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Abstract

The thermodynamic limit and boundary energy of the isotropic spin-1 Heisen-
berg chain with non-diagonal boundary fields are studied. The finite size scal-
ing properties of the inhomogeneous term in the 7' — () relation at the ground
state are analyzed. Based on the reduced Bethe ansatz equations (BAEs), we
obtain the boundary energy of the system. These results can be generalized
to the SU(2) symmetric high spin Heisenberg model directly.
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1 Introduction

The study of quantum integrable models is an interesting subject in the fields of cold
atoms, quantum field theory, condensed matter physics and statistic mechanics [1H5]. The
spin-1/2 Heisenberg model can effectively quantify the spin-exchanging interaction and
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plays an important role in the quantum magnetism and many-body theory. By using the
Bethe ansatz method, the one-dimensional (1D) spin-1/2 Heisenberg model can be solved
exactly [6]. The typical spin-exchanging couplings in the 1D spin-1 system is characterized
by the bilinear biquadratic model, where the Hamiltonian reads

N
H = [Jlgk . §k+1 + JQ(gk . §k+1)2 . (1)
k=1

Here gk(S,f,Sg,Slj) is the spin-1 operator at site k, IV is the number of sites and the
periodic boundary condition gives §N+1 = §1. If Jp/J1 = 1, the system has the
SU(3) symmetry and is integrable. If Jy/J; = —1, the SU(2) symmetry survives and
the system is known as the Zamalodchikov-Fateev (ZF) model [7]. The Bethe ansatz
solution and thermodynamic properties of the ZF model are studied by Takhtajan 8] and
Babujian [9,10]. If Jy = 0, the system is no longer integrable. Starting from the nonlinear
sigma model, Haldane conjectures that the excitation of the system has a gap [11,[12]. If
Ja/Ji = 1/3, the Hamiltonian (1) degenerates into a projector operator (up to a constant)
and the ground state is the famous valence bond solid state [13}/14]. If J; = 0, by using
the Temperley-Lieb algebra, the system can be mapped into the XXZ spin chain and is
also integrable [15-17].

Besides the periodic boundary condition, the integrable open one is also an interesting
subject, which means that the system has magnetic impurity or the boundary magnetic
fields [18,19]. In the past few decades, the exact results of high spin models with periodic
[7,09,/10,20-25] and parallel boundary fields [26-28] have been extensively studied. It is
emphasized that the integrable boundary reflection matrix can have non-diagonal elements,
which means that the boundary fields are unparallel. Then the U(1) symmetry is broken
and it is very hard to study the exact solution of the system. It is known that the integrable
systems without U(1) symmetry actually have many applications in the open string theory
and the stochastic process of nonequilibrium statistics. Therefore, many interesting works
of high spin models with non-diagonal boundary reflections have been done [29-32].

Recently, a systematic method, i.e., the off-diagonal Bethe ansatz (ODBA) is proposed
to solve the models with or without U(1) symmetry [33,[34]. The eigenvalues and eigen-
states of several typical integrable models are obtained. The next task is to derive the
physical quantities in the thermodynamic limit, which is very involved in because the relat-
ed Bethe ansatz equations (BAEs) are inhomogeneous and the traditional thermodynamic
Bethe ansatz can not be employed. In order to overcome this difficulty, an effective method
is to study the finite size scaling effects of the inhomogeneous term in the T'— @) relation.
With the help of this idea, the thermodynamic limit, surface energy and elementary exci-
tations of spin-1/2 XXZ spin chain with arbitrary boundary fields |35L36] or antiperiodic
boundary condition [37,38] are studied. The boundary energy of the SU(3) symmetric
spin-1 chain with generic integrable open boundaries is also obtained [39]. However, the
corresponding thermodynamic properties of the SU(2) symmetric spin-1 Heisenberg model
are still missing.

In this paper, we study the thermodynamic limit and boundary energy of the spin-1
isotropic Heisenberg spin chain with non-diagonal boundary reflections. The finite size
scaling analysis of the contribution of the inhomogeneous term in the T — @) relation to
the ground state energy is studied in detail. In the thermodynamic limit, we find that the
most Bethe roots of the reduced BAEs at the ground state form 2-strings, associated with
certain boundary strings and the rearrangement of Fermi sea. The different structures of
Bethe roots in different regimes of model parameters are given explicitly. Based on them,
we obtain the boundary energy induced by the unparallel boundary magnetic fields. We
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also check the analytic results by the numerical extrapolation, and find that the analytic
results and the numerical ones coincide with each other very well. The results given in
this paper can be generalized to the SU(2) symmetric spin-s Heisenberg model directly.

This paper is organized as follows. Section [2|serves as an introduction to the notations
for the spin-1 Heisenberg model with non-diagonal boundary fields. The ODBA exact
solution is also briefly reviewed. In Section [3| we focus on the finite size correction to
the ground state energy of the inhomogeneous term in the T' — @) relation. In Section
by using the patterns of Bethe roots of the reduced BAEs, we study the boundary
energy of the model in the thermodynamic limit. We summarize the results and give some
discussions in Section [Bl

2 Non-diagonal boundary Spin-1 Heisenberg model

The spin-1 Heisenberg model with non-diagonal boundary fields is related with the 19-
vertex R-matrix [40]

c(u)
b(u) e(u)
d(u) g(w) f(w)
e(u) b(u)
R(u) = g(u) a(u) g(u) : (2)
b(u) e(u)
f(u) g(u) d(u)
e(u) b(u)
c(u)

where the non-vanishing elements are

a(u) = u(u+1) +20%, b(u) = u(u+n), c(u) = (u+n)(u+2n),
d(u) = u(u —1), e(u) = 2n(u+mn), f(u)=20% g(u)=2un, 3)

u is the spectral parameter and 7 is the crossing parameter. The R-matrix R(u) satisfies
the quantum Yang-Baxter equation (QYBE) [41,42]

R12 (u - v)ng(u)Rgg(U) = Rgg(v)R13(U)R12(u — ’U). (4)

Besides, the R-matrix (2)) also enjoys the properties

Initial condition : Ry2(0) = 2n*Pya, (5)
Antisymmetry : Rio(—n) = 61> Pg), (6)

where P9 is the permutation operator and ng) is the projector in the total spin-0 channel.

The boundary reflection at one side of the chain is quantified by the reflection matrix

r1(u) ya(u) ye(u)
K= (u)=Q2u+n) | ya(u) z2(u) ys(u) |, (7)
yo(u) ys(u) w3(u)



87

88

89

90

91

92

93

94

95

96

97

98

99

101

102

103

SciPost Physics

where the matrix elements are

2

n(w) = (p-tu+ ) (po+u—2)+ -2,
o) = (p-+u—D)(p-—u+ D+’ (@D u=1),
042
z3(w) = (p-—u— D)o —ut )+ onlu=7),
va(w) = V2a_u(p-+u-3)
vs() = V2a_u(p- —ut ). we(u) =’ ulu— 7). ®)

p_ and a_ are the boundary parameters which measure the strength and direction of the
boundary field. The reflection matrix K~ (u) satisfies the reflection equation (RE)

Rio(u — v) K (u)Ro1(u+v) Ky (v) = Ky (v)Ro1(u + v) K (u)Ria(u — v). 9)
The boundary reflection at the other side is quantified by the dual reflection matrix

K" (u) = K~ (—u—n) (10)

(p—.a—)=(ps,—ay)

where py and o are the boundary parameters characterizing the strength and direction
of the corresponding boundary field. The dual reflection matrix KT (u) satisfies the dual
RE

Ris(v — u)Kf(u)Rm(—u —v— QU)K;(U)
= K5 (v)Ra1(—u — v — 20) K (u) Ria (v — u). (11)

From the R-matrix (2|), we construct the single row monodromy matrices Tp(u) and
To(u) as

To(u) = Ron(u—6n)Ron—1(u—0n—-1)--- Roi(u—61),

To(u) = Rlo(u+01)R20(U+92)--'RN()(U—FQN), (12)
where {0,k = 1,--- , N} are the inhomogeneous parameters, the subscript 0 means the
auxiliary space and 1,---, N denote the quantum spaces. The single row monodromy

matrices Tp(u) and To (u) are the 3x3 matrices in the auxillary space V and their elements
act on the quantum space V&Y. The transfer matrix of the system reads

t(u) = tro{ K (u)To(u) Ky (u)To(w)}. (13)

From the QYBE , RE @ and dual RE , one can prove that the transfer matrices
with different spectral parameters commute with each other, i.e.,

[t(u),t(v)] = 0. (14)

Therefore, t(u) serves as the generating functional of all the conserved quantities, which
ensures the integrability of the system. The model Hamiltonian is generalized from the
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104 transfer matrix t(u) as

H = 0y{lnu(u+n)t(u)} ‘uzo,{ek}—ﬂ)

6pranSy — 6pLnSi
(3273 _ %(1_’_0&)”2)772 [6pranSy P+NON

€T yA VA €T 3 T
+3a4 0’ [SK Sk + SXST] — (203 — S (1 — o)) (S%)?

2
3 3
~(2R — J0+ adPI(S% - (@ + (1 - ad)P)(SR]
n(1+a}) 77 14
: +3N—= + —. 15
3p3 — f(1+af)n?  p? — (1 +a2 )’ U (15)

105 Now, we seek the exact solution of the system . Let |¥) be an arbitrary eigenstate
w6 of t(u) with the eigenvalue A(u), i.e.,

)| 0) = A(u)|¥). (16)

w7 Using the ODBA method and hierarchy fusion, in the homogeneous limit {0, = 0}, the
s eigenvalue A(u) can be expressed as the inhomogeneous T — @ relation [34,40],

AW = A Pt -0 a
G0 — aW @B g @urn) e PO
A2 (u) (u) 0w +dW(u) 0w T (u+n) OR (18)

100 where

aO(w) = dV(~u—n)

2u + 2n 3n 2N
= S vt pnn/irae-p (ur )L a9

FO@) = (u— DNt 1N+ 2, (20)
SOw) = V() dV(w— ), 21)
¢ = 2a—ar—1-4/(1+a2)(1+a2)), (22)
2N
Q) =TI w)w+u+n) = Q—u—m), (23)
k=1

o and the 2N parameters {ug|k = 1,--- ,2N} in Q-function are the Bethe roots. The
w  singularity of eigenvalue A(u) requires that the Bethe roots should satisfy the BAEs

aV (ug) Q(ug, — ) + dW (ug) Q(ug +n) + cug(u +n) FM(ug) =0, k=1,---,2N. (24)
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The eigenvalue of Hamiltonian (15| reads

B= Z
where {ug} should satisfy the BAEs and

2,/1 a+p+77 2¢/1+a2p_n
Ey - (26)

2 2

—T(1+03) p2-T(1+a?)

1 1
(ug + 377 ) (ug — ﬂ) n n

3 Finite size scaling behavior

The present BAEs are inhomogeneous, thus it is very hard to investigate the thermo-
dynamic properties of the system by using the traditional thermodynamic Bethe ansatz.
In order to overcome this difficulty, we first analyze the contribution of inhomogeneous
term in the T — @) relation .

Define the reduced T' — Q) relation as

Mrom() = AL (ot DA (= ) 60w+ D), (27)
(5:1) Q= n | oy Qu+n)
A2 () a (u)iQ(U) +d“ (u) Q) (28)

We should note that although all the non-diagonal boundary parameters are included in
the above reduced T' — @ relation (28)), the Apom(u) is not the eigenvalue A(u). From the
singularity analysis of the reduced T — @) relation , we obtain following reduced BAEs

— [k Pi — fig Qi — fi <Z—uk>2N i — (e — ) @ — (e + pur)

; ; ; = ; : s k:177M1(29)
+ f DU e U pie \ 0+ Pk :1Z+(Mk—uz)1+(uk+ul)

ICIEHICISY

1 p = P+
’ 2
2 ,/1—1—04Jr

- % for convenience. From the Ap,,(u) given by Eq. 1} we obtain the

where M = 1,--- ;2N and we have put n = 1, yup = —iug — — 5 and

N[

_ __ P
4= 1+a?
reduced energy which is defined as

1 +3N + B, (30)

M:

Ehom = Ou {lnu(u +1 Ahom } ‘u 0
k=1

Solving the reduced BAEs (29), we could obtain the values of reduced Bethe roots {1}
Substituting the Bethe roots into Eq., we obtain the values of Ejop,.

Let us focus on the ground state. The reduced ground state energy can be calculated
by the reduced BAEs . It is well-known that the even N and odd N give the same
physical properties in the thermodynamic limit. Thus we set N is even. At the ground
state, the number of Bethe roots in the reduced BAEs is M = N. Without losing
generality, we choose the boundary parameters as p > 0 and ¢ # 0,—1. We should
note that at the points of ¢ = 0,—1, the boundary field is divergent due to the present
parameterization of the Hamiltonian . The distribution of reduced Bethe roots at the
ground state in the thermodynamic limit is shown in Figure We see that the Bethe
roots can be divided into six different regimes in the p — ¢ plane.
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1) In the regime I, where p > 1/2, ¢ < =1, —=1/2 < ¢ < 0 or ¢ > 1/2, all the Bethe
roots form 2-strings, i.e., ur = A\x £ % + O(e“SN ), where Ay denotes the position of 2-string
in the real axis, 0 is a small positive number and O(e~%") means the finite size correction.

2) In the regime II, where p < 1/2, ¢ < —1, —1/2 < g < 0 or ¢ > 1/2, besides N — 2
2-strings, there are two boundary strings, i.e., pi and (p— 1)i. The boundary strings mean
the pure imaginary Bethe roots which are related with the boundary parameters p and
q [43].

3) In the regime III, where p > 1/2 and 0 < ¢ < 1/2, besides N — 2 2-strings, there
are two boundary strings, gi and (¢ — 1)i.

4) In the regime IV, where 0 < p < 1/2 and 0 < ¢ < 1/2, besides N — 4 2-strings,
there are four boundary strings, pi, (p — 1)i, ¢i and (¢ — 1)i.

5) In the regime V, where p > 1/2 and —1 < ¢ < —1/2, besides N — 2 2-strings, only
the boundary string ¢¢ survives and one real Bethe root \g appears which is caused by
the rearrangement of Fermi sea.

6) In the regime VI, where 0 < p < 1/2 and —1 < ¢ < —1/2, besides N — 4 2-strings,
there are three boundary strings ¢i, (¢ — 1)i, pi and one real root Ag.

I regime I
[ regime II
regime III
[ regime IV
[ regimeV
regime VI

)‘0, qiapia
N —4
2-string.

Figure 1: The distribution of reduced Bethe roots at the ground states with different
boundary parameters p and gq.

Because the Bethe roots are different in the different regimes of boundary parameters,
we shall discuss them separately. In the regime I, where all the Bethe roots are the
2-strings. Substituting the 2-string solutions into the reduced BAEs , omitting the
exponentially small corrections and taking the product of all the string solutions, we
readily obtain

<.
|

Aj(
i—i-)\j(
» . 2N
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(%i+)\j%i+)\j> -

21 — ()\j — Al) 21 — ()\j +
21 + ()\j — Al) 21 + ()\j +

_i—)\j (p—
i—i—)\j (p—

q—3)i=X (a+3)i—X

¢—3)i+ A (a+3)i+N

]Q[i—()\j—k)\l)r
i+()\j+>\l)

N[ D=

S— | ~—
BERSH
> | >
<S

~— [ ~—

S
+ |+
|

5)t+

3

ol NIF NI
-~

I
e |
| —
.| .
+1 |
> >

< <
[
> >
|

> >



158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

SciPost Physics

Taking the logarithm of above Eq., we obtain

2Ly = W(Ajs My) + O2p—1(Nj) + O2pr1(Nj) + O2g-1(Nj) + O2g41(Nj), 5 =1,---, My, (32)
where

W (Aj; My) = 02(N;) + 2N [01(\)) + 03(N))]
My
= T 1202(0 = \) +202(0; + A) + 040 — A) + 04(X; + N)] L (33)
=1

I; is the quantum number, 6,,(z) = 2arctan(2z/n) and M; = N/2. The ground state is
characterized by the set of quantum numbers

{I;} ={1,2,--- , My }. (34)

Solving the reduced BAEs and substituting the values of Bethe roots into Eq.,
we obtain the reduced ground state energy as

My

1 3

Enom = _22 T + SEa + 3N + Ey = G(\j; My). (35)
j=1"J " 4 j 4

Now, we are ready to characterize the contribution of inhomogeneous term in the T'— Q)
relation at the ground state by the quantity

Einh = Ehom - Ega (36>

where Ej., is the reduced ground state energy given by and Fy, is the actual ground
state energy of the Hamiltonian . The ground state energy E, can be obtained
by two methods. One is solving the inhomogeneous BAEs directly and the other is
density matrix renormalization group (DMRG) [44-46]. We have checked that the ground
state energy F obtained by these two methods are the same.

In Figure (a), we give the values of E;,,;, versus the system size N in the regime I. The
red circles are the data calculated from Eq. and the blue solid line is the fitted curve.
From the fitted curve, we find that E;,; and N satisfy the power law relation Ej,;, = yN?.
Due to the fact that g < 0, the value of F;,; tends to zero when the system size N tends
to infinity. Therefore, in the thermodynamic limit, the inhomogeneous term in the T — Q)
relation can be neglected at the ground state and Ej,y,, = E4. The subfigure shows
the distribution of Bethe roots with N = 10.

In the regime II, substituting the N — 2 2-strings, two boundary strings puy—1 = pi
and pupr = (p — 1)i into the reduced BAEs and taking the logarithm, we have

2ml; = W(Xj; Ma) + O2g-1(X) + O2g11(Aj) — O1-2p(A;) — b2pr1(A))
—0312p(Aj) = O5-2p(Xj) = 2032p(Nj), J=1,2,--, My, (37)
where W (\;; M) is given by Eq. with the replacing of M; by My, My = N/2 —1 and
the quantum numbers are
{IJ} = {1127"' ’MQ}- (38)
The corresponding reduced ground state energy reads

4, 4
pP-1 (p-132-1

Ehom = G()‘j; M2) + (39)
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0.015 0.015
< oot < oot
S S
0.005 0.005
0 0
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
N N N
0.08 0.08
0.09
0.06 0.06
5006 g 3
N 0.04 & 0.04
0.03 002 0.02
0 0 0
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
N N N

Figure 2: The values of E;,; versus the system size N. The data can be fitted as F;,, =
vN?. Due to the fact 8 < 0, when the size of system N — oo, the contribution of the
inhomogeneous term tends to zero. Here (a) p = 1.1370,q = —1.0821,v = 0.06203 and
B = —0.9407 in regime I; (b) p = 0.3263,q = —1.8931,7 = 0.2371 and = —1.052 in
regime II; (¢) p = 0.2428,¢ = 2.3735,7 = 0.6236 and § = —0.8384 in regime III; (d)
p = 0.4453,q = 0.3789,~v = 2.234 and f = —1.087 in regime IV; (e) p = 0.8410,q =
—0.6990,v = 0.715 and 8 = —1.219 in regime V; (f) p = 0.3971,q = —0.7985,v = 4.912
and g = —1.429 in regime VI. The subfigures show the distribution of Bethe roots with
N =10.

where G(\;; My) is given by Eq. with the replacing of My by Ms.
The procedure in the regime III is similar and reduced ground state energy is

4 4
F-1 (g--1
In the regime IV, substituting the string solutions including four boundary strings into
Eq. and taking the logarithm, we have
2mly = W(Aj; Ms) — O1-2p(A;) — O2p11(Xj) = O342p(A) — O5-2p(X5) — 203-2(};)
—01-2¢(Aj) = O2g11(Xj) = O3129(Xj) — O5-2(Nj) — 203-24(X;), J=1,2,---, M3, (41)

Ehom = G()‘j; MQ) +

(40)

where M3 = N/2 — 2 and the quantum numbers are
{Ij} = {1727”' 7M3}‘ (42)

The reduced ground state energy is

4 4 4 4
) =G(\;; M- .
hom (]a 3)+p2_1+(p_1)2_1+q2_1+(q_1)2_1

(43)

In the regime V, the logarithm form of the BAEs are

2l = W(Aj; Ma) + O2p1(Aj) + O2p11 (X)) — 3424 (X)) — O3-24(Xj) — 201-24(N5)
=01 (Aj = Ao) — 01 (Aj +Xo) =03 (Aj —Ao) =03 (Aj+ o), J=1,2,--+ My, (44)

where My = N/2 — 1 and the quantum numbers are {I;} = {1,2,---,My}. We shall
note that the quantum number corresponding to the real Bethe root Ag is 0. The reduced
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ground state energy reads

4 4
E =G(Aj; M — . 45
hom (j7 4)+q2_1 )\(2)+1 ( )
Similarly, the reduced ground state energy in the regime VI is
4 4 4 4
Epom = G(Aj; MS) + (46)

+ + — :
P -1 (p—12%2-1 ¢—-1 N+1

where M5 = N/2 — 2.

Substituting the reduced ground state energies in different regimes into Eq.(36]), we
obtain the values of Ej,;, which are shown in Figures 2(b)-(f). According to the finite
size scaling analysis, we see that the inhomogeneous term indeed can be neglected at the
ground state in the thermodynamic limit.

4 Boundary energy

In this section, we study the physical effects induced by the unparallel boundary magnetic
fields and compute the boundary energy [47-49]. The values of Bethe roots at the ground
state are determined by the quantum numbers {I;}. Thus we define the counting function

as Z(\;j) = 21—;\, In the thermodynamic limit, the Bethe roots can take the continuous
values and we have Z(\;) — Z(u). Taking the derivative of Z(u) with respect to u, we

obtain

dZ(u)
du

= p(u) + p"(w), (47)

where p(u) is the density of Bethe roots and p"(u) means the density of holes in the real
axis. Again, the distribution of Bethe roots in different regimes are different. We should
consider them separately. In regime I, from the BAEs (32)) with the constraint N — oo
and using Eq., we obtain the density of states as

pw) = ) + ()
= a0+ ag(u) + 5 aa(u) + azp-1 (1) + azpe () + a1 () + a2 (u)
gl )+ 8] =~ [ st =)+ asluc+ o) (o), (49)
where
i) = 5
o) = o [5(u=X) 4o (utAt)+o(u=2b)+a(ur )] (49)

We should note that the presence of delta-function in Eq. is due to that \; = 0 is
the solution of BAEs ([32)), which should be excluded because it makes the wavefunction
vanish identically [50]. Meanwhile, two holes A and A} should be introduced to ensure
the magnetization satisfying

z| &

= /OO p(u)du = 1. (50)

—0o0

10
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Submission

Thus the holes are located at the infinities in the real axis.
With the help of Fourier transformation

/ T ey, Flu) = —

— 00

pw) = pg(w) + po(w) + p1(w) + p2(w),
where
~ ] " a1 (w) + ag(w) -
an(w) = 72 hW) = e St aa@y o)
1 agpi1(w) — a1—2p(w) 1
i) = 42N 1420 )+a4( )’ O<p=<3
1 agp1(w) + dgpia1(w) S 1
N 1+ 2a2(w) + as(w) P9
1 a1-9¢(w) + a—2¢-1(w) 1
12N 1—}(—2)&2( )+?48w> ’ q<_2’1
- _ a2¢+1(w) — a1—24(W
r2w) = N3y 1q+2a2( Jrasw) 2 9%%w
1 agq1(w) + dg41(w) S 1
IN 1+ 2a5(w) + ay(w) 1= 5

Then the ground state energy can be expressed as

E, = —2N/ [a1(w) + a3(w)] p(w)dw + 3N + Ey = Negy + es,

1

(51)

(54)

where e, is the ground state energy density which is the same as that for the periodic

boundary condition [9],

L [
9= 2/00 1+ 2a2(w) + aa(w)

and e is boundary energy

es = 2m—4+4+ Ey+ e+ eo,
- - /_OO [a1(w) + as(w)] a122i|- 12(:;)(0; Cfp(;j(iuw))
(S s 1+2a2( )+ asw)
' /_ 1 (w) + a3(w)] “fj%ﬁjj}j{fg)dw,
@ = 1= [ ) + s A tonll,,
- [ ) + ) it B,

(55)
(56)
p> o)
AN
0 <p< 5,
<1
q 9
1
——<qg< =, (58)
1
q 9"

Now, we consider the regime II. The boundary strings pi and (p — 1)i can give rise to
24 the rearrangement of Bethe roots in Fermi sea. From BAEs (37)), the density of states
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pp(u) is obtained as

[e.o]

pp(u) = ai(u) +as(u) - / [2a3(u — v) + as(u - v)] py(v)dv

— 00

+$ [az(u) = a1-2p(u) + azp11(w) + azg-1(u) + agg+1(u) = 6(u)]

— g (202511 () + 23 3p(u) + a2 ) + a5 ap(w)]. (59)

In order to show that there exist the stable boundary bound states, we denote the deviation
between pp(u) and p(u) as 6p,(u) = pp(u) — p(u). From Eqs.(d8) and (59), we obtain

Sppl) = — gy Paryn (1) + 25 ap(u) + assap() + a5 (u)]
— /oo 2a2(u — v) 4+ as(u — v)] dpp(v)dv. (60)

Taking the Fourier transformation of Eq., we have

1 2agp41(w) + 2d3-2p(w) + ds42p(w) + d5—2p(w)

) = =55 1+ 2as(w) + as(w) (61)

The energy deviation de, induced by the density deviation ¢p,(w) can be expressed as

oo B ~ 4 4
dep = 2N [ fin(w) + )] 6y + 5+ e
0o ,—(p+1)w 0 ,—(2-p)w 2
e e
N A d <0. 62
/0 Tew T /0 T+ ™ pp—1) o

Because of de, < 0, the boundary strings are stable. Then we conclude that in this
regime, the ground state energy of the system is £, = Ney + es + dep. The total spin long
z-direction is S, = — [ 6p,(u) = 3/4.

Next, we consider the regime III where boundary strings are gi and (¢ — 1)i. Similarly,
the energy deviation de, between this case and that without boundary strings is

oo ~ N 4 4
e = =N [ fir(w) + )] 65yl + 5 + e
) 00 e—(q+1)wd ) 00 6—(2—q)wd 2 0 63
pu— P < M
/0 T4ew ™ /o T+ee ™ glg—1) o

Due to the fact de, < 0, we know that the ground state energy is E, = Ney + es + deq
and the total spin long z-direction is S, = 3/4.

In the regime IV, we combine the results and , and conclude that the ground
state energy with boundary strings pi, (p —1)i, ¢i and (¢ — 1)i equals to £y, = Neg+ e +
dep + deg.

Then, we consider the regime V where besides the N — 2 2-string, there also exist one
real Bethe root Ag and a single boundary string ¢i. Taking the thermodynamic limit of
BAEs , we obtain the density of states py,(u) as

a1 (u— o) + a1 (u+ o) +az (u— Xo) + az (u+ o))

prale) = ax(w) + as(u) — 5 |

+% laz(u) + agp—1(u) + agpy1(u) — 2a1-24(u) — az2q(u) — az—2q(u) — 5(u)]

_ /°° [2az(u — v) + aa(u — v)] pag(v)d. (64)

—00
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Denote the deviation between pyq(u) and p(u) as dpxrg(u) = prg(u) — p(u). From Egs. (48)
and (64), the value of dpy,(u) reads

Srglu) =~ far (1= Ro) i (ut dg) +as (u— Ao) + as (u+ o))
o 101 20(0) — 1) + (1) + 312 ()]
—/ [2a2(u) 4+ as(u)] dprg(v)du. (65)

Taking the Fourier transformation of Eq., we obtain
[wl

1 &172(1(6&1) — d,l,gq(w) + &3,2q(w) + &3+2q(w) 1 COS(W)\())B_ 2

Sprg(w) = —— - SRR (66
Paw) = =55 1+ 2a2(w) + as(w) N 1gewr - (60

Then the deviation of energy dey, induced by dpy,(w) is given by

Serg = 2N [ ) + @) 0prg (o + o — 5
exg = . a1(w) + az(w)] 6paq(w)dw PR R v

0 —(24q)w [e'S) qw 92

- 2/ edw—Q/  dw-— <. (67)
o lH4+e¥ o 1+e™ 1+g¢

Due to deyy < 0, the ground state energy in this regime is £, = Ney + es + dey, and the
total spin long z-direction is S, = 3/4.

In the regime VI, there are N — 4 2-string, one real Bethe root Ay and three boundary
strings ¢i, pi and (p — 1)i. Combining the results and , we obtain the ground
state energy as E; = Ne, + e5 + dep + deyg.

After tedious calculation, we find that the boundary energy e, for all the regimes in
Figure [T] can be expressed as

2 2
—— — — 421 — 4+ Ey, p>0, ¢g>0o0rqg<—1,
P q
e = 5 o (68)
—— — — 4 27wcesce(qm) + 21 — 4 + Ey, p>0, -1<qg<0.
P q

The numerical check is shown in Figure[3) where the coloured solid lines are the boundary
energies calculated by the expression and the red points are those obtained by using
the DMRG. Specifically, for each red point, we first compute the boundary energies with
N =4,14,--- ,194 based on the DMRG results. Then from the finite size scaling analysis
of these data, we obtain the corresponding results in the thermodynamic limit. As shown
in Figure [3] the analytical and numerical results agree with each other very well.

5 Conclusions

In this paper, we have studied the thermodynamic limit and boundary energy of the
isotropic spin-1 Heisenberg chain with generic integrable non-diagonal boundary reflec-
tions. We find that the ground state configurations of Bethe roots of the reduced BAEs
with different model parameters are different. We show that the contribution of inhomo-
geneous term in the associated T — @ relation can be neglected in the thermodynamic
limit. This fact allows us to calculate the boundary energy induced by the unparallel
boundary magnetic fields. The method provided in this paper can be used to study the
thermodynamic properties of other quantum integrable models with certain interesting
symmetries.
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25

£y
o

-2.5

Figure 3: Boundary energies versus the boundary parameters p and ¢. The coloured
curves are those calculated from the analytical expression pand the red points
are those obtained from the DMRG. The values of ¢ at the red points are ¢ =
-2.6,-2.1,-1.7,-1.3,-0.7,—0.5,—0.25,0.35,0.7,1.15 and 1.8.
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