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1 Introduction

The technique of supersymmetric localization allows for exact computations of observ-
ables in quantum field theories with a certain minimum amount of supersymmetry as
pioneered by Pestun [1] (see [2] for reviews).

It was shown in [3] that the partition function on a three-sphere S® of a three-
dimensional gauge theory with A/ > 3 supersymmetry reduces to a matrix model via
the localization.

For three-dimensional theories with N' = 4 supersymmetry the sphere partition
functions can be decorated by either of two types of half-BPS local operators; the
Coulomb (resp. Higgs) branch operators whose expectation values define the Coulomb
(resp. Higgs) branch. As shown in [4-6], the localization also allows for the evaluation
of these protected correlators as generalized matrix integrals in such a way that a



collection of the Coulomb or Higgs branch operators localize along a specific great
circle S! in the S3.

The €2 deformation is very useful in the study of the supersymmetric gauge theories
(See e.g. [7-12]). The protected correlation functions of the Higgs branch operators or
the Coulomb branch operators in 3d N' = 4 supersymmetric field theories are encoded
by one-dimensional topological quantum mechanical models [13, 14]. The associated
topological quantum mechanical models arise from certain €2 deformations of the par-
ent three-dimensional N' = 4 supersymmetric field theories [15-17]. The topological
quantum mechanics can be viewed as a non-trivial space of solution to OPE Ward
identities equipped with the quantized Coulomb (resp. Higgs) branch algebra [15, 18]
which results from the quantization of the chiral ring of the Coulomb (resp. Higgs)
branch operators.

It is shown in [19] that these sphere correlation functions of the Coulomb or Higgs
branch operators as well as the sphere partition functions can be algebraically presented
from the quantized Coulomb and Higgs branch algebras in terms of the twisted traces
over the Verma modules without relying on the UV data.

The 3d N' = 4 superconformal field theory (SCFT) appearing at low energy on
a stack of N M2-branes on R x C at an A;_; singularity probing the space C? x
(C%/Z;) has a UV description as a 3d N = 4 ADHM gauge theory with a gauge
group U(N), an adjoint hypermultiplet and [ fundamental hypermultiplets [20, 21].
In the near horizon limit of the M2-branes, one obtains the holographic dual AdS, x
(S7/Z;) background of M-theory, which provides us with an attractive example of the
AdS/CFT correspondence [22-24]. For | = 1, the ADHM theory is self-mirror [25, 26]
and equivalent to the ABJM theory with k£ = 1 in the IR [27].

The large N limit of the partition function in the ADHM theory was studied well in
28, 29]. In spite of the explicit expressions of the partition function, it is still tricky to
evaluate it analytically in the large N regime. One of the analytic approach for the par-
tition function is the Fermi-gas formalism [30] where the partition function is rewritten
as the partition function of an ideal Fermi gas of N non-interacting particles. In the
large N expansion of the free energy F' = —log Zgs for the SCFT of the N M2-branes
where Zgs is the sphere partition function, the leading coefficient can be evaluated from
the two-derivative supergravity [31, 32] and the next-to-leading coefficient is expected
to be reproduced from higher derivative corrections in the supergravity. !

Recently it has been proposed in [34] that the topological quantum mechanics that
encodes the protected correlation functions of the world-volume theory of M2-branes are
holographically dual to a certain protected sector of M-theory, that is the 2-deformed

1See [33] for a recent approach to the higher derivative corrections from the conformal supergravity.



or topologically twisted M-theory as an example of “twisted holography” [35].
Topologically twisted M-theory on an {2-deformed background

R x C?/7; x C,, x C,, x Cq, (1.1)

obeying the Calabi-Yau condition €; + ¢, + €3 = 0 can lead to a 5d theory on R x C?/Z;
[36, 37]. It is called the “twisted M-theory”. The twisted M-theory is locally trivial
and it is topological in R and holomorphic in the remaining four directions. It de-
pends on the ratio e5/€; and it has a perturbative description as a non-commutative
Chern-Simons theory at least for [ = 1 and in some range of parameters. One inter-
esting feature of this theory is a triality symmetry that permutes the €2-deformation
parameters [38]

€1 — €9, €y — €3, €3 — €1. (12)

The twisted M-theory can contain M2-branes and Mb5-branes as line operators and
surface operators in the 5d theory.? In the Q-deformed background (1.1), when a stack
of N M2-branes are placed on R x C,, the ADHM theory would acquire the mass
parameter m for the adjoint hypermultiplet given by

m-i(%—i—i—j). (1.3)

and it can be effectively described at low energy as topological quantum mechanics on R
equipped with certain spherical part of the cyclotomic rational Cherednik algebras [42]
with €; being the quantization parameter as the quantized Coulomb branch algebra.
The perturbative part of the protected correlation functions in the ADHM theory is
expected to be holographically dual to a perturbative twisted M-theory background. It
is shown from numerical and algebraic calculations in [43] that the perturbative part
of protected correlation functions of the ADHM theory with [ = 1 on a three-sphere
enjoys the triality symmetry in the large N limit.

In this paper we analytically evaluate the sphere correlators of the Coulomb branch
operators for the ADHM theory in the Fermi-gas formulation. As argued in [44], the
large N behavior of the correlation functions can be evaluated from averages of many-
body operators in the Fermi-gas. The triality symmetry (1.2) that is associated to
the adjoint mass (1.3) is a key in our analysis. This symmetry should be manifest
in the perturbative part of the correlation functions in the large N limit [43]. In
fact we show that the leading terms of the perturbative grand canonical correlation

2 See [38-41] for recent studies of the operator algebras associated with the intersections of M2 and
M5 branes in the twisted M-theory.



functions are generally invariant under the triality symmetry (1.2). Moreover, the
triality symmetry constrains the forms of the perturbative part. In the Fermi-gas
formulation, it is technically hard to compute the subleading terms of the perturbative
part analytically. We are able to obtain it partially. The triality symmetry enables us
to reconstruct the remaining missing pieces. In this way, we obtain consistent triality
invariant subleading terms for higher-point functions.

The organization of this paper is as follows. In the next section, we review the
Fermi-gas formulation by following the original argument in [30]. The technique there
is extended to the correlators of the Coulomb branch operators, as shown in Section 3.
We will derive the large N behavior for the multi-point correlators. Finally, we will
give some remarks on related topics in Section 4.

2 Fermi-gas formulation

We start with a review of the Fermi-gas formulation [30] to analyze partition functions
in 3d supersymmetric field theories on S3. In the Fermi-gas formulation, it is more
convenient to go to the grand canonical ensemble rather than the canonical one. We
show how to derive the grand potential in the large chemical potential limit.

Supersymmetric localization reduces path integrals to matrix models [3]. The par-
tition function of the ADHM theory on S® takes the form

N L
= —1 TiCo; i 4481nh 7'['(0‘2-—0-‘)
ZADHM N / | |dm-62 (o Ilic, j
A | |Z].Yj:1 2cosh (0; — 0 —m) <| |fil 2 cosh 7rai>

5 (2.1)

where m is the mass of the adjoint hypermultiplet, and ( is the Fayet-Iliopoulos (FT)
parameter. For [ = 1, this is equal to the matrix model of the ABJM theory with k =1
[27].

Making use of the Cauchy identity, one can identify the matrix integral (2.1) with
the canonical partition function of a non-interacting, one-dimensional Fermi-gas with
N particles [30]:

Zapum(N) = % > (—1)6(")/Hd%nﬂ(%%(i)) (2.2)

VvESN

where

em’{(al +02)

plo1,09) = (2.3)

(2 cosh 7o) 2 (2 coshm(oy — 5 — m))(2cosh moy)?



is the one-particle density matrix in the position representation. This leads to a system-
atic analysis of the large N limit of the partition function on S® as a thermodynamic
limit of an ideal Fermi-gas. The analysis of the Fermi-gas of the partition function
below has appeared in [45]. We generalize it to the computation of some correlation
functions, and find new features on a manifestation of the hidden triality symmetry,
expected in [38, 43].

The thermodynamic limit of an ideal Fermi-gas can be obtained by considering the
one-particle problem in the semi-classical approximation and the 1/N corrections to
the thermodynamic limit can be obtained by evaluating the quantum corrections to
the semi-classical limit. In the following discussion, we consider the grand canonical
ensemble, in which the grand potential is introduced by

° 2mp
e’ =" Zapuu(N). (2.4)
N=0

Our goal in this section is to derive the large p limit of J(u) by using the Fermi-gas
formulation.
Let 6 and p be canonically conjugate operators obeying

[o,p] =ih (2.5)
where h = % Then we can write the density matrix operator as
p= o 3U(8) o ~T(p) o~ 35U (5) (2.6)
where

U(o)

= llog (2 cosh o) — 2mi(o,
T'(p) = log (2 coshp) — 2mwimp

so that the kernel (2.3) can be realized as the matrix element of the operator (2.6) in
the position space.

From the density matrix operator (2.6), we can define a one-body Hamiltonian H
of a system by

et = 5. (2.9)
In the classical limit, this Hamiltonian reduces to

Ha(o,p) =U(o) + T(p) (2.10)



where U(o) is a potential term and 7T'(p) is a kinetic term.

Given a density matrix (2.3), one can quantize the Fermi-gas system by following
the phase space formulation that is distinguished from the canonical quantization and
the path integral formulation. The phase space quantization is based on the Wigner-
Weyl transforms and the Weyl correspondence between c-number functions in the phase
space and quantum mechanical operators in the Hilbert space so that quantum mechan-
ical composition of functions relies on the star-product.

The Wigner transform of an operator A with its matrix elements (| A|o’) = A(0, ")
in the position space is the function [46-49]

/
Aw(o,p, ) = /da/<0+%

/ .
A’U— %>e—“°n (2.11)

in the phase space. This maps a quantum mechanical operator A in the Hilbert space
to a function in the phase space. The inverse operation is the Weyl transform which
relates a function By (o, p, k) in the phase space to a quantum operator B in the Hilbert
space with matrix elements

~ d ! ip o—o’
(o|Blo"y = %BW (%,p, h) M (2.12)

When we deal with more than one particle, we need to include the effects of quantum
statistics in the Wigner transform. For the Fermi-gas, the Wigner transform of the s-
body operator @) is obtained by taking the anti-symmetrized operators PyO®) where
Py, is the projection operator

Py = % S~y (2.13)

’ veESN

which anti-symmetrize the states [44].
The Wigner transform of a product of operators A and B is given by [46-49]

Here x is the star operation
h [ —
* = exp {% <8 ng — (91,30)] (2.15)

where the derivatives act on the left or on the right according to the directions indicated
by the arrows. One can express all operators of quantum mechanics in terms of the



Wigner transforms of operators in such a way that the semi-classical expansion of an
operator A is given by

Aw(o,p,h) =) An(o,p)h" (2.16)

where Ay is the classical limit of A.
From the Baker-Campbell-Hausdorff formula, (2.9) and (2.14) we find the Wigner
transform of the Hamiltonian

Hiy(0.0) = T(0) + V(o) — = ()07 (0) + U (0)77(0) + OY). (27)

Furthermore, the semi-classical expansion of arbitrary function f(H) of the Hamilto-
nian operator H is given by

e}

Pl 1) (o,.0) = 3 11 (P (0,2)) G, ) (2.18)

r=0

where f(")(a) is the r-th derivative of f(x) evaluated at z = a and

G,(7,pi 1) = (11 = Hw(o.p)) | (o', 0'31) (2.19)

(a’,p’):(a,p)

is the universal coefficients in the expansion around Hw. It follows that G, is an even
function of A such that

G (0, p; h) = O(R*) (2.20)

for the largest integer n < 3. For example, we have [50, 51]

gO = 17
gl = 07
w2 [PHw *Hy  (0*Hyw\’ )
G 4| 90 apr (808}9) + O,
B[ (0Hw\?*Hy  (0Hw\>0*Hy _0Hw OHw 0°Hy A
g3__Z (80) Op? +< ﬁp) Oo? —2 do  Op 0ocOp + o).
(2.21)



In particular, the Wigner transform of a distribution operator at zero temperature
is given by [50]

Oy (2”_“ _ ) —9 <2w Hw(a,p)) +> %5“‘” (QW—“ — Hw(mp)) (2.22)
r=2

€1 €1 €1

where 6(z) is the Heaviside step function. By taking the trace of the distribution
operator, we get the function nw(u) that counts the number of eigenstates whose
energy is less than 2”“

In the thermodynamic limit N — oo, the behavior of the system is semi-classsical

and the trace can be evaluated as an integral over the phase space. Therefore we obtain

nWW)Q/MMﬂ(:#—HWJp) }:/mwgrrl<%f wapﬁ

(2.23)
Here the first term is the area of the quantum corrected Fermi surface defined by the
equation
2T
Hyw(o,p) = — (2.24)
1

and the second term is the quantum corrections arising from the semi-classical ex-
pansion of the distribution operator. Then the density of energy eigenstates is given

by

dnw (1)
dpu

pw(p) = (2.25)

Let us first evaluate the area of the quantum corrected Fermi surface in the limit
b — 00:

Vol(p) = / dodp 0 (— — Hw(o, p)) (2.26)

€1

Since we have

—2kmx

log (2cosh7x) = ma + log(1 + e ™) = 7w + Z(—l)k+leT, (2.27)
k=1



Figure 1. The quantum corrected curve (blue line) and the polygon as its large N approx-
imation (orange line). We divide the Fermi surface into four regions I, II, IIT and IV.

the potential term U(c) and its derivative have the asymptotics

o) = (1l —2iQ)o +0(e?) o0 — 0
—7m(l +2i¢)o + O(e?) o0 — —o0

(o) = 7(l—2i() +O0(e™?) o0 — 0
—m(l+2i¢) + O(e?) o — —0o0

U (o) = {O<6_U) 77 (2.28)

O(e?) o0— —0



and the kinetic term 7'(p) and its derivative have the asymptotics

T(p) = (1 — 2im)p +0(e™®) p—oo
—m(l 4 2im)p+ O(e?) p — —o0

(1 —2im)+O(e™?) p— 0
—m(l+2im) + O(e?) p — —o0
{ eP) p— oo

. (2.29)
e’)  p— —o0

Let (of,pl), (oF,p.), (o, p) and (o, ,p,) be points in the quantum curve where

+ H - jz
p m)’ Pa e1(1 4 2im) (2.30)

It then follows from (2.24), (2.28) and (2.29) that

+ P - - H -
o =———+0(e™"), o, =——F——=+ 0™ 2.31
i —aig) T agraig) PO @3
where the exponentially small corrections in p are power series in A2
We divide the quantum corrected Fermi surface into four domains:

I: 0<o, p.<p<pf

m:  pr<p

Il: o0<0, p<p<p}

IV : p<p, (2.32)

as shown in Figure 1. The area is then the sum of these four domains: Vol(u) =
Vol; 4+ Vol 4+ Vol + Volyy.

On the quantum curve in the region I and III, the exponential terms in ¢ are larger
than those in p. Thus we have the potential term and its derivatives

Ulo) = 7l —2i{)o +O(e™?)  forl
a —7(l 4 2i¢)o + O(e~) for I’

V(o) = {W(l - 22{? + O(e*"_) for I ’
—m(l 4 2i¢) + O(e~7) for III
g JO(e?) forl
Uio) = {(’)(e") for IIT (2.83)

— 10 —



and the Wigner transform of the Hamiltonian

Ha(o,p) = w(l = 2i¢)o + T(p) + Lx?(l — 2i)*T" (p) + O(K*)  for I (234
v —r(l+ 2iC)o + T(p) + 52 72(1+2i0)2T"(p) + O(hY) for I
Therefore we can solve ¢ along the quantum curve
[t = st B - T0) - im0 20T ) for 25
0 (D) = ~ sy |22 = T(p) — (4 200)°T"(p)|  for 111

On the quantum curve in the regions II and IV, the exponential terms in p are
larger than those in p so that the kinetic term and its derivatives become

T(p) = (1 —2im)p+ O(e *)  for Il
P —7(1 4 2im)p+ O(e*) for IV’

T'(p) = (1 —2im)+ O(e*)  forll
b= —m(1 4 2im) + O(e ) for IV’

O(e™*) for Il
A (236
O(e#) for IV
and the Wigner transform of the Hamiltonian reduces to
Hylo.p) = U(o) +m(1 — 2im)p — EW 2(1 —2im)?U" (o) + O(h*) for II (2.37)
U(o) — (14 2im)p — ﬁ 72(1+ 2im)?U" (o) + O(R*)  for IV
Thus we can solve for p along the quantum curve
pH(p, o) = m [2:1” —U(o) + %Wz(l — 2im)2U”} for 11 (2.38)
D= ) 2.38
p(p,0) = —m [2”—“ —U(o) + Er?(1+ 2@'m)2U”} for TV

€1

The area of the quantum corrected Fermi surface of the region I can be evaluated

- 11 -



from the equation (2.35) as

p=pi up)
VOII = / dp /

ﬁ{ [ [_ (1 + 2]

0 h2 2 0
_ /_ dp [log(2 cosh mp) + 7p] — QZ (I —2i¢)? /_ de”((p)}

R N (Y LD TR
+7T(l—2i(){/0 alp{61 (1 22m)p]

pi B22 Py
_/0 dp [log(2 cosh mp) — 7p] — QZ (l—2z’()2/0 de”((p)}

_ 3 > 1 K22 _
T dea +e)(l—-2i0) 120—2() 12 (I = 2i() (2.39)

where we have extended the integration region to infinity up to non-perturbative terms
in p. Similarly, we can calculate the area of the quantum corrected Fermi surface of
the region III:

P o=0
VOlHI :/ dp/ do
p=px o=0"(p,p)
1 h2m?

_ 3 1 |
T lalare)(t0 vz 1z T (2.40)

From the equation (2.38) one finds the quantum corrected area of the region II
6l IR27%(e1 + €2)

p=p* (1,0)
VOlII—/ dO’/
p
— + . (2.41)

261(61 + 62)(l2 +4¢%)  24(e; + €9) 3€;

The quantum corrected area of the region IV can be similarly computed by using the
equation (2.38). We get

J:Jj P=p l 2 l th 2
M €1 T~ €
Vol :/ da/ dp = — + — ) 2.42
v o p=p~(1,0) P 2e160(12 +4¢%)  24ey 3€e1 ( )

=04

- 12 —



Putting all together, we finally obtain the quantum corrected area of Fermi surface

Vol(u) = Voly 4+ Vol + Volyp + Volpy
o 20> B l N [(e2 + €163 + €3)
ea(€g + )12+ 4¢%)  6(12 +4¢?) 24e5(€e1 + €3)
= nap® + nyp. (2.43)

The quantum corrections that correspond to the second term in (2.22), which are
associated with the semi-classical expansion of a function of the Hamiltonian turn out
to yield only the non-perturbative corrections of order e * [30]. Therefore we obtain

nw (1) = nap® 4 10 + nnp (1) (2.44)

where n,, (1) = O(pne ™) denotes the non-perturbative terms. Since our Hamiltonian
is positive, it follows that nw(0) = 0 and n,,(0) = —ng after resumming all the non-
perturbative corrections.

To obtain the leading and next-to-leadingg coefficients that show up in the free
energy, we observe that the grand canonical potential can be expressed in terms of the
density (2.25) of eigenstates:

2m(p—p’)

J() = / " A o) log(1 + 5

2 oo 2mp_, 2 o0 d N /
~ 2ny <€—1) / dv vlog(l + 6261 )+ ﬂ/ dyl Tonp (1)
0 0

2T €1 du’
— 2 <61>2L' (—e) 4y 2t (2.45)
= o o 13 € Un) e 1% .

According to the asymptotics of the trilogarithm

3 2
Liz(—e®) = L Ty Oe™), (2.46)
6 6
we get
ng (2m\ 4 w2 o\ " 2m
€1 3 €1 €1
¢ 3
= gH + Bu+ A+ Jyp(p) (2.47)
where
Arl
C = ” (2.48)

616263(l2 + 4(2)

— 13 —



and

12+ €2+ e2) (12 — 4+ 4¢?)

B__T
N 24€1€9€3(12 + 4¢?)

(2.49)

We see that the leading coefficient (2.48) and the next-to-leading coefficient (2.49) are
actually invariant under the triality transformation (1.2). The overall factor 6161263

be interpreted as the equivariant volume of the {2-deformed planes C., x C,, x C,, in
the background (1.1) of the twisted M-theory.

In the next section, we extend this computation to correlation functions for Coulomb

can

branch operators.

3 Coulomb branch correlators

The 3d N = 4 supersymmetric gauge theory generically contains two types of half-BPS
local operators, i.e. the Coulomb and Higgs branch operators, which parametrize two
branches of supersymmetric vacua, the Coulomb and Higgs branches respectively. The
Coulomb branch operators can be built out of the monopole operators v,,, dressed by
the vector multiplet scalar fields . They can be expanded as a sum over the monopole
operators

Oc = Z R, (p, mc)vn, (3.1)

Mo

where R, (¢, mc) are polynomials in . The sphere correlation function of the Coulomb
branch operators for the ADHM theory takes the form?

N 2
1 4 __4sinh®* 7(0; — 0;
<OC> — /l |do_i627rzCU¢ N H’L<j ( NJ)
NUJ [] 2cosh7(o; —o; —m)(][;_, 2 coshmo;)!

ij=1

R0<—’i0, —zm) .
(3.2)

The sphere correlation functions of the Coulomb branch operators can be universally
expressed in an algebraic way in terms of the twisted traces over the Verma modules of
the quantized Coulomb branch algebra [19]. The factor Ry(—io, —im) inserted in the
correlation function is pulled back from generators in the quantized Coulomb branch
algebra.

3See [5, 6] for the result of supersymmetric localization.

- 14 —



3.1 Quantized Coulomb branch algebra

There exist two types of Q-deformations for the 3d N/ = 4 supersymmetric gauge theory,
in which two kinds of non-commutative algebras of the topological Coulomb and Higgs
branch operators emerge. They are called the quantized Coulomb and Higgs branch
algebras [15, 16]. The quantized Coulomb branch algebra A§ .., ., of the ADHM theory
is isomorphic to the spherical part SH?Vyi of the cyclotomic rational Cherednik algebra
[42]. The algebra A§ ., ., can be also identified with the shifted Yangian Y;(m;) of
gl(1) which is obtained by deforming the subalgebra of an affine Yangian Y (gl(1)) [52)].

Let us introduce coordinates w, and shift operators v,, v;!, a = 1,--- , N which
obey
[wa’wb] = 07 [Uaa Ub] - 07
Vg 0p = Oap, Va¥y ' = Oab,
[vE, wy] = £dgpervE. (3.3)

The algebra Ag’l;q@ is generated by the operator

Do = i # [Bn <—7“:—1“> - B, (@)] . on>1 (3.4)

a=1

where B, () is the Bernoulli polynomial as well as raising and lowering operators which
take the forms:

N
R | et | (39
a=1

b#a a=1
al Wa — Wy + €2 15 :
a— Wb 2 _
frn=2_wi | 1= =~ 11 <H<wa—61 —mz-)va%) (3.6)
=1 b#a e a=1 \i=1

for non-negative integer n. Here m; are mass parameters for the SU(l) flavor symmetry.
They obey the relations

[Do,ns Dom] = 0, (3.7)
[Dons em] = —€16n1m-1, (3.8)
[Dons fn] = €1 fntm-1, (3.9)
3lez, e1] — [es, eq] + (€ + e1ex + €3)[e, eo] + er€a(er + €2)eg = 0, (3.10)
B(fa, fi] = [fs, fol + (€1 + @22 + &) f1, fo] — erealer + e2) fg =0, (3.11)
[eo, [e0, e1]] = [fo, [fo, 1]l = O, (3.12)
[en, fm] = €1hnim. (3.13)

— 15 —



Here the operator h,, can be determined by the relation

1 — ez(er + €2) Z B2t

n>0

H 1 . ml + 61 ) (1 _ (61 + 62)Z)<1 + N€22> exp [_ Z DO,n+190n(Z)] (314)

i=1 I—(e1+ (1= N)e)z =0 €1

~

where

@M@:;wﬁau+f@)—G41—q@+{%a+fﬂ)—ad1—ga

+GA1—gy+Qp)—GA1+¢y+Qyﬂ, (3.15)
_logz forn=0

G, =4 087 orn=E (3.16)
z nfl forn>1

3.2 d, operators

There is an alternative presentation of the algebra in such a way that all generators
can take the form of ¢ times a triality-invariant expression [38]. We can introduce the
Hamiltonian operator

Wit = f(wa) (3.17)

a=1

associated to any polynomial f(w) in w.
When we choose polynomials
n_n—1 1 .
pu(o) = (=)} "B, 5 o
-0 _n—1 ki (2k — Q)Bk n! n—k
=i"€] kz (—1)2 TH k)!a (3.18)
0<k<n

where B, (z) is the Bernoulli polynomial, which satisfy the recursion relation

Pn <w - %) — Pn (w + %) = n(iew)" ", (3.19)

we obtain the operator

d,, = Wpn]. (3.20)

4 This takes a similar form as the recursion relation for the Bernoulli polynomial B, (z+1)—B,,(z) =

nmnfl
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It has a generating function
AN Pn(w)
2@/} (— —w + 61) = E g (3.21)

where 1(z) is the digamma function.

For example, we have

pi(w) = iw, (3.22)
1
pg(ﬂ]) = —€1 (w2 + E) , (323)
. w
pa(w) = —ie} (w' + 7). (3.24)
pa(w) =€ (w —|—1w +L (3.25)
* 2 240 '
(w) = ie} [ w® + 5w + lw (3.26)
Pt =14 6" 8" ) '
5 7 31
_ _ /5 _ -
pe(w) = —€; (w + 4w + 6Y - 1344> (3.27)

Making use of the operator d,, given by (3.20), one can also build the other generators
in the quantized Coulomb branch algebra A]C\},Z;El@ which take triality-invariant fashion
up to the overall ¢ factor, as discussed in [38]. It manifests the symmetry of the algebra
under the triality symmetry (1.2).

3.3 Fermi-gas formulation

In terms of the Fermi-gas formulation, we can also evaluate correlation functions of the
Coulomb branch operators. The treatment is very similar to the previous work [53]
for Wilson loop correlators in ABJM theory. We can rewrite the sphere correlation
function (3.2) as

N N
e(v) ) . . I
OC Nl Z / H dal Zl_[l p(Uza Uu(z))RO( 10, ZTTI,), (328)

VESN

First, we consider the sphere one-point function of a positive power function:

(o") = % Z( /HdJZH’O T, Ou(s) (Z O'Z> ) (3.29)

’ veSy
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As we will see later, this is an important building block to compute the thermodynamic
limit N — oo of the one-point function (d,). To study the large N limit of the one-
point function (3.29), we evaluate an average of the one-point function by integrating
over the phase space in terms of the Wigner transform of the distribution operator
(2.22):

) o= [ dody o (22~ (o) ) o (3.30)

/dadp 0 <E_1M — Hy(o, p))

—|—Z/dadp L= <2Z—’”‘ — Hy(o, p)) (3.31)

1

where the second line involves the corrections from the quantum Fermi surface and the
third is associated to the corrections from the semi-classical expansion of the distribu-
tion operator.

The corrections from the quantum Fermi surface can be evaluated in the same
manner in the previous section. The average over the quantum Fermi surface of the
region [ is

. P=pi o=t (u,p)
Volf = / dp / doo
P=Px =0

1 P« 2 h2 9 ) il
(n 4+ 1)anti(l — 2i¢)n+! /p: dp {ELI'M —T(p) — (l —20)*T" (p)
(3.32)

Although it seems difficult to compute the integral (3.32) explicitly, we do not need to

do so. From the Wigner transform (2.17) that contains i? corrections, we can only get
the correct leading term proportional to "2 and the next-to-leading term proportional
to u". The leading and next-to-leading terms which appear from the expression (3.32)
are

n 1

Volf " =

(n + a1l = 20+

0 n+1 + n+1
2 P 2
X (/ dp [ﬂ +7(1+ Zim)p] + / dp [ﬂ —7(l— 22m)p]
px €1 0 €1

2,2

—(n+1) ( ) / [{log 2 cosh 7p) + mp} + hQZ (1 ZiC)ZT”(p)}

2.2

(n+1 ( ) / {{log (2 coshp) — mp} + hQZ (1 - 2¢g)2T“(p)D.
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These integrals can be evaluated exactly, and we find the following large 1 behavior:
AR 20 (4 + (1 —2i¢)?)

V la" — n+2
o1 2etes(er + e2)(n + 1)(n + 2)(1 — 2iC)+1 " 3en(l — 2iC)mH

(3.33)
Similarly, the average over the quantum Fermi surface of the region III leads to the
leading and next-to-leading terms:
()22 —1) C(EDmn Tt (A4 (14 2i0)%)
T2e(a te)nt+ D+ 20+ zzg)nﬂ’“‘ 3 (1 + 2iC)H

Vol =
(3.34)

On the other hand, the average over the quantum Fermi surface of the region II
takes the form

Vol = / da /
p
2T h2m?

_ m / oo {?—U(UH i (1—2im)2U”(0)} _ / 0 dopto

+
1 o 27 K272 . o7
- d n |2 _ " _ N
* (1 — 2im) /0 79 l ) U(o) + 19 (1 —2im)“U" (o) /0 dop;o
(3.35)

The integral can be evaluated by extending the integration region to infinity according

to the formulas
(2

/0 drz"log(1 4 e 2™) = nt 1)( oy (2"t — 1), (3.36)
> n 7T2 _ (1 + n)C(”’) n—1
/0 dxx ol e () (2 1). (3.37)
We find
o 1 (_l)n n+2
O = T e T (T )

N I(1+ (=1)")D(n+ 1) [2(2" — 2)(e1 + €2)?7%(n) — 3(2"™ — 1)€i¢(n + 2)]
22043 . 3w+ 2¢1 (€ + €3) ’

(3.38)
We can analogously calculate the average over the region IV:
Vi lo’ — n+2
N T g e+ D(n+ 2) (( —2 (T QiC)”“) g
U0+ ()T + 1) 22 = Adricln) =32~ Ve +2)] 0

22n+337rn+26162
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Collecting the pieces (3.33), (3.34) (3.38) and (3.39), we obtain the leading and
next-to-leading terms of the average over the quantum Fermi surface in the first line of
(3.30):

2 n n n n
/dadp 0 (ﬂ — Hy(o, p)) o" = Vol + Volj; + Volj; + Volfy

€1
o 2[(=2) (= 2 2 (U 200) ]
T Gela te)n D+ 2)E 1)
24 4+ (1 — 2i¢)? A+ (0420
 3en { (I — 2i¢)n+! +(=1) (I + 2iC)n+1 }

(3.40)

Next proceed to the G, corrections arising from the semi-classical expansion of the
distribution operator. To order h? corrections only come from G, and Gz in (2.21):

1 ) 2
. / dodpGs | — 5( ™ Hl(o, p)) o
(9 < ﬂ‘“) €1

€1

6 2 €1

€1

N l/dadpgg - <82 >25 (27w _ HW(U,p)) o, (3.41)

Since we have

5 (%_u _ HW(U,p)) _ oo (wp) , 30—t (u.p))

€1 ‘ aﬂvgw,p) ) ava(a,m ‘
Sp—p~ S(p—p*
_ e —p (o)), op—p' (1)) (3.42)
) OHw (o,p) ’ dHw (0,p)
Op Op

G2 and G3 in (3.41) are evaluated along the quantum curves (2.35) and (2.38)

gQ‘J:ai(u,p) = Oa g2‘p:1’7i(ﬂ70) = 0’

h27T2 - N2t
0 (LF2i0)"T"(p), Gslp=pt(uo) = —

h2?

4

g3|o‘:a'i(y,p) = - (1 + 2im)2U”(U). (343)
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Consequently, only non-trivial corrections may come from Gs. We find

2
: / dodpGs | — 5(2”“ H(o, p)) o
8(27”5 €1

€1

J— // 1 27]‘/1, h27.[_2 ) 5 ” n
= 2Tr’u / de ,ﬂ.n—l(l — 22<)n_1 |: € - T(p) - 24 (l - 22() T (p)

_ h_28—2)2 /p dpT” (p) (_1)7 {QWM —T(p) — W (I + ZZ'C)ZT”(p)} :

24 4 (2_7% - 1+ 2i0)" 1 | g 24
2 2 o 2 2 o
— h_8—2/ dom(1 —2im)U" (o)™ — h_@_z/ dom(1 4 2im)U" (o)™,
248 271-“ O',: 248 27-(_“ oo
€1 €1

(3.44)

which involve ;"2 and lower order terms. Hence the quantum corrections associated
to the semi-classical expansion do not contribute to the leading and next-to-leading
terms.

Putting all together, we finally arrive at

o 2[(=2) (= 26T 2+ 200) ]
T eealer + e)(n + D+ 2)(E + 42
2[4+ (1 — 2i¢)? LA+ (14 2i¢)?

C 3 | (1 —2i¢)n (=1) (I + 2i¢)n+1

u. (3.45)

For example, for [ = 1 and ¢ = 0 the expression reduces to a relatively simple form

o 2" (14 (=1)") w5204 (=D)L,
ny (1) = _6?62(61 +e)(n+1)(n+ 2)” B 3l He

(3.46)

3.4 Grand canonical one-point functions

In this and the next subsections, we would like to evaluate the large N limit of corre-

lation functions of the operators d,,. The k-point function of d, generically takes the
form

N N k
(dn i, -+~ do,) N' S (1)) / Hdainp(ai,ay(i))n (anj(ai)) (3.47)

veESN

We go to the grand canonical ensemble, and study the large p limit, as was done for
the partition function. We can easily translate obtained results in the grand canonical
ensemble into those in the canonical ensemble.
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Let us consider the one-point function. According to the formula (3.18), the poly-
nomial p, (o) has the leading and next-to-leading terms:

i”e?’ln(n -1)

24

‘n_n—1 _n

pn(o) ="l 0™ +

TR (3.48)

Thus the leading and next-to-leading terms of the one-point function in the thermody-
namic limit can be obtained from (3.45)

n () = i€y () + Zfln U e
o A"2[(=2)" (L= 2i)" T 4 2m (L4 200" L,
T ae(e +e)(n+1)(n+ 2)(12 + 42+
non—4 [4+(172i()2 (_1)n4+(l+2z<)2]

(=2i¢Q)n+1 (I+2i)+1
3€1
2" ey [(—1)"(1 — 2iQ)" 7t + (1 + 2iQ)"7 Y,
N Bea(er + €2) (12 + 4C2)n 1 a
= Cppopt" T+ o (3.49)

Making use of the Sommerfeld expansion

1 71' T .
m = Ea” CsC (E@) 9(,& - H), (350)

one can express the one-point function of operator O in the grand canonical ensemble
for an ideal Fermi-gas system as [54, 55]

ac
1+ efH-n

= %au ese (%au) nw (1)
7

7T2
= <1+ 6/328*2‘+ 360548ﬁ+---> am (3.51)

[1]

where

==W, (0= edNo), (3.52)
N=1
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By taking O = p,(0) and 8 = 27 /e; in (3.51), we get from (3.49) the leading and
next-to-leading terms of the grand canonical one-point function of the operator d,,:

4, )GC 2 2m\ 7
% = cn+2,u”+2 + (%(n + 2)(71 + 1) (e_ﬂ-) Cn+2 T+ Cn 'un
= 1
A2 ()M = 200" 4 (L 200
— erezez(n + 1)(n + 2)(12 + 4¢2)n+!
‘non— —2i()? " L9
N PO, (3.53)

3616263

We see that the leading and next-to-leading coefficients of the grand canonical one-point
functions (3.53) are exactly invariant under the triality symmetry (1.2)!

Indeed, it is simple to check that our analytic formula (3.53) of the grand canonical
one-point function reproduces the numerical results in [43] when we specialize | = 1
and ¢ = 0. We first encode the u dependence into dy by replacing p with 7. Then we
can obtain the perturbative correlation functions in [43] by taking the derivatives with
respect to 7y and setting 7y to zero.

For example, the grand canonical one-point function of dy for [ = 1 and ( = 0 is

given by
(da) € _ 4 4 S +e3+e3)
= N 3(:’16263Iu 12616263
_ 7 B 5(e7 + €2 + e2)718 (3.54)
1274€ €963 A872e €9e5 '
The derivatives of (3.54) with respect to 7 lead to
84 <d2>GC
i - _ = (dodododody )Pt 3.55
87_61 = - 7_‘_40_3 < 2604040 0>c ) ( )
TO0=—
82 <d2>GC 50’2
— = ———— = (dydydo)P"" 3.56
og = 0 12720 (dadodo)c™ (3:56)
ToO=
where
1
0y = S(( T +6) = (1 +ae+6), (3.57)
03 = €1€9€3. (3.58)

The results (3.55) and (3.56) perfectly match with the numerical results in [43].°

®See equation (2.48) in [43].
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3.5 Grand canonical higher-point functions

Higher-point functions can be evaluated by taking the averages of many-body operators
in the ideal Fermi-gas. The analysis is more involved than the one-point function.

Consider a system of N particles whose density matrix is p(oq,- -+ ,0n5 ;07, -+ ,0\).
The reduced s-particle density matrices are defined by [54, 56, 57]

. AN L /
108(017"' 7083071, " ?Us)_ /do—s-i-l"'daNp(o_la"' yON; 01, " >UN)'

(3.59)

The thermal average of an s-body operator O®) in the canonical ensemble can be
calculated in terms of the reduced density matrix (3.59) as

1
<(’)(s)) = —'/d01-~d03(’)(s)(01,--~ O )ps(O1, - Og 00, 0h). (3.60)

S:

In the grand canonical ensemble, the reduced density matrix is defined by
pSC (017 T, 0s; 0—17 e 70—;; Z) = Z ZNps<01a T, 0s; 0_37 U 7059)' (361)
N=s

For an ideal Fermi-gas, the grand canonical reduced density matrix is given by [54, 55]

pSC (o1, 050, 0l 2) =E Z(_l)e(u) H <0¢

VeSS i=1

1
1+ 2 1eBH

ay(i)> . (3.62)

The semi-classical average of an s-body operator O for the Fermi-gas in the grand
canonical ensemble takes the form

(OD)SC  Tr(pSO(OW) )

—_
—

(1]

S

S
— [ TLdan(Pe0)s TL (o) (3.63)
i=1 i=1
where the trace have been performed by the phase space integration and P, is the
projection operator defined in (2.13).
The grand canonical k-point function can be computed from the average of s(< k)-
body operators in the Fermi-gas.
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3.5.1 Two-point functions

Let us see the grand canonical two-point functions of the operator d,,. It has contribu-
tions from the following one- and two-body operators:

oW[d?] = (Z P az> : O] =" puloi)pn(o;). (3.64)

i#]

From (2.11) we get the leading and next-to-leading terms of the Wigner transforms of
the anti-symmetrized operators for (3.64)

(O[] w = pul0)?, (3.65)
(PAOP[d2))w = pu(o1)pa(os) = 6(01 — 02)/d?/pn(01 yg )pn (o1 + y21) e
= pn(Ul)Pn(U2) - 27T7i5(01 - 02)5(191 - pz)pn(01)2
— 2k (a1 — 59)8" (p1 — pa) o 4 (3.66)

4

where the ellipsis indicates the terms at low orders in ¢ which do not contribute to the
leading and next-to-leading coefficinets of the correlation functions.

Plugging the Wigner transforms (3.65) and (3.66) into (3.63), we find the leading
and next-to-leading terms of the two-point function

<dndn>GC

—
—

— [ dodn( @& wir (0.0)

+/d01d02dpldp2(PAO(2)[di])wpgvc(ahPl)ngC(UMh)
<d >GC 2

= [ oo (o - o)+ (1)

— 2h(—1)"En / dodpS ™ (pRCO25C — (O,p5C)7)  (3.6)

(1]

In the second equality we have combined the average of one-body operator p,(o)?
with the average of the Wigner transform of the antisymmetrized two-body operator
—2mhé (o1 — 02)0(p1 — p2)pn(01)? where h = 5= so that they can be evaluated as the
one-body integral involving p$°(1 — pG©).

The grand canonical connected two-point function of the operator d,, can be ob-
tained by subtracting the square of the grand canonical one-point functions. Thus we
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get

(dpd,)S€ = (dndn)“C (<dn>Gc)2
3

[11| S

C

(1]

_( n2n2

1
dO’dp( 2n (12 )0_2n2+”')p\%c

- 27Tf’v{"’(—1)”6?”‘2 dadp—oz"‘Q ("W 0205 — (Opri)?)

= ara (o Zonee ) (o N )

\\

633 bt 192
—2mh?(—1)"e" 2 / dodp; 2622 (pSC205C — (8,090)%) (3.68)
where we have used the relation
SOurE = 501~ 450) (3.69)

in the second equality. We obtain from (3.68) and (3.45) the leading term in the
connected two-point function:

_ (=2 (= 20Q)* 4 (14 2i0)* ]

dndn GC
< >c T 616263(27} + 1)([2 4 4§2)2n+1

M2n+1 + O(Iu/zn—l)' (370)

In fact, this is invariant under the triality symmetry (1.2)!

The subleading terms also have contributions from the last term in (3.68). Unfor-
tunately it seems difficult to evaluate it analytically because of the derivatives of pG© in
the integrands. However, we can guess a consistent next-to-leading term by requiring
the triality invariance,

no2n— [(1 = 2i¢)*"*+ + (1 + 2d¢)*"+!]
{(_1) 2? 4(2n) 3mereqes (12 + 4¢2)2nH1

l_2‘ 2n—1 l 2 2n—1
T R e }(ei TR T CE e

We will check the validity of this guess below.

It is straightforward to generalize the results (3.70) and (3.71) to the connected
two-point functions for two distinct operators d,, and d,, with n; # ns by following
the same argument. To make a result simpler, we introduce Ny = n; + ny. The result
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is
<dn1dn2>gc

[(_1)N2 (I —2i¢)Nt + (1 + 2/é€)N2+1j| oot

€1€2€3m( Ny + 1) (12 4 4¢2)Na+1
) jNagNa—t [(—1)N2(1 — 2i¢) N2+ 4 (1 4 2i¢)N2+1]

i 3eregezm (12 + 4¢2) Nt

[(=1)N2(1 — 2i¢)™>7t + (1 + 2i¢) N2

3e1egesm(Ny — 1)(12 + 4¢2) N1
X (e e e+ O0™). (3.72)

— N2gMa

+ iN22N2_6 [nl(m — 1) + ng(ng — 1)]

We should say again that the next-to-leading term in this expression is a guess based
on the triality.

Now we check that our analytic formula (3.72) of the grand canonical connected
two-point function reproduces the numerical results in [43] as special cases with [ = 1
and ¢ = 0. For example, in a similar manner for the one-point function, we have

8 €2+ €2 + €2 T3 09Ty
did GC — 3 -1 2 3, — _ 0 . 3.73
(drd).c 36162637ru 3€1€263T 3oy 3mlos ( )
(did;)5C — — 1920 s 1876(e3 4 €3 + €3) - _ 7, 67091y (3.74)
105€1€9e37 105€1e0€3m Tr803 607005

by replacing p with 72 where oy and o3 are defined by (3.57) and (3.58). Then we get

83

——(dyd,)S° =— = (dydydydody)P"" 3.75

67_(:)5< 1 1>c =0 7_(40,3 < 14160¢0 0>c ) ( )
0 o

a—m(dldﬁg’c = —37r2203 = (did1do)2™, (3.76)

T70=0

o7 720

——(dad,)G° = — = {(dydydodododododody )P, 3.77

87’07<24> o 7T50'3 <240000000> ( )
o° 1340

57 (dadi)c| == 7r6032 = (dadadododododo)?™™. (3.78)
0 T0=0

In fact, the leading coefficient (3.75) and the next-to-leading coefficients (3.76) precisely
agree with the numerical results in [43]!°

In order to verify our results further, we note that the grand canonical connected
higher-point functions of the operator d; can be derived from the grand canonical

6We thank Davide Gaiotto for telling us that our results (3.77) and (3.78) agree with his numerical
results.
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potential (2.47) with non-zero FI parameter ¢ # 0 since it can be viewed as a generating
function of the correlation functions of the operator d;. By shifting the FI parameter
¢ by 3+ and expanding the grand canonical potential (2.47) in powers of 71, we can
extract the grand canonical connected higher-point functions of the operator d;

i
(1) emern = Jolp g—l GC (3.79)

From the expansion (3.79) we find that the leading and next-to-leading terms of (k+1)-
point functions of the operator d; are given by

k+1
(dy - d1>§C
B (_1)k+1ik+12<k N 1)' (l . 22~ok+2 4 (—1)k+1(l 4 2Z~<)k+2 5
3¢ €xe3TH ' (12 + 4¢2)k+2

(_1)k+lik+l (l _ 2@C)k+2 + (_1)k+1(l + 2Z<)k+2

(k+1)! 1 Ay (E+eE+e)u+01).

(3.80)

12€;€xe3mk

The result for & = 0 precisely agrees with (A.1) obtained from the formula (3.53) of
the grand canonical one-point function. Also the result for k = 1 coincides with (A.5)
obtained from the formula (3.72) of the grand canonical connected two-point function.

It is obvious to see that the grand canonical one-point functions (3.53) with non-
zero FI parameter ( # 0 can also be viewed as the generating function of the grand
canonical connected correlation functions with an insertion of d,, and an arbitrary
number of d;. By replacing ¢ with ¢ + 3% in (3.53) and then expanding it in powers of
71, we find

dydy - - dy)GC (3.81)

L
<d >§Sc+ i Tf /—/A
0=0 £

Thus we obtain the grand canonical connected correlation functions of d,, and an arbi-
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trary number of d;:

k
RN,
(dndy - dp)S©
(_1)k’in+k2n+1 (TL + /C)' ((—1)"([ o Qic>n+k+1 + (_1)k(l + 2l'<)n+k:+1) io
er6263mF  (n + 2)! (12 + 4C2)n+k+1 It
(—1)kim k=5 (n 4 k — 2)!

3 €x€3T n!

nin—1)(1—2i()*+4(n+k—1)(n+k)
’ {(_w (I — 21

(€] + 6 +€3)

+ (it DU 2(32 Jgﬁfkik s AL }u” +O( ). (3.82)

When n = 1, we again obtain the connected grand canonical higher-point functions
(3.80) of the operator d;. When k = 1, (3.82) agrees with the formula (3.72) of the
grand canonical connected two-point function for n; = n and ny = 1.

Furthermore, the grand canonical two-point functions (3.72) of the operators d,,
with ¢ # 0 can be treated as a generating function of the grand canonical higher-point
functions with d,,,, d,,, and an arbitrary number of d;. By shifting the FI parameter ¢ by
7L in (3.72) and expanding it in powers of 71, we obtain the leading and next-to-leading
terms of higher-point functions:

k
—
(dp,dpy dy -+~ dy) G

k;No+koNa (N2 + k)t [(=D)™2 (1 = 204 + (“D)F(@+ 20
(Ny + 1)! er6aeamF (12 1 AC2) Ntk H

—(-1)

(Ng + k) [(=1)N2 (1 — 20¢) N+l o ()R (1 4 2i¢)Norh+1]
(Ng — 1)! € €xe3mh (12 4 4C2)Ne+ht

T {(_1)kiN2+k2N24

-+ (_1>kiN2+k2N26% [m(m - 1) —+ ng(ng — 1)]

(—1)M2(l — 2i¢)Natht 4 (—1)R(1 + 2i¢) Ntk .
8 [ 3eregezmhtl((2 4 4¢2)Nath—1 ] }(6% +e et
0w (3.83)

Again, when n; = ny = 1, (3.83) matches with the result (3.80) of the higher-point
functions of d;.

— 929 —



3.5.2 Three-point functions

For the grand canonical three-point functions there are contributions from the one-,
two- and three-body operators of the forms

- (Zw) , O] = Y pulonmnley)

i#j

OWNd] = Y pul0:)pu(o;)palow)- (3.84)
izih

From the Wigner transforms

(OW[d))w = pul0)?, (3.85)
(PAOP[@])w = 3pu(01)pn(02)* — 3pu(01)*5(01 — 02)8(p1 — pa) + -+ - 86)
(PAO [d Dw = pu(01)pn(02)pn(03)

— 3pn(01)pn(02)*6 (02 — 03)0(p2 — p3)
+ 2p,(01)*6(01 — 02)8(02 — 03)0(p1 — p2)d(p2 — p3) + - - (3.87)

of the antisymmetrized operators for (3.84) where the ellipsis stands for the terms which
do not contribute to the leading term, we get the grand canonical three-point functions

(dndpd,)°

—
—

— [ dodn( @ @wip (0.0)
+ [ Pod?*p(PyOD[d3])wpSE (o1, p1)pSE (02, p2)

d Udgp(PAO(g) [di])wp\(z;vc(ffl,pl)[)\(z;vc(amp2)ﬂ\(z;vc(03,p3)

+
g‘§\<-\\k\\\

dodp (pa(@))° [ = 3(655)" +205)’]

)9 (dn) _2(M>3+... (3.89)

The grand canonical connected three-point function of the operator d,, is obtained
by subtracting the disconnected parts so that the leading term appears from the one-

d,d

—~

S

3

+

[1]
(|2
[1]
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body integral. We obtain

(dnd

S

o _ (dndndn)C

—
—

— [ dodp ()" 5 - 35 + 2068)°] + -

1 2 —1
= PnednT? [Eag + 67T_648ﬁ +-- } /dadp [03" + %03”_2 + o | par

Z'3n23n71 [(—1)”([ _ 2ic)3n+1 + (l + QiC)3n+1] n

(dndndy) -3

>GC <dn>GC Lo (<dn>GC)3

(1]
(1]
(1]

= 3n—2
B €1€9€3m2(12 + 4¢?)3n+1 P+ O )- (3.89)
Here we have used the relation
1\? ) ,
<g> Oirw =P = 3(0w) +2(0%°)’, (3.90)

the Sommerfeld expansion (3.51) and the result (3.45). We see that the resulting leading
term (3.89) is invariant under the triality symmetry (1.2). For n = 1 the result (3.89)
agrees with (3.80).

The next-to-leading term appearing from the one-body integral (3.89) is not still
triality invariant since it involves further contributions from higher order terms in the
Wigner transforms (3.85)-(3.87). Assuming the triality invariance, we find a consistent
expression for the next-to-leading term

[(—=1)"(1 = 2i¢)**" + (I + 2i¢)* ]
3erege3m? (12 + 4¢2)3n+1

{1‘3”23"—5(371)(37@ —1)

3no3n—5 (=)™ = 2>+ (1+ 20> |, 5, 2 2 sn—2
+1i°"2°""3n(n — 1) 3ereacan (12 F ACE) (€] + €5+ €5) 1 (3.91)

The same argument yields the connected three-point functions for generic three
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operators d,, , d, and d,,

<dn1 dn2 dn3>g}c

 Nagg 1 (GNP 200 4+ (120N
€160632 (12 + 4¢2)NsH1
[(_1)N3(l — 2iC)N3+1 + (l + 27:C)N3+1]
3e1e0e3m2(12 + 4¢2)Nstl

+ ™32V 7T [y (ng — 1) + ng(ng — 1) + ng(ng — 1)]

+ {z‘N32N3‘5N3(N3 -1

[(_1)N3(l —2iQ)Ns L (1 + QioNgﬂ] .
X 36162637‘(‘2(l2 + 4{2)]\/3_1 (6% =+ 6% + 63)# 2
+0(u™?), 599,

where N3 = n;+ns+n3. We find the triality invariant leading coefficient by analytically
computing the one-body integral as in (3.89). Again the next-to-leading coefficient has
additional contributions from the higher order Wigner transforms which we could not
analytically evaluate. Instead of computing them explicitly, we obtain a consistent
next-to-leading coefficient by restoring the triality invariance.

As a consistency check of our expression (3.92) of the connected three-point func-
tion, note that when one of the three operators is taken as dy, say for n3 = 1, it precisely
coincides with the result obtained from (3.83) when k = 1.

We can also obtain the leading and next-to-leading coefficients of the grand canon-
ical connected correlation functions with d,,,, d,,, d,, and an arbitrary number of d,
by shifting the FI parameter in (3.92) by 7 and expanding it in powers of 7;. We find

k
——
<dmdn2dn3 dl e d1>GC

C

_1)k n1+ng-n+hgNa—1 (N3 + Ek)! [(—1)N3(l — 2i¢)Ns R+ L ()R] 4+ 2i§)N3+k+1] o

1

(Ng)' 6162637Tk+2(12 + 4C2>N3+k+1

4 { (= 1)kNsthoNs—5 (N3 + R)! [(=1)™ (1 = 20Q)V++! 4 (—1)% (1 + 2iQ) N+ |
(N3 —2)! 3e1€x€3mhT2([2 + 4()Nath+1
. (N3 +k—2)!
i (1)t S o = 1) 4 g = 1)+ ma(na 1)
(=DM = 20N (DR 200Ny s oy o

x 3ereaeamhH2(12 + 4C2)Nath—1 (€1 +e+eg)n
+ O™ ?). (3.93)
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3.5.3 Four-point functions

The grand canonical four-point functions can be computed from the one-, two-, three-
and four-body operators:

= <an(ai)> : Oy = > pu(03)’pa(0;) + Pu(03)*pa(0;)?,

i#]

0(3)[d;ﬂ = Z pn(ai)Qpn(Uj)pn(Uk), 0(4)[di] = Z Pu(0i)pn(0;). (3.94)

i#ith i#ithAl

The Wigner transforms of the antisymmetrized operators for (3.94) take the forms

(OWds))w = pul0)*, (3.95)
(PAOP[d2))w = 3pn(01)*pn(02)” + 4pn(01)’pr(02)
— Tpn(0)6(01 — 02)0(p1 — p2) + - -- (3.96)
(

(PAOP[dA])w = 6pn(01)*pn(02)pn(03) — 6pn(01) pi(02)*6 (02 — 03)3(p2 — ps3)
(0)°pn(03)d(01 — 02)0(p1 — p2)
+12p,(01)*6 (01 — 02)8(p1 — p2)d(02 — 03)6(p2 — p3) + - - (3.97)
(PAOWdp))w = pn(01)pn(02)pn(03)pn(04)
Pn(03)pn(04)0(01 — 02)0(p1 — p2)

— 12p, (o

- GPn(Ul)

+ 3pn(01)*pu(03)?6(01 — 02)0(p1 — p2)8(03 — 04)8(p3 — pa)

+ 89 (01)*pn(04)8(01 — 02)8(p1 — p2)d(02 — 03)8(p2 — p3)

— 6pa(01)"0(01 — 02)3(p1 — p2)d(02 — 93)8(p2 — p3)d(05 — 04)0(ps — pa)

4. (3.98)

where the ellipsis indicates the terms which do not affect the leading term.
Making use of (3.95)-(3.98), we can compute the grand canonical four-point func-
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tion of the operator d,

(dndpdnd,) 5

—
—

— [ ot OV o)

/ Fod’p(PAOP [dy))wpws (01, 1) (02, 12)
/d3ad3p(PAO(3)[dﬁ])wpgvc(m,Pl)P\Cva(Uz,Pz)P\CI;vC(U:S,p3)

n / d'od'p(PAOW[d ] ywow (o1, p1) o5 (02, 2) 05 (03, 03) PR (04, 1)
[ dodn o) [ = 705" + 12065 - 6(580)'

4 $ndnd)° <dn>GC+3<w ) _ jgldud >GC(<d:n>) +6(<d >>

n
—_
—
—

BN

—

(3.99)

In particular, when the FI parameter is turned off, the one and three-point functions
vanish so that the grand canonical four-point function (3.99) is simplified as

(dnddndy)ES,

—
—

= [ dodp o)) [ 750" + 1205 — 605" + 3 (“%) (3.100)

The leading term that is proportional to "2

3({d,d, )¢ /=)%.

By eliminating the disconnected terms from (3.99) and using the relation

appears from the disconnected term

1

(3) RS = o5 = TR + 12(050)° - 68", (3.101)

we obtain the grand canonical connected four-point function of the operator d,

(udydyd, )5C = Sdnnndn)™C 4<dndndn>GC (d,)&C

() s (2) ()

-1
— i4n6411n 4 [5382 + 6_5582 } /dadp [0471 + %04”—2 + .. } ,O\C;;VC

_ 2'"n (1 — 2204n+1 + (I + QiC)4n+1] dn—1
- 6162637r3(l2 _|_4C‘2)4n+1

+O(u*"3). (3.102)
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The leading term of the connected four-point function is proportional to p*"*~t. We
see that the expression (3.102) is triality invariant! When n = 1, it coincides with the
leading term in the previous result (3.80).

The next-to-leading terms in the one-body integral (3.102) are not still triality
invariant as there are additional contributions from the the higher order terms in the
Wigner transforms (3.95)-(3.98). Assuming that the Wigner transforms complete the
triality invariance so that it is consistent with (3.93), we find next-to-leading terms

[(=1)*" (1 = 26Q)* " + (I + 2i¢)*"+]
3e€€3m3 (12 4 4¢2)4n+1

{i4"24"_6(4n)(4n —1)(4n —2)

[(~1)"(1 = 200"+ (1+ 20¢)* ]

~4n24n—84 -1 4 -9
+1 ”(” )( n ) 36169633 (12 + AC2) -1

}(é bt s
(3.103)

More generally, we get the grand canonical connected four-point functions for d,,,,

dp,, dny and d,,

<dn1dn2dn3dn4>CGC
(=DM (1 = 20N+ + (14 20N
€1€2€3m3 (12 + 4¢2)Nat1 a

— ,L'N4 2N4—2N4

—1)Na(l — 2iQ)NHt + (1 + 2i¢) N ]
3e1€0€3m3 (12 + 4¢2)Nat!

+ {iN42N46N4(N4 — 1)(Ns — 2) I

+ iNeoNi=8 (N, — 2) [Z ni(n; — 1)]

(DM = 20N + (4200 T 5 | 5 oy Nas
3e1€0egm3 (12 + 4¢2)Na—1 (ef +e5+e5)n

+ O, (3.104)

where Ny = ny + ng + ng + ny. For ny = 1 the expression (3.104) reproduces the
connected four-point function obtained from (3.93) for £ = 1 involving a single d;.
Again we can extract from (3.104) the leading and next-to-leading terms of the
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connected higher-point functions with additional insertion of d;

k
—
<dn1 dm dn3 dn4 dl e d1>GC

C

gasigia (N L[N 200N 4 (ML 2N

= (1)

(Na—1)! €169€3mRT3([2 4 4¢2)Nath+1

1 (aypinerkgni-o N £ P! [(—1)Ne(l — 20Q)NeHF+T 4 (= 1)k (1 4 20¢)NothH]
(Ny = 3)! 3ereae3mht3((2  4¢2)Nathtl
k; Na+koyN (N4+k;—2
+(_1)Z atkoNa— N4_ an 0,
(D)™ (- 20 (—1> (1 + 2i¢)Nah-1] Ni

- 3e1eaesmh 3 (12 + 42) Nath—1 (65 + €+ e3)u
on (3.105)

3.5.4 k-point functions

We can compute more general higher-point functions by considering the many-body
operators of d,,. The grand canonical k-point function is obtained by summing over the

averages of the Wigner transforms of the antisymmetrized I-body operators PyO®[d¥]
withl=1,---,k

k
f = [/Hdaldpl PAO“ [dF] WHp (oo, p0) | - (3.106)
=1

From the grand canonical k-point function (3.106) and the lower-point functions, the
grand canonical connected k-point functions can be recursively computed as

(-~ dy)6C =X Tnl n) Z (g _ 1) coed, GO M (3.107)
=1

In particular, the leading terms of the grand canonical connected k-point functions
can be easily evaluated by acting on the one-body integral with the differential operator

Bk r05~'. We find the leading term of the grand canonical connected k-point function
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of the operators d,,,, 1 =1,--- , k:
<dmdn2 T dnk>§c

1 2
N Nyp—k - R4l
=i"keltT {Bk_l L+ 6ﬂ,€+laj . }/dadp

% [UNk + Zi:l n;inl _ 1)0Nk—2 4. } P\C};VC 4+ ..
— jNkoNi—k+2 Ni! (=)l = 20Q)M (1 + 2i¢) 1] Nk
(Ny — k + 3)! e1€963mF=1([2 + 4¢2) Nk tl ’

(3.108)

where N, = Zk—1 nZ The leading term is proportional to u™*=*+3 and its coefficient is
proportional to -

so that it is invariant under the triality symmetry (1.2).

The next- to leadlng terms appearing from (3.108) are not yet triality invariant.
Provided that these altogether form the triality invariant expression, we get the consis-
tent triality invariant next-to-leading terms of the grand canonical connected k-point
function of the operators d,,,, i = 1,--- , k proportional to p™*1:

St vgca N[N 20M 4 (4 2i0 ]
(N — k+1)! 3e1eae3mh1(12 4 4¢2) N t!

(N, —2)!

Ny —k+1)! Z"H ]

X (=) = 20)™ + (I + QZC)N’“_I] (€2 + €2 + €2)pNu—ht1
361626371'16*1([2 + 4(2)Nk71 €]+ € +e3)u

+ O k). (3.109)

In fact, we have checked that the expressions (3.108) and (3.109) reproduce the leading
and next-to-leading terms in all the previous results.

It has been numerically found in [43] that the perturbative correlation function has
a conjectural pattern

(dny - )P = 3 cpupmoiay © Y (3.110)

m>0

1 NkgNk—k—4

in such a way that the non-vanishing terms have a power of o3 greater or equal to —1.
By setting y# = 3% in our results (3.106) and (3.109) and taking the derivatives with
respective to 79, we can write from them the perturbative correlation function in [43]:

Np—k+3
— et DENR[(-1)Me+1]
(dy, - dyp, do---dg)P = Y o3 ! (3.111)
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Njp—k+1

—
(dpy -+ dyp, do - .d0>gert
N [ANL(Ng = 1)+ 1235 na(ng — 1)} (N = 2)! [(=1)NH]

= yE T o205 (3.112)

This is compatible with the conjectural pattern (3.110).

4 Concluding remarks

In this work, we evaluated the large N correlation functions of the Coulomb branch
operators for 3d N' = 4 ADHM theory in the Fermi-gas formulation. We confirmed
that the leading perturbative part has the triality symmetry, expected from the dual
twisted M-theory. Interestingly, the full analytic form of the next-to-leading order
correction can be fixed by the requirement of this symmetry even though the Fermi-gas
computation is technically hard at this order. This idea should be useful in higher
order computations.

We remark several related directions. The correlators have been studied in boot-
strap program for 3d SCFTs which arise as the IR limit of the effective theory of
multiple M2-branes [13, 58-61]. It would be nice to address the d,, correlators via the
bootstrap analysis to be compared with our results.

The twisted holography [35] (see also [34]) would relate our results to the pertur-
bative calculations around a dominant semi-classical saddle point in the holographic
dual five-dimensional holomorphic (symplectic)-topological theory on AdS, x S3. The
k-point correlators that we have computed would correspond to an amplitude of the
Feynman diagram in the 5d Chern-Simons theory with k-points insertion on the 1d
defect, where the 1d topological quantum mechanics lives. Beyond the perturbative
calculations, the triality symmetry may be broken due to the instanton corrections [43].
It would be nice to extend our Fermi-gas analysis by calculating the non-perturbative
corrections to the correlators which capture the full geometry normal to AdS, x S? in
AdSy x S”. Also our subleading terms could be used to test the holographic dual with
higher derivative corrections as recently studied in [33, 62].

The sphere correlators of the Coulomb and Higgs branch operators can be alge-
braically computed as a sum of the products of the twisted traces over the Verma
modules [19]. For the ADHM theory, this sum is taken over a set of [ Young diagrams
with Ny (kK =1,--- 1) boxes obeying 22:1 Ni. = N. It would be interesting to analyze
the large N behavior of the correlators in terms of the twisted traces.

In [43] it is conjectured from the numerical and algebraic computations that the
generating function of connected correlation functions of the operator d, satisfies a
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recursion relation that leads to a quadratic constraint on the perturbative correlation
functions. This is reminiscent of the “string equation [63, 64] in topological gravity and
it may play a key role in the twisted holography. It is intriguing to give an analytical
derivation or proof of this relation by extending our analysis.

The line operators in 3d N = 4 ADHM theory would be also realized in the twisted
M-theory by introducing extra M2-branes intersecting with the original ones. The space
of the local operators living at junctions of line operators is realized as Hom space which
generalizes the bulk Coulomb and Higgs branch algebras [65]. It is interesting to figure
out the triality symmetry in the presence of line operators by applying the Fermi-gas
analysis as studied for the ABJM model in [53].

Partition functions of 4d N/ = 2 SQFTs on S?® x S, the superconformal index or
its specialization known as the Schur index [66] can reduce to partition functions of 3d
N =4 SQFTs on S? [67, 68]. The Schur index can be decorated by the line operators
wrapping the S so that it can be associated with the sphere correlators of the Coulomb
branch operators for 3d N/ = 4 SQFTs. It would be interesting to extend our Fermi-gas
analysis to the Schur index with line operators for the 4d N = 2* gauge theory which
reduces to the ADHM theory as in [69] to show the triality symmetry explicitly.
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A Some explicit results for correlation functions

The general results in the main text are quite complicated. In this appendix, we
summarize explicit forms of the connected correlation functions of d, for some lower
n’s in the large p limit.

For the one-point functions, we have the following leading and next-to-leading
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perturbative terms:

161¢ s 2+ +6)

d)5¢ = — - Al
< 1>C 3616263([2 + 462)2M 3616263([2 + 4C2>2M’ ( )
()5 — — AP —=12¢%) [P+ ECH+HHP 161 =3)] (6 + 63 +€3) o
2le ™ 3616263([2 + 4C2)3 12616263([2 + 4C2)3 .
(A.2)
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For the three-point functions with no d; insertions, we have

(dadada)

O 32[(1=2iQ)" + (1 +2i¢)7]
e1€263m2 (12 + 4¢2)7

B {2() (1 —2i0)" + (1 +2i0)7]  [(I —2i¢)® + (I + 2i¢)°]
162632 (12 4 4¢?)7 €1€2€3m2 (1% + 4¢?)5

1 (e% + eg + eg);f (A.8)

(dodsds) €

O 128((1 — 2iQ)? + (14 2i¢)?]

N €162€3m2(12 + 4¢?)"
448 [(1 — 2iC)° + (1 +2i¢)°] ~ 281[(1 —2i¢)" + (I + 2i¢)"]
[ 3ereaesm2(12 4 4¢?)" 3ereaesm?(12 + 4¢?)7

} (ef + e% + 6§)u6 (A.9)

— 40 —
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For the four-point functions with no d; insertions, we have
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B Formulae

The Wigner transform of the Hamiltonian operator is given by

Hw (
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