomial for a large class of theories are not fully determined as of
the writing of this paper.
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Lastly, we comment on the relation between the Cardy formula proven in this paper,
and recent work relating the “Cardy limit” of superconformal indices in 4d and 6d to black
holes entropies [5-8]. There is an ambiguity in nomenclature here. Whereas the Cardy limit
considered in this paper fixes the squashing parameters, the limit considered in [5-7] has the
(complexified) squashing parameters scale with 5. The fugacities w; in [5-8] are related to
our notation by

ﬁwghere) _ wgthere) 7 Bwéhere) _ wéthere) ’ Bwéhere) — o4 w:())there)7 (5.1)
and the “Cardy limit” defined in [517] is the small w{™® limit. The terms in the 5d effective
action that dominate in this new limit are different from our limit — additional terms that
are non-invariant under background perturbative gauge transformations must be included@
Since this new limit appears important for black hole entropy-matching, it would be inter-
esting to prove the universal relation between this new limit and the anomalies, by similar
arguments as in the present work applied to a different 5d squashed sphere background. As
a matter of fact, we show in Appendix that the squashed S® background for the “modified
6d index” can be obtained by a simple shift of ws. Nonetheless, it remains to understand the
supersymmetric completion of the additional pieces appearing in the corresponding effective
action [Z]
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A Conventions for characteristic classes

We denote by p; and ps the first and second Pontryagin classes, and ¢;(U(1)) and ¢3(G) the
first and second Chern class of the groups U(1) and G, respectively. They can be written in
terms of the corresponding curvatures as follows:

1 2
e o TS e

1 1 1

= ——trR* + = (trR?)?
1 .
aU()) = %FU(l)y
1

CQ(G) == mTI‘Fé

Here, the trace tr is over the vector representation, and the trace Tr is defined as

Ti() = %tradj() , (A.2)

where h" is the dual Coxeter number.

B Central extensions of supersymmetry algebras and
(extended) BPS objects for 4d N =2 and 6d N =
(1,0) theories

In this Appendix, we provide a brief classification of BPS objects appearing in Higgs/Coulomb /mixed

branch flows for 4d N' = 2 theories and tensor/Higgs/mixed branch flows for 6d A/ = (1,0)
theories.
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B.1 4d N =2

The BPS states of 4d N' = 2 theories can be classified by looking at the central extensions
of the supersymmetry algebra,
{Q',, ?3} = €ap€? 7 + UZZZ%),
(0@ = capcZ + 5281, (B.1)
{Qlou QJB} = Ugﬁ'(eij(Pu + Zu) + fo”) .

Here, Z is the usual central charge for BPS particles, whereas Z,,, Z,Sij) and Zﬁ,j) are the
brane charges for BPS strings and domain-walls, respectively.@ In particular, the brane
charges are related to the (higher-form) brane currents for a p-form symmetry by

() = T(p)/dd_lx Jt

D)
H1p2.---Pp Oprpa...pip

(B.2)

where the integral is over the spatial directions, and 7™ is the brane tension with mass
dimension p + 1 (since the current J® has dimension d — p — 1). In terms of coupling to
background non-conformal supergravity, the brane tension T® is given by the scalar vev
of certain compensator multiplets. As argued in [106}/108], Z, should vanish for 4d N = 2
theories that come from deforming SCFTs, because they are expected to have Ferrara-
Zumino (FZ) multiplets (with respect to any A/ = 1 subalgebra) [109].

As for the other brane charges that appear in the central extension of the 4d N = 2
supersymmetry algebra, the central charge Z for BPS particles is given by the complex
scalars in the vector multiplets, whereas the tensions for the BPS strings and domain walls
also depend on the real SU(2)p triplet scalars in the linear multiplets. For effective theories
on the moduli space of an SCFT, these tensions are determined by the vevs of vector multiplet
and hypermultiplet scalars. In particular, the tension for a (unit-charge) BPS string is given
by qq, where ¢, ¢ denote the chiral scalars in a hypermultiplet (this follows from the composite
expression of a linear multiplet in terms of hypermultiplets). As for the BPS domain wall,
the 3-form current is proportional to the Hodge dual of d¢ where ¢ is a complex scalar in a
vector multiplet, and the tension for a BPS domain is given by ¢G(¢(+00) — ¢(—0o0)), where
the ¢, q are hypermultiplet scalars charged under the vector multiplet.@

Consequently, the possible massive stable BPS states are:

43Equivalently, one can study non-conformal modifications of the conformal supercurrent multiplets which
contain additional brane currents, or non-conformal extensions of the conformal supergravity by introducing
compensator multiplets (for reviews see [105H107]).

44Note that in A/ = 1 notation, this is just the usual statement that domain wall tensions are determined
by the difference between the values of the superpotential at adjacent vacua.
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(i) BPS particles on the Coulomb branch,
(ii) BPS strings on the Higgs branch,

(iii) BPS particles, strings and domain-walls on the mixed branches.

B.2 6d N =(1,0)

The BPS states of 6d N = (1, 0) theories can be classified by looking at the central extensions
of the supersymmetry algebra,

{Q, Qg} = s (Pu+ Z,) + fyggﬂz,gig'g . (B.3)

Here, Z, is the string charge and Z,,, the 4-brane charge, and due to supersymmetry, the
corresponding brane tensions are respectively given by the real scalar in the tensor multiplet
and the real SU(2)g-triplet scalars in the linear multiplet (which contains a 4-form gauge
field that couples to the brane). By a similar reasoning as for 4d NV = 2, the possible massive
BPS states are

(i) BPS strings on the tensor branch,
(ii) BPS codimension-two vortex branes on the Higgs branch, and
(iii) BPS strings and vortex branes on the mixed branches.
Upon compactification on S!' (and before compactifying the 5d theory on S°), the
(wrapped) vortex branes have infinite energy and thus do not contribute to the Chern-

Simons levels in the 5d effective action. Thus, in conclusion, there are no massive BPS
states contributing to the 5d effective action for Higgs branch flows.

C Supersymmetric S! x S° background for the index
and modified index

This appendix discusses the supersymmetric background for 6d theories on S x S® twisted
by chemical potentials. The notation used in this section is independent of the main text.

We start with the 6d metric in equation ({2.1), where we set r5 = 1, and pick the following

frame
el = dr, e = déb,

A C.1
e = sinfdy, e = y;(de; +iadr), j=1,2,3, (C1)
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where we have introduced the spherical coordinates
y1 = sinfcos, Yo = sinfsiny, ys = cosf, (C.2)

with ¢ € [0,27) and 6 € [0, 7).

In order to preserve some supersymmetry, we couple the theory to 6d background (off-
shell) conformal supergravity. More precisely, we couple to the “6d Weyl 1 multiplet”, also
known as the “6d standard Weyl multiplet” [110-112][®] which contains the bosonic fields
given by the metric, g,,, the gauge field for Weyl transformations b,, an su(2)p symmetry
gauge field V,*;, an antisymmetric tensor 7, and finally a real scalar D as well as fermionic
fields, wz, X' su(2)r Majorana-Weyl spinors of positive, negative chirality, respectively.

We are interested in the rigid limit [36], and thus set the fermionic fields to zero. Fur-
thermore, to preserve some SUSY, we have to find non-trivial Killing spinors & and their
conformal cousins, 1%, such that the variations of the fermionic fields vanish. The first con-
straint, 6x* = 0, is automatically solved by setting

Tabc

= D =0. (C.3)
With this, the remaining supersymmetry condition is then given by
. . 1 . o .
0Pl = Ou’ + Zwuabrabe’ + Ve +Tm' = 0. (C.4)
In the following, we pick the 6d Gamma matrices as follows
Pz’ = i0'2®”}/z‘ <221,75), F6 = 0'1®]l4><4, (05)

where we recall that by ~; are the 5d Gamma matrices, defined in equation (2.25). We may
solve (C.4]) by turning on a background u(1)p C su(2)r gauge-field,

v, dat = (1 + %) dr (03)"; . (C.6)

We explicitly find the following solutions for the 6d Killing spinors &' and their conformal

45This is to make a distinction from another 6d N = (1,0) Weyl multiplet — “6d Weyl 2 multiplet” or
“dilaton Weyl multiplet” — which has the same gauge but different matter fields |110L111].
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cousins 7'

04><1

.. W
1sin 3612

— sin ge_i ,
1cos gei2
— cos ge_i
L (C.7)
—sin 5615
—1isin ge_
. 1 . . A
_T(1 —1)i+1 24V i %
n] (7_) — \/56 2( +atot+(—1) (2+ 0))+2¢tot coS 3612 ,

. 0 —
1cos ;€

Ej (7_) — \/ie*%(1+atot+(*1)j+1(2+V0))+%¢>tot

[NIESH

[&

[N]ESH

ol

i

04><1

3 .. 3 . .
where ¢ = Y i ¢; and similarly aiy = > ;_; a;, and with 0457 a column vector with four
zeroes as entries.

So far we have effectively been dealing with R x S°. Now, we compactify the 7-direction,
and require the Killing spinors to satisfy the following consistency condition as we go around
the 7-circle

(r+p) = e (r), ne{01}, (C.8)
where n = 0 gives us back the usual index as defined in (1.13]), while n = 1 gives us the
background for the modified index [5] 113]@ Therefore, we arrive at the conditions
2min

/6 )
where w; = 1 4 a;. The analogous constraint in 4d was found in [113] by considering the 4d
background S! x S? with modified periodicity for the fermions along the S*.

‘/E)‘i‘wl +CL)2+LU3 = (Cg)

To go from the usual index (i.e. n = 01n ((C.9))) considered throughout the present paper
to the modified index (i.e. n =1 in (C.9)), we can simply shift (e.g.) ws, i.e.

9
w3 —> w3+%1. (ClO)

Applying this shift to the evaluation of the supersymmetric completions of the higher-

468ee [57], where a similar modification has originally been considered in the ' = 2 superconformal Schur
index.

48



derivative terms (2.51]), we find the following answers for the modified background:

i (27)° wy (2m)t  iw? f
[mog — 3 9 3 O 1
b=t wiwy 32 wiwy 3 +w1w2( W) * (B ) 7
21 (2m)°  2ws (2m)* 2i(27)3 (WP + W2
Iglzd:l: ( ) + 3( ) - ( )(1 2)+O(/81),
’ wiwy 2 wiwy B Wiz

[mod _ i7T2 (271')3 _ 7T2 (2(&)1 + 2WQ + W3) (27’(’)2 (Cll)
3n=l wiwy 2 wiwsa B

2173 (w? + 2wowq + w?

( 1 2W1 2) +0 (/81) 7
W1

i(2m)*(mf)*
el = - ——1—+0(p").
4,n=1 i + (5 )

We remark that this is the answer (together with the constraint (C.9)) in the strict
£ — 0 limit. In fact, the constraint is crucial to render the result in invariant under
the exchange of w;. Finally, in order to move to the “new Cardy limit” [5], we need to further
rescale

Bwi — wi, (C.12)

and then take the w; — 0 limit. However, as mentioned in the main text, the background
gauge-invariant supersymmetric Chern-Simons terms treated in this paper are not the com-
plete set of terms contributing to that limit.

D Geometric invariance and the equivalence between
gauges

In the main text, we introduced two different solutions for background vector multiplets cou-
pled to the standard Weyl multiplet: one was the “flavor solution” ([2.26]), and the other was
the “KK solution” , where the gauge field is naturally identified with the 6d gravipho-
ton. Accordingly, we introduced two distinct gauge-fixed version of Poincaré supergravity:
the “standard gauge-fixed” and the “KK gauge-fixed” one. As one can explic-
itly confirm, the various types of solutions (in different combinations) lead to the ezact same
results for the evaluation of the supersymmetric Chern-Simons terms, giving more credence
to the expectation that they are geometric invariants, i.e. only dependent on some simple
geometric properties, believed to be the transversally holomorphic foliation inherent in the
u(l)g truncated rigid supersymmetric backgrounds [14]. In this appendix, we provide a
relation between the various solutions.

Let us first focus on the vector multiplet. A vector multiplet coupled to the standard
Weyl multiplet is conformal. The (bosonic) fields in the standard Weyl and vector multiplet
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transform under Weyl rescaling as follows: (for completeness, we added the Weyl transfor-
mation of the linear multiplet)

SW: g — ANy, Vi — Vi, D — A?D, v — A,
Ve M — AM, W, = W, (Y); — A(Y),, (D.1)

£L: L'y - NL;, E, - NE, N — A'N.

From these expressions, it is clear that starting with the KK solution, we can fix the scalar M
to be a constant by A = M1, where m is the constant flavor mass. However, this would
change the metric, which is not what we want. Instead, we may connect the flavor solution
to the KK solution by Weyl transforming the standard Weyl solution according to the
first line in with the explicit Weyl factor

1
A = 28+ —. (D.2)
Bk
Then, one explicitly finds
4
AWk = d[w(W)] + E(el Ne 4 e Aet), (D.3)

where by w(WW;) we mean the Weyl transform of the ingredients in the standard Weyl mul-
tiplet defining W, i.e. in the constant-M solution, W = —pus(1 — (BF)~1)e®, which Weyl-
transforms as follows™]

W — w(W) = (1—(ABR)"H(Ae). (D.4)

Consequently, in the supersymmetry condition (2.12)), part of the explicit A in will
get absorbed by Y and the k piece will be absorbed by M, making it non-constant. Thus,
we move from the flavor solution with constant M to a solution where M is non-constant.
Upon a (now) full Weyl transformation acting on the Standard Weyl as well as the vector

multiplet back by
A = 1
= @, (D.5)
we end up with the same metric but a different solution given by the KK solution.

By the same logic, one can relate the two gauge fixing conditions. These arguments then
suggest that the resulting superconformal Chern-Simons terms, i.e. the FFF, F¢F¢F and

4TThe reason for this curious Weyl transformation is that the ingredients in the (general) flavor solutions
are actually bilinears in the Killing spinors, i.e. W = (1 —1/5)K;, where K; ~ eT’y(l)e and S ~ efe (see [14]
for more details), which transform as in (3.8) of [14] under Weyl transformations. We also refer to [88] for
more details.

20



FWW terms, should be the same when evaluated on various solutions (which we explicitly
checked), as they are by construction Weyl invariant. However, the reason for the FRR
term, whose Weyl invariance is broken, to remain unchanged (explicitly checked) must be
explained by the fact that it is a geometric invariant, i.e. solely depends on the transversely
holomorphic structure of the solution.
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