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Abstract

We present a supermatrix realisation of g-deformed spinor-spinor and spinor-vector R-
matrices. These R-matrices are then used to construct transfer matrices for Uy (505,41)-
and U,(s0,,,,)-symmetric closed spin chains. Their eigenvectors and eigenvalues are
computed.
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1 Introduction

In [Rsh91], Reshetikhin proposed a method of diagonalizing spin chain transfer matrices that
obey quadratic relations defined by so,,, - and so,,-invariant spinor-spinor R-matrices. The
key observation was that these matrices exhibit a nested six-vertex type structure thus allow-
ing one to apply the principles of the XXX Bethe ansatz at each level of the nesting. In the
504,41 -iNVariant case the nesting truncates at the sos-invariant spinor-spinor R-matrix which
is equivalent to the well known Yang’s R-matrix of the XXX spin chain. In the so,,-invariant
case the nesting truncates at the so,-invariant spinor-spinor R-matrix which factorises into a
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tensor product of two Yang’s R-matrices. It is important to note that the Lie algebra so,, has
two spinor representations specified by the chirality property. As a consequence, there are
four so,,-invariant spinor-spinor R-matrices indexed by chirality of the corresponding spinor
representations thus adding extra difficulties to the nesting procedure.

This diagonalization procedure was recently addressed in a new perspective in [KK20] by
Karakhanyan and Kirschner. An important novelty in their work was that the spinor-spinor
R-matrices were written in terms of the Euler Beta function rather than in terms of recurrent
relations presented in [Rsh91] (see also [CDI13]). The authors provided explicit examples of
spinor-spinor R-matrices of low rank and commented on the corresponding cases of the alge-
braic Bethe ansatz. Similar spectral problems were also addressed by Reshetikhin in [Rsh85],
De Vega and Karowski in [DVK87], Babujian, Foerster and Karowski in [BFK12, BFK16], Fer-
rando, Frassek and Kazakov in [FFK20], Liashyk and Pakuliak in [LP20], and Gerrard together
with the author in [GrR20].

In the present paper we address the long-standing problem of diagonalizing transfer ma-
trices that obey quadratic relations defined by g-deformed so,,,;- and so,,-invariant spinor-
spinor R-matrices. We propose a new construction of spinor-spinor and spinor-vector R-matrices
in terms of supermatrices (this replaces gamma matrices used in [Rsh91] and [KK20]) and
provide explicit recurrence relations. These R-matrices are then used to construct spinor-type
transfer matrices for Uy2(s09,11)- and Uy(so,,)-symmetric spin chains. We employ algebraic
Bethe ansatz techniques similar to those in [Rsh91] to construct Bethe vectors and derive the
corresponding Bethe ansatz equations. Our main results are stated in Theorems 3.3, 4.4 and
4.5.

The paper is organised as follows. Section 2 is devoted to the spinor R-matrices and various
associated identities. Sections 3 and 4 contain the main results of the paper, diagonalization
of the spinor-type transfer matrices. In Appendix A, we provide the semi-classical ¢ — 1 limit
of the main results of this paper.

2 Spinor R-matrices

2.1 Matrices and supermatrices

Consider vector space CN with N > 3. We will denote the standard basis vectors of CN by e;
and the standard matrix units of End(CN) by e; ; where indices i, j are allowed to run from —n
to n with n =N + 2, and 0 will only be included when N is odd. We will use ® to denote the
usual tensor product over C.

Next, consider vector superspace C'! with basis vectors e
(1)
ij
c' by deg(elgl)) = (1+41)/2, and on End(C!") by deg(ef})) = (1—1ij)/2. We also define a
(1)
A l] )

For any n > 2 we set C"" := (C!1")®" where & denotes a graded tensor product over C,
that is

1) 1)
-1 +1°

where i,j = 1. We define a Z,-grading on

and e We will denote the

standard matrix superunits of End(C!") by e

mapping y on End(C'") via y(eg)) =ije

A . &) &) .
(1® egl))(egl) ®1)= (—1)deg(ej )deg(e; ) egl) ® 651). 2.1

We will write matrix superunits of End(C"") as

e .= M g, 8N with 1,7 € (£1,...,£1).

] L in.]n

The degree of e,(i;) is deg(eg)) = (1—-6;;)/2 and y(egg)) = 0,5 egg) where 6;; = 6,6; with
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0; =1i,iy---1,. We will write supermatrices in End(C"") as

(n) _Z (n) . Z M g...58,M0
AT = Aij ez_y = Qi jitseeosinsn ellh ®--e einjn
i,j i1,]1 5o in =21
where q; ; ; ; € C are the matrix entries of A™_ In will be often convenient to write

supermatnces in a nested form

A = Z [A(”)]J He)) (2.2)

ij
i,j=%+1

where [A(")] € End(C™'I"1) are sub-supermatrices of A™ given by

™1 _ o MW 5 a1
[A ]ij - Z @iy In—1,jn—1, lJellh ®: ®ein,1jn,1‘

11,J15e5ln—1,Jn—1=%1

We will sometimes adopt the notation

A1) . — [A(n)]_1 5 gn—1) .— [A (n)]_
=AM, 4, DiVi= [A(")]H s

which will be used to denote the A, B, C, and D operators of the algebraic Bethe ansatz.
For any non-zero scalar ¢ we define a graded g-transposition w on End(C"") via

(myw . $;—0; (n)
()" = 0;5¢% % ™), 23)
where 4; = Z;Zl(p - %) i, and the overline means that the order of multiplying tensorands is
reversed resulting in an overall sign; for instance,

(2) (1) 1 _ o (1) deg(el”) )deg(el) ) (2)
e =e i ®elz] = (1®e )(e ®1) (-1) 11 2J2 e
The inverse of w will be denoted by w.
We define a linear map x(") : End(C"") — (C"")* @ (C")* via

(”)(e(n)) =c;; 0,977 e(“)* (.”)* (2.4)

(n)x

where e_ " and e(." are elementary supervectors in the dual superspaces and c;; is a grad-

ing factor deﬁned recurrently via¢; _; ;. ;i = (—1,)"((=1)"" Ljpeeejoq)Pinin Ciyoi 1 j1ojuy @Dd
= (—i;)". Then, given any X, Y, Z € End(C""), we have that

1111
1MV YZ)= () (r(X) ® Z). (2.5)

Let V"D and V("1 denote the even- and odd-graded subspaces of C"", respectively.
When n = 2, the even-graded subspace V(1) ¢ C22 is spanned by vectors

D= Wee®, o= Mg

€1 - +1°
and the odd-graded subspace V~(!) ¢ C2? is spanned by vectors

() —.,Mes (1) ). Mg M)
=e/ ®e_ e, =e [ ®e,;

When n > 3, the even-graded subspace V("1 ¢ ¢t = ¢22 ¢ (¢!)®(2) js spanned by

vectors

(i) Mg 1)

-1

®e - ®e
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with iq,...,i,_; = +1,—1 such that iy---i,_; = £(—1)". Likewise, the odd-graded subspace

v—("=1 c ¢ is spanned by vectors of the same form except that i,---i,_; = F(—1)". Here
(#)

+ and F are linked with the plus-minus in e; stated in the formula above.

Define even- and odd-graded operators el(].) € End(v*M) and fig.i) € Hom(V*(®) y¥1)
actin ()
g on vectors e;~ by
ePe® = 5,e®, B =,

1] l]
(#) (i) (¥) (#) (ﬂF) —
f = 0je; fl.j e, =0.

These operators allow us to write AZ() € End(V*()) and B € Hom(VE=®, yF) as

+ +
A= 3 gy, B U= 3 by

i,j=—1,+1 ij=—1,4+1

We will write matrix operators A € End(V*() and B*™ € Hom(V*(™, vF(™) when n > 2

as
A (1 1
A:!:(n) — Z [A:I:(n)]lJ & el(j): B:I:(n) — Z [ :I:(n)]lj & e( )
ij=+1-1 ij=+1,—1
where
[A*M], ; € End(V*("D),  [A*W] L) € Hom(VFD, y*n=D),
[A* W], € Hom(v, vFiy - [45W],, L € End(vEY),
and

[B*(M]_; _, € Hom(V*1, yF=y - [g*M]_, ) € End(VF),
[B*™M],, 4 € End(v*™),  [B*W], ., € Hom(VFD, v+,

We define a graded g-transposition w on End(V*(™) and Hom(V*(, vF(M) via
(@) &epy ) =(a7)" & (e )", (2.6)

where a € {e, f } and

( ) (#) () )
( )w qu2(l J) S (fU )W l]qg(l ])f_]_l’

2.7)

with ¥y, = Z;;i %(p + 1)kp. Note that w defined via (2.3) differs from the one in (2.6-2.7),

that is, they are two different mappings denoted by the same symbol. This will not cause any
problems since the two mappings will never be used simultaneously.
We define a linear map =™ : Hom(V*™ vFm) s (vEM)* @ (vFM)* yia

i(")(a(i) & e(n Dy=_jq 3 5 0 q M 682* & a(_ii)* ® e(")* X b(i)* (2.8)

wherea € {e, f} and b® = e® or fF ifa = e or f, respectively, and clfl is defined recurrently
5 _
via Ck1 dpqlydy g F(—kn1)"(—ky - kpply -+ - [_p) 17 ok olyoly s

Ck111 = F(—k;11)%1* . Then, given any Y= € Hom(V*™, y¥™) and X*, z* € End(V*™), we
have that

with the base case

(X FY yEzE) = (v ) (xFl @ 2%) (2.9)

4
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where [F] is /= if n is odd/even.

Lastly, for any matrix X with entries x;; in an associative algebra A we write

X,= Y. I%lee;®I° o x; End(CV)*" A (2.10)

—n<i,j<n

where I denotes the identity matrix and m € N5, will always be clear from the context. The
standard multi-index (“multi-legged”) generalisation of this notation will be used for both
matrices and supermatrices.

2.2 Vector-vector R-matrix

Choose g € R*, not a root of unity, and set k = N/2 — 1. Introduce a matrix-valued rational
function, called the vector-vector R-matrix, by
-1 -1
a—q a—q

R(u,v) =R, + p— 2.11
(wv) " y/u—1 q2’<v/u—1Qq ( )

where Ry, P and Q, are matrix operators on CN ® CN defined by

Ry:= Z q° e ®ej;+(q—q ) Z (e;j®ej;i—q" e ®e ;)

—n<i,j<n —n<i<j<n
- (2.12)
P .= Z eij ®eji5 Qq = Z q Jel-j ®e_i’_j,
—n<i,j<n —n<i,j<n
and the N-tuple v is given by
(—n+%,—n+%,...,—%,0,%,...,n—%,n—%) if N=2n+1,
(Vs ee ey V) i= ] (2.13)
(=n+1,-—n+2,...,—-1,0,0,1,...,n—2,n—1) if N =2n.

The matrix R(u,v), obtained by Jimbo in [Ji86], is a solution of the quantum Yang-Baxter
equation on (CN)®? with spectral parameters,

R15(u, v)Ry3(u, w)Ro3(v,w) = Ro3 (v, w)Ry3(u, w)Ryo(u, v) (2.14)

where we have employed the multi-index extension of the notation (2.10).

2.3 Quantum loop algebra U;x(,QsoN)

The vector-vector R-matrix can be used to define an extended quantum loop algebra of soy
in the following way (see [JLM20, GRW21]). Introduce elements E?;.[r] with —n <i,j <n
and r € Zs,, and combine them into formal series Eiij(u) = Zrzofé[r]uir, and collect into
generating matrices

)= > eyl (2.15)

—n<i,j<n

The elements £ f;[O] are invertible, and so are the L*(u). We will say that elements Kl.ij[r] have
degree r.

Definition 2.1. The extended quantum loop algebra ng(ﬁso ~) is the unital associative algebra

with generators Ef‘;[r] with —n < i,j < n and r € Zs, subject to the following relations:*

(:[01¢5[01=1 and (;[0]=(}[0]1=0 for i<j (2.16)

1Our U;*(Lsoy) corresponds to U(R)/{(g° = 1) in [JLM20] and to U;X(SsoN)/(Zi[O]Zz[O] =1) in [GRW21].
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and

R(u,v) Ly (W) Ly (v) = L5 (v) LT (W)R(w, v),
R(u,v) LT (W) Ly (v) = L;(v) LT (W)R(u,v).
The Hopf algebra structure is given by

(2.17)

A Ki(u) — Zé (u) ®£ (u) S:L*w)—~ LW, e:L¥(w)— 1. (2.18)

The degree zero elements Ziij[O] generate the subalgebra Ug(soy) C US" (Ls0y). In this
work we focus on the spinor representation of U (soy ) which will be used to construct spinor-
spinor and spinor-vector R-matrices. We will make use of the g-Clifford algebra realisation of
Uq(soy), see [Ha90].

Definition 2.2. The q-Clifford algebra C@g is the unital associative algebra with generators a;,
a;(, w;, w7t with 1 <i < n satisfying

1 -1

WiW; = W;w;, wiw =w w =1, (2.19)

w;0;0; 1—q5f1'aj, co-a;.hw =q Ua (2.20)
a~a-+a-a‘=O a a +aTaT—O, (2.21)

a;a; +qlfaa—5co1 aa +q Uaa—6a) (2.22)

Note that the relations (2.22), when i = j, are equivalent to

-1 -1,,-1
w; — w; . qwi—q w;

] T
, aa = —. (2.23)
q—q! o q—qt
The algebra C@g has a natural representation on the exterior algebra A with generators Xx;
with 1 < i < n. For integers m = (mq,...,m,) € Z", we define an element x(m) of A as
follows:

o
ai a; =—

x(m) = ;nl/\xlznz/\---/\xT" if me{0,1}",
0 otherwise.

The set {x(m) : m € {0,1}"} is a basis of the vector space A = C"". Introduce elements
e; € Z" defined by e; =(1,0,...,0), ..., e, =(0,...,0,1). The action of the algebra C@; on A
is given by
a;(x(m)) = (1) M x(m—ey),
a(x(m)) = (~1)™* *oix(m + ep), 2.2
w;(x(m)) =g "x(m)
for any m = (m,,...,m,) € {0,1}". This turns A into an irreducible C@g-module.

Set deg(q;) = deg(aj) =1 and deg(w;) = 0, and extend this grading linearly on arbitrary
monomials in C@" This defines a grading on C@" Denote by C@" '+ the even-graded subalgebra
of ‘6” Then the space A splits into invariant subspaces AT ={x(m):my+...+m, € 27}
and A ={x(m): my +...+m, + 1€ 27}, with respect to the action of ‘6(’; +.

Proposition 2.3 ([GRW21]). There exists an algebra homomorphism 1 : Uy(soy) — %; defined
by the following formulae:

e N G S e G L e (i>0),
= ()T q—q N o wpaert (> ),
Lo (DM (g N wia] o g (<),
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except E;T'; =0if i =—j # 0, and we have assumed that

wo=q%  a=C1-7  df=—q"1-)7?

— 1, -1 — 417 T :
w_;=q w;", a;=4q "a;, a;=4qaq (l>0).

The mapping 7 is the spinor representation of U,(soy). In particular, the mapping 7 turns
A into an irreducible Ug(505,41)-module with a highest vector x(0) of weight

AE =2, 721, ¢52, . qF?) (2.25)

and A" (resp. A7) into an irreducible Uy (505,)-module with a highest vector x(0) (resp. x(e;))
of weight

AE=(q*V?,..,q V2, qF V2, L Y, (2.26)

resp. AT = (qﬂ/z, .. ,qi1/2’ q;l/zaqil/z,qﬂ/zy ‘e ,q“/z)- (2.27)

The spinor representation of U,(soy) can be extended to a highest weight representation
of the algebra U;x(ﬂsoN) by the rule
ﬂ:(q:tl/Zu:tlL:F _ q:Fl/Zp:tlL:t)

Lot
Tp - L*(u) — 1 _ pl

(2.28)
for any p € C*, see [GRW21].

2.4 Supermatrix representations of ‘6; and ‘6(;“

We identify the space A with C"" via the mapping

1) s 1)

x(m)'—>e2m ®- ®62m 1

For instance, when n = 2, A is identified with C22 via

x(0,1)— e(ll) &

x(0,0) — e(l) & e e

B

x(1,1)— e(l) ® esrll), x(1,0)— e(l) ® e(ll)

Let (eglb))i denote the action of eglb) on the i-th factor in the n-fold graded tensor product.
Then it can be deduced from (2.24) that the mapping

g - a -—>(e 1,+1 a;""_)(eg-ll),—l)i’ (6(11) 1+q_1 Er11)+1)i (2.29)

defines a representation of ‘6; on C"",
When n = 2, we identify A" with the even-graded subspace V() ¢ C?? via

x(0,0) — e(+) x(1,1)— esfl),

and A* with the odd-graded subspace V™) c €2 via

x(1,0) — e(__l), x(0,1) — e( )

When n > 2, we identify At (resp. A7) with the even- (resp. odd-) graded subspace
yEn-1) - (Cnln ~ (C2|2 ®(C1|1)®n—2 via

) 1 s (1)

(+) 5 ,(1) 5 5 (1)
€5m,—1 ® €oms—1 ®---®ey, _, ifmy=my,
x(m)—
€omy—1 & €m,—1 %" ®eZm _y ifmy #Fmy.

7
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For instance, when n = 3, A" is identified with V*® via

1 1
x(0,0,0)+—>e(*i)®e( 1), x(1,0,1)— e 1)®ei1),

x(1,1,0) — e(+) ®e(11), x(0,1,1)— e( )®e(+11),

and A~ is identified with V™ via
x(0,0,1) — e(+) ® egrll)’ x(1,0,0) — e(—) 5 (11)’
x(1,1, 1)He(+)®ei11): x(0,1 0)'_Ha( ) 4 (11).

It follows from (2.24) that the mapping o™ : 6" — End(V*(™) given by

a0z = _(e(—+1),+1)1> ajaj - (egr+1) 1)1> ayay — —(e 5-1)—1)1’ aja, = (e(—_l),+1)1’
a;a; '_’(6(11)+1)1 1 (1)+1)J 1 aia}k (6(11)+1)1 1(6&11),—1)]'_1’
ai aj — (e Erll)—l)l 1(e(+11),—1 -1
and
a4 '_’(f(l L tf -i(--;)-l—l) (e (—11),+1 -1’ a4 a = (f(l) 1t -i(--l'-)-'rl) (e 5—11),—1 -1’
d2d; ’_’(f 1,41 f( 1) (e(—11),+1 -1 %2 a '_’(f 1417 1) (691),—1 -1’
a1aj '_’(f—(1,—1 fi, +1) (e(—11),+1 -1’ a a — (f(+) fa, +1) (65-11),—1 -1
a;aj '_’(f+(J1r,)—1_ ) (e (—11),+1 -1’ = (£ (+) _f(l—l) (6531),—1 -1
and
wy (e (+), +q7 Sr+1)+1+q € 1) 1+es-1)+1)1
Wy = (e(+1) (Hgle S—+1)+1 +ef 1) g S‘l)+1)1
(1) -1 (1)

col-'—>(e 111749 "€ 1)

for 3 <1i,j < n, defines a representation of 6" on yEr-D,

2.5 Spinor-vector R-matrices

We define the spinor-vector R-matrix of U§§(£502n+1) via the mapping 7, composed with the
representation ¢ and a suitable transposition:

RM(y, p) = Z (0' om, (L, _J(u))) ®e;j = Z (0 om,(0Z; _J(u))) (2.30)
i,j i,j
Our goal is to find a recurrence formula for R™(u, p). Introduce a rational function

qv—q'u
vV—u ’

fev,u) = (2.31)

The Lemma below follows by directly evaluating (2.30).

Lemma 2.4. The spinor-vector R-matrix of U;f (£s05) is an element of End(C!' ® C?) given by

RO(y, p) = ¢ 1 1% (6—1,—1 +fq(ll,P)eoo "‘qu(U,P)eu)

+v—14/q+ q_l («/_u egrll),_l ® (e_1,0—€p1)— ﬁ (_11) +1®(eg—1— 610))
+ eEr11)+1 (fqz(u, ple_y 1+ fq(u,p)ego + eu). (2.32)

8
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The Proposition below follows by an induction argument and lengthy but direct computa-
tions from (2.30). The base of induction is given by Lemma 2.4.

Proposition 2.5. The spinor-vector R-matrix of U;;‘ (£509,,.1) for n > 2 is an element of the space

End(C"" ® C2"*1) given by the following recurrence formula:

R®W(u,p) = A" V(w,p)&el) | +B"D(u,p) &)

1,+1
+CV(w,p)& es-ll) ot D" D(w,p) & es-ll) +1 (2.33)

where

A(n—l)(u, P) — R(n_l)(u p) + I(n_l) ® (e_n —n +fq2 (u; P) en,n)J

—q sk
B(n 1)(u p)—q P ZZ o h” n—1 ( 1)k+n+1 qlk(k 3/2)

In—1 Jn 1
©j k=0
(1) €3] -l i
11,11 ®--®e ln LJn—1 ® (q e lle qu e —ik, n)
-1 q shkn—1 k+n+1 i (k—3/2
C(n )(u,p) :qK ZZ 11 ]1 .o nnlj B ( 1) +n+ qlk( / )
ij k=0
(1) €3] nl i
ll’]l ® ln lxln 1 ® (q et lle qzl e le —i k’n)’

DV, p) =R D, p) + 1"V @ (fra(uw, p)ey o + en,n),

/g
Va+q?

End(C?"")-valued leg of RM(y, p) is understood to be in the right-most space, that is,

with 55.‘} = (1—06y)6;j +0ki6i—j, ip = 1, ¢g = and c¢; = 1 when k > 1. Here the
" Vg (fqz (w,p)e_,_,te ) ® e(+11)+1 =1Dg e(jl)ﬂ (fqz (u,p)e_p_n+ en,n).
The Lemma below follows directly from properties the L-operators L*(u) and (2.30).

Lemma 2.6. The spinor-vector R-matrix of U;;C (Ls0,,,,1) satisfies the equation

RO (u, 0)RE (v, p) Ry 23(v,u) = Rz 03 (v, ) R (¢, p) R (w, p)
where R2(v,u) is obtained from (2.11) substituting q — q>.

We define spinor-vector R-matrices of Uy (£s0,,,) via the mapping 7, composed with
the representation o™ and a suitable transposition,

R, p) =Y (0% o m,(€F, W) o ® @ = (0t om,(tZ,_w))

i,j i,j

v ) €ij

(2.34)

where |« denotes restriction to the corresponding C(8(;1+1’+-invariant subspace. The Lemma
below follows by directly evaluating (2.34).
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103 Lemma 2.7. The spinor-vector R-matrices of U;X (Ls04) are elements of End(VE(D ®C*) given by

RO, p) =) @ (e +e1 g+ fy(u,p)(ers +e20))

-1
q—q
+ W(ql/2 E:rl) 1®(eg1—eq12)+q 12 pe (J?H ® (e, — ez,—1))

+)
+ ei1,+1 ® (fq(ll; pllesoteq_1)te+ 322),

RO, p) =7 @ (e a+er + fou,p) ey 1 +e2))

- ﬂ(q uel) | ®(ey1—e)+qlpe), @ (e o— 621))
u—p +1,-1 s —1,+1 ;
+ 5_1)4_1 (fq(U, plley o+ey)+e 1+ 622)-
194 The Proposition below follows by an induction argument and lengthy but direct computa-

105 tions. The base of induction is given by Lemma 2.7.

196 Proposition 2.8. The spinor-vector R-matrices of U;x(£502n+2) for n = 2 are elements of the

107 space End(V*™ ® C2"+2) given by following recurrence formulas:

R*M(u, p) = A* "D, p)&et) | + BT D(w, p)&el) |

+c* Dy, p)® eill) L+ DT Dy, p) & efrll) )

198 where

Ai(n_l)(u’ P) = Ri(n_l)(uz P) + Ii(n_l) ® (e—n—l,—n—l + fq(uz P) en+1,n+1);

lz,lz In—1,lp—1

By, p) = ¢ g CrH1), 179 (Zq““l ap el & el
'i

i - i
(q ZZZ ! €n+1, Feiy i qzzl ! eietl g1, 1)

+ZZ§11]1" 551 (i17,)70F V(e 6;)0m (—1)k gk ChD)

e In—1,Jn-1
ij 1
xb;  ®e) &...8eM

Ry 13,]2 In—1Jn—1

i 1 n—1 .
5 _ 1
(q 28l teni1iy(k+1) — 42 i le—ik(k-i—l),—n—l)):

C:i:(n 1)(u p)_€q4(2K+1) q q (Zq:F 811 ln 1C ® (1) ®_. ® (1)

in, 1o in—1,ip—1
Z l _anl il
(q Zat=1le g teipipg 47 =1 e:Fa“il---in,l,n+1)

+Z kl . kn 1 (l i1 )2(1:|:1)(£9 )5k1( l)kq4lk(2k 1)

= 11 J1 ln Ln—1
%] 1
(1) ) (1)
X Cil’Jl 12,12 ® ln 11

_l n—1 . .
® (q 2 2kt ”e—n—1,ik(k+1)—q221 keille (k+1),n+1)),

DF Dy, p) = R D, ) + IF" V@ (f,(u, e 1, -n1 + Ensins)

10
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100 with 511.‘].1 =(1—641) 6;j+610;—jand e = (=1)"1, and the type of operators b and c is determined
200 by requiring B¥" D(y, p) € Hom(VFD, vy gnd c*"D(y, p) € Hom(VEr—D, yF—-1)),
201 For instance, when n = 2,

5 q—q 1 3 -3
B¥W =q7%p f(iqi“f_(i)q ®(q2es 21— Zew 3)
_1 i
+q 4f_(T,)+1 ® (€3, 2—es-3) Fq 4fﬁ,)—1 ®(es—e2,3)
1 - 3
— q:F4f—£T,)+1 ®(q 2es _qze¢1’—3))’
-1
s 4—q 1o 2 2
s G A ATNLICLERRE PR

_1 (£ L (x
Fq 4f_(1,)+1 ® (6—3,—2 - 62,3) *q4 fJ£1,)—1 ® (6—3,2 - 6—2,3)

1 (x 1 1
- qi4f£1’)+1 ® (q 2e 31 —q2€il,3))-
202 Here the End(C?"*2)-valued leg of R*™(u, p) is understood to be in the right-most space.
203 The Lemma below follows directly from properties of the L-operators L*(u) and (2.34).

204 Lemma 2.9. The spinor-vector R-matrices of U;X(£502n+2) satisfy the equations
+ + + +
R (W pIRYS (v, )R 23(v,1) = Rz 53 (v, ) R35" (v, p) RIS (w, ).

205 2.6 Spinor-spinor R-matrices
206 We define the spinor-spinor R-matrix of U;;‘ (Ls09,,.1) as a U;;‘ (£s04,,1)-equivariant map in
207 the superspace End(C™" ® C""), i.e. it is a solution to the intertwining equation
(0 ®0)o(m, ® m,)(A (L5 (W) R™ (u, v)
=R(w,v) (0 ®0) o (1, ® m,)(ALEW))) (2.35)

208 forall—n <i,j < n, where A’ denotes the opposite coproduct. Our goal is to find a recurrence
200 formula for R™™(y, v). Introduce rational functions

- _ 1
a(u, V) = v—ula ﬂ(u,v) = % (236)
qQv—qu qQv—q-u
210 All the technical statements presented below are obtained using induction arguments and/or

211 lengthy but direct computations. For instance, Lemma 2.10 follows by solving the intertwin-
212 ing equation (2.35) for n = 1. This Lemma then serves as the base of induction in verifying
213 Proposition 2.12. We leave the technical details to an interested reader.

214 Lemma 2.10. The spinor-spinor R-matrix of U;§(£503) is an element of End(C'"' ® C'1") given by
1 1 1 1
ROV, v) = e(_l)’_1 ® e(_l)’_1 + egl) ® egl)
1 1 1 1
+a(u,v) (e(_l)’_1 ® egl) + egl) ® 6(_1),_1

+ B(u,v)(v e(_ll)’1 ® efll +u 6521 ® e(_ll),1 . (2.37)

11
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Remark 2.11. As an operator in C@;Z ® ‘6;2, the spinor-spinor R-matrix of Ug.(£s03) has the
unique form

REDw,v)=1-dlwq;®1-1®alwia; +ala; ® ala; +alwia; @ ddwyqy
+aw,v)(a;wya; ® w; +w; ®ajw; a
o 2dta @t 2 ®aia,)
q alal alwlal q a1w1a1 a1a1

+Bu,v)(vwia; ® ai +uaiw1 ®ap).

When n > 2 the explicit form of R(*™(u,v) € %gz ® C@(’;z is not unique, however the transition

elements are unique in the sense that the image of R™M(y, v) in End(C" @ €™ is unique.

Proposition 2.12. The spinor-spinor R-matrix of U§§(2502n+1) when n > 2 in an element of the

space End(C"" ® C"'") given by the following recurrence formula:

,n) — p(n—1,n-1 5 (1) 1) 1) o M)
ROM(y,v) = R D(1y,v) & (7] 1 ®e ] ;+e ®ey)

+a(u, V)R Dy, g*v) & (e(_ll) 4 ® egll) + egll) @l

—1,-1
+ B(w, V) U Dy, g*v) & (v e(_ll) . ® eglll +u eglll ® e(_ll) 1 (2.38)
where
U(n—l,n—l)(u’ V) = R(n—l,n—l)(q4’ 1)P/(n—l,n—l)R(n—l,n—l)(u’ V) (239)
and

P/(n—l,n—l) = (Y ® l-d)(P(n—l,n—l)) — (ld ® Y)(P(n—l,n—l))
with P51 .= R=Ln=D(y 1) the permutation operator on C'" @ C"I",

Lemma 2.13. The inverse of the spinor-spinor R-matrix of U;f(ﬂsoznﬂ) is given by

R (u,v) = POORD (v,u) PO = (R, v)) . (2.40)
Moreover; the spinor-spinor R-matrix is crossing symmetric, that is
R (g%, v))™ = (R (g2, v))"2 = A (w, v) R™ (u, v)) ™ (2.41)
with R (w,v) := l—[;.lzl a(q¥~2u,v) and the q-transposition w defined via (2.3).

Lemma 2.14. The spinor R-matrices of Us,f (L£gon41) satisfy the following quantum Yang-Baxter
equations:

R (u, v) R (u, w) RS (v, w) = R (v, w) RIS (u, w) RS (1w, v), (2.42)
R, IR (w, p)RE (v, p) = RS (v, p)RY, (w, )Rt v). (2.43)

We define the spinor-spinor R-matrices of U;x(Ssoz,Hz) as U;x(£502n+2)-equivariant maps

in the space End(VE1™ @ V(M) with €;,e, = =+, i.e. they are solutions to the intertwining
equation
(0* @0 ") o (1, ® m,)(A (L5 W) RV (w, v)
=R (u,v) (0 @ 0%) 0 (1, ® m,)(ALEW))) (2.44)

forall -n<1i,j<n.

12



SciPost Physics Submission

233 Lemma 2.15. The spinor-spinor R-matrices of U;x(£504) are elements of End(V*) @ V*(M) and
23 End(V*D @ (1)) given by

(=)
+1,41
()
+1,41

++(1,1) _ () (#)
R (wv)=e; ®e; +e

) (£
—-1,-1 +1,+1

+ B(u,v)(v e(_j;),ﬂ ® ef;),_l +u e(fl),_l ® e(_ji),ﬂ (2.45)

®e

(£

+ a(u,v) (e ®e +e ®e ;|

CO)]
i,j €ii

235 and REFID(y,v) = 70D .= ® e§;.F), the identity operator in End(V=(1) @ vF1)),
235 Lemma 2.16. The spinor-spinor R-matrices of U;*(£s06) are elements of End(V*®@V*?) and

237 End(V*® @ V) given by

A (1 1 & (o1 1
R, v) = R0, ) & () @) ) +RTA0w 8 () ol |

A, (1 1 2 (-1 1
+a(u,v) (Iﬂ(l’l) ® (e(—l),—l ® egr1),+1) + 7D (egr1),+1 ® e(—l),—l))

— B(u,v) (V FFELD g (e(l) ®eW )+ uFEFLD g (e(l) @D )’

1,41 %€111 +1,-19€ 141
(2.46)
A (1 1 A (1 1
R (y, ) = [FFLD & (e(_l)’_1 ® e(—1),—1) + 71D g (eELl)’Jr1 ® eEr1),+1
s (1 1 s (1 1
+ REOL (g, )& (e(_l)’_1 ® ei1),+1) + RFFLD (g, v)® eEL1),+1 ® e(_l)’_1

-1
_979 1,1 g .1 1 +4(1,1) & (1 1)
_ e ——— (v QFF ® (e—l,+1 ® e+1’_1) +uQ ® (e+1’_1 ® €] )

(2.47)

238 where

+F(1,1) . (#) () ££(1,1) ._ -y i g (£) (#)

FROD =N B e 0D =N (1) g P e £
i,j i,j

239 Proposition 2.17. The spinor-spinor R-matrices of U(‘;x (£809,,49) for n > 2 are elements of the

20 spaces End(VE™ @ VM) and End(VE™ @ VFM) given by the following recurrence formulas:
RNy, y) = REF-L=1 (1) @ (e(_ll)’_1 ® e(_ll)’_l)

+RFFOL D ) @ (e @ell)

+a(u,v) (Rﬂ(n_l’"_l)(u, )& _eel) |

+ RFELD(y 020) & (6531) 1 ® e(—ll) —1))

—1.n— A 1 1
—Baw) (v U D gt o) @ el

+u U:i:q:(n—l,n—l)(u’ qZV) & (e-(i-ll) . ® e(—ll) +1 )’ (2.48)

tr(n,  tE(n—ln—1 5 (1) 1)
REF(n ”)(u,v)—R F(n—1n )(u,V)®(€_1,_1®e—1,—1)

+Rq:i(n—1,n—1)(u, V) ® (€i11)+1 ® 65—11) +1

+REELD(y 020)8 (e(_ll) 19® eill) +1

+ RFF(=Ln=1) *v)® (egr11),+1 ® e(—ll)’—l
-1

q—q —1,n— % (e !
* v—u (V yrFeLe 1)(U,q2")®(e(—1),+1®e£r1),—1

+u U:l::l:(n—l,n—l)(u’ qZV) ® (e-(l,-ll) . ® e(_11),+1 ) (249)

13
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where

U:l:q:(n—l,n—l)(u, V) = R:F:t(n—l,n—l)(qz, 1) F:I::F(n—l,n—l)R:I::F(n—l,n—l)(u’ V), (250)
U:I:i(n—l,n—l)(u, V) = Q:I:j:(n—l,n—l)P:I::I:(n—l,n—l)R:I::I:(n—l,n—l)(u’ V) (2.51)

with FEF=Ln=1) gnq Q¥(=1n=1) defined by

+¥(n,n) . pEF(n—1,n—1) & (1) (1) +(n—1,n—1) & (1) (@]
FEFRL . — pEF—LL ®(e_1’_1®e_ _)HFTRRTLA ®(e+1+1®e+1’Jrl

+Pii(“‘1’”_1)®(e(_11)+1 ® e(l) )+ pFFEeL= 1)®(e(1) ® e(_ll),+1 . (2.52)

Q:I::t(n,n) — Q:!::t(n—l,n—l) & (e(ll) . ® 6(11) )+ Q:F:F(n—l,n—l) & (65.11)’.:,.1 ® 65.11)’.:,.1

PSR 0l )46l 0

FIREOD @2 16 (), @ el

+qRiq:(n 1,n— 1)(q 1)®(e(1) ®e(_11),+1 (2.53)

and pFEn) .= Rii(”’”)(u, u).

Lemma 2.18. Let €;,€, = %. The inverses of the spinor-spinor R-matrices of U(‘;x (L£809,49) are
given by

Relfz(n ")(u V) _ p€1€2(n n)Relez(n n)(v u)Pelez(n ) _ (Relez(n n)(u V)) 1 (2.54)
q-

Moreover, the spinor-spinor R-matrices are crossing symmetric, that is

(RN g2y, )" = (RN (g2, v))*2 = B D, v) (REOD(w, ), (2.55)
(REFIN (g2ny, )" = (REFION (g2, v))"2 = B/ D, v) REFCD(w, )L, (2.56)

where [£] = £/F if n is odd /even and similarly for [¥] and

[n/2] ln/2]
Dw,v) = [al@¥ 2 v), 0P wv) =] | alq¥uv) (2.57)
j=1 j=1

and the g-transposition w is defined via (2.6-2.7).

Lemma 2.19. Let €4, €4, €3 = £. The spinor-spinor R-matrices of U;x(£502n+2) satisfy the fol-
lowing quantum Yang-Baxter equations:

Elfz(n n)( )Reles(n Tl)( )szez«;(n n)(V W) E263(’1 n)( )R6163(n n)( )Rflez(n n)(u,v)’

R?;Z(n n)( V)Rel(n)(u p)ReZ(n)(V, P) =R fz(n)(v p)Rel(n)(u p)Relfz(n Tl)(u’ V).

2.7 Fusion relations

We demonstrate fusion relations for spinor-spinor and spinor-vector R-matrices that may be
viewed as g-analogues of relations (3.16) and (4.27) in [Rsh91]. We will make use of the
usual check-notation, i.e. R(v™ := pLmRnm,

Consider the algebra U, 2(502n+1) generated by the elements E [O] with —n < i,j < n.

Define a vector n(»™ e C"" @ C"I" by

n—1
) = (® (e(_ll) (1) L+ (= 1)iqg 2+t (1) e(_ll))) ® (e(_ll) ® e(_ll)). (2.58)

i=1

14



257

259

260

261

262

263

264

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

SciPost Physics Submission

Vector ™™ is a highest vector; it is a direct computation to verify that

f:}[O]'n("’n) =0 for i <j and
EI[O] . /r)(n’n) — q25in i,—n rrl(n n)

where the left Ug2(s0,,41)-action is given by composing coproduct with the homomorphism
7 ® 7 and representation o ® o. It follows that the subspace

wn = Uqg2(502n41) M c cnin g cnin
is isomorphic to the first fundamental (vector) representation of Uy2($02,11), wnn) >~ g2n+l

Lemma 2.20. Let = denote equality of operators in the space C"'" @ W™ c (C"")®3, Then,
upon a suitable identification of W™ and C***1 (which we label by the subscript (23)), we have
that

R n)(q v, u)R(" n)(q4"_2v u)= LR(H) (v,u) (2.59)
. W e e |

Proof. Define MY := RID(g72,1) and 1™ = ((1 — q6_4”v)R(”’")(V,1))|v:q4n,6 when

n > 2. The operator II"™™" is a projector operator acting on (™ by a scalar multiplication.
In particular, it projects the space C"" ® C™" to its subspace W™, The Yang-Baxter equation
(2.42) then implies that the Lh.s. of (2.59) acts stably on the space cnin @ wnn), Therefore,

thanks to the Schur’s Lemma, it is sufficient to verify the equality (2.59) for a single vector,

say e(l) ®nm = (1) ®e_,. O

Next, for n > 2, consider the algebra U,(s0,,,,) generated by the elements E [0] with
—n—1<1,j <n+1. Introduce vectors

wiﬂ:(l,l) e(ifl) ® e(ﬂ;) q e(i;) ® e( ) g yr) g M)
satisfying
ei—j[o] . w:l::l:(l,l) — K?}[O] ',tpzl::l:(l 1) =5, ,lpzl::l:(l D for —2<i j<2.
Then, for 2 < k < n, define recurrently vectors
PR s LD 6 (o) g o) 4 gk 71k D 6 (D @ ey if K is even,
w:k:l:(k,k) — w:&:i(k 2k-2) & gbf,f(f ,2) k 1 wn(k 2k=2) & ¢q——(2’2) if k is odd,

where

¢qi:l:(2 ,2) . (e(l) (1)) & ( (1) (1)) q(e ( (1) (1)) & (e(l) (11))_

Finally set
pFREE) . — ) FIE—1n-1) (e(_ll) ® e(_ll)) e y[FI) g 10 (2.60)

where [F] = F/+ if n is odd/even. It is a highest vector; it is a direct computation to verify
that

£510]-
¢:[0]-

¥ =0 for i <j and
n[:F]i(n,n) — q5i,n+1—5—i,n+1 ,',)[:F]ﬂ:(n,n).
Thus the space

wlFlEmn) . — Uy(500n42) - plFEMD ¢ ylFln) g 2

is isomorphic to the first fundamental (vector) representation of U,(s0y,.5), that is
W[:F]:I:(n n) ~ C2n+2

15
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Lemma 2.21. Let = denote equality of operators in the space V<™ @ WIFIE(D  Then upon a
suitable identification of WIFIE1 and €22 (which we label by the subscript (23)), we have
that

pHn/2)

RT;(H’")(qzv,u)REﬂ(n’n)(qznv, u) = &ngg)(v, u), (2.61)
fav;u)

Ry " (g, R (g2, u) = H YD (v, u) R (v, ), (2.62)

where /2y, 1) is given by (2.57) and [F¥] = F/+ when n is odd /even.

Proof. The proof is analogous to that of Lemma 2.20 except the projection operator is now
defined by IIFEMM .= ((1 — g2~2ny) REFERA(, 1))\ O

V=q2”72 .

2.8 Exchange relations

The last ingredient that we will need are spinor-type Yang-Baxter exchange relations imposed
by the spinor-spinor R-matrices. We will need “BB”, “AB” and “DB” type relations only. For
any n > 0 introduce a matrix T (u) in End(C™*1"*1) with entries being operators in an
associative algebra. Then write T+ (1) in the nested form,

T W) =AM &) | +BMw)&e) | +cMw)&el) | +DMw) ey, (2.63)

and require it to satisfy the equation

R(1r12+1’n+1)(u, V) Tfn+1)(u) T2(n+1)(v) — T2(n+1)(v) T1(n+1)(u)R(1712+1,n+1)(u’ V) (2.64)

so that the entries of T("*1(u) were operators in a Yang-Baxter algebra.

Lemma 2.22. We have the following “BB”, “AB” and “DB” exchange relations:
R (v,u) B (v) B (w) = B (w) BV () R (v, w), (2.65)

APWBP (W) = £,(r, ) R (w,v) B w) AL (v) RGP (g*v, u)

_ v/u

Res (fq (w, u)R(znl’n)(u, w) Bgn)(v)A(l")(w) R/l(g’n)(q4w, u)), (2.66)

V—uw-u
D) B W) = £, (v, ) RS (q*u, v) BS (w) DIV () RS (v, 1)
v/u

Res (f,-1 (w, 1) RSy (q*u,w) B (v) DIV (w) RGP (w,w)), (2.67)

y—u wou
where R(O’O)(u, v)=1and R .= (ro id)(R("’“)) =(id® y)(R(”’")).

Proof. These relations are obtained by substituting (2.63) into (2.64). For (2.66) and (2.67)
one also needs to use (2.40), R (u,u) = P, and

LR P <R, PR <)

for any X € End(C"") and X’ = y(x™) with Y(egg)) = 0;; egg). O

Next, introduce a matrix T (y) in End(V*("*1D) with entries being operators in an
associative algebra. Then write T (u) as

+(n+1) _ At 5 (1) (n) 5 (1) +(n) 5 (1) (n) 5 (1)
T () = A" (u)®e_1’_1 + BF\n (u)®e_1’+1 +CcH\ (u)®e+1’_1 + DT\ (u)®e+1’+1

(2.68)
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and require it to satisfy the equation

Relez(n+1,n+1)( )Tel(n+1)( )T62(n+1)( ) 62(Tl+1)( )Tel(n-i-l)( )R6162(n+1 n+1)( V)

12
(2.69)
where €;,€65 = £.
Lemma 2.23. We have the following “BB”, “AB” and “DB” exchange relations:
RIZGI_EZ(H’H)(V, U)Bil(n)(V)BZZ(n)(u) _ ez(n)( )Bel(n)( )Relez(n n)(v’ ), (2.70)

AW BIP W) = £, Ry ™ (w, v) Bf P () AP )R (g, w)

v/u

Res (fq(w u) Rii(n M (u, w)

Vv —u w—u

x B AT W RG " (Pww),  @2.71)

D) B (W) = f (v, ) RyT ™ (q%u, v) Bf () DTV (v) RIT ™ (v, u)

v/u

Res (fq—l(W u)RijF(n " (q2u, w)
V—uw—

xB; WD PR ww),  @72)

A7) B w) = R M (u v)Bi(")(u)A*(”( )R, (g v,u)

_ q Cl B:F(n)(v)A:F(n)(u)
v_

X Uii(” ")( u,q v)Rii(n n)(q2v, u), (2.73)

D:F(n)( )B:I:(n)(u) R:F:F(fl n)(q u, V)B:E(n)(u)D:F(n)( )R4=:I:(n n)(v u)

—u _q —4 R;T("’n)(qzu, V)
u—v
x U3, 2u) BT Dy Pw),  (2.74)
i:l:(l 1) 2.8 . —u +4(1,1)
where U, (u,q?v) := —qzv o .

Proof. The proof is analogous to that of Lemma 2.22. The exchange relations are obtained
by substituting (2.68) into (2.69). For (2.71) and (2.72) one also needs to use (2.54) and
R:I::t(n,n)(u’ u) = Pii(n,n)_ m

3 Algebraic Bethe Ansatz for U:(s0,,.,)-symmetric spin chains

In this section we study spectrum of Ug2(s02,41)-symmetric chains with the full quantum
space given by
L(n) — LV = ((C2n+1)®€ or (n) _ LS (Cnln)®l

where ¢ € N is the length of the chain. We will say that L™ is the level-n quantum space.
For each individual quantum space we assign a non-zero complex parameter p;, called an
inhomogeneity or a marked point. Their collection will be denoted by p = (p1, ..., p;) € (C*)¢.
We will assume that all p; are distinct.
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3.1 Quantum spaces and monodromy matrices

Choose my,m,,...,m, € Zs,, the excitation, or magnon, numbers. For each m, assign an
my.-tuple u® := (ugk), e ugfg) of non-zero complex parameters that will accommodate Bethe
roots, and, when k > 2, two my-tuples of labels, a* := (d’l‘, . ..,dfnk) and &~ := (dlf, e, mk)
These labels will be used to enumerate nested quantum spaces. In particular, for each ai and

—-1)

each dlf we associate a copy of CK~1=1 denoted by Va(,f 1 and Va(,f , respectively.

Let Ny € V! e ®V(kk+)1 be a highest vector as per (2.58), and set W,y 1= Ug(802x11) M (gq)c+1-
Then for each 1 < k < n we recurrently define the nested level-k quantum space L) by

1R .— (L(k+1))0 ® W( i) ®:---® Vv(aa)k+1

M1
where (L*+1)0 is the level-(k+1) vacuum space defined by

(ﬁ“”f—ﬂgaﬂ“”ewﬂm}gzomp4k+n3ism.

In particular, (L*+1)° 2 C or (CK*)® when L™ = LY or L, respectively.
We will make use of the following shorthand notation:

a(v;u®) = l_[ a(v, ugk)), fqv; u®) = l_[fq(v’ ugk))'

i=1 i=1
For any k < [ we set ulkD = (w®, ... u®) and w0 := ¢. We will also assume that
u(n+1) _
= p.
Having set up all the necessary quantum spaces and the shorthand notation we are ready
to introduce the relevant monodromy matrices of the spin chain. Let Va(k) and Vb(k) denote

copies of C*, called auxiliary spaces. We define the level-n monodromy matrix with entries
acting on the level-n quantum space L™ by

Té”)(v) = Té'll)(v,pl) e TCEZ)(V, 0¢) 3.1)

where Té?)(v, pi)= Rg?(v, p;)or Rg;’")(qzv, p:)when L™ =LV or LS. (The g% in Rg’:’n)(qzv, 0i)
helps the final expressions to be more elegant.) Then, for each 1 < k < n, we recurrently de-
fine the nested level-k monodromy matrices with entries acting on the nested level-k quantum
space L) by

.o, (k+1)
fqv;u ) AR (y: (k21
H9(y; D)

Myt

k k k k+1
l_[R/( ) (q v, u( +1))R/( 2H(q4k —2 ( + ))

K)(y)ep,(kt1n)y . —
TR (y; ulkF -1y =

k+1

Myt

_A(k)(v uk+2 ”)) l_[ (v, u(kH)) (3.2)

a(aa)kJr

fq(q—4 . (k+1))
h(k)(q—4v u(k+1))
My

HMH k)R gty y k)
>

k+1 k+1
l

Ték)(v;u(k+1...n)) — (k)(v u(k+2 n))

My

= D((lk)(v; u(k+2...n)) l_[ R(k) (V, q4u§k+1)) , (3.3)
i=1

a(a<'1)i.<+1

18
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336 Wwhere

(3.4
(3.5)

AEIk)(V; u(k+2...n)) — [Ték+1)(v; u(k+2...n)):|
Dék)(v; u(k+2...n)) — [Ték+1)(v; u(k+2...n)):|

—1,-1°
+1,41°

a3z and = denotes equality of operators in the space L) subject to a suitable identification of the
338 spaces W,y and copies of C?**1) as per Lemma 2.20.

339 The nested monodromy matrices span the following nesting tree:

1 vy (2.
T (v; u?-m)

-1)(+,. .
T(E” )(v; ulM)
T (v) T2 (y; u=1m)

T(n—1 .
T (y; )

3a0 It will be sufficient to focus on the non-tilded monodromy matrices at each level of nesting.
as1  Indeed, it follows from the explicit form of the spinor R-matrices given by (2.33) and (2.38) and
a2 definitions of the nested monodromy matrices in (3.2) and (3.3) that we have the following
3a3  equalities of operators (3.4) and (3.5) in the spaces LD and L™ with1 < k < n—1, subject
aaa  to the choice of the full quantum space L(™:

LV LS
—1 —1
A1 (y) 1 T 1(v)
DI (y) f2(v;p) £, ) TSV (g )
k o (k+2... k—1
AEI)(v,u(Jr ny 1 TCE )(v)

DO; ulkt2-my - fa(v;ul*D) £ (v;p) fa(v; u) TO(g74v)

a5 This states that, for instance, A" (v) = 1 or T"""V(v) in the space L") when LW = LV
a6 or LS, respectively. Here the operators Té”_l)(v) and T ék)(v) are defined in the same way as
347 Té”)(v), viz. (3.1). It is now easy to deduce that
ngb’k)(v’ W) Tcgk)(v; u(k+1...n)) T]Ek)(W; u(k+1...n))
= ngk)(W§ u(k+1...n)) Ték)(V; u(k+1...n))RElkb,k)(v’ W) (3.6)
as for 1 < k < n. Therefore the entries of Ték)(v; wk+1-1Y) in the space L) satisfy exchange

310 relations given by Lemma 2.22. In other words, T CEk)(v ;ulk+1-1) is a monodromy matrix for
350 a nested Ug2(s04441)-symmetric spin chain with the full quantum space L,

51 3.2 Creation operators and Bethe vectors

352 For each level of nesting we need to introduce m;-magnon creation operators that will help us
353 to define Bethe vectors. We will make use of the following notation:

6(v;u®m) = [TO ;w1 ),

BV (v;u®m) = [TO; -] 4,
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where 2 < k < n. Note that 6 is an operator acting on L"), and B~ is a matrix in End(V~1)

with entries acting on L%,
We define the level-1 creation operator by

1
%(0)(u(1); u(Z...n)) = l_[ ﬁ(ugl);u(z“'")). (3.7)

i=my

For each 2 < k < n we define the level-k creation operator by

%(k—l)(u(k);u(k+1...n)) l_[ ﬂ(k 1,k— l)( (k) uk+L- n)) (3.8)
i= my
where
ﬁ(k —1,k— 1)( gk);u(k+1...n)) XUE g>(Bg<—1)(u§’<);u<’<+1---”>)) (3.9)

with x(ka . End(Va(k_l)) — (Va(f_l))* ® (Vd(,f(_l))* defined via (2.4).

1 L
Bethe vectors will be constructed by acting with creation operators on a suitably chosen
highest vector n € L(, the nested vacuum vector, defined by

N=n18 @M @ Naay; @ S Neagy, © @ Neaa): @ @ Neaayz, - (3.10)

Here 74, ..., M, are highest vectors of the initial quantum spaces and N(aays ---»> Maay, are

highest vectors of the nested quantum spaces. For each 1 < k < n we define the level-k Bethe
vector by

1
3R (1K) g (kHLm)y . ( l_[ D (4,0 u(i+1...n))) . (3.11)
i=k
The Bethe vector ®)(4(1-K); ,(k+1--1)) is an element of the level-k quantum space L) and
has u**1-™ and p as its free parameters. Furthermore, it is invariant under an interchange
of any two of its non-free parameters of the same level, i.e. ugl) and ug.l) forany 1 <1 <k
and any admissible i and j. Indeed, set & = &, X -+ X &, where each &,, is the

symmetric group on m; letters. Then, given any o) € &, define the action of &,,, , on
BW) (1), 4y (k+1.-)) by

my,

1.0 (1 k) (1) 0]

k
=(u .,ug(l),...,u( )} where wu

oD . O = O OIS

o T o'(l)(]_)’ Tt o'(l)(ml) .
For further convenience we set a(.l) € &, to be the j-cycle such that

u® = (u (l) no)

o ,,O (1)
(1) u,u ) (3.12)

5 J+1,..., m> Y1 yeeey U

We will also make use of the notation

0] )
u o, _“050

! 1 !
—(v,uE.le,... u(l) u(l),... o 1) (3.13)
Sy

Lemma 3.1. The Bethe vector ®/(u(1+0); 4 *&+1-m) is inyariant under the action of S,

Proof. We rewrite the “BB” exchange relation (2.65) in terms of the creation operators (3.9),

ﬁ(k 1k— 1)(u(k) (k+1.. n))ﬂ(k 1k— 1)(u(k) (k+1...n))

1+1a1+1 i+
k—1,k— k k—1,k— k
—/5( G L e
i+17i+1
RU—Lk=1)(, (k) - () plk— 1k D (k) N
x Ra a (ul+1’ )R ( Uit

11+
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ars where RIK) .= RK) plok) gpd R(kK) .= plkk) R(GK) Then one can verify that

(k Lk— 1)( (k) (k))R(k Lk— 1)( (k) Ny,

b u; ) n=mn.
a1a1+1 l+ ' 4 1+l +

(k) (k)

i+1°
377 Analogous arguments also imply that &) (w(1-0); 4,(k+1--1)) ig invariant under the interchange
Q)

s76  This implies that ®(w(1+0); 4,(k+1--1)) s invariant under the interchange of u; " and u

srs of u;” and u(l) for any 1 <[ < k and any admissible i, thus implying the claim. O

sro 3.3 Transfer matrices, their eigenvalues, and Bethe equations

380 We are now in position to define transfer matrices and study their spectrum. With this goal in
ss1  mind we introduce a diagonal “twist” matrix
(n) ._ Z @, M, (1) nln
EWW = £ g 1111® ‘®e eEnd((C )

i

() (1)
+1641,41

(n,(1)

61 1+8

32 andset e := sikl) / s(k) Note the factorisation relation: £ = £~ & (¢
383 with £V e End(C™™ 1|n D).
384 We begin from the simplest case, the U,2(s03)-symmetric spin chain. This chain is a special

385 case of the XXZ spin chain with sp1n-2 transfer matrix and spin-1 or spm- quantum spaces
sss when L = LY or LS, respectively, and will serve as a warm-up exercise. We define the level-1
387 transfer matrix by

D)= tr, Sc(ll)Tél)(v).
sss Theorem 3.2. The Bethe vector @V (u™M) is an eigenvector of T(V(v) with the eigenvalue

AD ;M) = 8(1)fq(v u®) + e(l)fq_l(v; u(l))fqu(v; P) (3.14)

380 where u =2 or 1 when LY =LY or L5, respectively, provided

Res ADw;uM)=0 for 1<j<m,. (3.15)
v—>u§.1)
390 The explicit form of the Bethe equations (3.15) is
m 1) -1,,(1)
1—1[ o B _8(1)1—[ ¢"v—q"p;
i1 g lu (1) —qu! (1) v—p;

301 Proof of Theorem 3.2. This is a standard result, see e.g. [BRO8]. Write T M(w) as

+6(u) e 4 <(u) M 4 d(u) el

T () = o (u) e 1,41 +1,-1 +1,41°

—1 -1
392 Lemma 2.22 then implies that
6(v)6(w) =6(w)t(v),

()60 = fy 1)) ()~ L Res (f,0m, 06 0.(w)),

A 6W) = f (v,w) (w) d(v) — % Res ( fy-1 (w,10) 6(v) d (w)).
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303 Using the relations above and the standard symmetry arguments, cf. Lemma 3.1, we obtain

W) eV M) = (D a () + ) d(v)) BO(uM)
_ 93(0)(’11,(1))( (1)f (v; u(l))@(v) + 8(1)fq_1(v)d(v))
m; V/ (1)
_Z (1) %O (u iﬂuv)

j= 1v—u

x Res (e fy(wi ) a(w) + el frawsu®)d(w)) -

w—u i
394 which, upon evaluation, yields the wanted result. O

395 We now turn to the Ug2(502,41)-symmetric spin chains with n > 2. We define the level-n
396 transfer matrix by
M) := tr, 66(1”) T(E”)(v).

307 Moreover, for each 1 < k < n—1, we define the nested level-k transfer matrices by
T(k)(V; u(k+1...n)) =tr, glgk) Ték)(v; u(k+1...n))’
%*(k)(v; u(k+1...n)) =1tr, gc(lk)fék)(v; u(k+1...n))_

38 Let = denote equality of operators in the nested space L% and set u"*1) := p. It follows from
399 the results of Subsection 3.1 that

%(k)(v; uk+1...n) = u(k)(v; u(k+2)) T(k)(q_4v; uk+1...n) (316)
a0 where u®(v; uk+2)) is given by
LY LS

pr D) fa(v; p) f,(v;p)
u(v; uk+2)) f(v; wk+2)) fovsp) fe(v; uk+2))

401 We extend the prescription above to include the k = 0 case. The Theorem below is the
202 main result of this section.

w03 Theorem 3.3. The Bethe vector ®™(u1™) with n > 2 is an eigenvector of T (v) with the
a04  eigenvalue

AW (y; (1)) = qu(qpo(i)v; u®)
i

n 1 .
(G0 (g P10y 0y (+D) ITOMIONESLY
xgsij (,u (qP*™v;u ) fq2(qP7 " v;u )) (3.17)
. n . .
a0s  where p;(i) = —2 Zk:j+1(1 + i3 ) provided
Res AD; )y =0 for 1<j<my, 1<k<n. (3.18)

V—ou.
J

22



SciPost Physics Submission

406 The explicit form of the Bethe equations (3.18) is
mqui —q D ma 0@ o
[ =—=% m @ = e M), (3.19)
i=1 ¢ —quy = gy — g,
mey g2y (k) — D m g2, 2 0 myy (k) e+ L
, (3.20)
!:1[ u;k)_ugk 1) Uq_zu(k) (k) !_[ (k) _2u(k+1) T k1)
mu_1 g2, _ 52,1 m, ) (n)
q —qTu; q u. q “u: (n)
[ (i) oD l_[ T = oy M), (3.21)
=1 U= — q—zu —q%u; €

a7 where A;(v) =1 or f,(v; p) and A,(v) = f2(v; p) or 1 when L™ =LY or L5, respectively.

a08  Proof of Theorem 3.3. We begin by rewriting the “AB” and “DB” exchange relations, (2.66) and
200 (2.67), in a more convenient form. Lemma 2.13 implies that
—-1,n—1 -
Ry (g O, w):
h(=D(v,u)

410 Combining this identity with (2.5), (2.66) and (3.9) yields the wanted form of the “AB” ex-
411 change relation,

(n 1n 1)( )

A(n 1)(‘/)/5(1”[ 1,n— 1)( En))

(n)
(n Ln=1) () fovu;)
h(=D(v,u;")

—1,n—1 — — —1,n—1
RO g6y, D) AT ()R )(q4v,u5n)))

(n)
u(“) (n)

V—
A

Fyw,u™)
=D (w, ™)

X R;((Z;l’"_l)(q4"_6w, ul(.n))A(a"_l)(w) R;(ggl’n_l)(q“w, ul(.n))). (3.22)

412 Applying the same arguments and the identity
k k - k

Frr D) = fa,ul ) £y (g7, ul D)

413 to (2.67) we find the wanted form of the “DB” exchange relation,
1 (n 1) (n)
DIV B (")
(n)
ulr) folg™ v, ™)
—1)( — (n)

h(=D(g=4v, u;™)

— ﬂ(n 1,n— 1)(ul(n))(fq2(

e O A L QL N ui’”))

v/ (n)
(fl)

fala *w™)
V(g ()
A1 (q 4w, ")

k
ﬁ”MDW)%S(@dm(+%
w—u

V-

5 R;(;;Ln_l)(qlm_lowa ugn)) Dc(zn_l)(W)R;(%_Ln_l)(W> ugn))). (3.23)
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Inspired by the exchange relations above we define a barred transfer matrix

v a, ()
f(v:u
q( ) (5(” 1)A(" 1)(V)I |R/(n Ln= 1)(q v, u(n))

h(n— 1)(1} 'u,(n))
TR i)

i=m,

?(”_1)(1/; uM) =

which differs from 7" D(v; ) in (3.2) by the ordering of the R-matrices only. The ordering
can be amended with the help of the operator X"V := l_[:zll_ 'x l.(n_l) where

i+1
(n=1) . (n ln 1 (n) (n) (n—1,n—1)_4n—10 (n) (n)
X0 = [ Ry V0, u™) [ ] RGP g 0u, uf").
j=i+1 j=m,

In particular, T D (v; u®D) = x0=D £(1=1)(y,; 4, (=1)) (x (*=DY~1 Moreover, each Xl.(n_l)

acts as a scalar operator on ®"~D(u(1"~1); (M), Then, using the exchange relations above,
Lemma 3.1, the standard symmetry arguments, equality (3.16), and recalling that

w0() = tr, (£ £11ATD(v) + 6 €11 D))
we obtain

,L_(n)(v) <I>(n)(u(1...n)) — %(n—l)(u(n))x(n—l) T(n)(V; u(n)) (X(n—l))—l (I)(n—l)(u(l...n—l); u(n))
v/u (n)

j:1V—llj JT

% Res T(n)(W; u(n(zl)) (X(n—l))—l q,(n—l)(u(l...n—l); u(fl()n)
(n) o; o;

W—>Llj
where
My uMy = s(_nl) (=D (y; (MY 4+ 8&"1) fq2(v; w™) u(D(y; ) T(”_l)(q_4v; u).

Since (X)) acts as a scalar operator, we are only left to determine the action of
@ (y; u™) on V(-1 (M) But @V ((1-n1); (M) € L(*D and thus we can
use (3.6) and repeat the same arguments as above down the nesting. This gives a recurrence
relation for the eigenvalue A (v;u1-M):

A(k)(v;u(l...k);u(k+1...n)) = €g<1)A(k—1)(v;u(l...k—l);u(k...n))
k _ _ _ —
+ gil)quz(v’ u(k))u(k 1)(1/; u(k+1)) A(k 1)(q 4V; u(l...k 1); u(k,..n))

where AD(v; 4D 4 (2-1)) .= e(l)f (v; u(l))+€(1)fq 1(v, u(l)),u(o)(v u®). Solving this recur-
rence relation ylelds the wanted result. O

4 Algebraic Bethe Ansatz for U,(s0,,,,)-symmetric spin chains

In this section we study spectrum of U, (s0,,,2)-symmetric spin chains with the full quantum
space given by
L(n) _ LV — ((CZI‘H‘Z)@( or L(n) —_ :|:S (V:t(n))®Z (41)

Our approach will be very similar to that in Section 3, thus most of the notation will carry
through with minor adjustments only.
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a3 4.1 Quantum spaces and monodromy matrices

a3a  Choose my,m,,...,m, € Zs,, the excitation, or magnon, numbers. For each m; assign an m-

a5 tuple u = (u(lk), . ..,ugfz) of non-zero complex parameters, that will accommodate Bethe

436 roots, and, when k > 2, two my-tuples of labels, a = (d’l‘,...,dfnk) and a = (dll‘,.. , mk)

437 Then, for each label af and c'il’.< we associate a copy of VIF k=D and v—(k=1 | respectively,

438 where [+] = +/— if k—1 is odd/even. We will write ufc = ugi) and say that ufc are level-1

430 parameters. Accordingly, we set m; :=m_ + m_ to be the number of level-1 excitations.

gy~ e 5 highest vector as per (2.60) and set W(k))k+1 : Uq(502k+2)‘n(dd)i‘<+l.

k+1 k+1

440 Let T](aa)k+1 eV

421 Then, for each 2 < k < n, we recurrently define the nested level-k quantum space L in the
422 same way as we did in Subsection 3.1, that is
8- oWk

k+1
(aa)’"kﬂ

443  Where
(LD = (g e LtV gf, ,[0]-& =0 for —(k+2) <i < k+1}.

aaa  In particular, (L+1D)0 = € or (VE0)® when L™ = LV or L*5, respectively. Finally, we define
as5  the nested level-1 quantum space to be

. (VgD gy Dg +(1) g 1y~
LY = (L) ®V(2) ®V(2) ®V(2) OV (4.2)

m2
46 We now introduce the associated monodromy matrices. We define the even and odd level-n
w7 monodromy matrices with entries acting on the level-n quantum space L™ by

T 0W) == T ) T, ) (4.3)

a8 where Ti(n)(v) = Rji(n)(v,pi) or Rai;r(n’n)(qzv,pi) or Raii_(n’n)(qzv,pi) when LW = LV or L*S
ao or L5, respectively. Then, for each 1 < k < n, we recurrently define the even and odd nested
a0 level-k monodromy matrices with entries acting on the level-k quantum space L by

(f,(v;uD)) T
hi(k/Z)(V u(k+1))

T;:(k)(v;u(k+1...n)) . :t(k)(v u(k+2 n))

mk“ikk K1)y At [+]0k K k+1
| |R son (@ YR @, )
ZAEO (y; k2 ">)m|k|1 20 vuly, (4.4)
a(‘c‘i)i.<+1 ’

(f,(g 2v;u® )T
hF(k/2)(g—2v; uk+1))

T;F(k)(v; u(k+1,..n)) . D:F(k)(v; u(k+2..,n))

Myt
K,k k+1 10k, k k+1
l_[R:F k(+1 )(V u( + ))R:F[:‘H( )(qZk —2 ( + ))
i=1 t
k>1 T w70 (k+1)
= D*(k)(v ukt2- “)) l_[ I(aa)kﬂ 2y, u; ), (4.5)

s51 where [+] = +/— if k is odd/even, and
A:CII:(k)(v; u(k+2...n)) — [T;:(k+1)(v; u(k+2...n)):|
Dj(k)(v; u(k+2...n)) — [T;:(k+1)(v; u(k+2...n)):|

(4.6)
(4.7)

—1,-1°

+1,41°

25



452

453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

SciPost Physics Submission

k>1
and = denotes equality of operators in the space LX) when k > 1 subject to a suitable iden-
tification of the spaces W)+ and copies of C?*2 as per Lemma 2.21. When k = 1, the

expressions above simplify to (4.12-4.15) shown below because R*F(1D(y, v) = [FFLD),
The nested monodromy matrices span the following nesting tree:

(1) (1) 4420
Ta()(v,u( n))

T;:(”_z)(v; u(n—l,n)) < T;F(l)(W u(Z...n))
d: _1 . .o
T (n )(V, u(n))

T*(v) TF=2)(y; 4 (n=Lm))

FE(n—1)(+,.
T;F(n )(v; u™)

By the same arguments as in the previous case, it will be sufficient to focus on the non-tilded
monodromy matrices at each level of nesting. In particular, we have the following equalities
of operators (4.6) and (4.7) in the spaces LD and 1O with1 <k <n— 1, subject to the
choice of the full quantum space L(:

LY LTS L=S
AZD() 1 T D(y) T D(v)
D" D) fovip) fovip) T,V (q72) T, (g %)
D; V() fovip) TZ0 V(%) fovs ) TV (g72)
AZR) (v ulkr2-my TR () T ()
DO ul2-m) 1 fovs p) fy (s uNTEO(G2) fy (3 ul2) TEO(g72)
DOy ul2-m) 1 Fovs w2 THO (g %) Fovs p) fy(v; u T (g2y)

The operators Tj(”_l)(v) and Tai(k)(v) are defined in the same way as Tj(”)(v), viz. (4.3). It
is now easy to see that, for ¢,, &, = +,

Rgafb(k,k)(v’ W) T;a(k)(v; u(k+1.“n)) T;b(k)(w; u(k+1...n))

ab
= Tlfb(k)(w; u(k+1...n)) T;“(k)(v; u(k+1...n))R2ab€b(k,k)(v, W) . (4.8)

Thus entries of Tj(k)(v;u(kﬂ'“")) in the space LX) satisfy the exchange relations given by
Lemma 2.23. In other words, operators T;(k)(v; wk+1-m) and Ta_(k)(v; uk*1-m) are even and
odd monodromy matrices for a nested Uy (505y2)-symmetric spin chain with the full quantum
space L0,
4.2 Creation operators and Bethe vectors
We now introduce m;-magnon creation operators. We will make use of the following notation:
67 (v;u® M) = [T O ul )] 4,

B;F(k_l)(v; u(k+1...n)) — [T;:(k)(v; ,u,(k+1...n)):|_1’+1 ]

We define the level-1 creation operator by

1 1
BO) (gD 421y .= l_[ 61wt u@m) l_[ 6~ (u uM)
> M i° i° .

i=m, i=m_
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For each 2 < k < n we define the level-k creation operator by

aplk— 1)(u(k) (k+1.. n)) — 1_1/3[+] (k—1,k— 1)(u(.k)'u(k+1"'”))
1 3

lmk

where

dka* = Xgkgk

/3[+]—(k_1,k—1)(ugk);u(k+1...n)) —(k— 1)( ;k—l)(ugk);u(k+l...n))) (4.9)

with y° k(k v, : Hom(V', (n=1) V+(n_1)) (Vc_l[,:’](k_l))* ® (Vi;(k_l))* defined via (2.8).

We deﬁne the nested vacuum vector 1) and the Bethe vectors &0 (w(1-H); ¢ (k+1--1)) with
1 < k < nin the same way as before, that is, by (3.10)-(3.11), except that N (aa)k with2 <k <n

are now given by (2.60) and Naay = e )®e( 1) Weset G,,, =6, xG;y XGp, X x G

and define its action on &) (w1~ k), (k+1 1)) in the same way as we did before. The proof of

the Lemma below is analogous to that of Lemma 3.1.

Lemma 4.1. The Bethe vector ®/ (w10 4 &+1-m) is inyariant under the action of Gy

4.3 Transfer matrices, their eigenvalues, and Bethe equations

We are now ready to define transfer matrices and study their spectrum. The diagonal “twist”
matrix that we will need is

g . =N M (@ o () g gD e End(vEM)

5 in il,il 1,1y Lnslp

where € = £/F if (=1)" liy---i, = +1/—1.

We begin with the first non-trivial case, the U,(s0,4)-symmetric spin chain. In this case the
monodromy matrices Ta+ M(v) and Ta_(l)(w) commute for any values of v and w. Thus the spin
chain effectively factorises into two XXZ spin chains with the even and odd transfer matrices
given by

D (y) = tr, 5:(1)T:(1)(v).

When LY = LY, the vacuum vector is n = e_,® - ®e_,. It is a unique joined highest vector

of both T;(l)(v) and Ta_(l)(v). The operator BO (1)) acting on 7 creates m, even and m_

odd excitations. When LY = L*5 the vacuum vector is n= e(?® ®e(+1)

It is now a highest
vector of T, (M(v) and a singular vector of Ta_(l)(v), i.e. n is annihilated by the off-diagonal
matrix entries of T_(l)(v) Thus the operator B9 (u())) now creates m, even excitations only.
Lastly, when L) = L5 the vacuum vector is = e( g ® e(__l). It is a highest vector
of T (M(v) and a singular vector of T(f M(v). Thus the operator B (uM)) creates m_ odd
excitations only.

The Theorem below follows by the same arguments as Theorem 3.2.

Theorem 4.2. The Bethe vector @V (u(1) is an eigenvector of T (v) with the eigenvalue

A (y; 4*) = e(l)fq(v u®) + s(l)qul(v;ui)qul(v; p) (4.10)
provided
Res A*D(v;u*)=0 for 1<j<my. (4.11)
v—>u

J
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The explicit form of the Bethe equations (4.11) is

my u -1 ﬁ: _
l—[q —q ;__8(1)1—[ q pl.
i 4 u] U - u ~Pi
We note that these are two independent sets of Bethe equations, for u* and for u™~, and the
excitation numbers m, and m_ depend on the choice of L().

We now turn our focus to the U, (sog)-symmetric spin chain. This chain can be viewed as
a generalised (U, (gl4)-symmetric) XXZ spin chain. We begin by addressing the corresponding
nested U, (s0,)-symmetric spin chain. The nested level-1 quantum space is given by (4.2). The
nested vacuum vector takes the form

n=mo-eneelee)e 0o

The nested level-1 monodromy matrices that we will need are (cf. (4.4) and (4.5)):

T (y; @) = A+(1)(V)l—[ R++(1 Dig?v,u?), (4.12)
i=1

Ta_(l)(v; u?) ZAQ(D(V) “R;%(l’l)(qzv’ ng)), (4.13)

T+(1)(v u®) = D+(1)(V)l_[R++(1 Dy, u(Z)) (4.14)
i=1

T (v;u®) =D (1)(,,)1_[R D, P, (4.15)
i=1

where Af;(l)(v) = [T;c(z)(v)]_l,_l and Dj(l)(v) = [Tj(z)(v)]ﬂ,ﬂ. The corresponding nested
transfer matrices are

=D @) =1, 5:(1)T:(1)(v; u?), FE O @) =1, g;t(l)rfai(l)(v; u?).
Let = denote equality of operators in the nested space L(1). Then
FED(v; u@) = u* D) ¥ O (g 2y, ). (4.16)
We also have that
Fu®)n=n,  dF@;u®) = fu®) 2.0)n.

Here u*(M(v) and A, (v) are given by

LV L+S L—S
w Do) flvip) 1 f,(v; p)
w DG fivip)  flvip) 1
AL (v) 1 fovip) 1
A_(v) 1 1 fqv;p)

The Proposition below follows by the standard arguments.
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Proposition 4.3. The nested Bethe vector W (u*; u@) is an eigenvector of T (v; u®) with
the eigenvalue

Ai(l)(v;ui;u(z)) = s(l)fq(v u®) + 8(1)fq 1(v;u )fq(v u(z))ki(v) 4.17)
provided
Res AMOuHu®)=0 for 1<j<m® (4.18)
v—>u

J
We are now ready to address the full U, (so06)-symmetric spin chain. We define its transfer
matrices by
A y) =1, 5:(2) Tai(z)(v).
The Theorem below is the first main result of this section.

Theorem 4.4. The Bethe vector @ (u12)) is an eigenvector of T=®)(v) with the eigenvalue
AEO(v; w02 1= e (D) £, (viu®) + e0)f, (v u®) fia (v u®) 2.(1)
+e2 O (e fq—l(V; u®) f,(q?v;u®)

eW fri@viuP)A-(g™)  (4.19)

provided
Res AOw;uBD)=0 for 1<j<my, k=1,2. (4.20)
vV—ou.
J
The explicit form of the Bethe equations (4.20) is

_ 2
my quj:—q 1uii my (2)

J i _ . +
=—cAL(u7), (4.21)
!:1[ q—1uj —qui !:1[ qu# q_lu(z) j
m, -1 (2)_ @ my (2 1 (2)
q u; qu q u; qu. qu;i” —q 'y (2)
l_[ (é) + l_[ (2) - : l_[ ) zz) 8(1) z(u(z)) (4.22)
i=1 uj —U; i=1 uj —U; i=1 q_lu —qu; €
where 4, is given by A,(v) = f;(v; p) or 1 when L@ =LV or L*3, respectively.

Proof of Theorem 4.4. We start by rewriting the “AB” and “DB” exchange relations, (2.71) and
(2.72), in a more convenient form. First, using Lemma 2.18, we deduce that

REECD () = Ry P (g%, W)™
AN

Then, repeating the same arguments as in the Proof of Theorem 3.3, we find the wanted
exchange relations for AT()(v) and D;(M(v) to be

AW ()
_/3+2 , 1)( (2))( ++(1 1)(q v, u(z))A+(1)(v))

V/ @
y—u®

T " Res, (R (@A, 00w)),
w 1

—U

V= i
D, (1)( )ﬁ+ (1, 1)( (2))
2
=B 0. ”( ) () D, O0R V)
v/

+—(1,1) (2)y p—(1) —(L1) (2
- (2)/52 ) Res, (f (™) D, OO R ).
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525 Consequently, using Lemma 4.1, relation (4.16), and the standard symmetry arguments, we
526 find

(1) @ (w12 = (s(_zl) tr, 56(11)AZ(1)(V) + 8(2) tr, 5(1)D (1)(1/)) BD (@)W (M)
= 3D (@) (8(_2)T+(1)(V; u®)

(Z)fq L (v; u®@) D) W2y, u(Z))) aW(uD)

m vy /u (2)
-y 7 g (2) Res (@t (w: u®

‘2)fq-1(w u®) W) 0w u?,)) e V™)

J

s27 which, combined with Proposition 4.3, implies the claim for t+®(v).
528 We now repeat the same analysis for 7—()(v). This time we focus on the “wanted” terms
520 only. The exchange relations for A;(l)(v) and D;(l)(v) take the form

— —(1,1 2 —(1,1 2 — —(1,1 2
AL LW =B ) (AR V@ u®)) s uw,

D+(1)( )/5+2 (1, 1)( (2)) — ﬂ+2 (1, 1)( (2)) (qul(v, ugz))R;Z(l’l)(v, ugz))D;(l)(v)) +UWT
530 Where UWT denote the remaining “unwanted” terms. Then, repeating the same steps as
531 before, we find
7= A(1) 6@ (12 = ( @ g(l)A—(l)(v) 4 8 tr 5(1)D+(1)(v)) BO (@)D (4,
= 3D (u?) (5(_21) D u®)
+ 62 £ (v;u@) O ) (g 2v; @) ) D (u)
+UWT.

s32 Since 7~ 3(v) and 7@ (w) commute for any values of v and w, we do not need to consider
533 the unwanted terms. Proposition 4.3 then yields the eigenvalue of 7=)(v). O

534 We are finally ready to consider the U,(s0,.,)-symmetric spin chains with n > 3. We
535 define the level-n transfer matrices in the usual way,

¥ (y) = tr, S:(”)T:(”)(v).
536 Then for each 1 < k < n—1 we define the nested level-k transfer matrices by
TEIO) (1) = gj(k)T:(k)(v; w1y
%¢(k)(v. u(k+1...n)) =1tr, gzl:(k)f¥(k)(v. u(k+1...n))
> . a a > .
s37  Let = denote equality of operators in the nested space L), Then we have that

%:I:(k)(v; uk+1...n) = ,ui(k)(v; u(k+2)) T:I:(k)(q—Zv; uk+1...n)

s3s where p*(v; u+2) is given by

LV L+S L—S
pt Dy u™y £ (v;p) 1 f,(v; p)
p Dy u™ Y £ (v;p) f,(v; p) 1
prO a2y £ ul?)  f s a®?) fas pYfg(v; ul+?)

pOEu* D) feu®) L u®)  fviu®)
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We extend the definition above to include the k = 0 case. The Theorem below is the second
main result of this section.

Theorem 4.5. The Bethe vector ®™(u1™) with n > 3 is an eigenvector of T (v) with the
eigenvalue

Ai(n)(v; u(l...n)) = qu(qpo(i)v; u(:Fso(i)))

n

. PR » ) p N1+
5 l_[‘gg)(“h]m(] U(qpf(’)v;u(]+1))fq_1(qpl(z)v;u(])))2 i (4.23)

j=1
where p;() = —ZZ:J.H(l +1) and s;(4) = sign((—l)"_j_1 l_[Z:jH ik) provided
Res Ay M) =0 for 1<k<n,1<j<m. (4.24)

The explicit form of the Bethe equations of (4.24) with n > 3 is

_ 2
my quji—q 1uii my o E (2)

J i i ) i
=—¢ A‘:l:(u ), (4‘25)
D‘I‘luf—quf!;[qu# 1u® j
l’"—+[q—1u§_2) qu l_[q 1u() qu; ﬁ qu(z) 1, ﬁ (2) O 0 .
2 2 _ 2 3 > =, ‘
= uS.)—ulf i=1 ug)_ui i=1q U () ()1— qu() lu() e(1)
nﬁq_l NO) qu(k 1)ﬁqu(k) q—1 (k)nﬁ (k) ufkﬂ) B L) o
k k—1 k k k ) D .
i=1 ”5‘ A q—1u§~ ) — quf¥ ( ) g et
_1 _
ﬁq e —au” )ﬁqU(n) 9 1“§n) __ £ ™), (4.28)
i=1 ugn)_ul(-n_l) i=1 q—lu(n) qu f”) g("l—l) n .

L:I:S

where A, is given by A,(v) = f,(v; p) or 1 when LM =LY or L*3, respectively

Proof of Theorem 4.5. The proof is very similar to that of Theorem 3.3. We begin by focus-
ing on 7+ (v) and rewriting the corresponding “AB” and “DB” exchange relations in a more
convenient form. From Lemma 2.18 we deduce that

(Ri[+ 1(n— 1Jl—1)(q2n—2v’ w)V2
hi((”—l)/z)(v, u)

where [+] = +/— if n—1 is odd/even. Combining these identities with (2.9), (2.71), (2.72)
and (4.9) yields the wanted “AB” and “DB” exchange relations:

_ —(n—1,n—1
A-(fl-(n 1)(1})/5(5;—3:1 (n—1,n )(UEH))

(n)
_ﬂ[+] (n=1n=1), (_n))( fovui7)
b\ RHOD2 (v, ™M)

++(n—1,n—1)
Ry, (u,v)=

R a2y, () D)) LD g2, ul(n)))

faw ™)
(=172, ™)

" [+]~(n—1,n-1)

1 n—1i,n—

—u(.”)ﬁ‘ ) R (
1

I CEa uE”))A;(“‘”(w)Rj;(”‘l’”‘l)(qzw, uE”))), (4.29)
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551

(n)

=ﬁ[+]—(n—1,n—1)(u(n) ( qul(V,ul. )
ara L\ 2 g2y, ™
R==/2) g2y, u™)

— —1,n—1 _ —(n— —(n—1,n—1
xRa(E;—](n n )(q2n 4V,u§n))Da(n 1)(V)Raa(1(n n )(v,ul(.n)))

() (m
. V/uin ﬂ["l‘] (n—1,n— D(V) ( fq 1(W u )
v_ugn) (n) h=((n=1)/2) (g2, u(”))

xR @ ) DV WIR T ugn))). (4.30)

s52  Inspired by the exchange relations above we define barred transfer matrices

fyvsu™)
(172 (7 (M)

(E(n 1)A+(n 1)(v)l_[R+ (n—1,n— D(q v, u(n))

i=1

l—[ RILHIO A gan2, (n)))
1 3

i=m,

FHED (M) 1=

fq*l (V; ,u(n))
h—((n—l)/Z)(q—Zv- u(”))

(g(n Dp-G- U(v)]_[R“(” L), )

1
[T Rl ugn))),

i=m,

7D (y; M) =

553 which differ from Ti(”_l)(v ; u(”)) in (4.4) and (4.5) by the ordering of R-matrices. The order-

ssa  ing can be amended with the help of the operator X" := ]_[:E"l_ 'x l.(n_l) where
my, i+1
Xi(n—l) = l_[ RE;;:;;](H—LH 1) (n) (n)) l_[ R—[+](n Ln— 1)( 2n—4u(")’ ul(n)).
j=i+1 j=m,

sss  In particular, ?i(”_l)(v;u(")) = XD =1 (3. 4,y (x("=1)~1 apd each Xl.(n_l) acts as a
ss6  scalar operator on &V (11 ,(M) Therefore
T+(n)(v) <I>(n)(u(1...n)) — gg(n—l)(u(n))X(n—l) T+(n)(v; u(n)) (X(n—l))—l q,(n—l)(u(l...n—l); u(n))
/ (Tl)

— (n_l)(u(n) )X(n—l)
le: y— (n) GE"),uE”)—)v

x Re?n) ’L'+(n)(W; 'u’gl(_l)) (X(n—l))—l (I)(n—l)(,u(l.,.n—l); ugl&)
j j

W—>Llj
557 where

Tl = e T D) + e fa (v u) s p) T (g u®),
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558 We now repeat the same analysis for 7~ (v). This time we focus on the “wanted” terms
ss9 only. The relevant exchange relations are now

A0 L ™)

= H.J_(n_l)(u(.n))( !
P 4; 4 ! h—((n=1)/2)(y, ul(n))

x R LD (g2nm2y, y (D) AT D) R g, uE“))) FUWT,
- —(n—1
Dc‘l"(n D(y) /5(5;:3? (n )(ugn))

] (n-1), (n) 1
/3 ¥ (u; )(
_ )

x RO g2ndy, 3 (0 prin=D ) g nmbamy, ugn>)) +UWT.

s60 Repeating the same steps as above we obtain

T~ MW() eM(ul-M) = FED (1M x (7 771 (M) (x (Y1
y q>(n_1)(u(1...n—1); u(n)) +UWT (4.31)

s61  where
T3 u™) = e D) + 60 £ 0, u) D (s p) DGRy u™),

se2  Since 7~ (v) and 770V (w) commute for any values of v and w, we do not need to consider
s63 the unwanted terms in (4.31). It remains to repeat the same analysis down the nesting by
ses taking into account (4.8) together with the fact that ®(¢(1+0); (k+1-my e 1K) anqd use
ses Proposition 4.3 (with slight amendments). This gives a recurrence relation, for 2 < k < n,

A:I:(k)(V; u(l...k); u(k+1...n)) = 89<1)A:!:(k—1)(v; u(lu.k—l); u(k...n))

k —
+ 00y (v, u) pFED (i)
% A:F(k—l)(q—Zv; u(l...k—l); u(k...n))

ses  with A*() given by (4.17). Upon solving this recurrence relation we recover the claim of the
567 Theorem. O

ses Remark 4.6. Let q;; denote matrix entries of a connected Dynkin diagram of type B, or D,

seo and let I denote the set of its nodes. Then putd, = dy, = ... = d, = 1 for D,; and
st 2dy = dy = ... = d, = 2 for B,. Upon substituting ug ) 5 q )( ), where Ek = Zle d;
s1 - with dy = d.. for D, ;, Bethe equations (3.19)-(3.21) and (4.25)-(4.28) can be written as

m dkaklz(k) (Z) (

e® 0
l_”_[ *) _ =) A(a™z;)

(1
lel i=1 %; dka"lz )

s72 for all k € I and all allowed j. Here ¢® =1 and Ak(qakz](.k)) =1 when k ¢ {£,1,n}.
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5 Conclusions and Outlook

The results of this paper are two-fold. First, we proposed a new construction of g-deformed
509,,1- and so,,-invariant spinor-vector and spinor-spinor R-matrices in terms of superma-
trices and found explicit recurrence relations. We believe these results will be of interest on
their own right. For instance, this opens a door to study spectral properties of open spin
chains with spinor-type transfer matrices thus complementing the results obtained by Artz,
Mezincescu and Nepomechie in [AMN95]. Second, we solved the long-standing problem of
diagonalizing transfer matrices that obey quadratic relations defined by the aforementioned
g-deformed spinor-spinor R-matrices. The corresponding Bethe ansatz equations were already
known since they can be determined from the Cartan datum only. The constructed Bethe vec-
tors and the corresponding eigenvalues are new results. A natural next step is to find recursion
relations for these Bethe vectors and investigate scalar products in the spirit of the approach
put forward by Hutsalyuk et. al. in [HLPRS18]. Moreover, it would be interesting to construct
g-deformed spinor-oscillator R-matrices and investigate the spinor-type QQ-system following
the steps of Ferrando, Frassek and Kazakov in [FFK20]. Lastly, we believe this work might help
to better undertstand the Bethe ansazt for fishnets and fishchains emerging in the AdS/CFT
integrability framework, see [GK16,BCFGT17,BFKZ20,EV21] and references therein.
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A The semi-classical limit

A.1 Up(s0,,,,)-symmetric spin chains

The semi-classical limit is obtained by setting v = exp(2yh), ugk) = exp(2x§k)h), q = exp(h/2),
and carefully taking the i — O limit. Introduce a rational function
y—x+k
[y, x)=—""—.
—X
The eigenvalue (3.17) then becomes
A (y; 21 =D 1 1n(y + po(a); 1)

(2
n

[ 1 (09°0 + @20 ™) £y +ps(a);2))
j=1

3(1+i)

where p;(i) = _ZZ:j+1(1 + i) and u®(y; 2 +2) are given by
LV LS
pu Dy 2™ £ (v p) fi2;p)
puB(y; 2Dy £ (s 2®D) f (s p) filys 2
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The Bethe equations (3.19)—(3.21) become

mo W W 1m @

j i 2 j i _ . €))
l_[ O (1)_11—[ O_ @, ° 210657,
i=1 X; TX; T3 i=1X; it
”ﬁ xj(.k) —xl(k_l) -1 ﬁ x](k) — l.(k) +1 "ﬁ x](.k) xl(kH) RQ)
k k—1 k k k k+1 k—1)’
] XJ(-)—Xf ) i:lx](-)—xl“—ll—l 0 _ (+)Jr1 T eD
i1 W (=D gom,  () (1)
l—ll XX 1 I oAl MG,
| PLONESV G VIS 3 SV (O N xl(n) 1 gn—1) An

i=1 j i i=1 45

where A,(y) =1 or f5(y; p) and A,(¥) = f1(y; p) or 1 when L™ =LV or L, respectively.

A.2 U,(sog)-symmetric spin chain

The semi-classical limit is obtained in the same way as before, except that we set g = exp(#).
The eigenvalue (4.19) becomes

A (y; 202 = 26D £y %) + e (3 2@) £ (v:2) 1))
+e2 1m0 (9 e A — ) + e faly 127 Ay — 1)

where p=((y) and A, (y) are given by

LV L-‘rS L—S
O AGse) 1 f1(y; p)
u Dy Alse) Ase) 1
A (y) 1 Hlyse) 1
A_(y) 1 1 f(y;p)

The Bethe equations (4.21)—(4.22) become

M xF—xF4+1M xT— x(z)
i i j _ . +
| | | | =—" AL (x7)
+ _ _+ 2 + j/
o1 % X i X7 —x x® 41
lm_+[x](_2)—xj—11m_[x](_2)_ i—_1ﬁX§2)_xi(2)+1 e o
= AZ(X ),
2 2) 2 2 1
L P L O L@@ o)

where A, is given by A,(y) = f1(y; p) or 1 when L® = LV or L*5, respectively.

A.3 U,(s04,,,)-symmetric spin chains
By the same arguments as above, the eigenvalue (4.23) becomes
NEOy20m) 1= ) iy + poli); uo)
i
1(1+i))

n
x [ Te (D00 +p;(@);ul*D) fa(y + () u?))
j=1
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s11 where p;(i) = — ZZ:jﬂ(l +1iy), 5;(4) = sign ((—1)" 71 ]_[Z:].Jrl ir) and pu*®(y; 2*+2)) are
612 given by

LV L+S L—S
pr=(y; p) f1(y;p) 1 f(y;p)
p D (y; p) fi(y; p) f1(y; p) 1
ptr®(y; 2*2)  f (y;2®D)  f (s 2*) fi(y; p)f1(y; 2KH2)

wB(y; 2%y £y u® D) Ay e)fily;2®2) £y 2Y)

613 The Bethe equations (4.25)-(4.28) become

U x;t — xl.i +1m  xE_— (2) o .
* I =—eA:(x7),
=1 T Tl X —x (2)+1 g
my +(2) +_ 1 m @ - 1 m 2 (2) m 2 _ (3)
l_+[x] —X; 11_[xj X; 11_2[xj +1l_3[ X; X; ﬁ
2 2 _ 2 2 2 3 1)’
i=1 X]()_x;r i=1 XE)_XL- i=1 X ]() ()—11_1 J() ()+1 )
nﬁ x](k) _xi(k—l) -1 ﬁ x](k) _xi(k) 1 nﬁ x}(k) xl(k+1) L)
! 1 x}(k) _xl(k—l) L x(.k) _x_(k) 11 ](k) (k+1) + 1 T ek-1)
My D g e )0 q -
] [ = 2,G)
(n) _ (n 1) () _ (n) gln=1) "2
i=1 Xj i=1 X l

Lﬁ:S

s1a where A, is given by A,(v) = f;(y; p) or 1 when LW =LV or , respectively.
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