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Abstract

We address the origins of the quasi-periodic breathing observed in [Phys. Rev.
X vol. 9, 021035 (2019)] in disk-shaped harmonically trapped two-dimensional
Bose condensates, where the quasi-period Tquasi-breathing ~ 271/7 and T is
the period of the harmonic trap. We show that, due to an unexplained
coincidence, the first instance of the collapse of the hydrodynamic descrip-
tion, at t* = arctan(v/2)/(27)T =~ T/7, emerges as a ‘skillful impostor’ of
the quasi-breathing half-period Tquasi-breathing/2- At the time t*, the veloc-
ity field almost vanishes, supporting the requisite time-reversal invariance.
We find that this phenomenon persists for scale-invariant gases in all spa-
tial dimensions, being exact in one dimension and, likely, approximate in all
others. In d dimensions, the quasi-breathing half-period assumes the form
Tquasi-breathing/2 = t* = arctan(\/a) /(27)T. Remaining unresolved is the ori-
gin of the period-2T breathing, reported in the same experiment.

Contents
[(1__Introductionl 2
(1.1 The phenomenon| 2
(1.2 Intuition from one-dimensional breathers in a scale-invariant gas| 2
[1.3  What to expect in higher spatial dimensions, for a scale-invariant gas| 3
(1.4  The hydrodynamic equations| 4
|2 Why the velocity field must vanish at ¢ = Tyreathing/ 2| 4
I3__The shock wave and the bulk 5
[4_The definition of £*] 6
[5 The property (A)| 6
|6 The property (B)| 7
[7 A useful corollary of scale invariance 7




SciPost Physics 1 INTRODUCTION

I8 The property (C) | 8
[0 The inner edge dynamics: deriving an expression for t*| 8
[10 The outer edge dynamics: an expression for ¢ ] 11
(11 The property (D)) 12
(12 Summary and numerical results| 12
13 Outlookl 14
[References 14

1 Introduction

1.1 The phenomenon

A quasi-periodic breathing of quasi-period 27'/7 was observed, in experiments by J. Dal-
ibard’s group, in disk-shaped harmonically trapped two-dimensional (2D) Bose conden-
sates [1]. Here T' = 27 /w is the oscillation period of a single particle subjected only
to a harmonic trap with confinement frequency w. We will address the origin of this
quasi-breathing.

1.2 Intuition from one-dimensional breathers in a scale-invariant gas

To develop some intuition, it is instructive to look at a similar phenomenon in a one-
dimensional (1D) scale-invariant gas [2]. In this case, a gas with a chemical potential
quadratic in density, p o< n?, with an initial rectangular density profile, was released to a
harmonic trap. For the purposes of our paper, we will consider a situation where the gas
is prepared in a state where the trapping energy does not evolve over time; that this is
possible is guaranteed by scale invariance [3].

Under the above circumstances, the gas will breathe with a period Tireathing = 1'/4,
where T is the period of the harmonic trap. As in the case of triangular 2D breathers |1,2,/4],
the atomic cloud will be sharply divided onto the central “bulk” area and a shock-wave
front. The former and the latter will be separated by a discontinuity line called the “inner
shock-wave edge”, itself located at Rinner; the shock-wave front will be separated from
the outside vacuum by the “outer shock-wave edge”, located at Router- The bulk density
remains flat at all times, leading to a vanishing force; the velocity field is thus that of a
free gas.

At the breathing half-period, i.e. at t = Threathing/2 = 1/8, the inner shock-wave edge
reaches the origin: the two shock waves, one from the right edge and one from the left,
collide. If hydrodynamic equations are used as an approximation, their solution ceases to
exist at this point.

Here and below, t* will denote the instance when the inner edge reaches zero, regardless
of whether periodic breathing exists or not. Note, however, that in one spatial dimension,

the two instances coincide:
Tbreathing

2
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Also note that the initial state is time-reversal invariant. In this case, it is easy to
show that the breathing half-period instance, t = Tireathing/2, also must be time-reversal
invariant. An immediate consequence is that velocity field vanishes identically at this
point.

Remarkably, the time-reversal invariance at Tireathing/2 also promotes the condition
Threathing/2 = t* from a curiosity to a necessity. This is because the velocity field of the bulk,
Ubulk(7, t), does not vanish as ¢ approaches Tireathing/2 from below, but instead approaches
the value —wr. The only way for the time-reversal invariance to nevertheless hold at
Tireathing/2 is if the bulk disappears at this point, meaning that Ti,eathing /2 coincides with
t*.

As a side remark, recall that the hydrodynamic solutions can not be continued beyond
t*. However, the hydrodynamic system can be considered an approximation to a more
complete theory—either the Liouville equation for free fermions or the Gross-Pitaevskii
equation with quintic non-linearity, both considered in Ref. [2]—and the hydrodynamics
can be carried through the catastrophes. It would re-emerge from them with new initial
conditions.

To summarize, for a 1D scale-invariant gas, the instant of time ¢t = T'/8 is, at the same
time, a half of the breathing period, Ti,reathing/2 and a point t* where the inner edge of the
shock wave front reaches the origin.

As we said, time-reversal invariance requires that the velocity field vanishes identically
at t = Threathing/2 = t*. Let us list four trivial corollaries of the vanishing velocity field:

(A)  The bulk area, which has a nonzero velocity field, shrinks to a point; (1)
(B) /dVolume {n(r, t*)r}o(r, t*) = C<v>n(r7 pyr =0 (2)
(€) v(0, t*) = 0; (3)
(D) v(Router (), ) = 0; (4)

(v) _ [ dVolume {n(r, t)r}v(r, t)

vinrtyr = [ dVolume {n(r, t)r}
is a weighted average of the velocity field v(r, t) with a non-negative weight distribution
(n(r, t)r)/ [ dVolume {n(r, t)r}, and C' = ([ dVolume {n(r, t) 7’})71 is the normalization
factor. These four corollaries form a skeleton of our paper.

1.3 What to expect in higher spatial dimensions, for a scale-invariant
gas

It is likely that, in higher spatial dimensions, scale-invariant gases do not exhibit breathing
analogous to the period-7'/4 breathing in 1D [2] (recall that the period-27 breathing
observed in Ref. [1] in 2D is a separate phenomenon). However, what is universal across
different numbers of dimensions is the existence of an instance t* when the inner edge
reaches the origin. We will show below that, while the velocity field does not vanish
identically for d > 1 spatial dimensions, the properties of Subsection nevertheless
continue to hold. As a result, the state of the system at ¢t = t* emerges as an impostor of
a breathing half-period, for any number of spatial dimensions, including the empirically
relevant case d = 2.
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1.4 The hydrodynamic equations

We will be working with the hydrodynamic equations (the continuity and Euler equations)
that describe the dynamics of a d-dimensional gas at zero temperature:

0
an—l-v-(nv)—(]

0 1 9
av—i—(v-V)——mVu(n)—w r,

: (5)

where n = n(r, t) and v = v(r, t) are respectively the number density and the velocity
fields, p(n) is the chemical potential, w is the frequency of the harmonic confinement, and
m is the particle mass.

We will be mainly interested in the spherically symmetric case:

0 1 0/ 44 B
gv + vgv = —lg(,u(n)) —wir.
ot or m or

Here we assume that the density is a function of the radial coordinate only, n(r, t) = n(r, t),
and that the velocity field has a radial component only, itself exclusively a function of r:
v(r, t) = v(r, t) e,, with e, the unit vector in the radial direction. We will still occasionally
address the more general system, as a tool in some of the proofs to follow.

2  Why the velocity field must vanish at ¢ = Ty eathing/2

Let us address in greater detail the question of time-reversal invariance at the breathing
half-period—and its main consequence, the vanishing velocity field.

Statement 1. If the system undergoes breathing of period Tiyeathing when started from a
time-reversal-invariant state at t = 0, then the velocity field vanishes identically at the

breathing half-period:
Tbreathing o
v <7‘, —s )= 0.

Proof. We have that the time evolution is periodic with a period Tyreathing,
v(7, t + Threathing) = (7, 1),
Also, the initial state is a time-reversal-invariant point, which means that
v(r, —t) = —ov(r, t) .

In particular,

v <’r7 +Tbre;thing) - <T, _ Tbre;thing) — (T’ +Tbre;thing) ]

It follows that T
v (7‘, + bre;thing) _ 07

so the velocity field must vanish identically at ¢ = Tireathing/2- O
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3 The shock wave and the bulk

We will be interested in the following initial conditions for the hydrodynamic equations @:

(r, 0) ng for r < Ry,
n(r, 0) =
0 for r > Ry, (7)

v(r,0) =0.

That is, initially the gas cloud is a ball of radius Ry and density ng, at rest. Because the
density has a discontinuity, it is an ill-posed problem to ask for a solution of the system in
Eqgs. @ subject to the initial conditions in Egs. . However, for a power-law equation of
state,

_ v
M_an )

there exists a solution—the so-called Damski-Chandrasekhar shock wave [4-6]—that
converges to the initial condition ast — 0T. It is not yet known if it is the only solution
with this property. However, in a few particular cases, the Damski-Chandrasekhar solution
is supported by a theory that is more regular than the hydrodynamic system in Eqgs. @,
and of which Egs. @ are an approximation. The cases correspond to a scale-invariant gas,
in one, two, and three spatial dimensions, with the underlying regular models given by a
polynomial Gross-Pitaevskii equation, a free-fermionic Liouville’s equation mappable to
Egs. @, and a physical ultracold Bose gas |1,|2]. Here and below, a > 0 is a constant. In
our case, the Damski-Chandrasekhar solution can be obtained using the following initial
condition at ¢t = §t > 0, where 6t — 0T is a much shorter time interval than any time scale
in the system:

o for r < RO + ‘/inner(0>5t

n(r, 0t) = < nipter(r, 6t)  for Ry + Vinner(0)6t < 7 < Rg + Vouter (0) 5t
0 for r > Ry + Vouter (0) 5t ®
0 for r < Ry + Vinner(0) 6t 7

U(T, 5t) ~ Uinter(ra 5t) for RO + ‘/inner(o)ét <r< Ro+ Vvouter(o) ot
undefined  for r > Ry + Vouter(0)0t

where
1
. B muv r — (Ro + Vouter (0)0) \ * |
nmter(ra 5t> = a(u+2)2 ( St
. . 2 r— (Ro + %uter(O)(St)
Ulnter(ra 5t> = (V—|—2) < ot +‘/outer(0)
with
Vvinner(o) - _C(nO) (9)
and
2
Vouter (0) = 5 c(ng) - (10)
Here and below,
QQ pocnt[vp(n) ufx_n% 2p(n)
m@n'u(n) N m B dm (11)
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is the speed of sound. The state does converge to the initial one when 6t — 4.
Also, when d = 1 and w = 0, the field is, if 0t is replaced by t, an exact solution of the
system @ On the other hand, Eq. does not have discontinuities, and thus can be used
as an initial condition for time propagation, for all times.

At later times, the initial condition continues to evolve in such a way that at all
instances of time before a certain critical time t*, which we define later, there will be two
distinct layers: the inner core (or, the “bulk”) and an outer shell representing the “shock
wave front.” Note that under the harmonic confinement, the density in the bulk will remain
spatially uniform at all times, and it will evolve as if the interactions did not exist. The
hydrodynamic fields will then, for 0 < ¢t < t*, have the form

Ntk (7 t) for 0 <r < Ripner(t)

n(r, t) &  Nshockwave (7 ) for Rinner(t) < 7 < Router ()
0 for r > Router (%) 12)
Vbulk (7, 1) for 0 <7 < Rinner(?)

v(r, 1) & { VUshockwave (7, ) for Rinner(t) < 7 < Rouger(t)
undefined for Router(t)

with
Npulk (1, t) = #&m for r < Rinner(t) (13)

Upuik (7, t) = —wtan(wt)r for 7 < Ripper(t)

While the shock wave from the density and velocity profiles ngpockwave (s ) and vUghockwave (7 t)
will require (for d > 1) a numerical treatment, in what follows we will be able to derive
analytic expressions for the trajectories of the inner and outer edges of the shock wave
front, Rinner(t) and Router(t)-

4 The definition of t*

We are particularly interested in the state of the system at the first instance when the
inner edge reaches the origin and the bulk disappears; we denote this instance by t*:

Ripner(t*) =0 . (14)

As we said in the introduction, the instance t* appears to be a good candidate for the
half-period of an approximate breathing. In what follows, we will justify this assertion.

5 The property (A)

The property (A) from corollary trivially follows from the definition of ¢* in Eq. :
Statement 2 (Property (A)). At t =t*, the bulk region shrinks to a point.

In spite of its triviality, the above property is important for establishing that the
velocity field at ¢t* is nearly zero. Indeed, according to , the bulk velocity field is not
identically zero unless t = (7'/2) x integer. However, the half-breathing can not happen
at T'/2, because the bulk density diverges prior to that, at ¢ = 7'/4. The only remaining
possibility is that the bulk region disappears altogether. And, according to the Statement
above, this is precisely what happens at ¢t = ¢*.

Recall that in the one-dimensional case [2], where the true breathing is present, the
above scenario is realized verbatim.
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6 The property (B)

The property (B) of corollary is specific to scale-invariant gases with a stationary
moment of inertia.
For scale-invariant gases,

the dynamics of the moment of inertia,
J(t) = m/dVolume n(r, t)r?

decouples from the dynamics of the rest of the system [3]. In particular, if the trapping
frequency is adjusted in such a way that the energy of the gas before the trap was switched
on equals the trapping energy right after,

e(no) = 5w (r?)(0) , (15)
then the moment of inertia remains stationary at all times. Here and below,

1 v ]. p,o(n% d

e(n) = /O"dn'u<n'>“°é” u(n) "<

. () (16)

is the energy per particle, and

(r2)(t) = \/N—l /dVolume n(r, t)r?

is the r.m.s. distance to the origin.
When the initial state is a ball of uniform density ng and radius Ry, the condition ,
in combination with , will fix the ball radius to

Ry = v,/ (0 (17)

mw?

The generator of the scaling transformations,
Qt) = m/dVolume n(r, t) (r-v(r, t)),

is proportional to the time derivative of the moment of inertia [3]. In the state where
the moment of inertia is stationary, we have that ¢) = 0. This leads to

Statement 3 (Property (B)). At t=t*, the following integral vanishes:

/drrdn(r, t)o(r, t*) =0.

7 A useful corollary of scale invariance

Scale invariance induces a similarity between the real and velocity spaces. A scale-invariant
gas, characterized by a chemical potential

3
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(a being the coupling constant), has the same equation of state as free zero-temperature
fermions. In the latter system, the chemical potential becomes the Fermi energy, the kinetic
energy on the Fermi surface in the velocity space. The energy per particle becomes the
mean velocity square. These observations inspire the following Statement:

Statement 4. For a ball of scale-invariant gas of radius Ro and uniform density ng,

e(no) (r?) d

n(no)  R2 T d+2°

(18)

Proof. The relationship can be proven using a direct computation. On one hand,
according to (16), e = pd/(d + 2). On the other hand, one can directly verify that the
mean square distance to the origin in a d-dimensional uniformly filled ball is

[ dVolumengr? fORO drrdt1 d

2 _
) = [ dVolumeny fORO drrd-1 d+2°7°

8 The property (C)

It is also easy to verify the property (C) of corollary (3):
Statement 5 (Property (C)). Att =t*, the velocity field vanishes at the origin:
v(0,t*)=0.

Proof. Indeed, at any instant of time, the value of the velocity at the origin is zero. This
follows from the single-valuedness of the field v(r, t) in Egs. (f). O]

9 The inner edge dynamics: deriving an expression for t*

Let us consider an auxiliary problem, where the trap is removed:

aﬁ E(m) + . nov =0 (19)
o 0 _ 10,

We will focus on the scale-invariant case,
2
pu(n) = and .

It follows from scale-invariance 3] that any solution of the auxiliary problem can be
used to generate a solution of the actual problem [4]. In addition, we will assume that the
initial state satisfies the condition of stationarity of the moment of inertia (15]). We get

n(r, t) = Wﬁ(r/ cos(wt), w™! tan(wt))
o B . (21)
v(r, t) = cos(wt)v(r/ cos(wt), w™ tan(wt)) — wr tan(wt)



SciPost Physics 9 THE INNER EDGE DYNAMICS: DERIVING t*

In particular, the trajectory of the inner edge Rinner(t) in the auxiliary problem —
, which is a point of discontinuity in both the density and the velocity gradients, can
be used to generate the corresponding trajectory for the problem in Egs. @:

Ripner(t) = Cos(wt)Rinner(w_l tan(wt)) . (22)

For the auxiliary problem -, we will use the same initial condition as for
the actual problem @ Remark that, in the auxiliary problem, the density in the bulk
area will remain equal to ng, and the velocity will remain equal to zero, at all times:

(r,t) =ng for 0<7r < Rine(t)
(r,t)=0 for 0<7 < Riner(t)

< 3

(23)

Let us now focus on the zone to the right from Rinner(t). A Taylor expansion in the powers

of 7 — Rinner(t) gives

no + ﬁlgt) (T - Rinner(t)) + -

U1 (7" - Rinner(t)) + -
1 1 7 — Rinner (t)
T

(r,

(r,

3
~ o+

)
)

<l

T R B0

mner

r > Rinner(t) .

In addition, consider

f(r, t) = p(no) + A1 (1) (1 — Rinner(t)) + - - -
r> Rinner (t) .

Equation , in the zeroth order in (r — Rinner(t)), gives

M1 Rinner = nov1 . (24)

Equation , in the zeroth order, leads to ﬁléinner = %ﬂl or, using ,

- ’[’LO _
mRi2nner = —_H1- (25)
ni
Now, according to ,
_ op _ 2 ni
=gl m=me (no)no (26)
Substituting (26)) to (25), we get
Rinner = :|:C(TL()) , (27)

with the lower sign corresponding to the solution we are looking for. We get
Rinner(t) - RO - C(n[))t .

Curiously, in the no-trap case, the above result appears to be quite general, i.e. applicable
to any equation of state u(n).
Finally, with the help of the map , we arrive at the following:
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Statement 6. For scale-invariant gases in any number of spatial dimensions d, the inner
edge moves as if it were a free particle:

Rinner(t) = Ro cos(wt) + w™ Winner (0) sin(wt) (28)
with the initial velocity given by
‘/inner(o) = _C(nD) .

Note that the value for the initial velocity of the inner edge is consistent with the one
in @: the latter has been obtained independently, using the Damski map [4,/6] to the
Chandrasekhar solution [5] of the nonlinear transport equation.

Let us now define

t*

l arctan <wRO>
w |‘/inner(0)|

B arctan(v/d) T
N 27

(29)

as the instant when the inner edge reaches the origin for the first time. In the second line
above, we used and . We assume Vipper(0) < 0.

In Fig. |1} we compare the prediction with the results of a numerical propagation
of the hydrodynamic equations @, in the two-dimensional case.

3.0

25

2.0

1.5

Rinner,outer/(c(no)/w)

1.0

0.5

0.5 1.0 1.5

wt

0.0

o
o
n
o

Figure 1: Numerically computed trajectories of the outer (upper curve) and inner (lower
curve) edges of the shock wave front, together with the analytical predictions —. The
numerical curves are indistinct from the analytical predictions. The three thin vertical lines
correspond to the following instants of time, in order from left to right: the experimentally
observed half quasi-breathing period 7'/7 (see [1]), the hydrodynamic prediction for a
half quasi-breathing period , and the full experimental quasi-breathing period 27'/7
observed in [1].

10
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x
outer

10 The outer edge dynamics: an expression for ¢

Let us start with a particular reformulation of the hydrodynamic set of equations @,
specific for power-law equations of state, u(n) oc n”:

) 9 P vd-1)

ot <a“) vtvm <a> =0 (30)
o 9 1[0 )

a’l) +’UE’U = —E (arlu,> —wr. (31)

Assume that the motion of the outer shock-wave front edge—the point where the density
vanishes—follows the trajectory Router(t). Consider a Taylor expansion of both y and v
fields in the powers of the distance to the outer edge:

p(r, 1) = i (t)(r — Rouger(t)) + fiz(r — Rouger(t))? + -+ -
v(r, t) = Bo(t) + 01(r — Router(t)) + - - -
1 1 r—= Router(t)

L _ 4+
r Router (t) R?)utcr (t)

Our goal is to prove that if fi;(0) = 0, then fi;(t) = 0 for all subsequent times. Once
proven, this will mean that the force acting on a probe particle at the outer edge vanishes
identically, and the outer edge will move as if it were a free particle.

From we get, to the zeroth order,

1

. . 2

Vo= ——H1 —W Router -
m

Equation , in the zero order, yields
T)O = Router ’
and hence
B 1
Router = _Eﬂl - U-)2Rguter . (32)

In the first order, Eq. gives

. o vd—1) . .
1+ (1 + V)”l,ul - gRoutzerﬂl =0.

Router
The equation above is a linear homogeneous time-dependent ordinary differential equation
for fi1(t). Given the initial state of the system , the initial condition is f1;(0) = 0.

Therefore, fi; remains identically zero at all times:

fn(t) =0.
Equation then becomes Newton’s equation for a free particle:
Router = —W2Rguter : (33)

This brings us to the following statement:

Statement 7. In any number of spatial dimensions d,

Router(t) = Ro cos(wt) + w™ Vouger (0) sin(wt) . (34)
For future use, let us further define
1 outer
t stor = » arctan <thl%(0)> (35)

as the point in time when the outer edge stops for the first time. We will be assuming that
‘/inner(o) > 0.

11
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11 The property (D)

Unexpectedly, the property (D) of corollary also turns out to be satisfied, and it seems
to be a pure coincidence:

Statement 8 (Property (D)).
Vouter(t*> =0.

Equivalently, for all numbers of spatial dimensions d,

t*

outer

_—— (36)

or, from and ,

|Vinner(0) ’V;)uter(o)
w?R?

Proof. We can prove the Eq. using a combination of @, , , and . O

Note that at t = t*, the outer radius reaches

Router(t*) =V d+ 1}EO )

~1. (37)

for any number of spatial dimensions d.

12 Summary and numerical results

We showed that when a uniformly filled ball of a d-dimensional scale-invariant gas is
released to a harmonic trap of period T, the state of the gas at

o (arctan \/;i) T

2

emerges as a ‘skillful impostor’ of a state that would emerge at a half of a breathing period,
if a breathing of period

arctan \/E) T

Tquasi—breathing =2t" = (
7r
were present in the system.

More specifically, we show that at ¢t = t*, the velocity field almost vanishes, because it is
constrained by two zeros and a vanishing weighted average; meanwile, the bulk area (whose
velocity is never zero) shrinks to a point. While the hydrodynamics itself breaks down at
t = t*, the vanishing velocity field can allow a more general theory or a physical system—
Liouville equation for the underlying free fermions [2], a Gross-Pitaevskii equation [1,2],
or an ultracold quantum gas [1]—to continue to evolve in time in a manner that both (i)
supports the time-reversal invariance and (ii) does not lead to temporal discontinuities in
the velocity field.

The breathing of period (arctan(v/d)/m) T is an exact phenomenon in the one-dimensional
case [2]. In two spatial dimensions, a quasi-breathing of (quasi-) period 27°/7 = 0.296. .. X
T ~ (arctan(v/2)/m) T = 0.304... x T has been observed both experimentally and numeri-
cally in Ref. [1].

12
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We have confirmed our analytical predictions by numerical results. In two spatial
dimensions, at the moment t*, which is associated with the quasi-breathing half-period
Tquasi-breathing, the central “bulk” area shrinks to a point (Fig. , and the velocity uniformly
falls significantly below the speed of sound, which is the relevant velocity scale (Fig. [3).

35

3.0

2.5

2.0

n/ng

1.5

1.0

0.5

+
.
IS /S

0.5 1.0 1.5 2.0 2.5
r(c(ng)/w)

0.0

o
o

Figure 2: A two-dimensional disk-shaped quasi-breather. Shown are the density dis-
tributions at wt = 0.0615924 (dotted), wt = 0.478 (dashed), and wt = arctan(y/2) =
WT quasi-breathing/2 ~ 0.955 (solid). Recall that the quasi-revival period conjectured in
Ref. [1] 18 77 s breathing = 27/ 7, 81ving WT( i breathing/2 = 0.898. Both the hydrodynamic
results (red) and the ab initio Gross-Pitaevskii calculation (blue) are shown. The two thin
vertical lines correspond to, from left to right, the initial ball radius and the position of

the outer edge of the atomic cloud at the hydrodynamic prediction for the quasi-breathing

half-period .

oL / 1
L . i
|- L] -
"

10 ! - ]
L - _
L :' ',a’ |
L d - i
:__: - .—_‘ 4
S | g —'——l'. ]

5 0 '—-r___-_-----------------?j’-‘-'ﬁ...
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Figure 3: The velocity field as a function of the spatial coordinate, in a two-dimensional
disk-shaped quasi-breather. The observation times, the line dashing and color convention,
and the meaning of the thin vertical lines are the same as in Fig. [2|
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13 Outlook

Let us re-analyze the properties of the state of the system at ¢t = t*, i.e. at the instance when
the inner edge of the shock wave front touches zero (see Subsection . The vanishing
bulk area is a trivial consequence of the definition of t*. We discussed several zeros of the
velocity field. The first zero, at ¢ = t*, is the trivial zero at the origin, which is required by
the single-valuedness of the velocity field. The second zero is the vanishing of weighted
average, which—up to a constant—is nothing else but the well-known generator of the
scaling transformations. This vanishes for the initial conditions that we have chosen [3].
Finally, there is a second zero of the velocity field, at the outer rim of the cloud, and
most of our paper is devoted to it. But while we do prove that a zero emerges there—for
all numbers of spatial dimensions—we still do not understand why this happens: the
equality looks like a pure coincidence.

A potential way to promote Eq. from a coincidence to a necessity may look as
follows:

1. For a scale-invariant gas in one dimension: p(n) o< n?, and the relationship
follows form the Shi-Gao-Zhai Fermi-Bose correspondence [2];

2. One may try to find a fundamental principle according to which for any power-law
equation of state p oc n¥, the product |Vipner(0)|Vouter(0) does not depend on v;

3. A combination of the items 1 and 2 above proves (36]), through ([37).
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