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Abstract

The Parton Branching (PB) approach describes the evolution of transverse momentum
dependent (TMD) parton densities. We propose to extend the PB method by including
TMD splitting functions, instead of the DGLAP splitting functions which assume strong
ordering in transverse momentum. We present the evolution equations and their nu-
merical solution, which is the first Monte Carlo implementation including TMD splitting
functions.

1 Introduction

TMD factorization theorems (see [1] and references therein) are important for precise theo-
retical predictions of physical observables such as the Drell-Yan (DY) transverse momentum
spectrum in hadronic collisions. The Parton Branching (PB) method [2-4] allows one to ob-
tain the evolution of TMD Parton Distribution Functions (TMD PDFs) in terms of Sudakov
form factors, real-emission splitting functions and angular-ordering phase space constraints.
The method has recently been applied to DY [5-7] and photon-induced [8] lepton-pair pro-
duction, and to DY + jets production [9]. It has been implemented in the Monte Carlo (MC)
event generator CASCADE [10,11].

Currently, the PB method uses Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [12-
14] splitting functions, which assume that the partons along the branching decay chain are
strongly ordered in transverse momenta. From high-energy factorization [15-17], it is known
that potentially large corrections to strongly-ordered branchings arise for small longitudinal-
momentum fractions x [18,19]. These corrections can be taken into account by generalizing
the concept of DGLAP splitting functions to that of TMD splitting functions [20,21]. A calcu-
lational programme of TMD splitting functions is pursued in [22-26].

We propose in this work an implementation of TMD splitting functions within the PB
method. It is the first MC implementation that uses TMD splitting functions and a first step
towards a new MC that includes small-x physics.
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2 Evolution equations

In this work, three different scenarios for PB evolution equations are studied [27]. The equa-
tions for momentum-weighted TMD PDFs A, (x, k, u?) = xA,(x, k, u?) for a parton of flavour
a, evaluated at a scale u, with x the longitudinal momentum fraction of the proton and k the
transverse momentum, are given by

d*u A,(p?)

O(u2 — u2)0(u? — u2)x
P YNTE) (u” = u)e (U™ — ug)

Aq(x, ke, 1?) =08, (u) A (x, K, p) + Zf
b

X J dzPabfib(;—c, k+(1—2)u,u?), €))

X

where A, is the Sudakov form factor for parton a, P, is the real-emission function for parton
splitting b — a, and the phase-space angular ordering is embodied in i) the running coupling,
ii) the relationship between the evolution variable and the transverse momentum, and iii) the
soft gluon resolution scale z,;. The latter separates resolvable from non-resolvable branchings,
and is taken to be dynamical, i.e., dependent on the evolution scale u’: z,; = 1—q,/u’, where
the parameter g, represents the minimal transverse momentum of the emitted parton. The
main features of this approach are described in [6]. The three scenarios are characterized as
follows:

1. P, = P""l(z w?) and A,(u?) = ACOZ(M );
2. P, = PaTbMD(z, k', u), withk’ =k +(1—2)u/, and A,(u?) = AZOZ(,uZ);
3. Py = PTMP(z, k', ) and Ag(y?) = ATMP (2, k),

The resolvable branching probabilities of the first condition ngl(z, u'?) are the real emis-
sion parts of the DGLAP splitting functions. The TMD splitting functions in their original vari-
ables be (z,k’, k), which can be found in [25], are defined within the 2-gluon irreducible ker-
nels, which integrate over the boost-invariant transverse momentum k = k — zk’ For the sec-

ond and third condition we use the TMD splitting functions PTM Dz, k', i) = k2 dz“ o b(z K k),
were we have chosen to absorb a Jacobian in their redeﬁmtlon The collinear Sudakov form
factor, which resums non- resolvable branchings and virtual corrections, is given by

AC"Z(M ) =exp[ Zb f“ du Tea Mdz 2 PC"Z(z u2)]. In the standard PB method, which corre-

sponds to the first condltlon it has the interpretation of the probability of an evolution without
any resolvable branching. Since we change the resolvable branching probabilities in the sec-
ond condition, this interpretation is no longer valid. In the third condition the TMD Sudakov

form factor AZMD(uz,kz) = exp[— . “ d“/Z OM i ZM dz z PbTaMD (z, k,pf)], where ¢ is

the angle between k and w/, is defined such that this 1nterpretation is again valid. This condi-
tion has effects of TMD splitting functions in both resolvable and non-resolvable branchings.
At k = 0, the TMD Sudakov form factor is equal to the collinear Sudakov form factor. When
k increases, the TMD Sudakov form factors decrease for both gluons and quarks.

A property of the equations with the first and third condition is that the momentum of the
proton is conserved. The second condition doesn’t conserve the proton’s momentum. This can
be shown analytical, and is numerically in table 1.

The evolution equations are here shown for TMD PDFs, but to obtain collinear PDFs, one can

simply integrate over the transverse momentum k: fa(x, u?) = f dsz/ia(x, k,u?).
The equations can be solved with MC techniques.
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Table 1: Check of momentum conservation: f 110_5 dxf,(x, u?).

Submission

‘u2 (GeV) p;glJ AZOI prMD, AZOZ PJbMD’ AZI"MD
(condition 1) | (condition 2) | (condition 3)
10 0.999 1.007 0.999
100 0.997 1.045 0.997
1000 0.995 1.091 0.994
10000 0.992 1.129 0.991
100000 0.984 1.148 0.983
gluon, ;=100 GeV gluon, x=0.001, =100 GeV
$UF — Bera, ] IV = Beres., ]
o . M3 ]

o —
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Figure 1: Collinear (left) and TMD (right) PDFs for gluons.

3 Numerical results

In this section, we show results for the evolution equations 1 obtained with the same ini-

tial parametrization for all scenarios A, (x, k; o, u2) = xf,(x, u3) - é exp (—kio / qf) at scale
pa = 1.9 GeV2. The x-dependence is generated according to a collinear PDF xf, (x, u2) which
is chosen to HERAPDF20 LO_EIG and the k, -dependence is generated according to a Gaus-
sian, with q; = 0.5 GeV. By using fixed starting distributions, we can study the impact of each
element in the evolution equations. However, before the TMD PDFs can be applied to phe-
nomenology, they should be fitted, which is left for future work. In figure 1, we show the
gluon distribution at scale u = 100 GeV obtained with condition 1 (col P), condition 2 (TMD
P col Sud) and condition 3 (TMD P TMD Sud). Left, the integrated TMD PDF versus Xx is
shown. The TMD splitting functions affect the distributions already at the level of integrated
TMDs. The TMD splitting functions reduce to the DGLAP splitting functions for k' — 0 and
therefore the effects of them are small in the large-x region. A suppression in the PDF can be
seen for the model with TMD Sudakov form factor compared to the PDF from the model that
uses TMD splitting functions and a collinear Sudakov form factor. Right, the TMD PDF versus
k, at x = 0.001 is shown. The whole k -region is affected by the TMD splitting functions.
The suppression from the TMD Sudakov form factor is visible in the whole k| -region. There
are kinks visible in the k| -spectrum due to the non-perturbative input.

In figure 2 we show the influence of non-perturbative input. We do this for the first condition,
but condition 3 gives similar results. The transverse momentum of a parton after n branchings
is given by k = kg — Z?:l q;, with q; = (1 —2)u; the transverse momentum of the emitted
parton. Since we use the dynamical resolution scale, we have q, ; > q, and the transverse
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Figure 2: Gluon TMD PDFs for different values of the non-perturbative input q, and
qs

momentum from the evolution begins to build up around the value of g,. But since we have
a vector sum, k; below g, can be reached and the peak can be smeared by many branchings.
In the left figure we show the gluon TMD PDF vs k| for different values of q,. We see that
when we lower g, the curve gets smoother, this has two reasons: with low g, there are more
resolvable branchings and therefore the peak from evolution is more smeared out and with
low q, the overlap is larger with the peak from intrinsic k| around 0. In the right figure we
show the effects of the width of the Gaussian function for intrinsic k|, by varying g,, while
qo is fixed at 1 Gev. When g, is close to q,, the curve is smoother than when q; is smaller,
again because of the overlap between the two peaks. We can see that g, only affects the small
k| -region.

4 Conclusion

We have presented a Monte Carlo implementation of TMD splitting functions in the Parton
Branching approach. The TMD splitting functions affect both resolvable branchings and Su-
dakov form factors. The evolution with TMD splitting functions has impact on both collinear
and TMD parton distributions. The effects are visible in the small-x region of PDFs and
throughout the whole k | -spectrum of TMD PDFs. Phenomenological studies are warranted at
the LHC as well as at future hadron-hadron [28,29] and lepton-hadron [30, 31] colliders.

Acknowledgements

I thank Francesco Hautmann, Martin Hentschinski, Hannes Jung, Aleksander Kusina, Krzysztof
Kutak and Aleksandra Lelek for collaboration and discussion.

References

[1] R. Angeles-Martinez et al., Transverse Momentum Dependent (TMD) parton distri-
bution functions: status and prospects, Acta Phys. Polon. B 46(12), 2501 (2015),
doi:10.5506/APhysPolB.46.2501, 1507.05267.

[2] E Hautmann, H. Jung, A. Lelek, V. Radescu and R. Zleb¢ik, Soft-gluon res-


https://doi.org/10.5506/APhysPolB.46.2501
1507.05267

SciPost Physics

[3]

[4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

olution scale in qcd evolution equations, Physics Letters B 772, 446 (2017),
doi:https://doi.org/10.1016/j.physletb.2017.07.005.

E Hautmann, H. Jung, A. Lelek, V. Radescu and R. Zleb&ik, Collinear and tmd quark and
gluon densities from parton branching solution of gcd evolution equations, Journal of High
Energy Physics 2018(1), 70 (2018), doi:10.1007/JHEP01(2018)070.

A. B. Martinez, P Connor, H. Jung, A. Lelek, R. Zlebéik, E Hautmann and V. Radescu,

Collinear and tmd parton densities from fits to precision dis measurements in the parton
branching method, Phys. Rev. D 99, 074008 (2019), doi:10.1103/PhysRevD.99.074008.

A. Bermudez Martinez, P L. S. Connor, D. Dominguez Damiani, L. I. Estevez Banos,
E Hautmann, H. Jung, J. Lidrych, M. Schmitz, S. Taheri Monfared, Q. Wang and R. Zle-
beik, Production of z bosons in the parton branching method, Phys. Rev. D 100, 074027
(2019), doi:10.1103/PhysRevD.100.074027.

E Hautmann, L. Keersmaekers, A. Lelek and A. van Kampen, Dynamical resolution scale
in transverse momentum distributions at the lhc, Nuclear Physics B 949, 114795 (2019),
doi:https://doi.org/10.1016/j.nuclphysb.2019.114795.

A. B. Martinez, P L. S. Connor, D. D. Damiani, L. I. E. Banos, E Hautmann, H. Jung,
J. Lidrych, A. Lelek, M. Mendizabal, M. Schmitz, S. T. Monfared, Q. Wang et al., The
transverse momentum spectrum of low mass drell-yan production at next-to-leading order
in the parton branching method, The European Physical Journal C 80(7), 598 (2020),
doi:10.1140/epjc/s10052-020-8136-y.

H. Jung, S. Taheri Monfared and T. Wening, Determination of collinear and tmd photon
densities using the parton branching method, Physics Letters B 817, 136299 (2021),
doi:https://doi.org/10.1016/j.physletb.2021.136299.

A. B. Martinez, E Hautmann and M. L. Mangano, TMD Evolution and Multi-Jet Merging
(2021), 2107.01224.

S. Baranov, A. Bermudez Martinez, L. I. Estevez Banos, E Guzman, E Hautmann, H. Jung,
A. Lelek, J. Lidrych, A. Lipatov, M. Malyshev, M. Mendizabal, S. Taheri Monfared et al.,
Cascade3 a monte carlo event generator based on tmds, The European Physical Journal C
81(5), 425 (2021), doi:10.1140/epjc/s10052-021-09203-8.

H. Jung, S. Baranov, M. Deak, A. Grebenyuk, E Hautmann, M. Hentschinski, A. Knutsson,
M. Kramer, K. Kutak, A. Lipatov and N. Zotov, The ccfm monte carlo genera-
tor cascade version 2.2.03, The European Physical Journal C 70(4), 1237 (2010),
doi:10.1140/epjc/s10052-010-1507-z.

V. N. Gribov and L. N. Lipatov, Deep inelastic e p scattering in perturbation theory, Sov. J.
Nucl. Phys. 15, 438 (1972).

G. Altarelli and G. Parisi, Asymptotic Freedom in Parton Language, Nucl. Phys. B 126,
298 (1977), doi:10.1016/0550-3213(77)90384-4.

Y. L. Dokshitzer, Calculation of the Structure Functions for Deep Inelastic Scattering and
e+ e- Annihilation by Perturbation Theory in Quantum Chromodynamics., Sov. Phys. JETP
46, 641 (1977).

S. Catani, M. Ciafaloni and FE Hautmann, Gluon contributions to small x heavy flavour
production, Phys. Lett. B 242, 97 (1990), doi:10.1016/0370-2693(90)91601-7.


https://doi.org/https://doi.org/10.1016/j.physletb.2017.07.005
https://doi.org/10.1007/JHEP01(2018)070
https://doi.org/10.1103/PhysRevD.99.074008
https://doi.org/10.1103/PhysRevD.100.074027
https://doi.org/https://doi.org/10.1016/j.nuclphysb.2019.114795
https://doi.org/10.1140/epjc/s10052-020-8136-y
https://doi.org/https://doi.org/10.1016/j.physletb.2021.136299
2107.01224
https://doi.org/10.1140/epjc/s10052-021-09203-8
https://doi.org/10.1140/epjc/s10052-010-1507-z
https://doi.org/10.1016/0550-3213(77)90384-4
https://doi.org/10.1016/0370-2693(90)91601-7

SciPost Physics

[16] S. Catani, M. Ciafaloni and E Hautmann, High-energy factorization and small x heavy
flavor production, Nucl. Phys. B 366, 135 (1991), doi:10.1016/0550-3213(91)90055-3.

[17] S. Catani, M. Ciafaloni and E Hautmann, High-energy factorization in QCD and minimal
subtraction scheme, Phys. Lett. B 307, 147 (1993), do0i:10.1016/0370-2693(93)90204-
U.

[18] E Hautmann, M. Hentschinski and H. Jung, TMD PDFs: A Monte Carlo implementation
for the sea quark distribution (2012), 1205.6358.

[19] E Hautmann, M. Hentschinski and H. Jung, A kp-dependent sea-quark density for the
CASCADE Monte Carlo event generator (2012), 1207.6420.

[20] S. Catani and E Hautmann, High-energy factorization and small-x deep inelas-
tic scattering beyond leading order, Nuclear Physics B 427(3), 475 (1994),
doi:https://doi.org/10.1016/0550-3213(94)90636-X.

[21] S. Catani and E Hautmann, Quark anomalous dimensions at small x, Phys. Lett. B 315,
157 (1993), doi:10.1016/0370-2693(93)90174-G.

[22] F Hautmann, M. Hentschinski and H. Jung, Forward Z-boson production
and the unintegrated sea quark density, Nucl. Phys. B 865, 54 (2012),
doi:10.1016/j.nuclphysb.2012.07.023, 1205.1759.

[23] O. Gituliar, M. Hentschinski and K. Kutak, Transverse-momentum-dependent quark split-
ting functions in kt-factorization: real contributions, Journal of High Energy Physics
2016(1), 181 (2016), doi:10.1007/JHEP01(2016)181.

[24] M. Hentschinski, A. Kusina and K. Kutak, Transverse momentum dependent splitting
functions at work: quark-to-gluon splitting, Phys. Rev. D 94(11), 114013 (2016),
doi:10.1103/PhysRevD.94.114013, 1607.01507.

[25] M. Hentschinski, A. Kusina, K. Kutak and M. Serino, Tmd splitting functions in k, fac-
torization: the real contribution to the gluon-to-gluon splitting, The European Physical
Journal C 78(3), 174 (2018), doi:10.1140/epjc/s10052-018-5634-2.

[26] M. Hentschinski, Transverse Momentum Dependent Gluon Distribution within High Energy
Factorization at Next-to-Leading Order (2021), 2107.06203.

[27] L. Keersmaekers et al., paper in preparation .

[28] M. L. Mangano et al., Physics at a 100 TeV pp Collider: Standard Model Processes (2016),
doi:10.23731/CYRM-2017-003.1, 1607.01831.

[29] P Azzi et al., Report from Working Group 1: Standard Model Physics at the HL-LHC and
HE-LHC, CERN Yellow Rep. Monogr. 7, 1 (2019), doi:10.23731/CYRM-2019-007.1,
1902.04070.

[30] P Agostini et al., The Large Hadron-Electron Collider at the HL-LHC (2020), 2007.14491.

[31] Proceedings, Probing Nucleons and Nuclei in High Energy Collisions: Dedicated to the
Physics of the Electron Ion Collider: Seattle (WA), United States, October 1 - November
16, 2018. WSB, doi:10.1142/11684 (2020), 2002.12333.


https://doi.org/10.1016/0550-3213(91)90055-3
https://doi.org/10.1016/0370-2693(93)90204-U
https://doi.org/10.1016/0370-2693(93)90204-U
1205.6358
1207.6420
https://doi.org/https://doi.org/10.1016/0550-3213(94)90636-X
https://doi.org/10.1016/0370-2693(93)90174-G
https://doi.org/10.1016/j.nuclphysb.2012.07.023
1205.1759
https://doi.org/10.1007/JHEP01(2016)181
https://doi.org/10.1103/PhysRevD.94.114013
1607.01507
https://doi.org/10.1140/epjc/s10052-018-5634-2
2107.06203
https://doi.org/10.23731/CYRM-2017-003.1
1607.01831
https://doi.org/10.23731/CYRM-2019-007.1
1902.04070
2007.14491
https://doi.org/10.1142/11684
2002.12333

	Introduction
	Evolution equations
	Numerical results
	Conclusion
	References

