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Abstract

‘We advance holographic constructions for the entanglement negativity of bipar-
tite states in a class of (1+1)—dimensional Galilean conformal field theories dual
to asymptotically flat three dimensional bulk geometries described by Einstein
Gravity and Topologically Massive Gravity. The construction involves specific
algebraic sums of the lengths of bulk extremal curves homologous to certain
combinations of the intervals appropriate to such bipartite states. Our analy-
sis exactly reproduces the corresponding replica technique results in the large
central charge limit. We substantiate our construction through a semi classi-
cal analysis involving the geometric monodromy technique for the case of two
disjoint intervals in such holographic Galilean conformal field theories
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1 Introduction

In recent years quantum entanglement has emerged as a fundamental issue connecting
diverse areas of physics from many-body condensed matter systems to black holes and
quantum gravity. It is well known in quantum information theory that bipartite pure state
entanglement is characterized by the entanglement entropy which is the von Neumann en-
tropy of the corresponding reduced density matrix. However the entanglement entropy is
not a valid measure for mixed state entanglement due to contributions from irrelevant cor-
relations. To address this significant issue several entanglement and correlation measures
were introduced in quantum information theory. However most of these were not easily
computable as they involved extremization over LOCC protocols. Vidal and Werner [1]
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in a classic work introduced a computable measure for mixed state entanglement termed
entanglement negativity (logarithmic negativity) which was defined as the trace norm of
the partial transpose of the density matrix with respect to one of the subsystems and
provided an upper bound to the distillable entanglement. Despite its non-convexity [2],
entanglement negativity was proved to be an entanglement monotone and is widely used
to characterize mixed state entanglement.

For extended quantum many-body systems with infinite degrees of freedom such en-
tanglement measures are usually computationally intractable although a formal definition
may be attempted. Significantly, it was shown in [3,4] that the entanglement entropy of
bipartite states in (1 + 1)-dimensional relativistic conformal field theories (CFT141) may
be explicitly computed through a replica technique. Remarkably the replica technique de-
scribed above could also be modified to compute the entanglement negativity of bipartite
states in such relativistic CFT;4; described in [5-7].

Over the last decade there has been intense focus on the holographic characterization
of entanglement in conformal field theories dual to bulk AdS geometries in the framework
of the AdS/CFT correspondence [8]. This was pioneered by the classic work of Ryu and
Takayanagi (RT) in [9, 10] where it was conjectured that the universal part of the entan-
glement entropy of a subsystem in a relativistic CFT; was proportional to the area of a
bulk static codimension two minimal surface homologous to the subsystem. A covariant
generalization of the above holographic conjecture was proposed by Hubeny, Rangamani
and Takayangi (HRT) for relativistic CFTy; dual to bulk non-static AdS geometries in [11].
The above conjectures were subsequently proved in a series of significant works in [12-18].

In the above context, it was natural to seek a corresponding holographic characteriza-
tion for the entanglement negativity of such bipartite states in dual CFTys. This was ini-
tially attempted for the pure vacuum state of dual CFTys in [19]. Subsequently a compre-
hensive holographic construction for the entanglement negativity of both pure and mixed
states in dual CFT111s was advanced in the context of the AdS3;/CFTy [20-23] scenario.
These proposals were substantiated by a large central charge analysis of the entanglement
negativity for CFT; ;s utilizing the monodromy technique in [13,24-26]. Subsequently,
the covariant extension of the holographic entanglement negativity constructions described
above were advanced for bipartite states in CFT;41s dual to non-static AdS3 backgrounds
following the HRT construction [11]| in [23,27-29]. Higher dimensional generalizations
of the above holographic constructions for bipartite states described by configurations of
subsystems with long rectangular strip geometries in CFT4s dual to bulk static AdSz41 ge-
ometries were proposed in [30-32]. We should mention here that an alternate holographic
construction based on the entanglement wedge cross-section [33,34], for the entanglement
negativity of bipartite states in the AdS;,1/CFT4 scenario was developed in [35,36]. It
has been shown in [37] that this proposal is completely equivalent to the earlier construc-
tion for the holographic entanglement negativity upto certain overall multiplicative factors
arising from the backreaction of cosmic branes associated with bulk conical defects.

In a separate context, a class of (14 1) dimensional field theories with Galilean confor-
mal symmetries obtained through a parametric Inénii-Wigner contraction of the usual rel-
ativistic conformal algebra were investigated in [40-54]. The authors of [43, 44| developed
a replica technique for computing the entanglement entropy of such Galilean conformal
field theories (GCFT141). Following this a replica technique to compute the entanglement
negativity of bipartite states in a class of such GCFT;; was established in [55].

The above class of GCFT1,1s was proposed as possible holographic duals to bulk
three-dimensional gravity in asymptotically flat space-times [56] in the framework of flat
space holography [57,58]. The asymptotic symmetry algebra of the bulk geometry was

!For more recent developments see [38,39].
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described by the infinite dimensional Bondi-Metzner-Sachs (BMS3) algebra isomorphic to
the Galilean conformal algebra in 1+ 1 dimensions (GCAg). The authors of [59] computed
the holographic entanglement entropy of a single interval in the corresponding dual BMS3
field theory located at the null infinity of the bulk asymptotically flat geometry. Inter-
estingly in [60], the authors established a holographic construction for the entanglement
entropy in the dual BMSs field theories described above, through a generalization of the
covariant HRT construction [11] first proposed in [59]. From a different perspective, the
authors of [43] obtained the above flat space holography results utilizing the Chern-Simons
formulation of three-dimensional gravity [61] and the Wilson line prescription [62].

The above developments bring the critical issue of a holographic description of mixed
state entanglement for these dual GCFT1,1 into sharp focus. In this article we address
this issue through the BMS3/GCA; correspondence [58-60]. In this context we establish
holographic constructions to compute the entanglement negativity of bipartite states in
GCFTj41s dual to bulk asymptotically flat (2+1) dimensional Einstein Gravity and Topo-
logically Massive Gravity (TMG) [59,60,63-66], following the corresponding constructions
for relativistic CFT 1418 described in [20,21,55]. Interestingly our results match exactly
with the universal parts of the corresponding replica technique results obtained in [55].
For the mixed state of disjoint intervals in proximity we substantiate our results through
a rigorous geometric monodromy analysis [67] to obtain the corresponding large central
charge limit.

This article is organized as follows. In section 2 we briefly recollect the salient features
of GCFT141s and the BMS3/GCAs correspondence. The replica techniques developed
in [43,44,55] for computing the entanglement entropy and negativity respectively in such
GCFTy41s are reviewed in section 3. In section 4 we describe the covariant construction for
computing the entanglement entropy in [59,60]. In particular, we apply this covariant pre-
scription to obtain the entanglement entropy for a single interval in a GCFT; 41 describing
a finite-sized system and find perfect agreement with [43,44|. In section 5, we establish our
flat-holographic constructions for computing the entanglement negativity for a single and
two adjacent intervals in GCFTy s dual to Einstein gravity in the bulk asymptotically flat
spacetimes. The holographic construction for computing the entanglement negativity for
the case of two disjoint intervals along with the large central charge analysis is described in
section 6. In section 7 we generalize the above constructions to the case of GCFT141s dual
to bulk geometries described by TMG. The special case of the entanglement negativity
in flat chiral gravity is discussed in appendix A. Furthermore, in appendix B we provide
details of the geometric monodromy analysis and perform a next to leading order compu-
tation to substantiate our results. Finally in appendix C we provide further support to the
same through a parametric contraction of the corresponding relativistic CFT14; results
reported in [23,25]. We conclude in section 8 with a summary of our results and discuss
future open issues.

2 Review of GCFT,

In this section we review the basics of (1 + 1) dimensional Galilean conformal field the-
ories (GCFT141) [40-54]. Interestingly the Galilean conformal algebra (GCAj3) may be
obtained via an Inénii-Wigner contraction of the usual relativistic conformal algebra in
two dimensions:

t—t, T — ex, (1)
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with ¢ — 0. This is equivalent to the non-relativistic small velocity limit v ~ €. The
Galilean conformal transformations acts on the coordinates as

t=ft) . = fWr+g0), (2)

which can be thought of as diffeomorphisms and ¢-dependent shifts, respectively. These
are generated by the Noether charges which, in the plane representation, are given by

L, =t""0, + (n 4+ Dt"z0, , M, =t""d,, (3)

which obey the Lie algebra with different central extensions in each sector?:
[Ln, Lin) = (m —n) Lyt e (n3 — 1)0n4m,05

( 3 n)5n+m,07 (4>

12
(L, Mp,] = (m —n)Myym s

(M, M) = 0,

12

where ¢y, and cps are the central charges for the GCA. The cylinder and plane representa-
tions are related via the transformation [45,67]

r=e% | t=iue?. (5)

The maximally commuting subalgebra is that of the generators {Lg, My} and the repre-
sentations are labelled by their eigenvalues (the conformal weights) hz and hjys in order to
construct the highest weight representation.

Lo |hr,har) = hrlhr,har), Mo lhrn, har) = har |hr, hor) - (6)

The two point correlator of primary fields may be written down utilizing the Galilean
conformal symmetry as [42,55]

2 —2h} 1 T12
<V1(x1,t1)V2(:1:2,t2)> = C( )5’1}‘]1%6’1}»1’1?\/17512 L exp ( 2h tlg) , (7)
where (h},h},) and (h%,h3,) are the conformal weights of the primary fields V4 and V5
respectively, C® is a normalization constant and 15 = 21 — To, t1o = t1 — to. In a similar
manner it is easy to determine the three point function of primary fields in a GCFT141 to
be [42,55]

1022 33\ (12 033 _p1N (1l 133 52
(Vi(z1,t1)Va(xe, t2)Va(x3,t3)) = (7cnt1;h LHhLRL) (hL+JL g (h T
23

x
exp | — (hhy + b3y — h3> - <h$~+hM— BT (8)
12 23
— (e + B3 — P30 22
113

where the V;’s are primary fields with weights {(h%,h%,)} and x;; = x; — xj, t;j = t; — t;
with (i = 1,2, 3) respectively and C®) is a constant. Similarly, the four-point function of
primary fields in the GCFT;; may be expressed as [55]

4 75h1 +h thz +h% . .
(it 13 24 +13 71 3 ﬁ 4
<H Vz(xutz)> Y +h2 B2 +h3 b3 +hd B +hi €xp t13 (hM +h )+ (h =+ hM)
R 2 A 7Y S ¥ ¥
x x x
— T2k + ) — T2+ W) — T2 (b + i) )

— Dk min] 6D,
t14 t

2Note that we are working in the plane representation which differs from the familiar cylinder repre-
sentation used in [41,42] by a negative sign in the GCA.



SciPost Physics

where {(h%,h%,)} are the weights of the primary fields V;(z;,t;) with (i = 1,2,3,4) and

_tiety 2 _mn Tu o 2w 10)
t13to4 t tig  tza  tiz o

are the non-relativistic counterparts of the cross ratio x in the relativistic CFT141s. In eq.
(9), G(t, 7) is a non-universal function of the cross ratios that depends on the full operator
content of the specific field theory.

Interestingly the GCFT141s are equivalent to the BMS3 field theories at the level of
the algebra [58|. This leads to a conjectured GCAy/BMS3 correspondence between the
asymptotic symmetry algebra of three dimensional Minkowski spacetime at null infinity and
the above class of GCFT;4; [44,45,58]. Note that the central charges of these contracted
algebras are related with the parent Virasoro central charges as [58|

co=c+c¢ , cy=¢€lc—c), (11)

for GCAy, and as
cp =¢€lc—¢) , ey=c+e, (12)

for BMSs3. Also, the kinematics in the two sectors are related by the replacement x < t [44].
We will be using the BMS3/GCAs correspondence for the computations in the context of
flat holographic entanglement in sections 5 to 7.

3 Entanglement measures in GCFTq,

In this section we briefly review the replica techniques employed to compute the entan-
glement entropy and entanglement negativity, in the special class of GCFT 1 described
above. As in the case of relativistic CFT141s [3,4], the entanglement entropy for a bi-
partite state in these GCFT141s may be computed using a replica technique developed
in [43,44]. To this end, one considers n-copies of the GCFT11; plane sewed together along
cuts describing the intervals (subsystems) under consideration. The partition function on
this replica manifold then computes the Renyi entropy Sg") for the boosted interval A 2, in
terms of the two-point function of twist fields @, inserted at endpoints 9; A of the interval
A as

(1= )8 = Trply = (@,(014)D_(324)), (13)

where the twist fields are primary fields of the GCFT1,1 with scaling dimensions

_CL 1 _CM 1
A”_24<”_n> X Ty <" n> (14)

and p'} is the reduced density matrix corresponding to the subsystem A. The entanglement
entropy for the bipartite state corresponding to the interval A in the GCFT4; may now
be obtained by taking the replica limit n — 1 as

Sp = lim ST = lim 8, (®,,(01A)D_,,(3,4)) . (15)
n—1 n—1

Interestingly it was possible to compute the entanglement negativity for mixed states in
relativistic CFT141s through a related replica technique [5-7]. To define the entanglement

3 Note that in the case of GCFT14+1s one cannot consider subsystems at a fixed time slice due to
the lack of Lorentz invariance. Therefore one must consider Galilean boosted intervals of the form A =
[(xlvtl)a(mzatQ)] [43755]
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negativity in quantum information theory a tripartite system in a pure state consisting
of subsystems Aj, Ao and B is considered. Subsequently the degrees of freedom of the
subsystem B are traced over to obtain the reduced density matrix of the mixed state
configuration described by A = A; U Ao, as psy = Trpp, where p describes the tripartite
state AU B. The entanglement negativity of the bipartite mixed state described by the
reduced density matrix pa is then defined as the trace norm of the partially transposed
density matrix p2 [1,5-7]

£ =nTr||p%], (16)

where the trace norm is defined as the sum of absolute eigenvalues of p£2_ The operation
of partial transpose is described as

<€§1)6§2)|p£2|619)6l(2)> = <e£1)el(2)|p,4|e,(j)e§.2)> , (17)

where \el(»l)) and |e§-2)) are the basis elements for the Hilbert spaces H; and Hz corresponding
to A; and As, respectively.

Next we briefly discuss the replica construction for computing the entanglement neg-
ativity of bipartite states in a GCFT141 developed in [55] which closely follows |5, 6] for
relativistic CFTq44.

As for the relativistic CF'T141, in this case one considers a replicated manifold described
by ne-copies (with ne even) of the GCFT141 plane glued together in an appropriate fashion
[55]. The entanglement negativity for the bipartite mixed state configuration A = A; U As
may then be obtained through a replica technique as

€ = lim log Tr(pf)"e. (18)
Ne—1

In eq. (18), we have used the replica limit n, — 1 and the quantity Tr(pﬁ")"ﬁ can be
expressed in terms of a four-point correlator of twist fields ®4,,, inserted at the endpoints
of the intervals as

Tr(p)" = (Bn, (@1, 81)® (w2, 12) D, (w3, t3) P, (24, 4))) - (19)

The authors of [55] computed the entanglement negativity for various bipartite pure and
mixed state configurations involving a single interval and two adjacent intervals in a
GCFTy41. In the subsequent sections, we will develop holographic constructions to com-
pute the entanglement negativity for such configurations in a GCFTj4;. Furthermore,
in section 6 we will describe a geometric monodromy technique to obtain the universal
part of the four-point twist correlator in (19) from which it is possible to establish a holo-
graphic construction for the entanglement negativity of the mixed state configuration of
two disjoint intervals in proximity.

4 Entanglement in flat holography

In this section we review the salient features of the covariant construction in [59,60] for
computing entanglement entropy in flat holography in the spirit of the HRT prescrip-
tion [11] in the usual AdS/CFT scenario. The entanglement entropy of a bipartite state
described by a single interval in the BMS3/GCA5 field theory located at the null infinity of
the dual asymptotically flat bulk geometry will be given by the length of a bulk extremal
geodesic homologous to the interval. We first consider the case of the BMS3/GCA4 field
theory dual to bulk asymptotically flat (2 4+ 1)-dimensional Einstein Gravity for which
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the Brown-Henneaux symmetry analysis at null infinity leads to the infinite dimensional
BMS3/GCAy algebra. For the appropriate boundary conditions, the general solution to
Einstein equations in the Bondi gauge is [59]

ds? = O(¢)du® — 2 dudr + 2 [E(qs) n %&ﬁ@(qs)} dudg + r2d¢?, (20)

where v = t — r in the (retarded) Eddington-Finkelstein time, 7 is the holographic co-
ordinate, and O(¢) and Z(¢) are arbitrary functions of the angular coordinate ¢. It is
interesting to note that by construction the holographic direction is null.

As stated earlier the flat space holographic principle requires a dual BMS3/GCAs
field theory located at the null infinity of the bulk asymptotically flat spacetime. The
corresponding central charges for this dual field theory are obtained from the asymptotic
symmetry analysis as [59,67-69]

c, =0 M= 5 (21)

It is interesting to note that the global subalgebra of the BMS3 group is identical to the
Poincare algebra. Therefore the corresponding conformal weights A and x which label
the representations of the BMS3/GCAs must correspond to the quadratic Casimirs of the
Poincare algebra. This indicates the presence of a massive particle with spin propagating
in the bulk geometry. For Einstein gravity in the bulk however the equations (14) and (21)
indicate that A = 0, which corresponds to the propagation of a spinless massive particle
in the bulk spacetime [60].

4.1 Holographic entanglement in flat Minkowski space

We start with the holographic computation of the entanglement entropy for a single interval
in the vacuum state of a GCFT11. To this end we consider the dual geometry of the bulk
flat (2 4+ 1) dimensional Minkowski spacetime in Eddington-Finkelstein coordinates which
is given as

ds® = dr? — du® + r*d¢? (22)

where the coordinates are as described earlier. We consider an interval A = [(u, ¢9), (ug, ¢9)]
on the dual GCFT141 plane located at the null infinity of the flat spacetime. It was shown
in [60] the length of the bulk extremal curve joining the endpoints 0;A (i = 1,2) of the
interval, is given by

extr __
Ltot -

(23)

Note that the bulk extremal curve consists of two null curves descending from the endpoints
0; A which do not intersect and a third extremal curve is required to connect them. Recall
that for Einstein gravity in the bulk we have ¢;, = 0 from eq. (21). Therefore, as described
in [60], in the large cjs limit, the twist fields inserted at the endpoints of the interval
correspond to a bulk propagating particle of mass m,, = x,. Consequently the two point
correlator (13) of these twist fields can be expressed as the exponential of the on-shell
action of such a particle propagating along an extremal trajectory X*(s) homologous to
the interval. With such an identification we write following [60]:

(D (91 A)D_ (D3 A)) = e Son-shenn (24)

Son-shell = \/ anXMXV = L:g;cr . (25)

8

where m,, = x,, and
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Therefore the entanglement entropy for the single interval A in eq. (15) is given by the
flat space analog of the HRT formula [59,60, 70]

1 1 u?.
Sy = — [extr — 12 26
A 4G tot 4G tan%% ; ( )

where we have used eq. (21).

4.2 Holographic entanglement in global Minkowski orbifolds

Next we focus on a GCFTy4; compactified on a spatial circle of circumference L. The
dual geometry is the global Minkowski orbifold, which is described as the quotient of the
usual Minkowski spacetime with the compact spatial circle [59]:

(u, @) ~ (u, ¢+ L) . (27)

The metric for global Minkowski orbifolds reads [59]

2 2
ds? = — (;) du® — 2du dr + r2dg? . (28)
o

The holographic entanglement entropy of the boosted interval A = [(u?, ¢?), (u3, ¢9)] is
obtained from the length of a bulk extremal curve homologous to the interval in the dual
field theory. Note that the bulk geodesics are not necessarily straight lines for this case
which renders the analysis to be more involved than for the bulk flat Minkowski spacetime.
To this end we compute the geodesic length in the Cartesian coordinates and map the
endpoints to the global Minkowski orbifold through the the coordinate transformations
which implements the quotienting [59,60|. These coordinate transformations are given as

2
=2 2 ,
Ly
Lo\ [2ni
_ (Lo [2mi 29
(a2) 0] <>
p Ly 2mi (t — x) Ly il 7(t — x) Lyr
= _ = —2¢s1
271 Ly r 27 Lyr 4m(t — )
Inverting these relations, we obtain
Lyr . (27 Lgr 2m Ly 2mi
z= - —sin ( L¢) ) 5 COS < L, ) y=5 " L¢u (30)

The length of the bulk geodesic from ¥; to y2 obtained through this procedure is expressed
as

Y 7T2 ™ 4
L(y1,y2) = % [27“17“2 (1 — cos 2(2);(;52)) - 8L<2;>(rl —7r2)(ur — uz) — (2> (u1 — U2)2]
(31)

Similar to the previous case of the bulk pure Minkowski spacetime [60], we have null
hypersurfaces on which the null curves descending from the endpoints (u?,gﬁ?) of the
boundary interval lie:

2T g m(¢i — ¢?)

N; - L—d)(ul — ;) — 2r; sin? (L¢>) =0. (32)

9
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The invariant length between y; € N; and the boundary endpoint 9;A is given by

Ly . [2m(¢i— ¢?
L(y;, 0;A) = Q—in sin [W] . (33)
The null lines now correspond to u; = u?, ¢; = ¢? which usually do not intersect and
another extremal curve connecting the null lines is required. The total length of the
extremal curve may then be expressed as follows

Liot = L™ (y1, 01 A) + L (y1,y2) + L (y2, 2 A) = L™ (y1,2) . (34)

The extremization of the length in eq. (31) with respect to the position of the endpoints

leads to P,

OL 4m4uYs /L

atOt =0 = rp= 122/ (g =-r. (35)
T 1—cos (77212)

Substituting this back into the expression (34) we obtain the length of the extremal curve
homologous to the interval as

2mul. 7P
LeXtr —_ 12 cot < 12> . (36)
tot L¢) L¢)

Consequently the holographic entanglement entropy for the interval A in the dual field

theory is given by
1 e mud .
S — 7Lextr _ M 12 t 12 37

A 4G tot 6 L¢ COo Ld) ) ( )
where in the last expression we have used eq. (21). This matches with the ¢, = 0 part
of the entanglement entropy of the single interval in the BMS3/GCAjy field theory dual to
the global Minkowski orbifold obtained in [43].

4.3 Holographic entanglement in flat space cosmologies

In this subsection we will consider a finite temperature GCFT14; with a compactified
thermal cycle (u, @) ~ (u + 18y, ¢ + i84). The corresponding holographic dual is another
interesting quotient of Minkowski spacetime called Flat Space Cosmology (FSC), with the
metric [43-45|

ds® = Mdu® — 2 dudr + J dud$ + r*d¢? (38)

where the temperatures in the dual field theory at null infinity are related to the ADM
mass and angular momentum of the spacetime as 8, = 7JM /2 and By = 2mM —1/2 For
this geometry a similar computation of the geodesic length as above yields the following
expression for the geodesic length [60]

extr J VM @S J
Ltott =V M <U?2 + W(z)?2> COth <2l2> — M . (39)

We are mainly interested in the non-rotating geometry, therefore putting J = 0 and writing
B for By, we obtain

9 0 0
La’)(ttr = 77512 coth (W?Q) , (40)

and consequently the holographic entanglement entropy for the boundary interval A in the
thermal GCFTq, is given by

0 0
Sa = C?Mmgw coth <7r<;12> . (41)

10



SciPost Physics

5 Holographic entanglement negativity in flat Einstein grav-
ity

In this section we detail the holographic constructions for computing the entanglement
negativity of bipartite states in the class of GCFT141s dual to bulk asymptotically flat
geometries using results from the flat space holography described in the last section 4. In
particular we will consider the asymptotically flat bulk spacetimes described by Einstein
gravity for which the asymptotic symmetry analysis reveals that the dual GCFT11s pos-
sess only one non zero central charge cas (cfeq. (21)). We will first describe the holographic
construction to compute the entanglement negativity of various bipartite states described
by a single interval in the dual GCFT;1;. These include a single interval for a GCFT141
in its ground state, a GCF'T111 describing a finite-sized system and a GCFT14; at a finite
temperature respectively. Next we turn our attention to the configuration of two adjacent
intervals in the dual GCFT14; and establish holographic constructions to compute the
entanglement negativity for the configurations described above using the results of flat
space holography. The case of the two disjoint intervals will require an analysis of the
semi-classical Galilean conformal blocks in the large central charge limit of the GCFT41.
We will postpone the discussion of such configurations till section 6.

5.1 Holographic entanglement negativity for a single interval

In this subsection we will consider various bipartite pure and mixed states consisting of a
single interval in a large system described by a GCFT141. We start with the simplest con-
figurations of bipartite pure states described by a single interval A = [(x1,t1), (22, t2)]. As
described in [55], the corresponding entanglement negativity involves a two-point correlator
of composite twist fields, given by

E = n]elgl log <(I)ie (xl, tl)‘I)Q_ne (.%'2, t2)> . (42)
We now apply the flat space holographic dictionary in eqs. (24) and (25) to obtain the
following form for the above twist correlator:

extr

<(I>$Le (331,751)(1)2_”6(332,152» = (<(I)ne/2($17t1)¢—ne/2(x27t2)>)2 = 6_2Xne/2 LT , (43)

where x,,, /2 is the non-trivial scaling dimension of the twist fields @,/ and L$3™ is the
length of the bulk extremal curve homologous to the interval in question. In obtaining
eq. (43), we have made use of the fact that for pure states the two point correlator of
composite twist operators factorizes into that of usual twist operators spanning half of the
replica geometry [55]. From eq. (14), in the replica limit n, — 1, we have x,, 2 — —ud
and therefore we obtain the following expression for the entanglement negativity of a pure

state described by a single interval A in a holographic GCFT41:

&= %L A, (44)
where we have made use of eq. (21). In the following, we will employ our holographic
proposal in eq. (44) to compute the holographic entanglement negativity in some pure
quantum states in a holographic GCFT11;. Particularly we will investigate the case of a
single interval in the ground state of the GCFTy 1, which is dual to the asymptotically flat
pure Minkowski spacetime. Then we will turn our attention to the pure state described

4 Note that the negative scaling dimension of the twist fields (P%Le and ®,,, /> in the replica limit ne — 1
has to be understood only in the sense of an analytic continuation.
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by the single interval in a finite-sized system described by a GCFTy; compactified on
a spatial cylinder, which is dual to the boost orbifold of Minkowski spacetime. We will
find that the results obtained using our holographic formula will reproduce the universal
behaviour of the entanglement negativity for both of these configurations [55]. Later,
in subsection 5.1.3 we will consider the mixed state configuration of a single interval at
a finite temperature which involves a particular four-point twist correlator in the large
central charge limit.

5.1.1 Single interval at zero temperature

To obtain the entanglement negativity in the bipartite pure state configuration described
by a single boosted interval in a GCFTj4; (cf. footnote 3) at zero temperature we use
the results from the flat space holography reviewed in section 4 . At this point, we recall
that the computation of the length of the extremal geodesic in the dual gravity theory
in cylindrical coordinates (u, @) results in eq. (23) [60]. In the planar coordinates in eq.
(5) [45,60] this translates to

Ligr =272, (45)

12

Therefore, using the above expression for L{3", we obtain the entanglement negativity for

a single interval in a GCFT;1; at zero temperature from eq. (44) to be
E=_"L,=2"12 (46)

This is precisely the result obtained in [55] using field theory methods, for ¢; = 0. It is
interesting to note that we may recast the above expression for entanglement negativity in
the form

£=25u, (47)

using the flat space analogue of the HRT formula in eq. (26), where Sy is the entanglement
entropy for the single interval A in the GCFT14; vacuum. This indicates that for pure
states the holographic entanglement negativity is given by the Rényi entropy of order half
as in the case of quantum information theory [6].

5.1.2 Single interval in a finite-sized system

Next we turn our attention to the computation of holographic entanglement negativity for
the pure state configuration of a single boosted interval in a finite-sized system admitting
periodic boundary conditions described by a GCFT;41 defined on an infinite cylinder with
circumference Ly. The bulk gravity dual is the global Minkowski orbifold described by the
metric in eq. (28). The extremal geodesic length was computed in section 4 and is given

by
DT+ Thii
LE = " cot Y 48
where u;; = u; —u; and ¢;; = ¢; —¢; are the differences in the coordinates of the endpoints
of the boundary interval.
We may now employ our holographic proposal in eq. (44) to compute the holographic
entanglement negativity for the single boosted interval in a finite-sized system. Utilizing

eq. (48) we obtain
CM T U12 TP12
=== t
¢ 4 Ly «© < L, > ’ (49)

12
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which matches exactly with the universal part of the dual field theory result for ¢, = 0 [55].
Again using the flat holographic HRT formula in (26) we may express the above result in
the form (47).

5.1.3 Single interval at a finite temperature

The mixed state configuration described by a single interval in a finite temperature GCFT1
requires a more careful analysis. To start with we recall that a GCFT{; at a finite tem-
perature is defined on an infinite cylinder of circumference equal to the inverse temperature
5. The corresponding entanglement negativity involves a four-point twist correlator on the
infinite cylinder arising from the configuration of a single interval sandwiched between two
adjacent large but finite intervals [55]. The entanglement negativity may then be obtained
through a bipartite limit subsequent to the replica limit. Therefore in order to understand
the configuration described by a single interval at a finite temperature, we first consider a
four-point twist correlator on the GCFT;4; plane [55] (cf. eq. (9)):

kn. K2 o F(t,3/t)

(P, (z1,11) ®2,, (w2, t2) ®F (w3, 13) D, (4, 14)) = 2o 28D (A0

Ty "“ lo3 ‘
T14 23 x
coxp |~ 20,22 @78 @2
t14 to3 t
(50)

where k,, is a constant that depends on the full operator content of the theory. The
corresponding weights of the twist fields ® 1, are given in eq. (14), from which one can
determine the weights of the composite twist fields ®%,, as [55]:

cr, [ Ne 2 CMm [ Me 2
M == (5 ) o W= (5 ) @

Equipped with eq. (7) for the two-point twist correlators, the universal part of the four-
point function (which is dominant in the large central charge limit of the GCFT141) in eq.
(50) can be factorized as

<(I)ne (xlv tl) (I)%ne (332, t2) (I)%e (:1:3, t3) (I)—ne (x47 t4)>
= ((®,,, jo(2,12)@_p,_so(3,13)))” (P, (w1, 81) @, (4, 1))

y (D, j2(x1,01) P, j2(w2,12)) ( @y, jo(w3, 3) Dy, o4, t4)) 0 <1>
(D, jo(x1,01) P, j2(w3,13)) ( @y, jo(2, b2) Dy, o4, t4)) '

Note that the arbitrary non-universal function of the GCFT;; cross ratios F,, (¢, z/t) has
been neglected in the above factorization. We may justify this as follows. In the semi-
classical limit (G — 0) of the bulk asymptotically flat gravity, the flat space holographic
dictionary described in section 4 dictates that the dual GCFT141 theory has a large central
charge cp; — oo (cf. eq. (21)). Hence, we require a large central charge analysis of the
twist-correlator in eq. (50) for the entanglement negativity before giving its holographic
description. In section 6 we will develop a monodromy technique to understand the large
central charge behaviour of a specific four-point function of twist fields relevant to the
computation of entanglement negativity for the mixed state configuration of two disjoint
intervals. There we will show that in the large central charge limit cjy; — oo the non-
universal part of the four-point twist correlator is sub-leading in comparison to the universal
part. In the present context, we assume that the four-point twist correlator in (50) has
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a similar large-cp; structure and therefore the subleading contributions from the non-
universal function F,_(¢,2/t) in eq. (50) is neglected as shown by the O(1/¢) contribution
in eq. (52).

Figure 1: Schematics of the extremal geodesics anchored on different subsystems corre-
sponding to the computation of entanglement negativity for a single interval in a finite
temperature GCFT14;. The null planes descending from the boundary endpoints are
shown. The non-trivial contributions to the geodesic lengths land on the crossings of the
corresponding null planes.

Now we utilize the flat space holographic dictionary in eqs. (24) and (25) to find that
the four-point function in eq. (52) may be written in the following form

<(I>Tbe (1'1, tl) (pzne (x27 tQ) @1216 (.%3, t3) q)—ne ($47 t4)>

53
— exp [—xn, L™ — o2 (2L + LT 4 LT —Lezr —pggr)] O

where L’fj’-‘tr denotes the length of the extremal geodesic in the bulk, which connects the
points (z;,t;) and (z;,%;) on the boundary. Figure 1 shows the schematics for the config-
uration of a single interval A = [(x2,t2), (x3,t3)] sandwiched between two large auxiliary
intervals B; = [(a:l,t1), ((EQ,tg)] and By = [(;173,753), ($4,t4)] with By U By = B. As briefly
alluded to in section 4 the orientations of extremal geodesics anchored on different subsys-
tems follow the construction in [60].

From fig. 1 we identify that

t t t
L?)Q( ’ = LBlv ng T= LA7 Lgi f= LB27
t t t
L?)S( ro= LAUBlv L;z T = LAU327 L?Z f= LAUB' (54)

In the replica limit ne — 1, we have from eq. (14) x,, — 0 and Xze — —9¢ . Therefore,

eq. (53) leads to the following expression for the holographic entanglement negativity

. 3
g:BILHAc@(QLA+LBI+LB2_LAUBl _LAUBQ) . (55)

In writing eq. (55) from eq. (53) we have first taken the replica limit n, — 1 and subse-
quently taken the bipartite limit B — A€ in which the intervals By and Bs are extended

14
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to infinity such that B; U By = A€ [55]. We have also utilized the fact that for Einstein
gravity the asymptotic symmetry analysis following the Brown-Henneaux procedure [71]
dictates that the central charges of the dual GCFT4; are given by (21). Therefore we
conclude that the holographic formula for the entanglement negativity of a single interval
in a finite temperature dual GCFTy; relies on a specific linear combination of the lengths
of bulk extremal surfaces homologous to the boundary intervals, as shown in fig. 1. Re-
markably the flat-holographic proposal for the entanglement negativity for asymptotically
flat gravity in eq. (55) has exactly the same structure as in the AdS/CFT scenario obtained
in [20]. Interestingly, implementing the flat-holographic counterpart of the HRT formula
in eq. (26) we may rewrite our proposal in eq. (55) in the following form

.3

; (56)
= lim -~ (Z(4; B1) + Z(4; B)) ,

which shows a particular connection between two different entanglement measures, namely
the entanglement negativity and the mutual information, in holographic theories. Note
however that these measures are quite distinct in the quantum information theory. It
is important to mention here that this specific relation in eq. (56) seems to be unique
to the configurations described by single intervals in holographic GCFTi1s at a finite
temperature.

We now perform an explicit holographic computation of the entanglement negativity
for the finite temperature mixed state configuration described by a single Galilean boosted
interval in a thermal GCFT;4;, using our proposal in eq. (55). The finite temperature
field theory is dual to the Minkowski orbifold describing the locally flat geometry of Flat
Space Cosmologies (FSC). The length of the extremal geodesic in the FSC geometry with
the metric in eq. (38) is given in eq. (39). To relate with the field theory computations
in [55] we will consider the non-rotating geometry with .JJ = 0°. In this non-rotating limit,
we obtain another Minkowski orbifold, namely the boosted null orbifold. In this case,
the expression for the length of the extremal geodesic homologous to the interval at the
boundary in eq. (39) simplifies to eq. (40), namely

Liejm — VM uy3 coth (x/ﬂ;ﬁij) = 27?;1-]- coth (W?j> ) (57)

where we have simply written 3 for 8, = 27 M~1/2 and u;j = u; —u; and ¢;; = ¢; — @; are

the differences in the coordinates of the endpoints of the interval at the boundary. Now
substituting for the extremal geodesic length in eq. (55) the holographic entanglement
negativity for a single interval in a GCFT14; at a finite temperature is obtained as

_ CMm | TU12 TP12 U2
5—4[5 coth<ﬁ> B]. (58)

In obtaining eq. (58) we have used the understanding that B — A® corresponds to taking
the lengths of By and Bs to infinity. This matches exactly with the ¢;, = 0 version of the
universal part of the result obtained from the dual field theory in [55]. Although this stands
as a strong consistency check for our proposal, it is important to mention that the analysis
leading to eq. (55) relies on the large central charge behaviour of the dual GCFT14; and
a bulk proof remains an open issue.

®Note that the FSC geometry is defined for non-vanishing angular momentum .J. Switching off the
angular momentum leads to a Big-Bang like naked singularity [45]. The limit of J — 0 has to be understood
in the sense of an analytic continuation.
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Finally, it is interesting to note that using the flat space analogue of the HRT formula
(26), the expression for the holographic entanglement negativity for a single interval in a
GCFTj41 at a finite temperature obtained in eq. (58) can be rewritten in the following
form

£= g (Sa — S™Y | (59)

where S4 and S' are the entanglement entropy and the thermal entropy respectively, for
the single interval A in the holographic GCFT14 .

5.2 Holographic entanglement negativity for adjacent intervals

Having computed the holographic entanglement negativity for various bipartite mixed
states involving a single interval in the dual GCFT1, we now proceed to advance a simi-
lar holographic construction for the bipartite states described by two adjacent intervals in
a holographic GCFT141. As described before, the large central charge behaviour for the
entanglement negativity in a GCFT1; indicates the plausibility of a holographic charac-
terization for the entanglement negativity in a dual asymptotically flat spacetime through
flat space holography. To this end, we consider two Galilean boosted adjacent intervals
A = [(z1,t1), (z2,t2)] and B = [(x2,t2), (x3,t3)], as depicted in fig. 2, where the system
A U B is in a mixed state. We start with the following three-point twist correlator on
the GCFTy 41 plane relevant to the computation of the entanglement negativity of two
adjacent intervals [55] (cf. eq. (8)):

AR AR A, AP
(P (1,801)02,, (22,2) P, (23, 13)) = kit Ko, 02 @, b1z “tag " try e )

2)%12 _  (2)%23 (2Xn, — Xgi))% )
13

ety " to3
(60)

Utilizing equations (43) and (51) the three-point twist correlator in eq. (60) can be rewrit-
ten in the following form

exp[x

<(Pne (1,‘1, tl)q)%ne (%2, t?)q)ne (I‘g, t3)>

2 X
= K (P, (21,t1)P_p, (73,13)) <<(I)ne( 1,t1)

‘1>2_n5($2,752)> <‘1>?LE(562,752)(I)2_”€(5637753)> 12
<q)%e($1,t1)q)%ne(l‘3,t3)> ,

(61)
where the constant K is given by
K=k, Ko, 52 o, KOVED. (62)
Now using the relation (cf. eq.(43))
(02 (21,1)8%,, (22,2)) = (D ja(w1, 1)@ ja(@a,t2)))? (63)

the universal part (which gives the dominant contribution to the entanglement negativity
in the large-cjs limit) of the three-point twist correlator may be written as

(P, (21, tl)q)%ne (2, t2) P, (23, t3))
> (@, 2 (@1, t1) P, o2, 12)) ( Py, jo (@2, t2) Py, so(w3, E3))
(@, j2(21,81) P, o3, t3)) '

=K (Pn, (1,t1)Pn, (73, 13)
(64)
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Finally using the flat holographic dictionary in eqs. (24) and (25), we obtain the universal
part of the three-point twist correlator as

(P, (21, 101) D2, (22,12) P, (23, 13)) = exp [—Xn LT — X2 (L + LS5 — L],
(65)

where Lf;»‘tr denotes the length of the extremal curve connecting the endpoints (z;,t;) and
(x,t;) of an interval on the boundary. In figure 2, we show the schematics of the extremal
curves anchored on the subsystems A, B and A U B respectively, where we have identified

LES" = La, L =L, L™= Laus. (66)

Figure 2: Holographic construction for the computation of the entanglement negativity for

two Galilean boosted adjacent intervals A = (x1,¢1) and B = (x2,t2). Extremal geodesics

anchored on different subsystems are shown in: red - L§3" = LG

ertr — 1 extr
green- Li3" = LG

, yellow - L™ = LG,

In the replica limit n, — 1, from eq. (14) we obtain x,, — 0 and Xze — — 5% (cf. foot-
note 4). Note that the large central charge limit has to be taken prior to the replica limit.
This order of limits is critical since the scaling dimension of the twist field ®,,_ vanishes in
the replica limit and has to be understood in the sense of an analytic continuation. Hence,
eq. (65) leads to the following expression for the holographic entanglement negativity for

adjacent intervals
3
£= oo (L + I - 185" (67)
where we have again used the fact that for Einstein gravity the central charges of the
dual GCFTy4, are given by eq. (21). Therefore we conclude that the flat holographic
entanglement negativity for two adjacent intervals in the class of holographic GCFT11s

that we consider in the present article, is expressed in terms of a specific algebraic sum of
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the lengths of bulk extremal geodesics anchored on the endpoints of the intervals at the
boundary. Remarkably the flat space holographic formula in eq. (67) has exactly the same
structure as its relativistic counterpart obtained in [21].

It is interesting to note that the holographic entanglement negativity formula in eq.
(67) may be recast, using the flat holographic HRT formula of [60] in eq. (25), in the
form of another entanglement measure in such holographic GCFT1 s, namely the mutual
information :

3 3

Note that this particular connection between the two different entanglement measures is
special to the configuration of two adjacent intervals in holographic GCFT1s.

5.2.1 Adjacent intervals at zero temperature

We start with the mixed state configuration of two adjacent intervals in the vacuum state of
the boundary GCFTy for which the bulk dual geometry is that of Minkowski spacetime.
Substituting eq. (45) for the length of the extremal geodesic in pure Minkowski spacetime
dual to the GCFT;41 vacuum, in the expression (67) for the holographic entanglement
negativity for adjacent intervals, we obtain

cy [ 12 x23 T13
E==—=+—=- > : 69
8 <t12 to3  t13 (69)

This matches exactly with the dual field theory result for ¢, = 0 in [55].

5.2.2 Adjacent intervals at a finite temperature

Next we turn our attention to the holographic computation of the entanglement negativity
for the bipartite mixed state configuration of two adjacent intervals in a thermal GCFT141
defined on an infinite cylinder compactified in the timelike direction. The corresponding
bulk dual is the J = 0 FSC geometry described in section 4. Substituting eq. (57) for the
length of the extremal geodesic, in eq. (67), we obtain

_CM [Tui2 Th12 T U23 Tdo3\ Ui T3
E= S [5 coth< 3 )+ 3 coth( 5) 5 coth< 5 )] (70)

Again this matches exactly with the dual field theory result for ¢, = 0 in [55].

5.2.3 Adjacent intervals in a finite-sized system

Finally we compute the holographic entanglement negativity for the bipartite mixed state
configuration of two adjacent intervals in a finite-sized system described by a GCFTi41
with periodic boundary conditions defined on a spatially compactified cylinder. The bulk
dual is the global Minkowski orbifold in eq. (28) described in section 4. Utilizing the length
for extremal geodesics given in eq. (36), we obtain from eq. (67)

cM | T U2 P12 T U23 Th23 T U3 P13
E=— t t - t 1
8[1«;5 CO<L¢>+L¢ CO<L¢) Ly CO<L¢>]’ )
which is exactly the result in [55] obtained from the dual field theory computations, for
Ccj, = 0.
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6 Holographic entanglement negativity for two disjoint in-
tervals

In this section we proceed to establish a holographic conjecture for computing the entan-
glement negativity in the context of flat space holography for the bipartite mixed state
configuration of two disjoint intervals in the dual GCFTi11. As briefly alluded to in
subsection 5.1.3, the computation of the entanglement negativity for such configurations
involves the large central charge analysis of a particular four-point twist correlator. From
eq. (9), it is clear that the GCFT 4 four-point function involves an arbitrary function
of the cross ratios which depends on the full operator content of the specific field theory
under consideration. Also, for Einstein gravity in the bulk the semi-classical limit in the
gravitational theory (G — 0) corresponds to the large central charge limit cp; — oo in the
dual GCFTj4;. Motivated by these considerations, in the following we advance a holo-
graphic proposal for computing the entanglement negativity for two disjoint intervals in a
GCFTi41.

Before proceeding, we briefly review the computation of entanglement negativity for
two disjoint intervals in the AdS3/CFTs scenario performed in [23]. In [25], the authors
demonstrated that the entanglement negativity for two disjoint intervals in a CFTg vanishes
in the s-channel (xr — 0) where the two intervals are far away, while remains non-trivial
in the t-channel (z — 1) which corresponds to the two intervals being in close proximity.
Inspired by these findings, the authors in [23| performed a monodromy analysis of the
semi-classical structure of the following four-point function in the vacuum state of a generic
CFTQI

(oo (o) T (22) T (38) T () = a3’ g0 280G ), 0= 2278 (7

where T, and 7T, are respectively the twist and anti-twist fields inserted at the endpoints
of the two disjoint intervals [z1, z2] and [z3, z4]. In eq. (72),  is the usual CFT4 cross ratio
and G, () is an arbitrary function of the cross ratio. Subsequently, it was found in [23] that
the entanglement negativity for the two disjoint intervals in proximity obtained through
this procedure has a holographic description in terms of a particular linear combination of
the lengths of bulk spacelike geodesics homologous to specific subsystems.

In the following we will utilize similar semi-classical techniques developed in [67] to
compute the entanglement negativity for two disjoint intervals Ay = [(z1,t1), (x2,t2)] and
Ag = [(x3,t3), (x4,t4)]. This involves an analysis of the large-central charge behaviour of
the following four-point twist-correlator in a GCFT41 vacuum ©:

- Ane - Ane - n
(D, (X1) D, (Xa) D, (X3) B, (X)) = by ety 2 me 250

exp _2Xne@ - QXHE% - 2)(,16E F(t, E) )
to3 t14 t t
(73)
In eq. (73), t, /t are the non-relativistic cross ratios given in eq. (10) and F(t,§) is
a non-universal function of cross ratios that depends on the specific operator content of
the field theory. In particular, we will focus only on the behaviour of the four-point twist
correlator in eq. (73) in the t-channel defined as t — 1,2 — 0 7 which renders the two

5We have employed a shorthand notation for describing the coordinates X; = (z, ;).

"This has to be contrasted with the ¢-channel  — 1, — 0 for the BMS3 field theory considered
in [67]. We will use the methods developed in [67] to compute the Galilean conformal block utilizing the
BMS3/GCA; correspondence briefly discussed in section 3 which essentially demonstrates the equivalence
of the two field theories under x > ¢ [44].
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disjoint intervals in close proximity. We will be working with the GCFT1 s with only one
non-vanishing central charge cp; for which the dual bulk geometry is described by Einstein
gravity.

6.1 Four-point twist correlator at Large c,,

In this subsection we explicitly compute the large central charge limit ¢y; — oo of the
Galilean conformal block corresponding to the four-point function in eq. (73). To proceed,
we recall some salient features of GCFT111s relevant for the semiclassical large central
charge analysis. There are two types of energy-momentum tensors in a GCFTy; and
the corresponding Galilean conformal Ward identities [67] look quite different from their
relativistic counterparts. The finite GCA4 transformations

t—ft) , x— fHz+g), (74)

are generated by the Noether charges [67]
M, = f dt Ty, t" | L, = f{ dt (T t"™ + (n+ )T, t"x) | (75)

where T}, are the components of the GCFT;; energy-momentum tensor. Inverting these
relations, we obtain the components of the energy-momentum tensor as [67]

M=Te =Y Myt L=Ty=Y [La+ (4 2DTM] 772, (76)

n

where L, and M, are the usual generators of GCA. Note that unlike the relativistic CFTss
the two independent components of the energy-momentum tensor £ and M have distinct
functional forms in a GCFTy4;. This is a reflection of the fact that the GCAsg, unlike
the relativistic Virasoro algebra, does not decompose into two identical holomorphic and
anti-holomorphic copies. The Galilean conformal Ward identities obeyed by these two of
energy-momentum tensors are given by [67,72]:

(M(x,t)Vl(:nl,tl)...Vn(xn,tn»—Z[ X 1“64 Vi1, 1) .. V(@ 1)) |

—t—t)? -
A 2xi(x — i)
<£(x,t)V1($17t1)Vn(xn7tn)> = ; (t—tz)z t—tzatl + (t—tz)S
+ %C{% (Vi(z1,t1) .. Va(@n, tn))

(77)
where V; are GCFT1,1 primaries, and x; and A; are the corresponding scaling dimensions.
We wish to analyze the large-cj; limit of the following four-point function of twist operators
in the t-channel described by T — 1, X — 08

<(I)ne (Xl) ¢7ne (X2) (I)fne (X3) (I)ne (X4)>
= 3 (@, (X1) @, (Xa) [0) (0] @, (X2) @ (X3)) = Y Fr. (78)

«

In eq. (78), Fy, are the GCAg conformal blocks corresponding to the t-channel and we have
expanded the the four-point function into a basis of GCFT141 primary operators denoted

8 X , T are the usual cross ratios for the GCFT14;.
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by the index a. Figure 3 shows this expansion of the four-point function (78) in terms of
Galilean partial waves.

O, (11) q)‘ne ($4)

> a

o

(I)—ne (IQ) (I)*ne (Ig)

Figure 3: Galilean conformal block expansion of a four-point twist correlator in the t-
channel. The choice of channel corresponds to two operators interchanging a GCA4 highest
weight representation with the other two. The exchanged representation is labeled by «
which denotes primary operators in the theory.

In the large central charge limit c); — oo the blocks F, are expected to have an
exponential structure similar to their relativistic counterparts [26,73|. In the following,
we are going to perform a geometric monodromy analysis” in the semi-classical limit to
obtain a large central charge expression for the Galilean conformal block F,. Recall that
unlike in the relativistic CF'Ty s, the functional forms of the two energy-momentum tensor
components in eq. (76) for a GCFT14; are not identical and therefore we have to perform
a separate monodromy analysis corresponding to each of them.

6.1.1 Monodromy of M

In this subsection we will solve the differential equation for the expectation value of the
energy-momentum tensor component M. Subsequently we will utilize the monodromy
technique developed in [67] to obtain a partial expression for the Galilean conformal block
in eq. (78). Using the Ward identities in eq. (77) we obtain for the expectation value of
the energy-momentum tensor M as

M(X) @y (X1) P, (X2) D, (X3) Pr, (X4))

M(X;; X) =
) =, (X0 @ (X) - (X3) @, (X))
- Xi cpy € (79)
T4 [(t—ti)z A
where the auxiliary parameters are given by
6
Ci = aaﬂ?i log (®p, (X1) Pn, (X2) Pp, (X3) P, (X4)) - (80)

The four-point function is not completely fixed by the conformal symmetry, and not all
the auxiliary parameters ¢; are known. We will place the operators at t; =0, t3 =1,t4 =

9Note that the monodromy analysis can also be formulated using the GCAz null vectors. The analysis
will be a bit more involved than the relativistic case due to the presence of the so called GCA2 multiplets
[67]. Nevertheless the differential equations obtained via this technique will be the same as in the geometric
monodromy method.
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oo and leave ty = T free. Requiring that the expectation value M(X;; X) vanishes as
M(T;t) ~ t=* as t — oo we obtain the conditions

ch-:O , Z(%citi+xi):0 , Z(%cit?+2xiti):0. (81)

K3 K3 2

Using the approximation that x; = xe, being the conformal dimension of the so called
‘light” operator ®,,_ , vanishes when we take the replica limit n, — 1. This allows us to
determine three of the auxiliary functions in terms of the remaining one as

C1 = CQ(T — 1) , €3 = —CQT , C4 = 0. (82)

This leads to the following expression for the energy-momentum tensor expectation value

6 T-1 1 T
—M(T;t) = co

Y o TioT o1 (83)

The component M of the energy-momentum tensor transforms under a generic Galilean
conformal transformation z — 2/, ¢t — ¢’ in eq. (74) as [67]

MUt 2') = (Mt ) + T3 SUL 1), (84)

where S(f,t) is the Schwarzian derivative for the coordinate transformation t — f(t).
Requiring the expectation value M (X;; X) to vanish on the GCFT;; plane for the ground
state, this will lead to the condition

1 T-1 1 T
— t) = — . 85
Eq. (85) is equivalent to the differential equation
1 6
0="n"(t)+ 5S(f, tyh(t) = h'(t) + C—M(T, t)h(t), (86)
M

with f = hi/hga, h1 and hs being the two solutions of the above differential equation. We
will solve this equation by the method of variation of parameters up to linear order in the
6 yu. To zeroth order, setting M) = 0 | the solutions are given by

arameter €, = —
p o o

hO@) =1,t. (87)
Therefore expanding up to linear order in ¢,
hi =0 +ea bV, M=MO MO, (88)

the differential equation to solve up to this order is given by

6
BV (8) = =M@, 1) b (2). (89)
CM
After solving eq. (89) we compute the monodromy of the solutions by going around the
light operators at t = 1,7 as described in [67] which leads to the following monodromy
matrix:

1 omi coT(T — 1)) . (%0)

M= <2m'cQ(T—1) 1
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Next we utilize the following monodromy condition for the three point twist correlator
(P, (1,t1) Pr, (z4,t4) Vo (X, T)) obtained in appendix B,

I — I
2

= 2Te€y , (91)

where I} = tr M and I = tr M? are invariant under global Galilean conformal transfor-
mations'®. Using eq. (91) we can find the remaining auxiliary parameter co as

1

N e (92)

Co = €q

Therefore the conformal block for the four-point function in eq. (78) may be obtained as:

Fo = exp [cé/[/ c dX}

conlu )]

Expression (93) for the Galilean conformal block still has an unknown function F(T').
To determine F (T') we need to perform the monodromy analysis for the other energy-
momentum tensor £, which we will do in the next subsection. For the particular four-
point function of twist correlators we consider in this section, we do not need to explore
the monodromy for £. The reason is that, since the conformal dimensions Ag = A,,, x cr,
they will vanish as long as we consider Einstein gravity for which eq. (21) gives ¢z, = 0.
Therefore the monodromy problem for the energy-momentum tensor £ becomes trivial
and leads to F (T') = 1. Nevertheless, in the next subsection we will explicitly solve the
differential equation for £ monodromy and show that this is indeed the case.

(93)

6.1.2 Monodromy of L

To get the full expression of the Galilean conformal block, we will next focus on the
monodromy problem for the energy-momentum tensor £. We start with the expectation
value of the energy-momentum tensor £ inside the four-point correlator [67]

(LX) P (X1) P (X2) P, (X3) P (X4))

ﬁ(Xi; X) = (‘I)ne (Xl) D_,, (Xz) o, (X3) P, (X4)>

(94)

Using the shorthands 6; = %L A; and ¢; = %L x4, eq. (94) can be rewritten utilizing the
Ward identities in eq. (77) as

4

6 0; 1 2¢;(x — x;) T — x;
X _ _ A ,
CME( 17(:(:71:)) Z (t—tZ)Q t—tzdz—i_ (t—tl)'?) + (t_ti)zcl I (95)

=1

where the auxiliary parameters ¢; are defined in eq. (80) and d; admit similar definitions
[67]:

d; = c?wa“ log (@, (X1) P, (X2) @ _p, (X3) Pp, (X4)) - (96)

ONote that the condition in eq. (91) is valid in the leading order in the expansion parameter €,. For
generic conformal dimensions y, of the exchanged operator, the linear analysis may fail to capture the full
monodromy of the solution and one needs to go beyond leading order. In appendix B, we have performed
the next to leading order analysis and no further corrections to the conformal block in eq. (93) is found.
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The smoothness of the expectation value £(X;, X) requires £(T,t) — t~* as t — oo.
Together with the freedom provided by global Galilean conformal transformations, this
fixes all of the auxiliary parameters d; except one. Using the global Galilean conformal
symmetry, we will place the operators at ¢t1 = 0,t3 = T ,t3 = 1,%; = oo and x; =
0,29 =X, 23 =0 and x4 = 0. This leads to the following values for three of the auxiliary
parameters d; in terms of the remaining one:

dy = o X + do(T — 1) — 261,
ds = co(—X) — doT + 267, , (97)
dy=0,

where d;, = cprA,, /6 and €, = carxn. /6 denote the rescaled scaling dimensions of the
twist operator ®,,_ . Substituting equations (97) and (80), into eq. (95) we obtain the
expectation value £(X;, (z,t)) as

iﬁ(Xi; (1)) = X +dy(T—1) 25 n X +doT — 20, 1z

cur t t—1 2
co(x — X) c3x ds 2zer,  Op or or,
=72 "t—1g -7 # Tetucie a2
2er(x — X) n 2xer,
t—Tp -1
(98)

The transformation of the energy-momentum tensor £ under the finite Galilean conformal
transformation in eq. (2), leads to the following differential equation

6 g/ (f/f” —3 (f//)3> + f/ (3g”f” _ g///f/)
—L(Xi; (2,1)) =

N3
T (3 (f”)2 + f/// (f/)Q - 4f///f/f//>
. 2(/7)° |
As in [67], we now take the following combination of the expectation values

6 5 6
—L(X3; (. 1) = — [L(Xi; (2,1)) + X M (X5 (,1))]
CM CM

B 11 1 T -1T

_CQX( (t—T)? t+t—1) (t— it —T) (100)

o (b L2 2 1, 2Xa
e a=—12 "t t—1"@t-12) " (T-t3"

Next we choose the ansatz g(t) = f'(¢t)Y(t) for the coordinate transformation to reduce
the differential equation in (99) to the following form:
6 5 1 6 6

—L=—Y"-2YV —M-Y—M. (101)

CM 2 CM CM
We can solve the above differential equation using the method described in [67| upto linear
order of €, and d,. The scaling dimensions of the light operator @, vanishes when we
take the replica limit n, — 1. After computing the monodromy by going around the light
operators at t = 1,7, we obtain the auxiliary parameter do as

(1 - 37)Xeq +2(T — 1)T54

do —
2 2(T — 1)273/2

(102)
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It is easy to check that the following is true from equations (80) and (96):

0 0
aiXdQ = 8762 . (103)

Finally, we obtain the full Galilean conformal block using eq. (96) as

o= ()] o0

where we have used the fact that for ¢, = 0, 04 vanishes. The complete Galilean conformal
block in eq. (104) exactly matches with the M monodromy result in eq. (93) for F(T') =1
as anticipated before.

6.1.3 Entanglement negativity in the large-c;; limit

In this subsection, we will use the large-cys limit of the ¢-channel Galilean conformal block
in eq. (104) to compute the entanglement negativity for the bipartite mixed state of two
disjoint intervals in proximity. Note from eq. (14) that, in the replica limit n, — 1
the scaling dimension of the twist field ®,,, vanishes rendering it to be a light operator
in the large-cys limit. Following [41] we may write down the following operator product
expansions in the GCFT114

/ﬂ o 12
(I)ne(xlatl) (I),ne($2,t2) :tQX;Le exXp |:—2Xn6t12:| 1+.. y (:L’l,tl) — (l’z,tz),
12
k., T3 | o
O, (z2,t3) Py, (x3,13) _tzAne exp —2)(”5% (I)—ne +... , (w2,t2) — (w3, t3).
23

(105)
Note from eq. (78) that in the ¢-channel described by T — 1, X — 0, the light opera-
tors which fuse together are located at [(x1,t1), (x4, t4)] and [(x2, t2), (x3, t3)], respectively.
Therefore utilizing eq. (105), it is easy to see that the dominant contribution to the four-
point twist correlator in eq. (78) in the large-cps limit comes from the GCAg conformal
block corresponding to the primary field (I)?kne' Although it has the smallest conformal
dimension, this twist operator remains heavy in the replica limit, x;,, /2 — — & (cf. foot-
note 4). Therefore, as in the usual relativistic CFT14; setting described in [23,25], the

partial wave expansion for the four-point twist correlator in eq. (78) is dominated by the

exchange of ®7,, :
CM X
Fo=exp|————%——]. 106

X P ( 8 VI(T — 1)) (106)

Finally, using equations (18), (19) and (78), we obtain the negativity in the large cj-limit

to be
cy X

e =log () ~
where, we have used the fact that in t—channel T" — 1, and neglected the square-root in
the denominator. Note that this expression is in terms of the cross ratio in the ¢-channel,
X/(1=T). In terms of the coordinates (z;, t;) of the endpoints of the two disjoint intervals
under consideration, the cross ratio is given by

(107)

X T13 | T4  T14 223
=== 108
1-T t13 t24 t14 t23 ( )
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Therefore the entanglement negativity for two disjoint intervals A; = [(x1,t1), (z2, t2)] and
Ag = [(x3,t3), (x4,t4)] in proximity is given by

g_W(mﬁ%_m_M) (109)

8 t13 t24 t14 t23

We may now utilize the Galilean conformal transformations from the GCFT;,; plane to
the spatially compactified cylinder to obtain the entanglement negativity in the finite-sized
system described by a GCFT141 defined on a cylinder with circumference Ly. The result

is
CMT P13 P24 TP14 P23
£ = t| —— t — t — t .
8L, |:’LL13CO < L, ) + u24 CO ( I, > U14 CO < I, ) U23 CO ( I,
(110)
Finally we compute the entanglement negativity for the two disjoint intervals in a thermal

GCFTy41 living on a cylinder of circumference 3, where § is the inverse temperature. We
obtain the following expression for the entanglement negativity

&= c§/[ﬂ7r [Ulg coth <7r§13> + u94 coth <7rq;24> — U714 coth <7r<214> — ug3 coth <7T?3(>] )
111

We will use these expressions for the entanglement negativity of two disjoint intervals in
proximity to propose a holographic conjecture to obtain the same from the bulk computa-
tions.

6.2 Holographic entanglement negativity for two disjoint intervals in
proximity

In this subsection we will advance a holographic proposal for computing the entanglement
negativity of the bipartite mixed state configuration of two disjoint intervals in proximity
in a holographic GCFT141. According to the flat space holography, the GCFTq; is
dual to a bulk asymptotically flat spacetime. As before, we consider two disjoint Galilean
boosted intervals Ay = [(x1,t1), (x2,t2)] and Ag = [(x3,t3), (4, t4)] in the ground state of a
holographic GCFT 1. The subsystem A = A;U A3 is in a mixed state, and the separation
between A; and Ao, denoted Ag, belongs to the complementary subsystem B = A€. As the
flat holographic proposals in equations (55) and (67) for a single and two disjoint intervals
turned out to have exactly the same functional form as their relativistic counterparts
in [20,21], we expect a similar holographic connection for the present configuration as well.

We will make use of the monodromy computations in the previous subsection 6.1.3 to
justify our proposal. To this end we start with the following expression for the two point
twist correlator in a holographic GCFT;1; on the plane (cf. eq. (7)):

X
(o (@1,81)® . (22, 12)) ~ xp (—2xnet1f) , (112)

where we have used eq. (21) and eq. (14) to set A, = 0. Now we utilize the holographic
dictionary in egs. (24) and (25), to write eq. (106) as

CMm (X 24 14 x
(D, (21,11) Dy, (22, 12) Dy, (23, 13) Py, (24, 14)) ~ exp [ <13 2 23)]
8 \t13 toa tia  to3
= exp |2 (L™ + L™ — L™ — L))

(113)
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where in the second equality we have made use of eq. (45). We now propose, based on
the monodromy computations in section 6.1.3, the following conjecture for the holographic
entanglement negativity of two disjoint intervals in proximity located at the null infinity
of the bulk asymptotically flat spacetime dual to a GCFTy4:

3

£ = o (L + 51" — LY~ 151) -
3 Xir xtr xtr xtr
= 1o LA, + LG, — L0, — LE") .

where ¢, = 0 and ¢y = % Once again we observe that the holographic entanglement neg-
ativity for the mixed state configuration of two disjoint intervals in a holographic GCFT1 4
involves a specific linear combination of the lengths of bulk extremal curves homologous to
the intervals as shown in figure 4. Remarkably our flat holographic conjecture in eq. (114)
has exactly the same structure as its relativistic counterpart in the AdS3/CFTy scenario
obtained in [23,29].

Figure 4: Schematics of the holographic construction for the computation of entanglement
negativity of two disjoint intervals. The entanglement negativity is obtained via a specific
linear combination of the lengths of the bulk extremal curves situated at the crossings of
the null planes descending from the endpoints of the two intervals.

It is interesting to note that, in the limit of adjacent intervals x93 — €, where € is the
UV cut-off (Li{fr — 0 in the bulk), we get back our formula for two adjacent intervals in
eq. (67). This serves as a strong consistency check of our proposal. Now we make use
of the flat version of the HRT formula in eq. (26) to recast our formula for holographic
entanglement negativity in the following instructive form

E = —(Sa,ua, +S4,04, — SA,UAUA, — SA,)
(115)

(I(Al U Ag; Ag) +I(As; AQ)) .

o] W
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Therefore we see that our holographic conjecture relates two very different entanglement
measures, namely, entanglement negativity which is the upper bound of distillable entan-
glement, and the mutual information which measures entanglement correlation between
two subsystems. Again, this particular connection seems unique for the specific configu-
ration of two disjoint intervals on the boundary field theory. Interestingly, in the limit of
adjacent interval Ay — () we get back the adjacent formula in eq. (68).

In the following, we are going to employ our holographic conjecture to compute the
entanglement negativities in various configurations described by two disjoint intervals in
proximity in different mixed states of a holographic GCFT141. Remarkably our formula
reproduces the universal behaviour of the holographic entanglement negativity at the large
central charge limit of the holographic GCFTq4;.

6.2.1 Two disjoint intervals in vacuum

We start with the mixed state configuration of two disjoint intervals A; = [(z1,t1), (z2,t2)]
and Ay = [(23,t3), (74,t4)] in the ground state of a holographic GCFT;1;. The dual
bulk geometry is that of pure Minkowski spacetime. Utilizing eq. (45) for the length
of the extremal geodesics in locally Minkowski geometry, one obtain for the holographic
entanglement negativity from eq. (114) as

_3(m m_m_m>

C8G \ti3  tas  tia tos

C]\/[(ll-l-ls lo + 1 lhi+1ls+ 1 ls>
ti4+ts  to+ts tidto+ts ts)’

£
(116)

8

where we have denoted I; = x1 — z9, [y = 22 — x3 and Iy = x3 — x4 for the lengths of the
respective intervals (cf. figure 4) and similarly for ¢1, to and t5. remarkably this matches
exactly with the large central charge behaviour of the entanglement negativity in eq. (109)
obtained using the monodromy method in subsection 6.1.3. Considering the adjacent limit
ls — e and ts — € (where € is the UV cut-off) and taking the leading order terms in €, we
get back the result for entanglement negativity for adjacent intervals in eq. (69).

6.2.2 Two disjoint intervals at a finite temperature

Next we will consider the mixed state configuration of two disjoint intervals in a thermal
GCFT141 living on a cylinder compactified in the timelike direction with circumference 5.
The dual spacetime is the locally FSC geometry described in subsection 5.1.3. Substituting
eq. (57) for the length of the extremal curve in FSC geometry in our holographic conjecture
in eq. (114) we obtain for the holographic entanglement negativity of two disjoint intervals
at a finite temperature

g = 83G7TB <U13 COth (71-213) + u24 COth <W¢;24> — U114 COth (ﬂ-(élél) — U923 COth <7T§223 >>

58 (5

I+ o+ 1, L,
— (t1 + 2 + t,) coth (W) —t,coth (%) :

(t1 + ts) coth <

(117)
where the lengths of the respective intervals are denoted by I = u; — uo, ls = us — us
and [y = us — ug, and the times are given by t1, o and t;. Again this matches exactly
with the field theory computations at large central charge limit in eq. (110). We may take
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the adjacent limit Iy — € and 5 — €, to show that the leading order expression matches
exactly with the result for two adjacent intervals given in eq. (70).

6.2.3 Two disjoint intervals in a finite-sized system

Finally we turn our attention to the holographic computation of the entanglement negativ-
ity for two disjoint intervals in a finite-sized system obeying periodic boundary conditions
described by a GCFT144 living on a cylinder of circumference Ly compactified along the
spatial direction. The bulk dual is again asymptotically flat and is described by the global
Minkowski orbifold metric in eq. (28). We now employ the expression for the extremal
geodesic length in such spacetimes from eq. (36) to obtain the following expression for
the entanglement negativity of the mixed state configuration described by two disjoint
intervals in a finite-sized system as

3
E = 8G7£¢ <u13 cot <Wzﬁ;3> + ug4 cot (Wff) — U4 cot <7TZ:1)4> — ug3 cot (Wff))

Cyp T 7l'(l1 +l5) 7T(l2+l5)
s I, (t1 +ts) cot ( L, + (t2 + t5) cot L,
_ (tl 4+t + ts) cot (7(([1—1-lg+l5)> —ts cot (Wls)
Ly Ly

(118)
Remarkably this again matches exactly with the field theory result in eq. (111) obtained
through large central charge computations in subsection 6.1.3. Again in the adjacent limit
described by ls — € and t5 — €, we get back the adjacent intervals result in eq. (71).

7 Holographic entanglement negativity in flat space TMG

In the previous sections we have computed the holographic entanglement negativity in
the case of Einstein gravity in the bulk for which the dual GCFT;;; at the boundary
had only one non-vanishing central charge cp;. At this point, we recall the fact that
the representations of the GCA5 algebra are labelled by the quantum numbers A and .
Therefore a vanishing ¢;, would correspond to A = 0 which describes a spinless massive
particle propagating in the asymptotically flat bulk spacetime.

In this section we will incorporate the effects of a non-zero ¢y, and hence a non-zero
A, in the bulk in order to see the agreement with the field theory results in [55] more
closely. We expect that a non-vanishing A would introduce a spin for the massive particle.
In this context we modify the bulk picture by introducing Topologically Massive Gravity
(TMG) [59,60,63-66] which contains a gravitational Chern-Simons (CS) term. This Chern-
Simons term arises due to a gravitational anomaly present in the relativistic CF'Ty whose
inénﬁ—Wigner contraction leads to the GCFT141s considered in the present article. From
the perspective of the bulk, the dual operation to this parametric contraction on the
boundary corresponds to taking the flat limit of the bulk AdSs geometry. Therefore the
flat-holographic connection between TMG in asymptotically flat spacetimes and GCFT141s
with non-vanishing c¢;, and cj; comes from two equivalent parametric contractions of each
sector in the original TMG-AdS3/CFTs correspondence [59, 60, 64—66|.

We start by briefly reviewing the salient features of TMG in AdS3 spacetimes. The
action of TMG in AdSj is the sum of the usual Einstein-Hilbert term, the cosmological

29



SciPost Physics

constant term and a gravitational Chern-Simons term [59,66] 1:

1
Stvma = SEH + ;SCS

_ 3
_16G/d$v

where p has mass dimension one and describes the coupling of the CS-term, and ¢ is the
AdSs3 radius. In the limit u — oo one recovers Einstein gravity. The asymptotic symmetry
analysis of TMG in AdSs shows that the algebra of the modes of the asymptotic Killing
vectors is isomorphic to two copies of Virasoro algebra with left and right moving central
charges [59, 66]:

. ) (119)
Rt2 7t £ (T4, 5T o+ 50T L) |

3¢ 1 3¢ 1
+ S 12
) (120)

CTMG:%(1+W) ) CTMG:ﬁ(

Now we will go to asymptotically flat spacetime by taking the flat limit { — oo leading to
the flat space TMG. Remarkably the asymptotic symmetry group analysis at null infinity
leads to the Galilean conformal algebra, with both central charges non-vanishing [45, 48,
59, 60):

3 3
— =—. 121

G
Alternatively, these central charges can be obtained from AdSs by taking Inénii-Wigner
contraction [59] cL, = C'—iT_MG — C%MG’ cM = (cjf_MG + C%MG)/E From eq. (121) it is easy to
see that in the limit u — oo we get back Einstein gravity in asymptotically flat spacetime.

Cl, =

7.1 Extrapolating the holographic dictionary

In [66], the authors computed the holographic entanglement entropy for a CFTy with
gravitational anomaly using the theory of topologically massive gravity in AdSs. It was
found that the difference in the left and right moving central charges of the anomalous
CF'Ts gives rise to a non-trivial spin of the twist operators in the replica manifold, which
in the context of AdS3/CFTy, corresponds to a massive spinning particle of mass m = x
and spin s = A moving in the bulk geometry of TMG-AdS3. As easily seen from the action
in eq. (119), the Chern-Simons term is unaffected by the flat limit £ — oo and therefore
the above discussion remains valid in the flat-holographic scenario as well [60]. The action
of such a particle was found to be [60,66]:

Sfat-TMG = /C ds (X \/ nHVXMXV +A (ﬁV'fL)) + Sconstraints s (122)

where 1 and n are unit space-like and time-like vectors respectively, both normal at the
trajectory of the particle X#, and Sconstraints 1S an action imposing these constraints through
Langrange multipliers [60,66]. In eq. (122) C denotes the worldline of the particle. The
action (122) introduces two new vectors in the the 3-dimensional bulk, while the constraint
action Sconstraints imposes five constraints, leading to a single new degree of freedom. This
sets up a normal frame to each point in the bulk as shown in fig. 5, and particle worldlines
get broadened in the shape of ribbons [66].

1 This should be contrasted with the Chern-Simons gauge theory of 3d gravity put forward by Witten
[61].
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Figure 5: The topological Chern-Simons term in the TMG action introduces a normal
frame defined by two auxiliary normal vectors n and 72 at each point on the worldline of a
massive spinning particle. Figure modified from [66].

The equations of motion reveal that this is not a true degree of freedom in the sense
that the variations of the new vectors n and n along the worldline X* does not affect the
action (122) [60,66]. It is also interesting to note that straight lines governed by X# = 0
in locally Minkowski spacetimes are still solutions of the equations of motion in the TMG
background [60]. It is important to note that our holographic constructions for computing
the entanglement negativity in terms of bulk geodesics rely heavily on the straight-line
nature of the geodesics. To proceed, we note that in order to compute the entanglement
entropy from the bulk perspective in a AdS/CFT setting, one considers the notion of
the generalized gravitational entropy [17]. The computation of generalized gravitational
entropy involves a replication of the dual gravitational geometry in the replica index n
followed by a quotienting through the replica symmetry Z,,. In the quotient spacetime of
the replicated geometry, there are conical defects along the entangling surfaces, namely at
the endpoints of the boundary interval. We now propose, following [60, 66] that the two-
point function of the twist fields inserted at the endpoints of the interval on the boundary
of the quotient geometry is given by the exponential of the on-shell action of a massive
spinning particle with mass m, = x, and spin s, = A,. For such a particle propagating
along an extremal worldline in the bulk geometry from a point x; with a normal vector n;
to a point xy with normal vector ny, the two-point twist correlator has the form:

(P, (01 A)DP_py, (02A)) = o~ Xne Shntshent —Ane SG sheln ’ (123)

Son-shell = \/m = L™ (z,x5) (124)

and Sgns_sheu is the topological Chern-Simons contribution to the on-shell action. As de-

scribed before, the effect of this topological action is to broaden the worldline in the shape
of a ribbon as the vectors n and n in eq. (122) define a normal frame to the curve C. In

where
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eq. (123) the Chern-Simons contribution to the on-shell action in eq. (122) is given by the
twist in the ribbon-shaped worldline as the particle moves along it [59, 60, 66]:

SSHS_SmH = / ds (n.Vn) = cosh_l(—ni.nf) . (125)
C

Equation (125) essentially computes the boost An required to drag the orthonormal frame
generated by the vectors (X, n;,n ¢) from the point z; to x¢.

In the following subsection we will perform the computations of the spinning two-point
correlators for different bulk geometries in flat space-TMG using the modified holographic
dictionary in egs. (123) to (125). With this generalized expression for the two point twist-
correlator in eq. (123) all our previous analysis in section 5 will simply follow and lead to
modified formulae for the holographic entanglement negativity in GCFT14; dual to bulk
geometries governed by TMG 2.

7.2 Two-point correlator of twist fields with spin

We start with TMG in a pure Minkowski spacetime. A schematics of the bulk geometry
corresponding a single interval A = [(z1, 1), (z2,t2)] in the boundary GCFT; is shown in
fig. 6. We have two bulk normal vectors nia erected at each of the bulk points y; (i = 1,2)
descending from the endpoints (u;, ¢;)'? of the interval on the boundary, which were chosen
in [60] to be pointed along the directions of the corresponding null rays ~;:

Y1=0, =0;+cos¢10;+sing10, , Yo=0, =0 +cospa0,+sing20,. (126)
71 Y2

Since these two vectors are null, the authors in [60] introduced two timelike vectors:

1. e 1 . 1. e 1 .
ny=-M-—g5z =7 » N2=-7Y2— 577 (127)
€ 29172 € 29192
ng
N2 ]\]1

Figure 6: Bulk setup for computing two-point correlator of twist fields with non-zero spin.
There are boundary normal vectors n? on each of the black points on the asymptotic
boundary. The black points are on the null curves descending from these boundary points

and they are equipped with normal vectors n; « 9,| . Figure modified from [60].
Vi

12 A1l these results may be recast in the factorised Wilson line prescription in the Chern-Simons formu-
lation of 3d gravity developed in [66].
13 (uy, ¢;) are the cylindrical coordinates related to the planar coordinates (x;,t;) via eq. (5).
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With these definitions we obtain from eq. (125) in the € — 0 limit

291 .49 2 . o2
log ( 2 > | = 2log (e sin 2) . (128)

In eq. (128) the boost Amn2 may be interpreted as the difference in the twist of the
two endpoints of the ribbon-like geometries induced by the topological term in eq. (125).
Therefore the two-point spinning twist correlator in eq. (123) in the case of pure Minkowski
spacetime dual to a GCFT141 in its ground state is given by

. <2 . §b12>_2A"E < Uu12 )
(P, (1 A)P_py, (D2A)) = | —sin —= exp | —Xn. , (129)

CS _ _ 1.—1
Son—shell - A7712 = cosh (7

Y2,
€2 )=

)
€ 2 tan &2

where we have used eq. (23) for the extremal geodesic length and 9; A = (u;, ¢;) denotes
the entangling surfaces, namely, the endpoints of the interval at the boundary.

Next we proceed to compute the boost in the case of non-rotating FSC geometry. In
that case the bulk null vectors in eq. (126) become (cf. eq. (29))

A1 = ﬁ cosh 21 O + ﬁ sinh 2 Oy — ﬁay ,
2m B 2w B 2m (130)
Yo = B cosh 2m o2 o + s sinh 2102 Oy — ﬂa
2T or Ié; o B oo Y
Therefore using eqgs. (125) and (128) we obtain
AnFSC = 210g (6 sinh mlz) . (131)
e I3

Similar computations in the case of TMG in global Minkowski orbifold geometries yields

L
AnM = 21og (71'? sin ﬂff) . (132)

In the following subsections we will utilize equations (128), (131) and (132) for the twists
in the ribbon to compute the topological CS contribution to the holographic entanglement
negativity for different sub-interval geometries in a holographic GCFTy 4.

7.3 Holographic entanglement negativity for a single interval

In this subsection we will generalize the proposals (44) and (55) for computing entangle-
ment negativity of various bipartite pure and mixed state configurations described by a sin-
gle interval in a GCFT141 to incorporate the non-vanishing cy, effects. To this end, we first
consider the pure state configurations described by a single interval A = [(x1,%1), (x2,t2)]
in the ground state of a GCFT141 at zero temperature. To proceed, we replace eq. (44) for
the two-point function of twist operators by the corresponding expression with non-zero
spin in eq. (129). Now, using the modified holographic dictionary in equations (123), (124)
and (125) we write the two-point function of the composite twist operators @%e inserted
at the endpoints of the single interval A = [(x1,t1), (x2,t2)] as:

(@2 (21,t1)®%,, (x2,t2)) = exp [—2 X, j2 L™ — 24, 2 Amia] (133)

where L' is the length of the extremal ribbon-shaped curve anchored on the entangling

surfaces, and Anjo denotes the difference in the twist at the endpoints of the ribbon. Now
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the entanglement negativity for the pure state configuration described by the single interval
in the GCFT14; vacuum may be obtained from eq. (42) as

&= % (Lﬁ’;tr + ;A’I]lg) : (134)
where we have used equations (14) and (121) and subsequently took the replica limit. In
the following, we will make use of the holographic formula in eq. (134) to compute the
holographic entanglement negativity for the bipartite pure state configurations described
by a single interval in the vacuum state of a holographic GCFT 4 as well as for a GCFT1 4
describing a system of finite size. Later, we will consider the mixed state configuration of a
single interval at a finite temperature which involves an analysis of a particular four-point
twist correlator in the large central charge limit in the spirit of subsection 5.1.3.

7.3.1 Single interval at zero temperature

We start with the simplest pure state configuration of a single interval in the vacuum
state of a holographic GCFT141 at zero temperature for which the dual bulk geome-
try corresponds to the pure Minkowski spacetime. Utilizing the transformations (5), the
CS-contribution to the two-point function in eq. (128) may be written in the planner
coordinates as:
t
Anis = 2log <12> . (135)
€
We now substitute equations (23) and (135) in eq. (134) to obtain the holographic entan-
glement negativity as
CL l12 CM T12
E=—"log | — —_— 136
4 g< € > + 4 tlg ( )
where we have used eq. (121) for the central charges of the holographic GCFT,1. Re-
markably, we have reproduced the universal part of the complete result obtained in [55]
via replica technique.

7.3.2 Single interval in a finite-sized system

Next we move on to the computation of the holographic entanglement negativity for the
bipartite pure state configuration of a single interval in a GCFT11 describing a finite-sized
system endowed with periodic boundary conditions. The corresponding bulk geometry is
described by the global Minkowski orbifold with metric (28). Using the expression for the
corresponding length of the extremal curve in eq. (36), and the twist in eq. (132), we
obain the holographic entanglement entropy from eq. (134) as

CL ¢ . TP12 CM T U2 TP12
_ Loy | Lo M . 1
& og [ sm< L, >} 1L, cot ( L, (137)

This matches exactly with the universal part of the complete field theory result in [55].

7.3.3 Single interval at a finite temperature

Finally we focus on the mixed state configuration of a single interval at a finite temperature.
The field theory is described by a thermal GCFT14; on a cylinder compactified along the
timelike direction with circumference 8. As described in subsection 5.1.3, the definition
of the holographic entanglement negativity for this configuration involves two auxiliary
intervals B; and By sandwiching the single interval A. This leads to a four-point twist
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correlator which admits a large central charge factorization of the form (52). For a thermal
GCFT4; with unequal non-vanishing central charges (120), the dual gravitational theory
is described by topologically massive gravity in FSC geometries. For such GCFTis,
using the modified flat-holographic dictionary in eq. (123), the four-point twist correlator
in eq. (52) has the large-central charge structure:

<<I>ne ($1> tl) <I>2—ne (x27 t2) q)ie (ZL‘3, t3) Q)fnc ($47 t4)>
= exp [ = X, L — o2 (2LE + LE5" + LT — Lz — L") (138)

— Ap, Amig — Ay, o <2A7723 + Az + Anzq — Amiz — A7724>} ;

where ij’-‘“ are the lengths of the extremal ribbon-shaped curves anchored on various
subsystems constituted by the single interval A and the auxiliary intervals Bj, Bz, and
1n;; are the corresponding twists in the ribbons. Taking the replica limit n, — 1 followed
by the bipartite limit By U By — A€, and utilizing the definitions of the central charges
in eq. (120), we obtain the following modified formula for computing the holographic
entanglement negativity for the bipartite mixed state configuration of a single interval in
a thermal GCFT14; with both central charges non-vanishing;:

. 3
E = hmc —— (2La+ LB, + LB, — Laup, — LauB,) , (139)

where we have defined )
Lx = Lg?tr + ;AUX . (140)

where X is the specific subsystem under consideration. We now compute the holographic
entanglement negativity for a single interval located at the asymptotic null infinity of the
geometry described by TMG in FSC. The holographic computations are identical to those
in subsection (5.1.3) for the extremal geodesic lengths ij’-‘tr and the remaining contribution
to the holographic entanglement negativity comes from the Chern-Simons term as

Ecs = % <10g Li sinh <7T¢;12>] - 7T¢;12> . (141)

Together with the Einstein gravity result eq. (58), the total holographic negativity becomes

_‘ B T2\ mhi2 CM | T U2 To12)  Tuip
&= 1 [log[ﬂesmh< 5 )] 5 }4— 1 [ 3 coth< 5 > 5 } (142)

The above expression for the holographic entanglement negativity exactly matches with
the universal part of the complete field theory result obtained in [55] using the replica
technique. We may also rewrite eq. (142) in the instructive form eq. (59).

7.4 Holographic entanglement negativity for adjacent intervals

Next we turn our attention to the bipartite mixed state configuration of two adjacent
intervals in a GCFTy4; with unequal non-vanishing central charges. The holographic
entanglement negativity for the case of Einstein gravity in the bulk was discussed in sub-
section 5.2. In this subsection we utilize the modified dictionary in eq. (123) to advance a
holographic proposal for computing the entanglement negativity for the mixed state con-
figuration of two adjacent intervals living at the null infinity of the geometries described
by flat space TMG. From equations (139) and (140), it is easy to see that the expression
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for the holographic negativity in such scenarios is simply obtained by replacing LE" by
Lx, for each subsystem X. Therefore our proposal for the entanglement negativity for two
disjoint intervals reads (cf. eq. (67)):

3

£=1a!

£A1 + ‘CAl - £A1UA2) ) (143)
with Ly given in eq. (140).

7.4.1 Adjacent intervals at zero temperature

We start with the bipartite mixed state configuration of two adjacent intervals in the
vacuum state of the boundary GCFT11,. To compute the holographic entanglement neg-
ativity, we use eq. (128) in our modified holographic entanglement negativity formula eq.
(143) to obtain to topological contribution to the entanglement negativity as

3 1
Ecs = G n (Ana, + Ana, — Ana,ua,)

_ C—Llog [ t12la3 ]
8 e(tiz + to3) |’

where € is identified as the UV cut-off. The expression for the total holographic entangle-
ment negativity, after including the Einstein gravity result eq. (69), becomes

CL, t1ato3 ] cM <$12 23 9613)
£=Llog |22 | M (T2, T35 T3] 145
g 8 [e(tm + t23) 8 \tiz t23 T3 (149)

(144)

which matches exactly with the universal part of the field theory result in [55].

7.4.2 Adjacent intervals at a finite temperature

We next compute the holographic entanglement negativity for the bipartite mixed state
configuration of two adjacent intervals in a finite temperature GCFT;4;. Here, the bound-
ary theory is defined on an infinite cylinder compactified in the timelike direction leading
to a finite temperature GCFT14; and the dual gravitational theory is decribed by TMG
in FSC geometry. The Chern-Simons contribution to the holographic entanglement nega-
tivity, using eq. (143) and eq. (131), is given by

sinh (M) sinh (%>
SCS = CfL log ﬁ b o . (146)
8 TE sinh <W(¢125+¢23)>

The total holographic entanglement negativity after including the Einstein gravity result
eq. (70) becomes

. _— . ot
=% log ﬁsmh( 612) smh< ;3) + M T2 otk 12
8 TE (7?(¢>125+¢23)) 8 B B

T U3 T 23 T U13 TP13
+ 3 COth(ﬁ)_ 3 coth<ﬁ >]

Eq. (147) correctly reproduces the universal part of the result obtained in [55] using field
theoretic methods.

sinh ( 14 7)
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7.4.3 Adjacent intervals in a finite-sized system

Finally, we focus on the computation of the holographic entanglement negativity for a
bipartite mixed state configuration of two adjacent intervals in a GCFT4; describing a
system with finite size. The boundary theory is described by a GCFT;4; on an infinite
cylinder compactified in the spatial direction with circumference Ly. The Chern-Simons
contribution to the holographic entanglement negativity is obtained using eq. (132) and

eq. (143) as
TP12 \ o TP23
cr, ﬁsm( ¢)SID<L¢)
Ecg = —1 — . 148
S 8 8 TE€  qip (W(¢1i+¢>23)> ( )
]

The expression for the total holographic entanglement negativity after including the Ein-
stein gravity result eq. (70) becomes

: ?12 \ o3 TP23
I, sin (”L ) sin ( 7 )
e Ly, ® @ @ L oM | Tue <7T<Z>12>

8 & TE  in (W(¢>1ZZ¢>23)) 8 Ly L,

T Ug3 P23 T u13 P13
+ cot - cot .
Ly Ly Ly Ly
This matches exactly with the universal part of the complete field theory result obtained
in [55] using replica technique.

(149)

7.5 Two disjoint intervals in proximity

Finally in this subsection, we compute the holographic entanglement negativity for the
bipartite mixed state configuration of two disjoint intervals in a GCFT141 with both cen-
tral charges non-vanishing. The entanglement negativity for such configurations involves
a four-point function of twist operators with non-zero spin. Therefore to obtain the en-
tanglement negativity via field theoretic methods, we need a semi-classical monodromy
analysis of the four-point twist correlator when both the central charges cy, and cp; are
non-zero. Note from eq. (121) that ¢z, o< ¢pr when the coupling of the gravitational Chern-
Simons term in the bulk dual theory remains finite. Therefore, the previous analysis in
subsection 6.1 for a large cp; remains valid and we may obtain a closed form expression
of the complete conformal block in the large central charge limit 4. In the following, we
obtain the large central charge expression for the entanglement negativity for two disjoint
intervals in a GCFT111 with both central charges non-vanishing. Subsequently we propose
a bulk construction of the holographic entanglement negativity in the dual asymptotically
flat geometries incorporating the anomalous effects of the topologically massive gravity.

7.5.1 Large central charge negativity and the holographic proposal

In this subsection, we obtain the complete expression for the t-channel Galilean conformal
block in the large central large limit for the case where both the central charges of the
GCFTy4; are non-zero. Using egs. (96) and (102), we arrive at the following expression

() b )]

M Note that, even if both the central charges ¢z and cjs are large, the ratio Ccﬂ = p remains finite and
therefore the dual anomalous gravitational theory is well defined. Interestingly, in the case of Einstein
gravity in the bulk as considered in subsection 6.1, the corresponding limit @ — oo of the TMG action in
eq. (119) is reminiscent of the central charge c; being zero as seen from eq. (121).
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To obtain the dominant contribution to the four-point function in eq. (78), we note that
the twist operator (1)25 remains heavy in the replica limit, x, s — — A, 2 = — &
(cf. footnote 4). Therefore, the partial wave expansion for the four-point twist correlator
is dominated by the exchange of ®2 :

cr/4
F L+ VT exp< cw_ X ) (151)
2 2 Y - s T =, .
AR T\ VI=T 8 VT(T —1)

Finally, using equations (18), (19) and (78), we obtain the entanglement negativity for two
disjoint intervals in proximity (7" — 1) in the large central charge limit to be

CrL 1 ey X
~1 ( )z—l LI 152
Exlog\Frm @)~ 3 0g<1—T>Jr 8 1-T (152)

The t-channel cross ratios appearing in the above equation may be expressed in terms of
the coordinates (z;, ;) of the endpoints of the two disjoint intervals in question as
l14t23 X T13 | P24 T4 T23

1-T = , = —l——————. 153
t13toa 1—T  ti3  tas ti tog (153)

Therefore the complete expression for the entanglement negativity for two disjoint intervals
Ay = [(z1,t1), (z2,t2)] and Ay = [(z3,t3), (x4,14)] in proximity is given by

Cr, t13t24> CM <l‘13 T4  Ti4 3023)
£=""1o e - 154
g 8 (t14t23 8 \tiz loa tia  tog (154)

We may obtain the large central charge behaviours of the entanglement negativity for a
GCFT141 describing a finite-sized system as well as a thermal GCFT;4; by performing
suitable conformal maps from the GCFT; plane to the spatially and temporally com-
pactified cylinders respectively, as described before in subsection 6.1.3.

Having described the large central charge behaviour of the entanglement negativity for
two disjoint intervals, we now proceed to give a holographic description of such configura-
tions. Utilizing the expression for the two point twist correlator from eq. (7) and eq. (152),
the four-point twist correlator appearing in the definition of the entanglement negativity
for the two disjoint intervals, have the following large central charge behaviour

<q)ne (w1,t1) Py, (22,t2) Py, (73,13) P, (74, 754)> = exp [ (L13 + L2g — L14 — 523)] :
(155)
where £ is defined in eq. (114), and we have utilized the relation % = p. Therefore, for
two disjoint intervals A; and As living at the null infinity of the geometries described by
TMG in asymptotically flat spacetimes, we propose the following holographic construction
for the entanglement negativity

&= 1(?6‘ (Layua, + Laua, — Lajuaua, — La,) (156)
which tantamounts to replacing L% by £ for the Einstein gravity counterpart in eq.
(114), where as before A4 describes another subsystem sandwiched between the two disjoint
subsystems in question. In the following, we will apply the above prescription to different
bipartite mixed state configurations involving two disjoint intervals in a GCFT;4; and
find agreement with the large central charge results obtained above. Interestingly, all
these results may be checked against the Inonii-Wigner contractions of the corresponding
CFTs results in [29]. This serves as another consistency check of our holographic proposal.
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7.5.2 Two disjoint intervals at zero temperature

We start with bipartite mixed state configuration of two disjoint intervals in proximity
A1 = (x1,t1) and Ay = (xe,t2) in the ground state of a holographic GCFT1; which is
dual to TMG in pure Minkowski spacetime. Using eq. (128) and eq. (23), the holographic
entanglement negativity proposal in eq. (156) reproduces the large central charge result in

eq. (154).
For comparison, we reproduce the corresponding expression in the context of AdSs/CFTs
from [29]:
P log (z13z24> 48 log (f13f24> ’ (157)
8 2142923 8 214223

where we have allowed for unequal central charges ¢ and ¢ for the left and right moving
sectors, respectively. Now following eq. (1) we take the Inonii-Wigner contractions [40-42|

z=t+e , Z=t—ex, (158)
to obtain, up to first order in e,
(C + 5) <t13t24) 6(6 — 5) (5613 T4 T14 Igg)
£ = lo + L 159
8 8 t14t23 8 t13  tog  tig o3 (159)

Using eq. (11), we see that the GCFT;4; result in eq. (154) is exactly reproduced. This
serves as a strong consistency check of our proposal.

7.5.3 Two disjoint intervals at a finite temperature

Next, we consider the bipartite mixed state configuration of two disjoint interval in a finite
temperature GCFT14;. The boundary theory is living on a cylinder compactified in the
timelike direction with circumference 8 and the dual bulk theory is described by global
FSC geometry. Using eq. (39) and eq. (132) in the holographic entanglement negativity
formula in eq. (156) gives

. 7 . T
cr sinh ( ,313> sinh ( 624> cyv | Tuls T13
E=—log — coth
8 sinh (%) sinh (%) 8 B B

T U4 T4\ WUy P14\ WUz TPa3
+ 3 coth< ﬁ> 3 coth( ﬁ) 3 coth< E )]

(160)
It is easily verified that the above expression matches perfectly with the large central charge
results obtained in subsection 7.5.1.

7.5.4 Two disjoint intervals in a finite-sized systems

Finally, we consider the bipartite mixed state configuration described by two disjoint in-
tervals in the proximity in a finite-sized system. Using eq. (132) and eq. (36) we get the
holographic entanglement negativity from eq. (156) as

s (Th13 \ (i [ TP24
- L Sm( ” )Sm( Lo ) 4 oM [mﬂs cot <7T¢13)

= ] g -
8 sin (%) sin (%) 8 Le Le

T U24 TPay T U14 TP14 T U23 TPa3
+ cot — cot — cot .
Lg Lg Lg Lg Lg Lg

This may also be seen to match with the large central charge results in 7.5.1.

(161)
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8 Summary and conclusions

To summarize, we have established a holographic construction to obtain the entangle-
ment negativity for bipartite states in GCFT41s dual to bulk (2 + 1)-dimensional asymp-
totically flat Einstein gravity and topologically massive gravity (TMG). For the former
the bulk asymptotic symmetry analysis leads to dual GCFTi s with central charges
cr, = 0,cpr # 0. In this context, we have obtained the holographic entanglement negativity
for various bipartite pure and mixed states in a GCFT1; utilizing our construction. These
include the pure state of a single interval dual to a bulk (2 4 1)-dimensional Minkowski
spacetime and that in a finite-sized system dual to a bulk global Minkowski orbifold. The
corresponding mixed state of a single interval at a finite temperature is dual to a bulk non
rotating flat space cosmology described by a null orbifold. Subsequently, the holographic
entanglement negativity for the mixed state configuration of two adjacent intervals in a
GCFT141 was computed utilizing our construction. Our results for these bipartite states
exactly reproduce the corresponding replica technique results in the large central charge
limit.

Following the above computations, we used the geometric monodromy method [67] in
the BMS; field theory to find the large central charge behaviour of the entanglement nega-
tivity for the mixed state configuration of two disjoint intervals in the GCFT1,. Utilizing
the M and £ monodromy for each of the two distinct components of the energy-momentum
tensor leads to second and third-order differential equations for the four-point twist corre-
lator. Solving these equations, it was possible to obtain the dominant conformal block for
the four-point twist correlator in the t-channel describing the intervals in proximity with
each other. This leads us to the entanglement negativity for the mixed state configuration
under consideration for zero and finite temperature and also finite-sized system described
by a GCFTy4; at its large central charge limit. Subsequently we advance a construction to
compute the holographic entanglement negativity for this mixed state configuration in zero
and finite temperature and also finite-sized system described by a GCFT;; dual to appro-
priate bulk gravitational configurations. Interestingly our results exactly match with the
corresponding replica technique results in the large central charge limit obtained through
the geometric monodromy analysis described above. This constitutes a strong consistency
check of our holographic construction for the mixed state configuration in question and may
also be extended to the other configurations discussed here in a straightforward fashion.
Furthermore we demonstrate that in the limit of the two disjoint intervals being adja-
cent we retrieve the corresponding holographic entanglement negativity for two adjacent
intervals which further demonstrates the consistency of our holographic construction.

Subsequently we have extended our construction to obtain the holographic entangle-
ment negativity for the bipartite states described earlier, in a GCFT;41 with non zero ¢y,
dual to a bulk flat space topologically massive gravity. This describes massive particles
with spin propagating in the bulk and also renders both the scaling dimensions for the
twist fields to be non zero. Our results for the adjacent and the single intervals match ex-
actly with the corresponding replica technique results in the dual GCFT1,1 with both the
central charges being non zero. For the mixed state configuration of two disjoint intervals
we have extended the monodromy analysis discussed above to the case with a non-zero cy,
and subsequently proposed a holographic construction to compute the entanglement neg-
ativity for such configurations. Interestingly the results for the holographic entanglement
negativity obtained through our construction is identical to the Inonii-Wigner limit for
the corresponding replica techniques results for a relativistic CF'T11; which constitutes a
consistency check.

It is well known that flat space chiral gravity is a limit of the flat space topologically
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massive gravity for which the Newton constant G is taken to be infinity and such that the
product of G with the coupling constant p of the topological term in the action is held
fixed. The corresponding dual GCFT141 in this case has the other central charge ¢ # 0
and the GCA is identical to the chiral part of a (relativistic) Virasoro algebra. In appendix
A utilizing our proposal, we have computed the holographic entanglement negativity for
the bipartite pure and mixed state configurations described by single, adjacent, and dis-
joint intervals in the dual GCFT;4; mentioned above and the results are similar to those
obtained earlier for a generic TMG.

In appendix appendix B we have provided various details of the monodromy analysis
performed in subsection 6.1.1. The leading order geometric monodromy method utilized
to compute the four-point twist correlator associated with the entanglement negativity
for two disjoint intervals relies on the exchanged operator being light in the large central
charge limit. For generic conformal dimensions of the exchanged operator, the monodromy
analysis requires further investigation as the truncation of various quantities up to linear
order in the exchanged dimension remains questionable. We have extended the analysis
to higher orders in the parameter ¢, and obtained the next to leading order monodromy
condition for the three point function. Interestingly, a similar analysis of the four-point
twist correlator exactly reproduces the conformal block obtained through the linear anal-
ysis. Consequently, we anticipate that the approximate linear solution has the same mon-
odromy properties as the full solution. An In6nii-Wigner contraction of the corresponding
relativistic twist correlator in appendix C also hints towards the same. We emphasize that
the exact large central charge behavior of the conformal block for the four-point function
in question requires a more careful, perhaps non-perturbative, analysis which we leave as
a future work.

We would like to emphasize here that our construction described in this work addresses
the significant issue of the characterization of mixed state entanglement for a class of dual
GCFTy41 in flat space holography. Furthermore it has been shown in the literature that
the GCFT141 dual to a bulk flat space chiral gravity is related to a conformal quantum
mechanics (CFT;). This is an extremely interesting open avenue to explore in the future
as described by the progress in the corresponding AdS,/CFT; correspondence. We hope
to return to these exciting issues in the near future.
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A Holographic entanglement negativity in flat chiral gravity
In this appendix, we will discuss a special case of flat-space TMG, namely the conformal
Chern-Simons gravity (also called flat space chiral gravity) [74]. The dual boundary theory

is described by GCA4 with central charges c;, = 24k, cj; = 0, where k is the Chern-Simons
level. The action for conformal Chern-Simons gravity is given by

k 2
Sosa = 1 / P V=g leaﬁvrgw (9577, + 3r<fﬁnr@p)] , (162)

with G — oo, keeping uG = g fixed (cf. eq. (119)).
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Note that in this case the two-point correlator in (123) only gets a contribution from
the Chern-Simon term. In this context, we are looking at a massless spinning particle in
the bulk. All the previous analysis in flat-space TMG will now follow with c;; = 0 and
holographic entanglement negativity formula for a single interval A becomes

. 3k
E= lim bl (2X4 + X, + A, — XauB, — XauB,) » (163)
B—Ac 2
where we have defined 1
X ==Ayp. (164)
7

Therefore, using eqgs. (128) and (163), the holographic entanglement negativity for a single
interval in the ground state of a chiral GCFT1, is obtained as

3 t
E="2x1=Llog (f) : (165)

Similarly, we may compute the holographic entanglement negativity for a single interval
A = [(z1,t1), (x2,t2)] at a finite temperature or for finite-sized systems using eq. (131)
and eq. (132). The results match exactly with those in the flat-space TMG case as well as
the field theory results in [55] with ¢j; = 0 which strongly substantiates our holographic
proposals.

Next, we modify our holographic entanglement negativity proposal for two adjacent
intervals A1 = [(x1,t1), (x2,t2)] and A = [(z2,t2), (x3,t3)] at the boundary of a manifold
accommodating flat chiral gravity:

3k
2
Using eq. (128) for the spinning contribution in pure Minkowski spacetime, eq. (166)
yields the following expression for the holograpic entanglement negativity for two disjoint
intervals in the chiral GCFT4; vacuum:

£ (XAl + X4, — XA1UA2) . (166)

3k
Ecs = ? (AT}Al + Anz‘b - A77AlUAz)

_ C—Llog [ t12t23 }
8 €(tia+tas) |’

which matches exactly with the cpy = 0 version of the dual field theory result in [55].
Similarly, we can obtain the holographic entanglement negativity for adjacent intervals at
a finite temperature and for finite-sized systems in the present scenario using eq. (131)
and eq. (132).

Finally, for two disjoint intervals A = [(x1,t1), (z2,t2)] and B = [(z3,t3), (z4,t4)] in
proximity in the chiral GCFT1; with cpr = 0, we write

_ 3k
2

with X given in eq. (164). Using eq. (128) and eq. (168), we obtain the holographic
entanglement negativity in the ground state to be

Cr, t13t24]
E=—"1lo . 169
8 & [t14t23 (169)

(167)

& (X13 + Xog — Xjg — Xaz) (168)

Similarly, we can obtain negativity for two disjoint intervals at a finite temperature and
for finite-sized systems using eq. (131) and eq. (132). Once again the results match with
the flat-space TMG results with ¢pr = 0 as well as the corresponding Inonii-Wigner limits
of the relativistic field theory results [29].
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B Next to leading order monodromy

In this appendix, we will perform the geometric monodromy analysis in the next to leading
order in the re-scaled conformal dimension ¢, = %XQ of the exchange operator. In
particular we will focus only on the monodromy problem associated with the expectation
value of the component M of the energy-momentum tensor in the following. To this end
we begin with the differential equation eq. (86) and expand its solutions up to second order
in ¢, as follows

hi=h e +2n® M =MO LMD (170)

To proceed, we recall that the solutions to the first order differential equation in eq. (89)
was solved utilizing the method of variation of parameters as

WD () = fir(h O (w) + fia@h (), (171)

where the functions f; j(u) may be obtained through the Wronskian of the differential
equation as described in [67]. Subsequently, encircling a path enclosing the light operator
at t = T the solutions of eq. (86) transform as

PO () > <fﬁ2>ﬂ°>
B (ff 0) 10w+ ). (172

Specializing to the three point function'® (®,, (w1,t1) @, (z4,t4) Va(X,T)), we note that
the expectation value of the energy-momentum tensor is given by

EM(U(T- t) = T

cat 3 = mfa . (173)

From egs. (172) and (173) we obtain the monodromy matrix up to first order as

1 20T'me
M) = ( r ) , (174)

which leads to the monodromy condition in eq. (91).
In the next to leading order, the differential equation reads

W2 (1) =~ MO RO(). (175)
M

Once again, we solve eq. (175) by variation of parameters as

R () =T () () + Ty () (u)

(0) (0) (176)
=(Jix fir +Jdi2 far)hy (w) + (Jix fio + Ji2 fa2)hy (u)
where W W
i,1 1,2
Jiq(u) = W 1o(u) = T (177)

5Note that the same three-point function appears in the partial wave expansion in eq. (78) and hence
provides us with the necessary monodromy condition.
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and the Wronskians are given as

0 =6pMpM
CM K3

hél) h;(l)

h(l) h’(l)

1 1
hél) h’2(1)

1
0 =SpWpM

CMm

5 W(U) = 5 Wi72(u) =

Upon going around the light operator at ¢ = T in a circle the solutions to eq. (175)
transform as

02 > (A + (§712) a1 + [ o)+ f 552 ) faatw)] 1w,

0~ [(f252) At + a0 + [ (f 552) fratw + a0 1w,
(178)

Computing the contour integrals and substituting, we may read off the monodromy matrix
in the next to leading order as

4722 0
M® = ( o > 179
0 —4m2e? (179)
and the monodromy condition becomes
I —1I
! 5 2 = _167%€ (180)

where I} = tr M and I, = tr M? are invariant under global Galilean conformal transfor-
mations.

Next we solve the differential equation eq. (175) for the four-point function eq. (78)
utilizing the method outlined above. Note that for the four-point function the expectation
value of the energy-momentum tensor is given in eq. (83). After solving eq. (175) we
compute the monodromy of the solutions by going around the light operators at t =1,T
as described in [67] and retraced above. This leads to the following monodromy matrix

472(T —1)*Tc3 0
(2) — 2
M < 0 —4n*(T - 1)*T¢3 ) (181)

Utilizing the monodromy condition eq. (180) in the next to leading order, we may obtain
the auxiliary parameter co as

1
co :eam.

Hence the conformal block for the four-point function in eq. (78) may be obtained as:

Fo = exp [Cé\;[/ C dX}

conle )

Remarkably, this is exactly the same conformal block eq. (93) obtained in subsection 6.1.1
confining ourselves to first order in the parameter €,. The above analysis may be extended
to higher orders in ¢, in a similar manner.

The analysis in this appendix hints towards the fact that the monodromy method
works at each order in the expansion parameter. We may interpret this as follows: the
approximate solution to the differential equation eq. (86) worked out in subsection 6.1.1 is
able to pick up the same monodromy while circling around the light operators, as would
the complete solution.

(182)

(183)
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C Inénii-Wigner contraction

In this appendix we will further analyze the large central charge behavior of the four-
point twist correlator in eq. (73) relevant to the entanglement negativity for two disjoint
intervals in proximity in a GCFTy41. In particular, we will show that the proximity limit
of the dominant conformal block in eq. (151) may be obtained by performing the Inénii-
Wigner contractions [40-42] of the corresponding relativistic result obtained in the context
of AdS3/CFT; in [23]. Note that the parametric contractions given in eq. (158) may
alternatively be written in terms of the coordinates describing the relativistic CFT1y1 as

z—=t+ex, Z—>t—ex. (184)
The central charges of the GC' Ay are related to those of the parent relativistic theory as
co=c+¢ , cy=¢€lc—2). (185)

Next, we recall that the four-point twist correlator associated with the mixed state con-
figuration of two disjoint intervals in proximity in a relativistic CFT14 is given by the
following expression in the large central charge limit [23,25,29]:

lim (7o (21) T (22) T (23) T (2)) = (1 = )~/ (186)

e

where z = 23,721 is the C'FT141 cross ratio. If we allow for unequal central charges for the
left and right moving sectors the above expression has the natural generalization

lim (T, (21) T, (22)To (23) T (22)) = (1 = 2)~/3(1 — )~/ (187)

Ne

Utilizing eq. (184), we now write the CF'T} 1 cross ratios in terms of those in the GCFT1 41

as
X X
x—)T(1+eT> , :U—)T(l—eT>. (188)

Now performing the Inonii-Wigner contraction of the cross ratios as given in eq. (188), we
obtain for the corresponding correlator in the GCFT141 as

X —c/8
lim (@, (21, 41) Pn, (22, 12) Pn, (23, 13) Py, (24, 14)) — [1 -7 <1 + €> }

ne—1 T
—c/8
x [1—T(1—6X)} o
T
(189)
where the cross-ratios X and X/T are defined as
t12t X
Uty X @ ew o ow (190)
t13t24 T tiz  tsa izt

Expanding upto linear order in € and using eq. (185), the above expression reduces to

1o\t ey X
lm (P, (z1,t1) Py, (x2,t2) Py, (x3,t3) Pp. (x4,14)) = <> exp (—) .
ne—1 1-T

Remarkably, this expression matches exactly with that obtained through the geometric

monodromy method in eq. (152). This provides further support towards the validity of the
monodromy analysis up to leading order in the exchanged dimension.
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