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Abstract

We establish a construction for the entanglement wedge in asymptotically flat
bulk geometries for subsystems in dual (1 + 1)-dimensional Galilean conformal
field theories in the context of flat space holography. In this connection we
propose a definition for the bulk entanglement wedge cross section for bipar-
tite states of such dual non relativistic conformal field theories. Utilizing our
construction for the entanglement wedge cross section we compute the entan-
glement negativity for such bipartite states through the generalization of an
earlier proposal, in the context of the usual AdS/CFT scenario, to flat space
holography. The entanglement negativity obtained from our construction ex-
actly reproduces earlier holographic results and match with the corresponding
field theory replica technique results in the large central charge limit.
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1 Introduction

Quantum entanglement in extended many body systems has emerged as an exciting issue
attracting intense research attention in the recent past across a diverse variety of disci-
plines. We know from quantum information theory that the entanglement of bipartite pure
states is characterized by the entanglement entropy given by the von Neumann entropy
of the reduced density matrix. However the description of mixed state entanglement
is an involved issue as the entanglement entropy receives contributions from irrelevant
correlations and is not a suitable entanglement measure for such mixed states. Several
alternate measures to describe mixed state entanglement has been proposed in quantum
information theory but are usually difficult to compute as they involve optimization over
LOCC protocols. In this context Vidal and Warner in their seminal work [1] proposed a
novel computable measure for mixed state entanglement termed entanglement negativity
which provided an upper bound on the distillable entanglement for a bipartite mixed state.
Entanglement negativity was defined as the logarithm of the trace norm of the reduced
density matrix, partially transposed with respect to one of the subsystems. Remarkably,
in a series of communications [2—-4], the authors computed the entanglement negativity for
various bipartite states in (1 + 1)-dimensional conformal field theories (CFT141) through
a replica technique similar to an earlier technique for the entanglement entropy described
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in [5,6].

In the framework of the AdS/CFT correspondence, Ryu and Takayanagi [7,8] (RT)
proposed a holographic conjecture to compute the universal part of the entanglement
entropy of a subsystem in CFTys dual to bulk static AdS;11 geometries which was pro-
portional to the area of a bulk codimension-2 minimal surface (RT surface) homologous to
the subsystem. A generalization of this RT conjecture for C'F'Tys dual to non-static bulk
AdSg.1 geometries was proposed by Hubeny, Rangamani and Takayanagi (HRT) in [9].
Both the RT and HRT conjectures were subsequently proved in a series of significant works
described in [10-16]. Following an earlier attempt described in [17], holographic proposals
for the entanglement negativity of various bipartite states in dual C F'Tys were proposed in
a series of interesting works [18-29] where the authors utilized algebraic sums of the areas
of the (H)RT surfaces homologous to certain combinations of subsystems relevant to the
mixed states in question. A substantiation for the holographic prescription in the context
of the AdS3/CFT; scenario described in [18] was provided in [30] through a large central
charge analysis of the entanglement negativity for dual C'F'T111s using the monodromy
technique developed in [13,31,32] which may be also suitably extended to other subsys-
tem configurations. For the corresponding higher dimensional AdS;y1/CFT, scenario a
proof restricted to spherical entangling surfaces may be inferred from the arguments re-
cently described in [33] based on certain novel replica symmetry breaking saddles for the
bulk gravitational path integral [34]. However the corresponding arguments for general
subsystem geometries is still a non trivial open issue.

It should be noted here that the authors in [35] have advanced an alternative ap-
proach to compute the holographic entanglement negativity for bipartite states in the
AdSg11/CFT, scenario, involving the backreacted bulk entanglement wedge cross section
(EWCS). Subsequently in another recent communication [36] a proof for this proposal
based on the reflected entropy [37] was advanced. Interestingly these two distinct pro-
posals for the holographic entanglement negativity were equivalent upto certain overall
multiplicative factors arising from the backreaction as discussed in [38]. A covariant ver-
sion of the proposal based on the entanglement wedge described above, was established
recently in [39] where the authors obtained the holographic entanglement negativity for
bipartite states in C F'T141s dual to non-static bulk AdS3 geometries through the extremal
EWCS. Furthermore the entanglement wedge was proposed to be the bulk dual for the re-
duced density matrix of the corresponding CF'T subsystem [40—43]. In [44,45] the EWCS
was conjectured to be equal to the holographic entanglement of purification (EoP) which,
in contrast to the entanglement negativity, receives contributions from both quantum and
classical correlations [46]. The EWCS has also been proposed to be holographically re-
lated to other entanglement measures such as the odd entanglement entropy [47], the
balanced partial entanglement entropy [48] and the reflected entropy [37,49,50] for dual
CFTys. This naturally makes the EWCS an interesting bulk quantity for investigation in
holographic quantum entanglement.

On a separate note non-relativistic version of (141)-dimensional field theories with
Galilean conformal symmetry were obtained in [51-54] through the Inénii-Wigner con-
traction of the relativistic conformal algebra for C'F'T11s. This involved different scalings
of the space and the time coordinates to arrive at the corresponding non relativistic limit.
A suitable replica technique was developed to compute the entanglement entropy of bipar-
tite states in such Galilean conformal field theories (GCFTi41) in [54,55]. Subsequently
another replica technique was established in [56] to compute the entanglement negativity
for bipartite states in such GCFTj41s. In the framework of flat space holography [57,58],
it was proposed that the above mentioned GCF'T s are dual to gravitational theories in
(241)-dimensional bulk asymptotically flat spacetime [59]. The Galilean conformal algebra
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in (1+1)-dimensions (GC' A141) was isomorphic to the infinite-dimensional Bondi-Metzner-
Sachs (BM S3) algebra which described the asymptotic symmetry of (2 + 1)-dimensional
bulk flat geometries. The holographic entanglement entropy for a single interval in the
BM S5 field theory located at the null infinity of the bulk asymptotically flat geometry
was computed in [60]. Remarkably, similar results were reproduced! in [61] using a flat
holographic version of the HRT construction first proposed in [60].

As described earlier the entanglement entropy was not a viable measure for mixed
entanglement. In this context, given the developments described above, a holographic
description of mixed state entanglement in such GCFTi41s dual to asymptotically flat
bulk geometries was a significant open issue. This interesting issue was investigated re-
cently in [62] where an elegant and clear holographic characterization for the entanglement
negativity of bipartite states in a class of GCFTiy1s dual to bulk asymptotically flat
(241)-dimensional Einstein gravity and topologically massive gravity (TMG) was estab-
lished. Their construction involved specific algebraic sums of the lengths of extremal curves
(HRT like surfaces termed swing surfaces [63,64]) homologous to certain combinations of
intervals appropriate to the bipartite state in question. Interestingly the holographic en-
tanglement negativity for such bipartite states in dual GC'FT}41s exactly reproduced the
corresponding replica technique results [56] in the large central charge limit. Their results
were further substantiated through a rigorous large central charge analysis utilizing the
geometric monodromy technique developed in [65]. Recently the above mentioned holo-
graphic proposals have been reformulated in the context of asymptotically flat generalized
minimal massive gravity in [66] where the authors have reproduced the corresponding field
theory results for the entanglement negativity [56]. This serves as yet another consistency
check for the above holographic proposals and also advances our understanding of the flat
space holography.

As mentioned earlier in the usual AdS/CFT framework the holographic entanglement
negativity for bipartite states in dual C'F'T11s could be characterized through the bulk
EWCS as described in [35,36]. Naturally the extension of this construction to flat holog-
raphy is a significant issue which needs to be investigated. In this article, we address this
outstanding issue and establish a novel construction for the bulk entanglement wedge and
provide a definition for the EWCS in bulk asymptotically flat (2+1)-dimensional Einstein
gravity and TMG dual to GCFTi1s. Subsequently we compute the holographic en-
tanglement negativity for various bipartite states in such GCFT141s through the EWCS
generalizing the construction of [35,36] to the framework of flat holography. Remarkably
the holographic entanglement negativity computed through our construction matches ex-
actly with the results described in [62] from the alternative proposal involving the algebraic
sum of the lengths of specific combinations of bulk extremal curves as well as with the field
theory replica technique results described in [56] in the large central charge limit. This
provides an extremely strong substantiation and consistency check for our construction of
the bulk EWCS and the consequent computation for the entanglement negativity in the
context of flat holography.

This article is organized as follows. In section 2 we present a brief review of holographic
entanglement in flat geometries and collect certain results required for our purpose. Sub-
sequently in section 3 we propose a generalization of the relation between the EWCS and
the holographic entanglement negativity [35,36], to flat space holography. In section 4 we
describe our construction for the bulk EWCS in flat Einstein gravity dual to a GCFT141
and compute the holographic entanglement negativity for various bipartite states. Further-
more in section 5 we extend our construction for the EWCS to bulk topologically massive

nterestingly, the consistency of such calculations may be checked against the Wilson line computations
in [55].



SciPost Physics

gravities (TMGs) and subsequently compute the holographic entanglement negativity for
various bipartite states in the corresponding dual GCFT11s. We then summarize our
results and present our discussions in section 6. Additionally in Appendix A, we demon-
strate that the bulk EWCS for the asymptotically flat spacetimes may also be obtained
through a limiting analysis of the corresponding AdSs/C FT5 results. Finally in Appendix
B we obtain the entanglement negativity for bipartite states in GCFT141s dual to the
special case of bulk flat space TMG known as flat chiral gravity.

2 Review of Holographic Entanglement in flat geometries

In this section we briefly review the (141)-dimensional Galilean conformal field theory
(GCFTi41). Subsequently, we review the computation of extremal curves homologous to
an interval at the asymptotic boundary in flat space holography. We finish this section
with a very short review of the entanglement negativity as an entanglement measure for
mixed state configurations.

2.1 Galilean Conformal Field Theory

In this subsection we will briefly review the silent features of the GCFTi4+1. In this
context, the Galilean conformal algebra (GC Az) in two dimensions may be obtained from
the relativistic conformal algebra through Inénii-Wigner contraction, this requires the
rescaling of the space and the time coordinates as

t—1t, T — €x, (1)

with € — 0. This is equivalent to the small velocity limit v ~ €. In the plane representation,
the generators of the GC A3 are given as [55]

L, =t""0 4+ (n 4+ )t"zd, , M, =t""19,. (2)
These generators lead to the following Lie algebra with a central extension
(L Lin] = (m = 1) Lt + 75 (0 = 1)3sm0
(L M) = (m = 1) Mg + S5 (0° = 1)dm0 (3)
[Mm Mm] =0,

where ¢y, and c¢js are the central charges for the GC As. In this work, we will also use the
cylinder representation of the algebra given by the generators [51]

Ly = €™ (9y +inud,) , M, =", (4)
The plane and cylinder representations are related by the following transformation [67]
r=e% | t=iue?. (5)

The highest weight representation of the GC As are labelled by the eigenvalues A and y
of the maximally commuting generators (Lo, Mp) [53] as

For the primary fields V' (z,t), the four point function in the GCFTj41 may be expressed
as [52]
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where (A, x;) are the conformal weights of the primary fields V;(x;, t;) with (i = 1,2, 3,4)
and Ggoa is the non-universal function of cross-ratio which depends on the full operator
content of the specific field theory. In eq. (7), T and % are the non-relativistic cross-ratios
that are given as

t1ot X =z T T x
7 tets 7 12 34 13 2 (8)
t13t24 T ti2  taa  tiz  tu

In the large central charge limit, G has the following expression [52,61]
X —2A X
Gaoa <T, ) Ay (1-T)% (1 + \/T) T PVTOIT) | (9)
r P

where the sum is over the Galilean conformal blocks corresponding to the complete set
of intermediate states. As described in [67], the GCFTi4; primaries transform from the
plane to the cylinder representation as

V'(pu) = A elOB ehux Y/ (x,t) , (10)

where A is a phase factor. Using eq. (10), one can deduce the correlation functions on the
cylinder. In the cylinder representation, the cross-ratios eq. (8) becomes

¢ ¢ ’ -
sin 53 sin =3 T 2

(11)

_sin ¢12 sin ¢34 X 1 u12 u34 u13 U4
¢12 ¢34 ¢>13 ¢>24

tan tan tan tan

We will use egs. (8) and (11) for the cross-ratios in respective representations to compute

the holographic entanglement negativity for various subsystem configurations in the dual
GCFT1+1S.

2.2 Extremal curves in flat geometries

We now give a brief review of the construction for the extremal curves homologous to
an interval in a holographic GCFT}1 in the context of asymptotically flat gravity. To
this end we consider an interval A in a (1 + 1)-dimensional GCFT dual to the (2 + 1)-
dimensional flat Einstein gravity for which the line element in the Eddington-Finkelstein
coordinates reads

ds* = —du® — 2dudr + r* d¢?, (12)

with the retarded time v =t —r. The dual GCFT14; is at the future null infinity r — oo
with v and ¢ fixed. The asymptotic symmetry analysis at null infinity of flat Einstein
gravity gives the Galilean conformal algebra with only one non-zero central charge given
as [54,68, 69]

Cr, = O, CpM = (13)

Gn'
The boosted interval A = [(u1, ¢1), (u2, ¢2)] is at the future infinity with endpoints denoted
by 9;A (i = 1,2). Since this interval is not at a constant time slice, we use a flat space
generalization of the HRT construction [9] which describes a bulk codimension-2 extremal
surface homologous to the boundary subsystem for non static bulk geometries [60,61].
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Figure 1: Extremal curve homologous to an interval in a GCFTi4+1 dual to Finstein gravity in asymptoti-
cally flat spacetime. Figure modified from [61].

The codimension-2 extremal surface in the (241)-dimensional asymptotically flat ge-
ometry becomes an extremal curve. The bulk extremal curve in this context of flat space
holography is segmented and consists of two null geodesics labelled as ; descending from
the endpoints 0;A of the interval A. However these null geodesics do not intersect in
general, as shown in figure 1. A third bulk geodesic is required to connect them which
is uniquely specified by requiring the distance between the two null geodesics ;s to be
extremal. Note that the extremal curve between any two points here is a straight line as
described in [61]. Let’s say that the third bulk extremal geodesic connects the two points
yi € v;- Then the total length of the extremal curve homologous to the interval A at the
null infinity is just given by the length of the extremal curve L™%(y;,y2) which can be
evaluated to be [61]

U1

Lgt))(tt;l = LeXtr(yb?ﬂ) = tan 212 |’
2

(14)

where u;; = u; — u; and ¢;; = ¢; — ¢j. Note that the holographic entanglement entropy
may be computed using this extremal length as [60,61]

1
Lextr ( 1 5)

SA - @ total*

Interestingly a bulk proof of the above geometric picture for the holographic entangle-
ment entropy involving gravitational path integrals was forwarded in [70], following the
Lewkowycz-Maldacena prescription [14] in the context of flat space holography. However
we will only be interested in the length of the extremal curve homologous to an interval
at the null infinity of the bulk flat gravitational theory in the following and omit the
subsequent discussion of entanglement entropy.

We can similarly compute the length of the extremal curve homologous to a boosted
interval in a finite temperature GCF'I11 dual to the bulk non-rotating flat space cos-
mologies (FSC) in (2+1)-dimensions whose metric is given by [54,55,67]

ds® = M du® — 2 dudr + r?d¢?, (16)
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where M is the ADM mass of the spacetime and is related to the temperature in the dual
GCFTi41 at null infinity as
21\ 2
M=—| . 17
(%) "

The length of the extremal curve homologous to an interval A in the thermal GCFTi41
may then be computed to be [61]

2
Lo — ”;“2 coth (Wq;”) . (18)

Finite sized version of this computation, as performed in [62], involves a GCFT;41
compactified on a spatial circle of circumference Ly. The bulk dual geometry is the global
Minkowski orbifold, which is a quotient of the usual Minkowski spacetime with a compact
spatial circle (u, ) ~ (u, ¢ + Lg), with the metric [60,61]

o\ 2
ds? = — (;) du® — 2du dr + r2de?, (19)
]

where again the size of the subsystem Ly is related to the ADM mass of the spacetime M

) M=-— (Z)Q (20)

The length of the extremal curve homologous to an interval A in the dual GCFTi11 may
then be obtained following a similar procedure as the previous cases to be [62]

r  2TU12 T12
Lfottalz L, cot< L, . (21)

This establishes the construction of the HRT-like extremal curves [61,62] homologous
to an interval in GCFTy41s dual to (2 + 1)-dimensional asymptotically flat bulk theories
described by Einstein gravity. We will use some of the results mentioned above in our
computation of the EWCS in section 4.

2.3 Entanglement Negativity

As mentioned earlier, in quantum information theory the entanglement entropy is not a
valid measure for the entanglement of mixed state configurations. However the authors
in [1] proposed a computable measure for mixed state entanglement known as entanglement
negativity. This entanglement measure is defined as the trace norm of the partial transpose
of the density matrix with respect to one of the subsystems. In this context, we start
with a tripartite system in a pure state which involves the subsystems A;, As and B.
Subsequently we trace over the subsystem B to find the reduced density matrix of the
mixed state configuration (A = A; U Ag) described as pg = Trpp, where p is the density
matrix of tripartite state A U B. Therefore the entanglement negativity of the bipartite
mixed state is defined as

€ =InTr||pf2], (22)

where the trace norm Tr || p£2|\ is defined as the sum of absolute eigenvalues of p%. The
partial transpose of the reduced density matrix p4 is described as

<e§1)e§2)‘p£2 61(41)61(2)> _ <€§1)61(2)‘p’4’€l(cl)6§'2)>’ (23)
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where the basis vectors ’e§1)> and ‘e§2)> are the elements of the Hilbert spaces H; and

Hs corresponding to the subsystems Aq, As.

Recently the authors of [56] constructed an appropriate replica technique to compute
the entanglement negativity in GCFT41, following the corresponding works [2—4] in the
relativistic scenario. Their analysis essentially involves a replica manifold 3, consisting
of ne copies (n. even) of the GCFT41 plane sewed together along branch cuts present on
the subsystems under consideration, in a particular orientation [3,56]. On X, the replica
partition function Tr(p%)”e is given by a four point function of twist fields ®,,_ inserted
at the endpoints of the intervals A; = [(x1,11), (x2,t2)] and Ay = [(x3,t3), (24, t4)]:

TY(PZQ)% = (O, (21, t1)Pn, (22, t2)P_p, (23, t3) Py, (24, t4)) - (24)

Finally, the entanglement negativity between the two intervals A; and Ay was computed
through the replica limit
€= lim In Tr(pzz)"e. (25)
Nne—>1

Subsequently in [62] the authors proposed several holographic constructions for the
entanglement negativity in the asymptotically flat spacetime for different bipartite pure
and mixed states. In particular their proposals involve specific linear combinations of the
lengths of the extremal curves homologous to various subsystems under consideration.
This is reminiscent of the earlier work on holographic entanglement negativity in the
relativistic setup [19-21]. In this work, we propose an alternative construction to compute
the holographic entanglement negativity through an entanglement wedge cross-section in
the asymptotically flat spacetimes based on similar reasoning in the relativistic scenario
[35, 36].

3 Connection between the EWCS and the entanglement
negativity in flat geometry

In the proceeding subsection we briefly review the evaluation of the bulk entanglement
wedge cross section [37,44,45,47,49,50,71,72] for the AdSyy1/CFT, scenarios which has
been proposed to be dual to the entanglement of purification (EoP) [44,45]. The au-
thors in [35, 36] proposed that the holographic entanglement negativity for subsystems
in CFTys dual to bulk static AdSyy1 geometries could be obtained through the EWCS.
Subsequently, we propose an extension of this connection between the holographic entan-
glement negativity and the EWCS in the context of flat space holography.

3.1 Entanglement Wedge Cross Section in AdSy.;/CFT,; framework

We begin with a short review of the entanglement wedge and the entanglement wedge
cross section in the framework of AdS;y1/CFTy. To this end we consider the bipartite
mixed state of two disjoint subsystems A and B at a constant time slice in a CFT,; dual to
the bulk static AdSyy1 geometry. Let the RT surface for the subsystem AU B be labelled
as I'4ap. Then the entanglement wedge M 4p for the subsystem AU B on this constant time
slice is defined to be the codimension-1 spatial bulk region bounded by AU BUT 45. The
field theory dual of the entanglement wedge was shown to be the corresponding reduced
density matrix pap [40-42]. Now the minimal entanglement wedge cross section (EWCS)
is described by the area of the bulk codimension-2 minimal surface Zf}g which bisects the

entanglement wedge M4p in two parts A U FE“AJ; and BU FEES) containing the subsystems
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A and B respectively as shown in figure 2. The entanglement wedge cross section Ey for
the subsystem A U B is then defined as follows

Area (zAB)] |

G (26)

Ew(pap) = min [

rierss

where G is the Newton’s constant. The EWCS have been conjectured to be the bulk
dual to the entanglement of purification (EoP) as it satisfies identical properties [44,45].

[ a

A B

Figure 2: Left: The green shaded region represents the entanglement wedge for the subsystem AU B. The
dotted line gives the EWCS. Right: If the subsystems A and B are sufficiently far away, their entanglement
wedge remains disconnected and the EWCS vanishes. (Adapted from [39])

It should be noted here that in [35,36], it was proposed that one could obtain the
holographic entanglement negativity for subsystems in C F'Tys dual to bulk static AdSg11
geometries, from the area of the backreacted minimal EWCS. For a special class of subsys-
tems having a spherical entangling surface in the C F'Tys for which the effect of backreaction
is known, the holographic entanglement negativity is given in terms of the backreacted
EWCS as follows [35, 36]

& =X, Ew, (27)

where Xj; is a dimension dependent constant which accounts for the backreaction of the
bulk cosmic brane for the conical defect in the replica limit (n — 1). The expression for
Xy for a pure vacuum state in a C'FT, was determined to be [17,73]

1 ., 2 d &

The AdSs/CFT, framework is a special case where the entangling surfaces of all sub-
systems in the dual field theory have spherical geometries. Therefore the holographic
entanglement negativity for such subsystems in AdSs/CFTs scenario is given by

£ = XoEw, (29)

with Xy = 3/2, as obtained from eq. (28).

3.2 EWCS and entanglement negativity in flat space holography

In our work, however, we are dealing with cases where taking the subsystems at a constant
time slice does not give the correct entanglement structure. So we use a non static version
of the EWCS given by the area of the bulk codimension-2 extremal surface X555 [44]. To
this end, we now explore the connection between the extremal EWCS and the holographic
entanglement negativity for the GCFTj1 scenarios dual to the bulk (241)-dimensional
asymptotically flat gravity theories. In this context, in Appendix A, we consider a generic
bipartite mixed state of two disjoint intervals in C F'T’41s dual to the bulk AdSs geometries
and perform a parametric Inénii-Wigner contraction of the EWCS computed for this
configuration in [35,44]. Through this parametric contraction we obtain an expression
for the EWCS for the non relativistic scenario of bulk asymptotically flat spacetimes.

10
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We find that the EWCS for flat gravity scenarios is proportional to the conformal block
in t-channel where the dominant contribution comes from the composite twist operator
@?LE. In [62], the monodromy analysis for the holographic entanglement negativity for
the same configuration discussed above in the context of the bulk asymptotically flat
gravity was performed. They found that the associated 4-point function corresponds
to the same conformal block we encountered in our computation of EWCS. Comparing
the two results one could establish a relation between the EWCS and the holographic
entanglement negativity in the context of flat space holography as follows

€= %EW. (30)

It should be noted here that in the context of AdSs/CFTs, the holographic entanglement
negativity for a mixed state of two disjoint intervals exhibits a phase transition [30, 32]
while going from the s-channel where its value is trivially zero to the t-channel where
the dominant contribution to the conformal block comes from the aforementioned non-
trivial twist operator @%E. We anticipate a similar phase structure for the flat holographic
scenarios as well. We expect that this transition from a zero to a non-zero value of
entanglement negativity corresponds in the bulk to the transition from a disconnected
entanglement wedge for which the EWCS is zero to a connected entanglement wedge
where we get a non-trivial EWCS 2.

We now provide further reasoning in support of our proposal in eq. (30). We use the
fact that the HRT prescription used to compute the extremal EWCS where we extremize
the area of the corresponding bulk codimension-2 surface is equivalent to the maximin
construction [41] where we choose the maximum among multiple minimal area surfaces on
the achronal Cauchy slice homologous to the subsystem in question in the dual CFTy [44].
This equivalence between the HRT construction and the maximin construction for non
static AdS4y1/CFTy scenarios was demonstrated in [41].

Now it should be noted here that the holographic construction used in [60, 61] to
obtain the holographic entanglement entropy?® for subsystems in asymptotically flat ge-
ometries mimics the HRT construction for non-static bulk AdS geometries. And since a
HRT-maximin equivalence exists in the non-static AdS;1/CFTy scenarios, we anticipate
that a similar equivalent maximin construction should also exist for asymptotically flat
geometries. So a maximin version of the covariant holographic entanglement negativity
introduced in [27-29] (where the HRT construction has been used) is expected to exist for
flat geometries as well. The covariant holographic entanglement negativity in AdSs/CFT,
scenario has been found to be related to the extremal EWCS through a generic factor of
3/2 [39]. On the basis of above mentioned equivalences for the AdSgy1/CFTy scenarios,
the same relation between the maximin EWCS and the covariant holographic entangle-
ment negativity obtained using the maximin construction should hold in AdSs/CFT
framework. Now, this should translate in the flat limit without any modification as the
factor of X; given in eq. (28) depends only on the bulk dimension and the geometry of
the entangling surface which are not affected while taking the flat limit. This serves as a
further confirmation of our proposal in eq. (30) for flat space holography.

2This matching between the phase structure of the entanglement negativity and the transition from a
disconnected to a connected entanglement wedge was observed for the AdS/CFT scenarios in [11,13,49].

3The holographic construction used in [62] to compute the entanglement negativity also mimics the
HRT construction.

11
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4 EWCS in flat Einstein gravity

Having established a connection between the EWCS and the holographic entanglement
negativity for asymptotically flat geometries in (1+1)-dimensions, we now proceed to
describe our novel construction for the entanglement wedge for the asymptotically flat
background geometry described by the Einstein gravity dual to a GC'F'T141. To this end,
we consider two intervals A and B with non-zero overlap in the dual GCF'T14;. According
to the flat-holographic version of the HRT formula in [61,62] the holographic entanglement
entropy for this configuration is given by the length of the extremal curves T5", TS and
i as shown in figure 3 and 4.

Figure 3: Two disjoint intervals A and B in a GCFTi+1 dual to Einstein gravity in asymptotically flat
spacetime, such that their entanglement wedge remains disconnected and correspondingly the EWCS is
identically zero.

We now follow the covariant prescription in [44] to define the entanglement wedge as
the codimension-1 region of the spacetime bounded by the union of the extremal curves
which give the dominant contribution to the covariant entanglement entropy. When the
size of the intervals A and B are very small such that the covariant entanglement entropy
is dominated by the combination of the HRT like curves I'S™ and T (figure 3), we get
a disconnected entanglement wedge as a codimension-1 surface bounded by the union of

curves
Map = AUBUTS" UTg™r. (31)

However when the intervals are big enough such that the covariant entanglement entropy

gets a dominant contribution from the HRT like curve I'SY (figure 4), then a connected

entanglement wedge is formed and is bounded by the curves
Map=AUBUTSY. (32)

As described in [44], for the case of a connected entanglement wedge we divide the extremal

curve I'SY into two parts as follows

xtr A B
ey =riuri). (33)

The extremal entanglement wedge cross section is then defined in terms of the length of

the extremal curve X% as

L(X
Ew(pap) = min extr [(m} ) (34)
ey L 40

12
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where the extremization is performed with respect to the division (33), and we have
minimized over the possibility of more than one extremal surface.

Figure 4: Schematics for the holographic construction of the EWCS for two disjoint intervals in a GCFT14+1

dual to Einstein gravity in asymptotically flat spacetime. The shaded region bounded by the red line segments

describing the extremal curves TS5 and the boundary intervals A and B, is the entanglement wedge dual

to paB.

We will now describe an explicit construction of the entanglement wedge cross section
in flat holography for two Galilean boosted disjoint intervals A = [(z1,t1), (z2,t2)] and
B = [(x3,t3), (x4,t4)] on the boundary. We consider the intervals to have a connected
entanglement wedge to get a non-trivial entanglement wedge cross-section. In figure 4,
the shaded region bounded by the intervals at the boundary and the extremal curves
homologous to the complementary subregions is the corresponding entanglement wedge
of the density matrix p4p. Before proceeding, we specify some properties of the extremal
curves homologous to A and B. The bulk points y;s lie on the null planes N;s descending
from the endpoints of the intervals A and B on the boundary. Further, the points y; and
Y4 lie on the intersection of the null planes N; and N4 and the corresponding extremal
curve connecting them is denoted by 714. Similarly the points yo and y3 lie on No N N3
and the extremal curve connecting them is denoted by ~23. Since all these curves have
been extremized, all the bulk geodesics are straight lines [61]. We now consider two
arbitrary bulk points 3, and y; on the extremal curves -4 and ~23 respectively. The
extremal entanglement wedge cross-section (EWCS) is then obtained by extremizing over
the position of these two arbitrary bulk points and is given as

Eyw = tr | ————1 . 35
W mleEG%}i r [ AGx (35)
Y, €723

We now proceed towards the computation of the EWCS for different cases of two
disjoint intervals in the GC F'T141 vacuum, for a GCFT141 describing a finite sized system
and for a GCFT14 at a finite temperature in subsection 4.1. Subsequently, in subsection
4.2 we propose a similar holographic construction for the case two adjacent intervals and

13
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compute the EWCS for all the above mentioned GCF'T141 configurations. Further in
subsection 4.3 we compute the EWCS for the pure state configuration of a single interval in
the GC'FT141 vacuum and for a GC'FT7 41 describing a finite sized system. For the mixed
state configuration of a single interval in a thermal GCFT14; we obtain the holographic
entanglement negativity by utilizing a flat holographic version of the prescription advanced
in [38].

4.1 EWCS for Two Disjoint Intervals in Proximity

We first consider the mixed state configuration described by two disjoint intervals in
proximity in the GCFTi4+1 dual to (24+1)-dimensional Einstein gravity in asymptotically
flat spacetime. In the following subsections we compute the EWCS for the configurations
involving a GC'FT141 in its ground state, a thermal GCFT141 and a GCFTy11 describing
a finite sized system on an infinite cylinder.

4.1.1 Two disjoint intervals in vacuum

In this subsection we compute the EWCS for the bipartite mixed state configuration of
two disjoint intervals in the GCFT14; vacuum dual to the bulk flat (2 + 1)-dimensional
Minkowski spacetime in Eddington-Finkelstein coordinates which is given as

ds* = —du® + dr® + r*d¢? (36)

where u =t — r is the (retarded) Eddington-Finkelstein time, 7 is the holographic coordi-
nate, and ¢ is the usual angular coordinate with ¢ ~ ¢ + 2.

To this end, we consider the setup of two disjoint intervals A = [(u1, $1), (u2, ¢2)]
and B = [(us, ¢3), (ug, ¢4)], in the cylindrical coordinates, which are related to the usual
planar coordinates at the boundary via eq. (5). The entanglement wedge of the mixed
state configuration A U B is the shaded bulk codimension—1 region in figure 4 and the
length of the extremal curve connecting the geodesics y14 and 793 gives the EWCS.

We now choose the bulk points y;, € 14 with coordinates (13, us, ¢p) and y; € y23 with
coordinates (ry,uy, ¢}). We do so by introducing the parameters

sk =1 sin(¢p — o) for k=1,4,

37
sk =1y, sin(d, — ¢k) for k=2,3, (37)

where s; and s4 correspond to the lengths on either sides of y;, along v14 and sy and s3
correspond to lengths on either sides of y; along y23. On utilizing the expression for the
length of the extremal curve between two points given in eq. (14), and the constraint that
the parameters must add up to the geodesic length, we get

14
S1 + S84 = U4y cot %,

(38)
B $23
So + 83 = usg2 cot o
Note that the bulk point y;, and y; lives on the intersection of the null planes N1 NNy and
N5 N Nj, respectively. This further gives us the following constraining equations
b — @i

up — u; + 21y sin’ <2> =0, i=1,4,

/_ .
up — u; + 2 sin® (W) =0, i=2.3.

14
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Using egs. (37), (38) and (39), we can compute the coordinates of y, in terms of the known
boundary coordinates (u;, ¢;) and the parameters s4 as [61]

U14 COS P4 + S4(sin ¢ — sin ¢y)

Ty = T COS ¢p =

1 — cosdis ’
. U14 Sin ¢4 + s4(cos ¢4 — cos ¢P1
Yp = TpSin Py = 1 ( ), (40)
— COS P14
U] — Ug COS P14 + S4 81N P14
ty =up+1rp = .
1 —cos o

And similar expressions for the coordinates of y; can be obtained in terms of (u;, ¢;)
and the parameter so. The extremal length between y;, and y; may then be obtained by
extremizing over the undetermined variables so and s4 to be

U23 SN Q41 + U24 SIN P13 + U12 SIN P43 + U4z SIN P12 + U31 SIN P42 + U14 SiN P32

8 sin ¢32 sin ¢14 \/sm 213 gin ¢12 sin ¢43 sin %

Lextr (yb7 yé) —

(41)
In our usual planar coordinates at the boundary in eq. (5), the above expression may
conveniently be put in terms of the GCFTj, cross ratios as?

Lextr y (42)

2 ‘ VI(1- '
where the cross ratios T and X/T are as defined in eq. (11). In the ¢-channel T — 1, the
two disjoint intervals are in proximity, and we get the EWCS as

1 X 1 (x13  To4 T4 23
B — e U A 43
w 4GN 1 -T 4G <t13 + toq t14 ta3 ) ( )

Finally, substituting this result into our proposal in eq. (30), we obtain the holographic
entanglement negativity for the two disjoint intervals in proximity as

cv [(T13 | T4 T14 T23
5:(+——>, 44
8 \t13 tog tia  to3 (44)

where we have used the fact that for bulk Einstein gravity, the central charges in the dual
field theory are as given in eq. (13). The expression for the holographic entanglement
negativity in eq. (44) matches exactly with the result obtained in [62] using large cps
analysis and through a particular linear combination of the lengths of bulk extremal curves.
This serves as a strong consistency check for our holographic construction for the EWCS.

4.1.2 Two disjoint intervals at a finite temperature

In this subsection we perform the computation of the extremal EWCS for two disjoint
intervals in a thermal GC FT141 defined on a compactified cylinder of circumference equal
to the inverse temperature 5. The dual asymptotically flat geometry is given by a non-
rotating Flat Space Cosmological (FSC) solution described by the metric given in eq. (16).
The temperature in the dual field theory at null infinity is related to the ADM mass of
the spacetime as in eq. (17).

4Compare this extremal length with eq. (9) to see the proportionality with the conformal block. Also
look at eq. (6.34) in [62] for comparison with the conformal block giving the dominant contribution in the
entanglement negativity computation.
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As before we consider two disjoint intervals A = [(uq, ¢1), (u2, ¢2)] and B[(us, ¢3), (ug, P4)].
In this case the analogue of eq. (37) is given by

S = \;;\7 sinh (\/M((bb - qbk)) for k=1,4,

/

S = \;bM sinh (\/M(qﬁg - (bk)) for k= 2,3,
which are constrained to add up to the lengths of the bulk extremal curves on which the
bulk points y; and y; lives. As before the two points y, and y; are chosen to be indigenous
to the intersection of the null planes N1 N N4 and No N N3, respectively which gives further
constraints similar to the ones given in eq. (39). On utilizing these constraints we may
now obtain the coordinates of the point y; in terms of the boundary coordinates (u;, ¢;)
and the auxiliary parameter s4 as follows

_ vV Muyy sinh(x/Mgm) + 84 (cosh(x/Md)l) — cosh(mm))

(45)

" cosh(\/M¢14) 1 ’

. VMui cosh(\/JW ¢4) + s (Sinh(\/MqSl) — sinh(m¢4)) "
cosh(\/M¢14) 1 ’

- ~VMuy + VMug cosh (VM) — sysinh (VMo )

cosh(ch)M) -1

Similarly the coordinates of y; may be expressed in terms of the boundary coordinates and
the auxiliary variable sp. The extremal length between gy, and y; may now be computed
by extremizing over the variables so and s4 to obtain

XTr A
L%stc(yb, yz’;) = B (47>

where A and B are given by

A :\/;\7 u23 sinh(\/ﬂml) + ug4 sinh(\/qum) + w12 sinh(x/ﬂmg) 1 ugs Sinh(m¢12)

+ us31 sinh(\/ﬂ@g) + u14 Sinh(\/ﬂﬁbi‘ﬁ) ',
(48a)

B = | sinh

2 2 2 2 2

(48b)
In the t-channel (T — 1), the EWCS for two disjoint intervals in proximity in a thermal
GCFT1+1 may then be obtained as

Ew = 74(5;\/5 [ulg coth (WCZB) + u94 coth (F(ZM) — u14 coth (F(Z;M) — ug3 coth (W?g)] ,
(49)

VMozs . NMory | . Mz . NMbra . VMoss . . Moy
sinh 5 sinh sinh sinh sinh .
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where we have used the relation between the ADM mass of the spacetime and the tempera-
ture of the dual field theory v M = %’T Utilizing the cross ratios for the finite temperature
GCFTi41 given by

sinh \/M2¢12 sinh \/M2¢34

T = , (50a)
sinh \/M2¢13 sinh \/qum

é_} vV Muia n VMugs  vVMuz vV Mugy (50D)

T 2 tanh \/Mzdhz tanh \/M2¢>34 tanh \/M2¢13 tanh \/M2¢24 ’

eq. (49) may again be expressed in terms of the cross ratios as
1 X

Ey=———"—. 51
T (51)

On substituting the EWCS into our proposal in eq. (30), we obtain the expression for
the entanglement negativity for disjoint intervals in a thermal GCFT1 as

E= cé\/gr [ulg coth (ﬂ??’) + 94 coth (TF§224> — U714 coth <7Tg214> — g3 coth <7Tq223>] .

where we have used eq. (13). This matches exactly with the results in [62] obtained
through an alternate holographic prescription involving a particular linear combination of
the lengths of the bulk extremal curves.

4.1.3 Two disjoint intervals in a finite sized system

Next we focus on a GOFT1,1 compactified on a spatial circle of circumference Lg. The
dual geometry is described by the global Minkowski orbifold, which may be obtained from
the pure Minkowski spacetime through quotienting with a spatial circle compactified as

(u, @) ~ (u, & + Lg). (53)

The metric for global Minkowski orbifolds is given in eq. (19). Comparing with eq. (16),
it is easy to see that the ADM mass of the dual spacetime is related to the size of the
boundary system as given in eq. (20). Therefore, all our previous analysis of subsection
4.1.2 will simply follow with VM = QLL(;, and will lead to the expression of EWCS as

follows

™ TP13 T P2y TP14 TPa3
Fw = t t| —— ) — t — t .
v 4GNL¢ |:U13CO ( L¢ >+U24CO < L¢ ) o ( L¢ > 23 €0 < L¢
(54)

Using our proposal in eq. (30), we can now get the entanglement negativity for disjoint
intervals in a finite sized system as

£ = 68]‘2[/2 |:’u,13 cot (Wzs;) + u94 cot (Wf?) — U14 COL <7725;4> — U923 COt (Wzb;g)] .
(55)
where we have made use of eq. (13). This matches exactly with the results obtained

in [62].
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4.2 EWCS for Two Adjacent Intervals

In this subsection we advance a holographic construction for computing the entanglement
wedge cross section for two adjacent subsystems in a GC'FT 1 dual to the Einstein gravity
in asymptotically flat spacetimes. To this end, we consider two adjacent intervals A and B,
at the null infinity of a (2 + 1)-dimensional asymptotically flat spacetime. In figure 5, the
shaded region is the connected entanglement wedge for this configuration. To compute the
EWCS we choose a bulk point y; on the extremal curve ;3 computing the entanglement
entropy of the composite system A U B, and extremize the length between the boundary
point A = 01 B and the bulk point y;. Note that in our construction the bulk point y;

N NNy L9 Nyn Ny
Ny B
N X3
Yb
5131 EW N3

NiNNg

Figure 5: Schematics of the holographic construction for computing the extremal EWCS for two adjacent
intervals in a GCFTi41 dual to Einstein gravity in asymptotically flat spacetime.

must lie on the intersection of the null planes N7 and N3 descending from the endpoints
of AU B. However, as described in [61], the distance from a bulk point from the boundary
on the future infinity is still infinite and we need a prescription to regulate the length. To
this end, we consider an arbitrary point y; on a null line v descending from the boundary
point db A as our regulator. The regulated distance between the boundary point 02 A and
Yy, may now be written as

L(924A,y,) = L(924, ) + L(ys, yp) = L(ys, up) - (56)

Note that the position of ¥, along the null line is arbitrary, so we must extremize the
length L(yp,y;) with respect to the positions of both the bulk points y, and y;. Therefore
we may express the correct EWCS for the configuration of two adjacent intervals as

L)

1Gn (57)

E;;lj = mip extr [
Yp €T3
YpEY2
We now proceed to compute the extremal EWCS for the three cases of a GCFT141 in its
ground state, a thermal GC'F'T11 and a GC'F'T1 1 describing a finite sized system on an
infinite cylinder as considered before in section 4.1.
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4.2.1 Two adjacent intervals in vacuum

In this subsection we proceed to compute the extremal EWCS for two adjacent intervals
A = [(u1, ¢1), (uz, p2)] and B = [(ug, ¢2), (u3, ¢3)] in the vacuum state of a GCFT141 dual
to Einstein gravity in Minkowski spacetime. As described above, we drop a null curve
from (ug, ¢2) till an arbitrary bulk point y;, with the bulk coordinate 7, as the unspecified
parameter. The coordinates of 1y, may be written in terms of the coordinates on the
boundary as

Ty =TpCOSPo, Yp =TpSiNgy, tp=1us+1p. (58)

To express the position of the bulk point y;, living on Ny N N3, in terms of the boundary
coordinates we again employ the method described in subsection 4.1.1 and introduce two
parameters describing the geodesic length on either side of y; as

s =71} sin(qbg — qbl) , S3=rmy sin(qf)g — qbg) , (59)
where
$1 + s3 = ugy cot % . (60)

Since the bulk point y; lies on the intersection of the null planes Ny and N3, its coordinates
must obey the constraint equations given as

/_ .
w, — u; + 2r}, sin® (W) =0, i=1,3. (61)

Utilizing these constraints in eq. (60) and (61), we may obtain the following expressions

for the position of y;,

5 _ tascos ¢3 + s3(sin @1 — sin ¢3)
| =

1 — cos ¢13 ’
u13 sin @3 + s3(cos g3 — cos ¢1)
Yp = T~ : (62)
— Ccos @13
g 1~ uscos ¢13 + S38in P13
b 1 — cos ¢13 '

The extremal length required for the computation of the EWCS may now be obtained by
extremizing the length L(ys,y;), with respect to the undetermined variables r;, and s3 to
be

1 U12 u23 u13
Lextr Up, y/ — + _ ) 63
( b) 2\ tan % tan % tan % ( )

Therefore, the extremal EWCS may be expressed in the planar coordinates in eq. (5) as

' 1 T12 | T2z  T13
prdio - (T2, T8 T3 64
W 4G <t12 tog  t13 (64)

We provide a consistency check of the above computation by taking the adjacent limit
of the disjoint result in eq. (43). In terms of the boundary coordinates this corresponds to
taking the limit xas3, ta3 — € with € — 0. This modifies the cross-ratio given in eq. (11).
Putting this modified cross-ratio back in eq. (43), we obtain an expression which exactly
matches the explicit holographic computation for adjacent intervals in eq. (64). Finally,
we utilize our proposal in eq. (30) to obtain the holographic entanglement negativity for
the mixed state configuration of two adjacent intervals in vacuum to be

cy (T2 T23  T13
g=M (228 _ > . 65
8 <t12 to3  t13 (65)

19



SciPost Physics

This matches exactly with the dual field theory result for ¢, = 0 in [56] and with that
in [62] obtained through another equivalent holographic construction utilizing a certain
algebraic sum of the extremal curves. This serves as a strong consistency check of our
construction.

4.2.2 Two adjacent intervals at a finite temperature

In this subsection we focus on a mixed state configuration of two adjacent intervals A =
[(u1,¢1), (u2,02)] and B = [(ug, ¢2), (us, ¢3)] in a thermal GCFTi1; dual to the non-
rotating FSC solution described by the metric given in eq. (16). As mentioned earlier, the
inverse temperature S in the dual field theory at the null infinity is related to the ADM
mass M of the spacetime as given in eq. (17).

As per our construction given in subsection 4.2 (see figure 5), we need the extremal
length LeXtr(yb,yé) between the bulk point y; and the point y;, acting as a regulator to
obtain the EWCS. We can retrace our computation of the previous subsection of defining
two generic parameters describing the geodesic length on either side of y; as follows

/
i sinh (VAT (6} - 00))
Sk = sinh ( VM (¢, — for k=1,3. 66
Vi (0 — dr) (66)
Naturally they add up to the length of the bulk extremal curve ;3 on which y; lives. Also
the bulk point y; is constrained to lie on the intersection of the null planes N1 N N3 which

is given by
VM9, = 6) @)) =0, i=1,3 (67)

M (u}, — u;) 4 27} sinh? ( )

On utilizing these constraints, similar to the previous subsection, we are left with two
undetermined variables in the expression of the length L(yp,y;). We may extremize over
these variables to obtain the extremal length as follows

L (g yh) = ngz coth (W?Z) + W;% coth <7qu23> — ngg coth <7r<;;13> . (68)

where eq. (17) has been used. Using the above expression, we may compute the expression
of the EWCS for the mixed state configuration in question as

1
Ew = M [77;12 coth (ﬂq;u) + WZQ?’ coth <7T¢;23> — 7”;3 coth (Mém)] . (69)

The consistency of the above result may be checked by taking the adjacent limit of the
disjoint result in eq. (49). This corresponds to taking the limit xo3, ta3 — € with € — 0
which modifies the cross-ratios given in eq. (50). Using these modified cross-ratios we
obtain an expression which exactly matches the explicit bulk computation of the EWCS
for adjacent intervals in eq. (69). Further, our proposal in eq. (30) may be utilized to
obtain the holographic entanglement negativity for the two adjacent intervals in the mixed
state configuration in question as

g=M [7”“2 coth <7T¢12> + U2 coth <7T¢23> T8 oth <7r¢13>] ) (70)

8 | B B B B B B

where eq. (13) is used. Again this matches exactly for ¢;, = 0 with the result obtained
in [56] through a dual field theory analysis and with that in [62] obtained through an-
other equivalent holographic construction utilizing a certain algebraic sum of the extremal
curves.
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4.2.3 Two adjacent intervals in a finite sized system

In this subsection, we compute the EWCS for two adjacent intervals A = [(u1, ¢1), (u2, ¢2)]
and B = [(ug, ¢2), (u3, ¢3)] in a GCFT111 compactified on a spatial circle of circumference
Ly. As described earlier, the dual geometry is the global Minkowski orbifold with the
metric given in eq. (19) and the ADM mass M of the dual spacetime is related to the size
of the boundary system Ly as given in eq. (20). Again in a manner similar to the disjoint
interval case in subsection 4.1.3, our analysis for finite sized system follows the finite
temperature scenario of subsection 4.2.2 with VM = i—"z. This gives us the expression of
the EWCS for the adjacent subsystems in question as follows

1 [muge TP12 T U23 T3 T u13 13
Ew = t t — t 71
v 4GN[L¢ CO<L¢>+L¢ CO<L¢ L, '\Ly =
Like earlier the above result may also be verified by taking the adjacent limit of the disjoint
result in eq. (54). Now using our proposal in eq. (30), we may obtain the expression

for the holographic entanglement negativity for two adjacent subsystems in a GCFT}
compactified on a spatial circle as

cym | Tul2 T12 T U23 T)23 T U3 TP13
E=— t t — t 72
8{L¢CO<L¢>+L¢ CO<L¢> Ly CO<L¢)]’ (72)

which matches exactly with the result in [56,62] for ¢y, = 0.

4.3 EWCS for a Single Interval

Finally we consider the pure state configuration of a single interval in a GC'FT141 vacuum
and in a GCFT14; describing a finite sized system, and a mixed state configuration of
a single interval in a thermal GCFT111. For the pure state scenario the EWCS is given
trivially by the length of the extremal curve homologous to the subsystem on the boundary
[44]. But for the mixed state in a thermal GCFT}1, the construction is subtle. We utilize
here a flat holographic version of the construction used in [38] to obtain the EWCS for
the AdSs/CFT5 framework.

4.3.1 Single interval in vacuum

Consider a pure bipartite state given by an interval A = [(u1, ¢1), (u2, $2)] and its compli-
ment B = A¢in a GCFT14 in the vacuum state with the endpoints of A being labelled as
0; A, see figure 1. The dual geometry is the Einstein gravity in the Minkowski spacetime.
In subsection 2.2, we saw that flat holographic version of the HRT curve for this configu-
ration is comprised of the null lines ~; starting at 9; A connected via a third extremal bulk
geodesic.

Now, for the EWCS for the pure state configuration of a single interval at zero tem-
perature, we require the length of the extremal geodesic homologous to the interval on
the boundary given in eq. (14). So, we may get the expression for entanglement wedge
cross-section as

U21
tan % ’

1 extr __ 1

By = — -
W aay A 4G N

(73)

which obviously is same as the holographic entanglement entropy of the interval A, as
expected for a pure state. Substituting in our proposal (30), we may obtain the corre-
sponding holographic entanglement negativity in planar coordinates, given in eq. (5), to

be
CM T12
E=——

1t (74)
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This is precisely the result obtained in [56,62] for ¢;, = 0 which provides another consis-
tency check for our proposal.

4.3.2 Single interval in a finite sized system

Consider a single interval A = [(u1, ¢1), (u2, ¢2)] in a GCFT141 compactified on a spatial
circle of circumference Ly dual to the global Minkowski orbifold whose metric is given in
eq. (19). As mentioned in earlier subsections, the ADM mass of the dual spacetime is
related to the size of the boundary system as given in eq. (20).

For the computation of EWCS we need the length of the extremal bulk curve homolo-
gous to the interval A which is given in eq. (21). Utilizing this expression, we may obtain
the extremal EWCS for the single interval in a GC'FT141 compactified on a spatial circle

as
1 1 7mups TP12
Ey=—L5%"=___ t|{—— ). 75
R TE 4GNL¢CO<L¢> (75)

Putting the above expression for the EWCS in our proposal (30) gives the expression for
the holographic entanglement negativity as follows

CM T U192 TH12
= — t
& 1L, co < I, > , (76)

which matches exactly with the results obtained in [56,62] for ¢, = 0.

4.3.3 Single interval at a finite temperature

Finally we consider the case of a bipartite configuration of interval A and its compliment
B = A in the GCFTi41 at a finite temperature whose bulk dual is the non-rotating FSC
solution with the metric given in eq. (16). The ADM mass of the spacetime M is related
to the inverse temperature [ of the dual field theory at the null infinity as given in eq. (17).

However the construction in this case is subtle as was shown in [38] in the context
of AdS/CFT. We propose a construction similar to the one mentioned above for the
computation of EWCS for a single interval in a thermal GCFTjy1 in the context of
flat space holography. As described in [56,62] the mixed state configuration of a single
interval A in a finite temperature GCFT111 is correctly described by sandwiching the
single interval in question between two auxiliary large intervals B; and Bs on both sides.
To this end we consider a tripartite system described by A U By U By as shown in figure
6. The length of the single interval A = [(u1, ¢1), (u2, ¢2)] is denoted by ¢ and we choose
the lengths of the auxiliary subsystems B; and Bs to be L. Similar to the situation
described in [38] in the AdSs;/CFT, framework, in the bipartite limit L — oo the original
configuration of a single interval A with the rest of the system given by B1 U By = A€ is
recovered. Therefore, we have at our disposal the following inequalities for tripartite pure
state configurations:

Ew(A : Ble) < Ew(A : Bl) + Ew(A : BQ) ,

1 1 (77)
Ew(A: B1Bs) > §I(A : By) + §I(A : By).

Now we specialize to the case of A and B; (or Bg) being adjacent to each other. From
eq. (69) and the corresponding entanglement entropy in eq. (18), it is easy to see that
the following equality holds:

Ew(A: B) = %1@4 . B). (78)
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Figure 6: EWCS construction for a single interval in a thermal GCFTi4+1 dual to the FSC geometry.
Note that the EWCS shown by the green curves only provide a schematic while the actual construction for
adjacent intervals requires a reqularization prescription as discussed in section 4.2.

Therefore, the inequalities in (77) reduce to equalities, and in particular we obtain
Ew(A : BlBQ) = Ew(A : Bl) + Ew(A : BQ), (79)

for the present configuration in the bipartite limit.
Therefore, utilizing egs. (69) and (79) we obtain the extremal EWCS for the bipartite
mixed state of a single interval on an infinite cylinder of circumference 3 as

Ew(A) = Lh—)nolo Ew (A : B1B3)

= L |:7T’U,12 coth <7T¢12> _ 7TU12:| (80)

Utilizing our proposal in eq. (30) we may obtain the holographic entanglement negativity
for the configuration in question as

_cm [Tune TP12 | mup
5_4[ﬁ coth<6> 5} (81)

which exactly matches with the corresponding results in [56,62]. This serves as a strong
substantiation for our holographic construction which is equivalent to the one given in [62].
Note that eq. (81) could be recast in the instructive form

=2 (sa-s). (82)

where S4 is the entanglement entropy of the interval A on the boundary which may be
obtained utilizing eqs. (15) and (18) and S'' = L7452 denotes the thermal contribution.
This subtraction of the thermal contribution may be interpreted as the entanglement

negativity providing the upper bound of distillable entanglement.
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5 EWCS in flat-space TMG

In the previous sections we established the holographic constructions for the extremal
EWCS in asymptotically flat geometries described by Einsten gravity. From the point of
view of the dual field theory, this corresponds to a generic bipartite density matrix p4p in
a GCFT11, with only one non-vanishing central charge cj;. In this section, we will lift this
restriction and consider the effects of a non-zero ¢;,. The modified bulk picture is described
by the flat space Topologically Massive Gravity (TMG). The action for flat space TMG
includes a gravitational Chern-Simons (CS) term coupled to the usual Einstein-Hilbert
action:

Sflat-TMG = ﬁ /d3x \/TQ[R + 2250467 (I"‘;U(%F‘Typ + %Fpaar%nrnwﬂ ) (83)
where p is the coupling of the CS term with the Einstein-Hilbert action. When the
coupling is weak (u — o0), the TMG action reduces to the Einstein gravity. Note that the
flat-space TMG may be obtained as a flat limit £ — oo of the familiar AdS-TMG action,
where ¢ is the AdSs radius [62]. The asymptotic symmetry analysis at null infinity of
flat-space TMG yields the Galilean conformal algebra with non-trivial central extensions:

3 3
= —_—— C = — .
uGy o M7 Gy

As described in [61,62], a non-vanishing ¢z, in the dual GCFT}41 corresponds to primary
operators with nontrivial spin. The holographic correspondence in asymptotically flat
spacetimes dictates that such operators in the dual field theory correspond to massive
spinning particles propagating in the bulk. The on-shell worldline action for such an
anyonic particle of mass y and spin A was found in [61,74] to be °

Son-shell = /C ds <X \/ anXHXV + A (ﬁVn)) ) (85)

where n and n are unit spacelike and timelike vectors normal to the trajectory of the
particle X* and C denotes the worldline of the particle. The Chern-Simons term in eq.
(83) effectively erects a normal frame (X, n,n) to each point in the bulk, thereby modifying
the shape of particle worldline in the form of a ribbon. The Chern-Simons contribution
in eq. (85) may be interpreted as the boost required to drag the normal frame (X,n,n)
from the point x; to zf [61]:

Cr, (84)

An(ng,ny) = / ds (7. Vn) = cosh ! (—n;.ny), (86)

C
where n; and ny are the normal vectors at z; and xy, respectively. A natural realization
for the regulated bulk normal timelike vectors on the null lines ; descending from the
boundary point (u;, ¢;) was described in [61] by introducing an auxiliary null vector m;
as )

n; = E% + em; (87)
where v;,m; = —1 and € is a UV cut-off. It was also demonstrated that the on-shell
action computed using the above prescription was independent of the regulator €. In the
following we will utilize this prescription to propose a holographic construction to obtain

®Note that x , A are the scaling dimensions of the corresponding primary operator in the dual GOFT1 1,
as described in section 2.1.
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the Chern-Simons contibution to the extremal EWCS corresponding to a generic bipartite
state in the dual GCFTy,1.

Consider two generic intervals A and B with no overlap in the dual GCFTi41. The
construction of the entanglement wedge for this configuration is identical to that discussed
in section 4 with an extra ingredient that there are timelike vectors erected at each bulk
point, as shown in figure 7. The Chern-Simons contribution to the extremal EWCS is
obtained by extremizing the boost required to drag the normal frame through the bulk
entanglement wedge. In particular we extremize over the relative orientation of the bulk
timelike vectors n, and nj located at the bulk points y, and y; which were obtained in
the construction of the EWCS for the flat Einstein gravity in section 4.1. Therefore the
Chern-Simons contribution to the extremal EWCS is given by

An(nbv n;;)
4uG N '

ES,S = min extr [

/
Np, Ty,

(88)

Note that in our definition of the extremal EWCS the coupling constant u for the Chern-
Simons term appears in the denominator.

Figure 7: Schematics of the holographic construction of extremal EWCS for two disjoint intervals in a
GCFTi11 dual to flat-space TMG.

In the following subsections, we will compute the above CS contribution to the extremal
EWCS for various bipartite states pap in the dual GCFT14+1 and subsequently obtain
the holographic entanglement negativity utilizing our proposal in eq. (30) generalized to
include the Chern-Simons contribution. We first consider the bipartite mixed state of two
disjoint intervals in the GC'FT141 vacuum, in a thermal GCFT141 and subsequently for a
GCFT)41 describing a finite sized system. Next we compute the extremal EWCS for two
adjacent intervals from a specific bulk construction. These results may also be obtained
from the disjoint interval results by taking an appropriate limit. The computations for the
pure state configurations described by a single interval in the ground state of a GCFTi41,
and for a finite sized system described by a GCFT141 on an infinite cylinder will follow
the same spirit of subsection 4.3. Finally, we will describe single interval in a thermal
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GCFTi41 defined on an infinite cylinder of circumference 8 compactified in the timelike
direction. In this case, we will modify our construction in subsection (4.3.3) to include the
effects of a non-zero ¢y, and the EWCS will be obtained using the bipartite limit of the
auxilary intervals.

5.1 EWCS for two disjoint intervals

In this subsection, we will calculate the Chern-Simons contribution to the holographic
entanglement negativity through the extremal EWCS for two disjoint intervals in the
vacuum state, at a finite temperature, and for finite sized systems in dual GCFTi41s. In
this context, we discuss the bulk construction for the EWCS in flat-space TMG background
for these configurations which involves bulk vectors at each bulk point. In particular the
Chern-Simons contribution for the EWCS contains, the scalar product of two bulk timelike
vectors ny, and nj. These vectors are placed on the endpoints of the extremal EWCS as
constructed in the Einstein gravity case. Our results for the holographic entanglement
negativity thus obtained exactly match with the corresponding expressions in [62].

5.1.1 Two disjoint intervals in vacuum

We start with TMG in Minkowski spacetime. A schematics of the bulk geometry corre-
sponding to two disjoint intervals A = [(u1, ¢1), (u2, ¢2)] and B = [(us, ¢3), (u4, ¢4)] in the
dual GCFTy41 is shown in figure 7. We have bulk normal vectors n; at each of the bulk
points y; descending from the endpoints (u;, ¢;) of the intervals on the boundary, which
were chosen in [61] to be pointed along the directions of the corresponding null rays ~;:

%:arw =0, +cosp; 0y +sing; 0y, (i=1,..,4). (89)
As described earlier, we also need two arbitrary timelike vectors n; and nj at the points
yp and y; landing on the intersections of the null planes as shown in figure 7. In order
to compute the Chern-Simons contribution to the extremal EWCS, we need to extremize
the total boost An given in eq. (86). A convenient parametrization of the bulk timelike
normal vectors was given in [61] which we reproduce here:

2 +ul+1 22 +u?—1 T

= 0 Oz + —0y,
, a:/2 4 u/2 +1 $/2 4 u/2 -1 !
ny = o’ 8t + o0 83; + Uay y

where z , 2’ and u , u' are free parameters. We now use the freedom provided by Galilean
conformal symmetry to move the boundary end points at the symmetric locations

P P
Pr4a=TF 90 and @23 = ig . (91)

After fixing the endpoints of the intervals on the boundary as above, the boosts along the
extremal curves on either sides of y, (or y;) are given by £sin% [61], where L is arbitrary.
These constraints allow us to find the total boost in eq. (86) as

JI2 —
An = 2log [cot <(I)) Eifél] .

: (92

Extremization with respect to £ leads to an additive constant which is divergent and may
be regularized by adding a counterterm in the total action. The final extremized boost
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after regularization is given by

P
A = 2]og |:C0t 4] . (93)

In terms of the cross-ratio (11), eq. (93) may be conveniently rewritten as

L+VT
An =2log | ——= 94
For the two disjoint intervals in proximity (7" — 1), the above equation reduces to
An=~2log2—log(1-T). (95)

Therefore, after neglecting the constant term, the Chern-Simons contribution to the ex-
tremal EWCS for the two disjoint intervals in proximity may be explicitly written in terms
of the planar coordinates in eq. (5) as

1 t1st
EGS log< 13 24) . (96)

~ 4pGy t14t23

Finally, substituting eq. (96) in our proposal (30), we obtain the Chern-Simons contribu-
tion to the holographic entanglement negativity for two disjoint intervals in proximity in
the ground state of a GC'FT141 to be

t13t24
£0s = Ly, ( ! > . 97
g 0® t14t23 (97)

The complete expression for the holographic entanglement negativity together with the
Einstein gravity result in eq. (44) becomes

CL, t13to4 cM [ ®13 | X24  XT14 T3
5:10g< >+<+——>, 98
8 t14t23 8 \tizg toa tiga  to3 (%8)

which matches exactly with the holographic entanglement negativity obtained in [62]
through a particular linear combination of the bulk extremal lengths homologous to spe-
cific intervals.

5.1.2 Two disjoint intervals at a finite temperature

We now compute the extremal EWCS for the two disjoint intervals A = [(u1, ¢1), (u2, ¢2)]
and B = [(us, ¢3), (u4, 4)] at a finite temperature. In this context, the dual field theory is
defined on an infinite cylinder compactified in the timelike direction and the corresponding
bulk theory is described by TMG in FSC geometry. Note that the nature of the timelike
vectors at each bulk point changes due to the FSC geometry. The authors in [62] obtained
the bulk vector n; at each bulk point y; as given in eq. (87), where

1 1 1

Y = cosh(VM -)8—1— sinh(\/M ~>8 - —

Vi \/M ®i ) O \/M ®i ) O \/M

and m; = 0. In eq. (99), M is the ADM mass of the spacetime which is related to inverse

temperature 3 as given in eq. (17). To compute the total boost (86), we use eq. (90) for

the bulk timelike vectors [61]. Next we utilize the Galilean conformal symmetry to place
the intervals on the boundary at the symmetric positions

s P d

— ¥ =+—. 1
\/M:FQ, and ¢273 5 (OO)

8, (i=1,..,4),  (99)

P14 =
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With this choice of the angular location, the lengths of the extremal curves on either side
of the bulk points y; and y; can be fixed as

Mo
—29; - np =L sinh (C) for i=1,4 ,

(101)
—2%; -my, =L sinh <\/1\27[(I>>

where L is an arbitary parameter. As described in the previous subsection, we obtain the
total extremized boost, utilizing the above constraint equations, as

An = 2 log [coth (@)

We can express the above equation in terms of the EWCS using eq. (88) as

1 vM®
CS _ -
Eyp = G log [coth ( 1 )] . (103)

: (102)

For two disjoint interval in proximity, the EWCS can be written in terms of the cross-ratio
(50) for the finite temperature GCFT141 as in eq. (95) with T replaced by T. Therefore,
utilizing eq. (50), the CS contribution to the extremal EWCS for the configuration in
question may be expressed as

BCS _ 1 log sinh \/Mf“” sinh \/M2¢24 (104)
W 4pG N sinh \/M2¢14 sinh \/M2¢23

Now we can obtain the Chern-Simons contribution to the holographic entanglement neg-
ativity for two disjoint intervals at a finite temperature by using our proposal eq. (30) as

sinh <%> sinh (%)

_a ; i
s 8 o sinh (7"234) sinh (%) ’ (105)

where we have used eq. (17). Utilizing eq. (52), the total expression for the holographic
entanglement negativity becomes

sinh ( 7213 ) ginh ( T2 b é
£= % o sinh Emeg sinh EW;% : Cé\/[ﬂﬂ [uliﬂ coth <Trf813> ozt coth <W524>

B
— uq4 coth <7T(Zl4> — 93 coth <7T€;23>

(106)
The above equation exactly matches with the holographic entanglement negativity for two
disjoint intervals at a finite temperature [62].

5.1.3 Two disjoint intervals in a finite-sized system

Finally we compute the Chern-Simons contribution to the EWCS for the two disjoint
intervals in a finite sized system. The dual field theory is described on infinite cylinder
compactified in the spatial direction with circumference Ly and the corresponding bulk
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theory is described by TMG in global Minkowski orbifold. In this context, the computation
of the EWCS is similar to the earlier case but here the ADM mass M is related to the size
of the boundary system Ly as given in eq. (20). Thus the EWCS for this case becomes

s (Th13 \ i [ P24
1 Sln( 7 )Sln <T)
CS ¢ b
= lo . 107
"G () () "
¢ ¢

Using our proposal (30), the Chern-Simons contribution to the holographic entanglement
negativity for two disjoint intervals in a finite sized system may be obtained as

sin (m) sin (M)
£68 = Log L Lo /1 (108)

8 sin (—”ﬁ‘* > sin (Lgf’ )

Therefore, the total holographic entanglement negativity using eq. (55) becomes
_cr Sm( Ly )Sm( Ly ) cMT TP13 T )24
E=—1 u13 cot + uo4 cot
Ly Ly

= og +
8 sin (%) sin (%) 8Ly
— U714 cot <7T¢14> — U23 cot <7T¢23>
Lg Lg
(109)

The above equation exactly matches with the holographic entanglement negativity results
obtained in [62].

5.2 EWCS for two adjacent intervals

The bulk construction of EWCS for the adjacent intervals in GCFT14; is similar to the
Einstein gravity case with timelike vectors erected at the each bulk points as shown in
figure 8. The computation of the EWCS involves two regulated bulk vectors ny, , nj placed
on the bulk points ¥ , y; which lie respectively on the null line 7, and the intersection of
the null planes N1 N Ns.

NiN Ny X9 Ny N N3
Ny B
N A
1 Ny T3
Yo,
L1 Ns
ys|y "3
ny,
v,
1
Yy
N1 N N

Figure 8: Schematics of the holgraphic construction of extremal EWCS for two adjacent intervals in a
GCFTi11 dual to flat-space TMG
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Therefore the EWCS for this configuration is given by

An(nba n;;)
4uG N .

ES® = min extr (110)

ny, Ny,
In the following, we will compute the above Chern-Simons contribution to EWCS for two
adjacent intervals in various configurations involving a GCFTi41 vacuum, a GCFTi41 at
finite temperature, and a GC'FT141 describing a finite sized system.

5.2.1 Two adjacent intervals in vacuum

We start with the computation of Chern-Simons contribution to EWCS for two adja-
cent intervals A = [(u1, ¢1), (u2, ¢2)] and B = [(ug, ¢2), (u3, ¢3)] in the ground state of a
GCFTi41. The bulk dual is described by TMG in pure Minkowski space. In this context,
the bulk vectors can be obtained using eq. (89) and eq. (90) as

gp)
ny =—,
€
111
, x2+u2+13+m2+u2—16+x8 (111)
ny, = —
b 2u ! 2u R

where z, u are arbitrary parameters and € is the UV cut-off as described before. The
choice of these bulk vectors comes from the construction of EWCS described above. Now
we can use the freedom provided by the Galilean conformal symmetry to move the angular
points to symmetric positions

P P
¢1:7T_§ P ¢2:0 5 ¢3:7T+§' (112)

With this choice of the location of the boundary points, we can fix the length of the
extremal curve to either side of bulk point y; as

)
—291 -np =L sin <2> ,

¢
—243-my =L sin (2> ,

where 4;s are null vectors located at the bulk points y; , y3 and £ is an arbitrary parameter.
Using above constraint equations, we can now calculate the total boost in (110) utilizing
the definition in eq. (86) as

1 o
An = log [26 cot <4>] —log

Next we extremize the boost over the parameter £ which again gives a divergent result.
As described earlier, this can be regularized by adding a counter term in the total action.
Therefore the Chern-Simons contribution to EWCS using eq. (110) becomes

1 1 )
ESS = log |—cot | — || . 115
WS Gy ® [QGCO <4>} (115)

The above expression can be restructured in terms of the GC'F'T}4; cross-ratios using eq.
(8). This may further be rewritten in the planar coordinates in eq. (5) as

(113)

(114)

L+/L2 = 4]
-

1 t12t23
ESS = lo { ] . 116
W 4uGpn 8 €(t12 + t23) (116)
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As a consistency check, we can also obtain eq. (116) from the disjoint intervals result
in eq. (96) by taking the appropriate adjacent limit. In particular, this corresponds to
x93, tag3 — € (with ¢ — 0) in terms of the planar coordinates. The EWCS obtained
through this limit exactly matches with eq. (116).

Finally, we can compute the Chern-Simons contribution to the holographic entangle-
ment negativity for adjacent interval in vacuum by utilizing eqs. (30) and (84) as

t1ot
£08 = Ly | 112281 (117)
€(t12 + t23)

The total expression for the holographic entanglement negativity may be obtained by
including the Eintein gravity contribution in eq. (65) as

cr t12t23 ] cM (9612 To3 3313)
= Llog |22 | LM (212 228 713 118
g 08 [G(tu + t23) 8 \ti2 tog 113 (118)

which exactly matches with the corresponding results obtained in [56,62].

5.2.2 Two adjacent intervals at a finite temperature

Next we compute the Chern-Simons contribution to the EWCS for two adjacent intervals
A = [(u1, ¢1), (ug2, ¢2)] and B = [(ug, ¢2), (us, ¢3)] at a finite temperature. The boundary
theory is defined on an infinite cylinder compactified in the timelike direction and the dual
gravitational theory is given by TMG in FSC geometry. In this context, the computation
of EWCS involves two bulk vectors nj and nj which are given in eq. (111) with the null
vector e in eq. (99). Now we can utilize the Galilean conformal symmetry to move the
angular co-ordinate to symmetric positions

e P s o
= — = =0 = —.

$1 N ¢2 . P +3
In the above equation, M is the ADM mass of the spacetime and is related to inverse
temperature [ of the dual field theory at the null infinity as given in eq. (17). Here we
can fix the portions of the length of the extremal curve 713 on either sides of the EWCS

as JiT®
2

(119)

9

—2%1 - mp =L sinh (
ST (120)
Mo

We can now obtain the extremal EWCS using egs. (110) and (120) which involves the
calculation of the boost in eq. (86) and subsequently an extremization over the arbitrary
parameter £. Thus the EWCS for two adjacent intervals at a finite temperature is given

by
1 1 VM

ES = log | — coth | ~—— 121
W [2e 0 4 (121)

The above equation can be rewritten, using eq. (50) for the cross-ratios, as

sinh (w”) sinh <%>
B = L W AN (122)
4uG N T€  ginh (ﬂ(¢125+¢23))
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where we have utilized eq. (17). We provide a substantiation for eq. (122) by taking the
adjacent limit a3, tog — € (with € — 0) of the disjoint result in eq. (104). The EWCS
thus obtained, exactly matches with eq. (122).

Finally, the Chern-Simons contribution to the holographic entanglement negativity for
two adjacent intervals at a finite temperature may be obtain using egs. (30) and (84) as

L 3 sinh (mz;%) sinh (%)
Ly .
8 © TE sinh (77(¢126+¢23)>

(123)

Utilizing Einstein gravity result in eq. (70), the total expression for the holographic en-
tanglement negativity becomes

. 7'('¢) . 7T(],5
cr N ﬁsmh (%) sinh (%) em

T U2 TP12 T U23 TP23
E= th th
O Eoy cerny a e (6 )* 5 <ﬁ>
T U3 7T¢13>
— coth
B < B
(124)

The above expression exactly matches with the results obtained in [56,62] which serves as
strong consistency check of our holographic construction.

5.2.3 Two adjacent intervals in a finite sized system

Finally we compute the Chern-Simons contribution to the EWCS for two adjacent intervals
in a finite sized system described by a GCFT111 compactified in the spatial direction with
circumference Lg. The dual gravity theory is described by TMG in the global Minkowski
orbifold. To this end, we follow a similar analysis for the computation of the extremal
EWCS as shown in subsection 5.2.2. In particular, we obtain the similar expression for
the EWCS in the terms of the cross-ratio eq. (50). Therefore the EWCS is given by

: TP12 \ o T23
ES = L 1o g in (5 o (52) (125)
w 4uG N TE€  &in (7?(¢1Z:¢23)) ’

where we have utilized the relation between ADM mass and size of the boundary system
as given in eq. (20). As discussed in earlier case, we can also compute the above expression
for the EWCS by taking the adjacent limit of the disjoint result eq. (107). Finally, we
can obtain Chern-Simons contribution to the holographic entanglement negativity using
egs. (30) and (84) as

sin <L§12> sin (—”ﬁ”)
£68 = % log | 2 d v (126)
TE€  gin <7F(¢1i+¢23)>
P

The total expression for the holographic entanglement negativity by including Einstein
gravity result in eq. (72) becomes

: TP12 \ o TP23
_cr B o ( Ly ) s ( Ly ) CM | T U2 TP12 T U23 THa3
E=—log |— + — cot + cot
8 TE€  gin (W(¢1z+¢23)) 8 Ly Ly Ly Ly
¢
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which exactly matches with the results obtained in [56,62].

5.3 EWCS for a single interval

In this subsection, we first consider the pure state configuration of the single interval de-
scribed by a GCFT141 in vacuum and a GCFT141 describing a finite sized system. The
bulk gravitational theory is given by TMG in pure Minkowski spacetime and TMG in
global Minkowski orbifold, respectively. In particular for the pure state case, the EWCS
is equivalent to the holographic computation of the entanglement entropy. Therefore, as
described in [62], the construction of the extremal EWCS involves two bulk regulated time-
like vectors n; and no located at the bulk points y; and y3. Note that the above mentioned
bulk timelike vectors lie on the intersection of the null plane N; and Ny dropping from the
endpoints of the interval on the boundary [61]. Therefore, the Chern-Simons contribution
to the EWCS is given by

cs _ An(ni,ng)

W 4uGy

where (1 is the coupling constant of the Chern-Simons term in the action eq. (83).

In the following, we will compute the Chern-Simons contribution to the extremal
EWCS for the pure states described by a single interval in a GCFTi41 at zero tem-
perature and in a GCFT141 describing a finite sized system using eq. (128). The mixed
state configuration of of a single interval in a thermal GCFT}41 requires a more careful
analysis. To calculate the EWCS for such a configuration in an infinite system, we will
follow the same prescription as in the case with pure Einstein gravity with the additional
ingredient that there are regulated timelike vectors at each bulk point.

(128)

5.3.1 Single interval in vacuum

In the subsection 4.3.1, it was shown that the EWCS for a single interval at zero tem-
perature is solely described by the extremal length in the bulk dual Einstein gravity. In
this case, the EWCS for a single interval A = [(u1, ¢1), (u2, ¢2)] in the ground state of a
GCFTi41 dual to TMG in pure Minkowski spacetime can be obtained using boost pa-
rameter eq. (86) which involves the scalar product of two timelike vectors nj, ng located
at the bulk points as shown in figure 9. These vectors have the following parametrization

o€ Y2
n =—-—-——,
€ 2’71'72 (129)
Yo € M
ny = — oo,
€ 27192

where ;s are the null vectors defined earlier in eq. (89) and € is the UV cutoff. Using eq.
(86), we can compute the boost as

2
An = 2log < sin > , (130)
€

Thus we can obtain the expression for the extremal EWCS using egs. (128) and (130) as

1 t12
ESS = log | —= ) , 131
= o og< 6 ) (131)

where we have made use of the planar coordinates in eq. (5).
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Figure 9: EWCS for the single interval in the flat-space TMG

Finally the Chern-Simons contribution to the holographic entanglement negativity for
a single interval in a GCFT}4+1 vacuum may be obtain using our proposal in eq. (30) as

£68 = L og (“2> . (132)
4 €

In the above equation, we have used the expression for the central charge given in eq. (84).
Using eq. (74), the complete expression for the holographic entanglement negativity for
the pure state configuration in question becomes

cr t12 M [ Z12
= = =z = [ = 1
£ 4og<€>+4 <t12>’ (133)
which exactly matches with the results obtained in [56,62].

5.3.2 Single interval in a finite sized system

Now we compute the Chern-Simons contribution to the extremal EWCS for a single in-
terval A = [(u1, ¢1), (u2, ¢2)] in a finite sized system. The field theory at the asymptotic
boundary is given by a GCFT}41 on an infinite cylinder compactified in the spatial direc-
tion with circumference Ly and the bulk gravitational dual is described by TMG in the
global Minkowski orbifold. The calculation of the boost is similar to the earlier case and
can be obtained using eq. (86) as

B Ly . (712
An = 2log |:7T€ sm( L ﬂ , (134)

where we have used the relation between ADM mass and the size of the boundary system
in eq. (20). Utilizing eq. (128), the Chern-Simons contribution to the EWCS becomes

1 Ly . (712
ES = log | =L sin [ —2 )| . 1
W 2Cin og |:7T€ sm< L, ﬂ (135)
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Finally, the Chern-Simons contribution to the holographic entanglement negativity for a
single interval in a finite sized system may be obtain using our proposal (30) as

cs_ ¢L ﬂ . 12
= , log |:7T6 sin <L¢> >] . (136)

where we have utilized eq. (84) for the central charge c. Therefore using the Einstein
gravity result in eq. (76) the complete expression for the holographic entanglement nega-
tivity may be obtained as

Ccr ¢ . TP12 CM T U2 TP12
_ Ly | Lo el ¢
£ 1 o8 [ _ sin ( ) ﬂ 1L, co < . ) (137)

which exactly matches with the results obtained in [56,62].

5.3.3 Single interval at a finite temperature

As discussed earlier in the Einstein gravity scenario, the construction of the EWCS for
the mixed state configuration of a single interval at a finite temperature in the GCFT} 4
requires a careful analysis. Therefore following the insights forwarded in [38], we utilize the
same bulk construction proposed earlier for the Einstein gravity case with additional bulk
vectors located at each bulk points. Note that for the tripartite pure state configuration
described in subsection 4.3.3, in the present case involving TMG in FSC geometry the
inequality in eq. (77) also holds. Furthermore, the equality in eq. (78) may be verified
using eq. (122) and the corresponding entanglement entropy. Therefore, for a tripartite
pure state A U B; U Bs, the following equality may be obtained in the bipartite limit
By UBy; = A°,

EGP(A: B1By) = ESP(A: By) + ESP (A : By). (138)

We may now utilize the above relation to compute the correct expression of the EWCS
for a single interval A = [(u1, ¢1), (u2, ¢2)] in a thermal GCFTy4; defined on an infinite
cylinder of circumference 8 whose bulk dual is described by TMG in a FSC geometry. As
shown in figure 10, the construction of the EWCS involves two auxiliary intervals By =
[(U1, ®1), (u1,¢1)] and By = [(ug, $2), (Us, P2)] and correspondingly four bulk timelike
vectors nj, n2, ny, andny, directed along the null lines dropping from the boundary
points u; ,us, Uy, and, Us respectively. Now we use the adjacent intervals result in eq.
(122) and take the bipartite limit of the auxilary intervals By and Bs. Therefore the
Chern-Simons contribution to the EWCS is given by

cs _ 1 B TP12\ P12
Ey = Cn [log <7re sinh 5 > 5 ] : (139)

From egs. (30) and (139), we obtain the Chern-Simons contribution to the holographic
entanglement negativity for the mixed state in question as

£08 = % [log (fe sinh W‘Z”) - ”‘212] , (140)

where we have used eq. (84). Using the Einstein gravity result in eq. (81), the complete
expression for the holographic entanglement negativity becomes

_cr B ., Th12 TO12| | CM | T U2 TP12 T U2
5—[log<msmh 3 )— 3 }4—4[ 3 coth< 5 >— 3 ], (141)

which exactly matches with the results obtained in [56,62].
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Figure 10: Construction of the EWCS for a single interval in flat-space TMG. The green line segments
show only a schematic view of the actual EWCS which for the case of two adjacent intervals, require a
specific reqularization scheme in terms of extra null lines dropping from the common boundary. Note that
there will be additional bulk timelike vectors on each of these extra null lines which come into the calculation
of the EWC(CS.

It is interesting to note that the complete expression for the holographic entanglement
negativity in the above equation can be recast in the instructive form eq. (82), where

Sq = C—Llog (ﬁ sinh MSH) + M2 oth (7T¢12> ,

4 e I 4 p 8
th _ CLTP12 | CM TUi2
Si = 15 PRI (142)

denote the entanglement entropy for the single interval A and the thermal contribution
respectively. Once again this subtraction of the thermal contribution indicates that the
entanglement negativity quantifies the upper bound of distillable entanglement.

6 Summary and Discussion

To summarize, in this article we have advanced a novel holographic construction to obtain
the extremal entanglement wedge cross section (EWCS) for several bipartite pure and
mixed states in GCFT41s located at the null infinity of the dual bulk (241)-dimensional
asymptotically flat Einstein gravity and topologically massive gravity (TMG) theories.
We have further proposed a prescription for the holographic entanglement negativity for
the configuration in question by utilizing the EWCS obtained through the construction
mentioned above. For the scenario of flat Einstein gravity, the bulk asymptotic symme-
try analysis leads to the dual GCFTiy1 with central charges ¢, = 0, cpy # 0. In this
context we have obtained the holographic entanglement negativity using our prescription
through the EWCS for the configurations involving a GCFT11, dual to the the bulk
(24+1)-dimensional Minkowski spacetime in its ground state, a thermal GCFTiy; dual
to the bulk non rotating flat space cosmology and a GCFT}1; describing a finite sized
system on an infinite cylinder dual to the bulk global Minkowski orbifold. First we have
obtained the EWCS for the configuration of two disjoint intervals in the dual GCFT}4,

36



SciPost Physics

using our novel construction where we have utilized the length of a certain bulk extremal
curve between two specific bulk geodesics. Next we proceed to the case of two adjacent
intervals where the EWCS is obtained using the extremal distance between a bulk geodesic
and a boundary point. This length requires a regularization as the distance of any bulk
point from the boundary situated at the null infinity is still infinite. To this end, an arbi-
trary point on a null line descending from the boundary point is considered as a regulator.
Furthermore we demonstrate that in the limit of the two disjoint intervals being adja-
cent we retrieve the corresponding holographic entanglement negativity for two adjacent
intervals which further substantiate our holographic construction. Finally in the context
of flat Einstein gravity, we have considered the pure state of a single interval in a dual
GCFTy41 in its ground state and a GCFTi1, describing a finite sized system. For these
scenarios the EWCS is given trivially by the length of the extremal curve homologous to
the subsystem on the boundary. But for the mixed state of a single interval in a thermal
GCFTi41 the construction is subtle. We consider the single interval in question being
sandwiched between two auxiliary large intervals on both sides. Subsequently a bipartite
limit described by extending the auxiliary intervals to infinity is applied by which we re-
cover the original configuration of the single interval. In literature, a similar construction
for the AdS3/CFT, framework utilized to obtain the EWCS can be found.

Following the above computations, we extend our holographic construction to obtain
the entanglement negativity for the bipartite states described earlier in a GCFT141 with
non-zero cy, dual to the bulk flat space topologically massive gravity. The effect of non-
zero ¢y, is to incorporate a spin for the massive particles propagating in the bulk. This
results in the introduction of regulated vectors at each bulk point. Again we have obtained
the holographic entanglement negativity for mixed state of disjoint intervals in the dual
GCFTi41 by extremizing the relative orientation of such bulk vectors situated at certain
bulk points. We then proceed to the case of adjacent intervals where we again consider
an arbitrary point on a null line descending from the boundary point as a regulator to
compute the EWCS. Taking the limit of the two disjoint intervals being adjacent we again
recover the corresponding holographic entanglement negativity for two adjacent intervals.
Finally for the case of the pure state of a single interval in a dual GCFT}4; in its ground
state and a GCFT14+1 describing a finite sized system is trivially calculated using the bulk
vectors on the extremal curve homologous to the subsystem on the boundary. And for
the mixed state of a single interval in a thermal GCFTj4; we follow the previous con-
struction of taking a tripartite state with the single interval in question being sandwiched
between two large auxiliary intervals. By taking the bipartite limit where the auxiliary
intervals are extending till infinity we recover the original configuration. The expression
for the holographic entanglement negativity thus obtained using our prescription matches
with the corresponding replica technique results in large central charge limit and also with
the results obtained through an alternate holographic construction for the entanglement
negativity involving the algebraic sum of the lengths of bulk extremal curves homologous
to certain appropriate combinations of the intervals in question for both the cases, namely
flat Einstein gravity and flat TMG. This serves as a strong substantiation and consistency
check for our holographic entanglement negativity prescription. We would like to empha-
size here that our construction described in this work addresses the significant issue of the
computation of the entanglement wedge cross section essential for the characterization of
the mixed state entanglement in the context of flat space holography.

Subsequently, in appendix A we perform a limiting analysis where we have shown
that the extremal EWCS in asymptotically flat spacetimes dual to a GC'FT1,1 computed
in the main text matches with the EWCS obtained through a parametric Inénii-Wigner
contraction of the corresponding relativistic result obtained in the context of AdSs/CFT
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in the literature. This provides another consistency check for our holographic construction
for the EWCS.

Further in appendix B, we utilize the well known fact that the flat chiral gravity is
a limit of the flat space TMG for which the Newton’s constant Gy — oo such that the
product of G with the coupling constant u of the topological term in the action is held
fixed, to compute the holographic entanglement negativity for bipartite mixed state of
two disjoint intervals in proximity in the dual GCFT14; using our prescription. The
corresponding dual GC'F'T1 1 have the central charges c¢;, # 0, cpr = 0 for which the
algebra is isomorphic to the chiral copy of the (relativistic) Virasoro algebra. The result
thus obtained matches with the holographic entanglement negativity for the configuration
in question reported earlier in the literature. It is interesting, however, to point out a
fascinating connection of the flat space chiral gravity with the AdS,/C FT} correspondence.
A parallel could be drawn between the bulk timelike vectors introduced in the flat TMG
scenario and points in the three dimensional embedding space of the Euclidean Poincare
AdSy. This results in the identification of the boost required to drag the normal frame
from one bulk point to another with the geodesic length between the corresponding points
in the Euclidean Poincare AdS>. This is an extremely interesting open avenue for future
investigations as described by the progress in the corresponding AdSy/CFT} scenario.

Appendix A Limiting Analysis

In this appendix we will show that the extremal EWCS in asymptotically flat spacetimes
dual bipartite density matrices in a GCFT14; computed in the main text may be obtained
through a parametric contraction of the corresponding relativistic result obtained in the
context of AdS3/CFTy in [35,44].

The GC'A; algebra can be obtained as a result of a parametric Inonii-Wigner contrac-
tion of the Virasoro algebras of a relativistic CFT11:

t—t, T — €ex, (143)

with € — 0. This may alternatively be written in terms of the coordinates describing the
CFTLH as
z—=t+ex, Z—t—ex. (144)

The central charges of the GC As are related to those of the parent relativistic theory as
co=c+¢ , cy=¢€(c—2a). (145)

Now we will utilize this connection to show the equivalence of the entanglement wedge
corresponding to a generic bipartite density matrix pap in the CFTj4+; to that in the
GCFTi41. To this end we recall that the minimal entanglement wedge cross section for
such bipartite systems in a C'FT11 may conveniently be expressed in terms of the cross

ratios as v
<] (1+ ””) 1/2<z<1,
By = Jolelinvg) L2ses (146)
0 0<z<1/2,

where z = 2272’1 is the cross ratio. If we allow for unequal central charges for the left and

right moving sectors the above expression has the natural generalization

szlzlog<1j£>+glog<ii_£>. (147)
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Utilizing eq. (144), we now write the C'F'T 41 cross ratios in terms of those in the GCFT 41

as
X X

Using eq. (148), we may now write down the fate of the entanglement wedge cross section

in eq. (147) after the contraction as
1+ VT ( ¢ 1+ VT (1-5%)

+ T log = |- (149)
) 1-VT(1-357)

Expanding upto linear order in € and using eq. (145), the above expression reduces to

1—VT(
GOFT _ CL 1+VT\ | cn X 1 1 .
T <1—\/T>+1262\/T(1+\/T+1—ﬁ>+0()

1+
Ewﬁilog
12 1+

N (Do)
N[> (N3]

12 %8
Cr, 1+\/T CM X
—1 S — 4+ Ofe).
6 Og<m>+ +0(e)

12 VT(1-T)
Finally we use the analogues of the Brown-Henneaux formula [75] in flat holography,
namely eq. (84) to obtain

(150)

1 1+VT 1 X
EGCFT — 1 + . 151
w 2uGy 8 <\/1—T> 4G VT(1-T) (151)

Remarkably, this is exactly the same extremal EWCS obtained in the main text using
methods of flat holography.

Appendix B EWCS in Flat Chiral Gravity: Connection to
AdSy/CFTy

In this appendix we deal with a special case of flat space TMG, called the flat space
chiral gravity (FxG) or sometimes conformal Chern-Simons gravity [76-78] with the non-
covariant action:

k 2
Sosa = - / P =g [gaﬁvrem (9577, + Srﬂﬁnr"w] , (152)

where k is the Chern-Simons level. The FxG may be obtained as a limit of the flat space
TMG action in eq. (83) by scaling the Newton’s constant to infinity, Gy — oo, while
keeping 1 Gy = 1/8k fixed. The equation of motion for FxG leads to a vanishing Cotton
tensor, thereby confirming that the solutions admitted by the action (152) are conformally
flat. It was demonstrated in [76] that the dual quantum field theory is described by a
GCFTy41 with central charges ¢ = 24k , cpr = 0 whose algebra is isomorphic to the
chiral copy of the usual Virasoro algebra.

Next we will describe a construction for computing the extremal EWCS in FxG. The
Chern-Simons action (152) describes a massless spinning particle propagating in the bulk
three dimensional spacetime, for which the on-shell worldline action in given in eq. (86),
where the symbols inherit their usual significance from the TMG case. The only degrees of
freedom are given by the timelike vectors n; erected at each bulk point y;. The construction
of the entanglement wedge corresponding to two generic (disjoint) intervals A and B on
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the asymptotic boundary is identical to that described in subsection 5.1, except that now
the cross section only picks up a topological contribution. The cross section is obtained
by choosing two arbitrary bulk points y, and y; on the extremal curves computing the
entanglement entropy of AU B and then extremizing the Galilean boost required to drag
the the bulk vector ny at yp to y;:

EfVXG = 2k min ext An(np, ny) - (153)

ny , Ny,

Therefore, for two disjoint intervals in proximity in the ground state of the GC'F'T1 1 dual
to FxG in Minkowski spacetime, the extremal EWCS is obtained as

G l13to4
ELXY =2k log ( ) : (154)

t14to3

where we have used eq. (96). We may now utilize a version of our flat-holographic
proposal in eq. (30) restricted to the case of FxG to obtain the corresponding entanglement

negativity as
t13t
£="Llog ( 13 24) , (155)

8 t14t23

which matches exactly with that reported in [62] providing a consistency check.

It is now straightforward to extend this construction for the entanglement wedge for
the cases of two adjacent intervals and a single interval in the boundary theory. Instead,
we would like to report a fascinating connection of FxG with the AdSy/CFT; correspon-
dence. As noted in [61], the bulk timelike vectors of the form (90) can be thought of as
points in the three dimensional embedding space of Eucildean Poincare AdSsy, with x and
u being the corresponding Poincare coordinates. With such a connection, the boost in eq.
(86) may be identified with the geodesic distance in Eucildean Poincare AdSs, between
the points corresponding to n; and ny. Therefore the extremal EWCS in FxG may also
be computed using the worldline method in Euclidean AdS5. This observation also finds
support in the fact that the dual C'F'T} accomodates only one copy of the Virasoro algebra,
which is isomorphic to the GC Ag for ¢y = 0. It was also demonstrated in [76] that the
representations of such GCAs reduce to the Virasoro module, as well as the possibility
of putting unitarity constraints. Therefore, one might wonder about a holographic corre-
spondence between a topological gravitational theory with a specific unitary field theory
in two dimensions lower.
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