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ABSTRACT: In this paper, we study the implications of bulk locality on the celestial ampli-
tude. In the context of the four-point amplitude, the fact that the bulk S-matrix factorizes
locally in poles of Mandelstam variables is reflected in the imaginary part of the celestial
amplitude. In particular, on the positive real axes in the complex plane of the boost weight,
the imaginary part of the celestial amplitude can be given as a positive expansion on the
Poincaré partial waves, which are nothing but the projection of flat-space spinning poly-
nomials onto the celestial sphere. Furthermore, we derive the celestial dispersion relation,
which relates the imaginary part to the residue of the celestial amplitude for negative even
integer boost weight. The latter is precisely the projection of low energy EFT coefficients
onto the celestial sphere. We demonstrate these properties explicitly on the open and
closed string celestial amplitudes. Finally, we give an explicit expansion of the Poincaré
partial waves in terms of 2D conformal partial waves.
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1 Introduction

In recent years, there has been steady progress on understanding the 2D holographic
description of 4D flat-space scattering amplitudes [1-21] introduced by the pioneering
work [1, 4], where one replaces the asymptotic state of the scattering amplitudes with
boost eigenstates. In particular, the action of the Lorentz group SL(2,C) on the kine-
matic data is recast into the M6bius transform on the celestial sphere, and the scattering
amplitude is reinterpreted as a correlation function for some two-dimensional conformal
field theory (CFT), termed the celestial amplitude. For amplitudes of massless external
particles, this change of basis is implemented by a Mellin transform and the quantum num-
bers of the primary operator (h, k) is related to the helicity (¢) of the external particle as
¢ = h — h, while the dimension A = h + h is in-principle unconstrained.’

As the celestial amplitudes (denoted as A, for n states) are defined on boost eigen-
states, which superpose all energies, the usual Wilsonian decoupling of UV/IR physics no
long applies and is only well-defined for theories equipped with a UV completion. This com-
bined with the lack of local observables in quantum gravity, makes the celestial amplitude
the prime arena to study general properties of consistent quantum gravity theories [21].

Motivated by this, it will be desirable to derive the general set of consistency conditions
for A.

The analytic properties of flat-space amplitude is an intensely studied subject and is
relatively well-understood within the realm of perturbation theory. Thus, the “projection”
of these properties onto the celestial sphere should serve as the primary constraint. For
massless amplitudes, one of the simplest universal behaviors are the soft limits. However,
due to the superposition of all energies, for A, the fate of soft theorems were unclear.
The first progress toward elucidating the image of flat-space soft theorems were taken
in [14, 15, 22], where the limit was realized in the limit where the conformal dimensions
are taken to 1. More precisely, these “conformal soft limits” of the celestial amplitudes
lead to various conformal Ward identities associated with the holomorphic currents that
generate the Kac-Moody symmetry in gauge theory [15], or the BMS supertranslation and
the Virasoro symmetries in gravity [16, 19]. The conformal soft theorems then constrain
the leading operator product expansion (OPE) coefficients in the celestial CFT [18].

On the other hand, the actions of the Poincaré symmetry on the celestial sphere are
explicitly worked out in [12], and their constraints on the four and lower point celestial
amplitudes are investigated in detailed in [17]. As a consequence a new set of expansion
basis for A4, the Poincaré (relativistic) partial waves, was proposed in [20] analogous to
the conformal partial wave expansion of four-point functions in CFT.

The above progresses focuses on the various symmetry properties of the celestial am-
plitudes and the constraints followed from them. An obvious gap is the role of flat-space
factorization, which encodes locality, through where singularity might occur, and unitary
that governs the residue or discontinuity across the singularity. Indeed it is often the
case that these considerations alone are sufficient to completely determine the flat-space

LCompleteness relation of the conformal partial waves requires A = 1 4 iR.



amplitude. In view of this one would like to ask:
How does the bulk-locality reflect on celestial amplitudes?

Limit analysis was done for three-dimensional scalar exchange [6], as well as four-dimensional
massive external legs [2]. In this paper, we aim to address this question in general for the
four-point massless celestial amplitudes.

Poincaré invariance fixes the form of A4 up to a function that depends only on the
real conformal cross ratio z = z = %, the total conformal dimension (boost weight)
B8=A14+As+ Az + Aq— 4, and the helicities ¢;, for i = 1,--- , 4 of the external particles
[12, 17]. The resulting function ¥(f,¥;, z) is related to the scattering amplitude in the

plane wave basis by a Mellin transform

(B, 4, 2) /Ooo dw WP1Ty, (s,1) (1.1)

where w is the center of mass energy and Ty, (s,t) is the flat-space amplitude stripped off
the momentum conservation delta function and a kinematic phase. For fixed {/;} the we
have a function of two variables (3, z), replacing the flat-space parameterization (s,t). It
was argued in [21] that the function is analytic in /5 except for integer values on the real
axes. The poles for 3 = —2Z* are controlled by the Wilson coefficients of the low energy
EFT with the degree of the poles determined by the IR running. For 8 = 2Z7", these
encodes the polynomial suppression of the UV amplitude. For theories of quantum gravity
that latter singularities are expected to be absent due to black hole productions.

Note that while the four-point celestial amplitude is defined on the equator of the ce-
lestial sphere, its not a continuous function across the entire circle. Using the usual SL(2,C)
to fix three points to (0,1, 00), the equator is divided into three regions corresponding to
s, t, u-channel kinematics respectively. Each channel is named after the positive Mandel-
stam variable, while the remaining two are negative in the physical region. Schematically,
we have:

0

\1,14<—>23 /] 1324

\P12H34

where the superscript on ¥ denotes the physical channel. Importantly, due to the 5 depen-
dence of the Mellin transform, there are non-trivial monodromies across the three branch
points (0,1,00), even for 8 = 2Z. Thus, the three functions are in fact distinct and are
not analytically connected, as first observed in the context of three-dimensions [6]. We will
first demonstrate that due to bulk factorization, each function will acquire an imaginary
piece reflecting the presence of thresholds in the physical channel, i.e. the channel with
positive center of mass energy. In particular, the imaginary part of the celestial amplitude



can be computed by extending the original Mellin integration to a fan-like contour that
enclosed the positive real axis:
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The contour integral captures the poles and discontinuities of the amplitude which can
be expanded in the basis of orthogonal polynomials, Legendre polynomials for external
scalars and Jacobi polynomials for gauge boson or graviton amplitudes. The projection of
these polynomials onto the celestial sphere are then nothing but the Poincaré partial waves
®,, (B, i, z) of mass m and spin J introduced in [20]. Thus, factorization singularities of
the flat-space amplitude, in the physical channel, is projected into the imaginary part of
the celestial amplitude and given by a sum of Poincaré partial waves, schematically,

ImU(B,4;,2) =Y pa®m,.s,(B,4i,2). (1.2)

If the external states are organized such that for the physical threshold corresponds to
a,b — b, a process, then we further have p, > 0, a reflection of unitarity.

Recently, it was shown that the EFT coeflicients are constrained through dispersion
relations in a fashion that reflects an underlying positive geometry, the EF Thedron [23].
Since as previously mentioned, for A4 the poles on the negative 3 axes encodes the EFT
coefficients, these must be expressible as some form of dispersion relation. However, while
the usual flat-space dispersion relation involves imaginary pieces arising from thresholds in
distinct channels, for the celestial amplitude the imaginary part at any point on the equator
is given by thresholds in one channel along. To this end we analytic continue the celestial
amplitudes outside their physical defining regions to the “unphysical” regions. This allows
us to establish the celestial dispersion relation, given as:

T 12534 _ 124534 1\ 13424
5 Res (12908, 2)] = Im [P90(8.2) + ()" B |2,
(1.3)

where we’ve given the form in the region z > 1. Note that the RHS contains the imaginary
part of both s and u-channel functions, where each can be defined in terms of the fan-like
contour integral. We’ve explicitly verified these results for massive scalar exchange, as well
as open and closed string amplitudes.

This paper is organized as follows. Section 2 reviews the kinematics of the four-point
massless celestial amplitudes and the UV/IR behaviors onward. Section 3 computes explic-
itly the imaginary parts of the four-point massless celestial amplitudes, show their positive



expansion in terms of the Poincaré partial waves, and check the crossing symmetry. Sec-
tion 4 studies the example of the imaginary part of the open and closed string celestial
amplitudes. Section 5 discusses the analytic continuation of the celestial amplitudes. Sec-
tion 6 derives the celestial dispersion relation and verifies it for the example of the open
and closed string amplitudes. Section 7 ends with a summary, further comments and fu-
ture directions. Appendix A derives the general form of helicity amplitudes that satisfy
the constraints from the Lorentz symmetry and momentum conservation. Appendix B re-
views the action of the Poincaré generators on a massless single particle state. Appendix D
expands the celestial amplitude and the Poincaré partial waves in terms of the conformal
partial waves. Appendix E computes the three-point structure constant that shows up in
the conformal partial wave expansion.

2 Review of the four-point celestial amplitude

In this section, we review general properties of the four-point celestial amplitude. We
will focus on massless amplitudes A, where the momenta are given as p; = €w;q.’, with
€ = 4 denoting whether the particle is outgoing or incoming, and the null vector ¢* is
parametrized by

¢ = (1+ |zi% 2Re(2), 2Im(2;), 1 — |z?) . (2.1)

Later on, z; will be the complex stereographic coordinate on the celestial sphere. Thus the
amplitude A instead of being a function of four momenta, is now a function of (w;, ;). The
celestial amplitude is then simply the Mellin transform of helicity amplitudes:

AA s Zuzz = H/ dwz AZ (szz)y (22)

where ¢; is the helicity of each leg.

2.1 Space-time to Celestial sphere “kinematics”

Let us consider in detail the transformation of flat-space scattering amplitudes to the
celestial sphere. Since we will be interested in helicity amplitudes, it is natural to embed
(wi, 2;) in the spinor variables €;w;q} (6,,) = AiA;, where:

)\i:q 2wi<1>, :\i:\/2wl~<1>. (23)
Zq Z5

The map is of course not unique, as any U(1) rotation A — ex and X — e ) preserves
the same null vector. The fact that the first component of A (5\) is real, correspond to a
specific choice of frame. In this “canonical frame”, the Lorentz invariant spinor brackets
take the form:

<1j> = Eab)\j,a)\i’b = 26i€j,/wiwj(2’i—2:j), [Z]] = €db5\j7a;\i’b =2, /wiwj(,?i—ij) . (2.4)



Similarly the Mandelstam variable s;; = (ij)[ji] is related to the distance |z;;| on the
celestial sphere by

sij = —(pi+pj)° = =2pi - pj = deiejwiwj|zij|* (2.5)

One can straight forwardly see that the SL(2,C) Lorentz transformation acting on the
spinors translate to the Mobius transformation acting on the complex plane z []:

ab 0\ , c+dz p 2 0 a+bz
A=e"A = = b Y= . 2.
(cd) N, A= w wla+bz|%, e A b (2.6)

Importantly, while the spinor products are Lorentz invariants, when considered in terms
of the celestial coordinates they acquire a “little group” phase under SL(2,C):

(i7)" = 2€€j,4 /wgw;(zll-—z;):2e_i9"e_i9j €i€j\/wiwj(zi—2j)
lij] = 24/t j(z —Zi)= 2eiei | Joi (Zi— %) -

The origin of the extra phase is simple: as seen in eq.(2.3) an arbitrary SL(2, C) transforma-

(2.7)

tion will rotate the spinors out of the canonical frame. Thus one requires a “compensating
transformation” to restore it back. Since the amplitude transforms covariantly under little
group transformations, manifested as helicity weights for each leg, one immediately deduce
that the amplitude transform under SL(2, C) as:

A, (Wi, 25, Z0) = (He% 10 )Ag (wi, 2iy Zi) - (2.8)

The Mellin-transform in eq.(2.2) can then be viewed as changing from plane wave basis,
to the conformal primary basis (or boost) [1, 4]. As a result under SL(2,C) transformation
A, j, transforms as:

An (2 20) = (T (kb2 (@th2) 75 ) A, (21, 2) (2.9)
J
Thus the n-point celestial amplitude A transforms like a n-point conformal correlator in
two-dimensional conformal field theory

<Oh1,ﬁ1 (Z17 Z1) ctt Ohn,]_ln (ZTL) Zn)> 9 (210)

where the left-moving and right-moving conformal dimensions h; and h; are
hi—i-ili:Ai, hi—ﬁi:&. (2.11)
The variables A; in the Mellin transform (2.2) and the helicities ¢; become the total scaling

dimensions and spins.

In this paper, our main focus is on the 4-point amplitude. SL(2, C) conformal symmetry
constrains the amplitude to the form

ha—hy hi—h2 /_ N\Nhs—ha s_ ~\ h1—ho
()" ()" ()" ()
't _ Z13 Z14 Z13 Z14 _
AAi,fi(ziv ZZ) = fAzwfi(z? Z) ) (2-12)

hi+hs hs+ha zhi+ha sha+ha
12 R34 R12 R34




where the cross ratios z and z and coordinate differences z;;, z;; are

212234 _ 212234
z = 72 Ean— 9
213224 213224

Zij = % — Zj, Zij =% — Zj- (2.13)

Translation invariance, or momentum conservation, further constrain the dependence on
the cross-ratio [12, 17],
A1—Do—A3+Ay

fae(z,2)=(=—-1)" 2 §(iz—i2)V(A,{,2) (2.14)

where A = > . A;. Due to the delta function §(iz — iZ), the celestial amplitude to be
supported on the equator of the celestial sphere.

One can also derive (2.12) and (2.14) directly from the Mellin integral representation
(2.2). First, as show in Appendix A by utilizing the momentum conservation and the
SL(2,C) symmetry, the four-point helicity amplitude take the form as

L3—ly )
({14213) 2 <§24214> 2
Z14213 224214
Aﬁi (wz‘, ZZ) = 5(4) (pl + p2 _|_ p3 + p4) P PR Téz (S7 t) y (215)
z12) 2 z34) 2
Z12 234

where s = s12, t = s14, and u = s13 are the Mandelstam variables. The momentum
conservation written in terms of the energies w; and the celestial sphere coordinates z; and

Zi as
4
8 . A%w Aw Aw
1) (; eiwiqi) = mé(zz—zz)5<w1+qe4 4)5(w2—|—6264 z(z—i)>5(w3+63e4 T i) ,
(2.16)
where we have used the SL(2, C) transformation to fix the coordinates z; to
21=0, 2z9=2, 2z3=1, z24=A>1, (2.17)
In this conformal frame, the celestial scalar amplitude becomes
A (20 7) = 8AT22 |z — 1]5(81-Be=Bat Ao | ~Mi=Bag(j,iz)
X 0(—e1€42)0(€e2€42(1—2))0(e3€4(2—1)) (2.18)
'S 4~2 4~2
22|z — 1\23/ d@mf—E’Tgi(ﬂ,—ﬂ),
0 z—1 z

where @4 = A~2w,. Note that in the conformal frame (2.17) the z-dependent factor in
front of T'(s,t) in (2.15) reduces to 1 by the delta functions. The Heaviside theta functions
are there to ensuring the delta functions having support in the integration domain of w;.
Indeed (2.18) reduces to (2.12) and (2.14) in the conformal frame (2.17) where one reads
off U(A,l;, z) as

\I/(A, gi, Z) = 9(—61642)9(62642’(1—2))9(6364(2’—1))

00 402 402 (2.19)
x 22|z — 112—?/ d@mf—f’ni( “4 ,—ﬂ) .
0 z—1 z




kinematics 12 & 34 13 24 14 + 23
>1 1>2>0 0>
physical region c= =c= =~
s>02>u,t u>02> st t>02>s,u
w 204 _ 204 204
z—1 z(1—2) V—z
(S,U, t) (WQ’_%L‘)Q)_@Qﬂ) (—ZWQ,WQ,—(l _Z)WQ) (_(1__2)(")2’_112("}27(")2)

Table 1. The physical regions, center of mass energy w and Mandelstam variables in the three
different kinematics.

Now due to the step functions, depending on the choice of incoming legs the cross-
ratio z is constrained to different regions. Consider three distinct kinematic configuration
distinguished by the incoming state being in s, u or ¢t-channel,

12 34: €1 =€ =—€3=—¢4,
13+324: € —=€3=—€3 = —¢€4, (2.20)
14 23: € =€ =—€ = —c3.

The Heaviside theta functions in (2.19) will constrain the celestial amplitudes with the
three different kinematics to have supports on three separate intervals on the equator of
the celestial sphere,

12 34: 2>21, 13<24:0<2<1, 14 23: 2<0. (2.21)

It would be convenient to use the center of mass energy w as the integration variable. We
apply the changes of variables in the three different kinematics as

4052 4552 4052
12634 w2= 4 13524 2= 1 14493 2= 1
z—1 z2(1—2) (—2)

The physical regions, changes of variables, and the corresponding parametrizations of the

(2.22)

Mandelstam variables are summarized in Table 1. Note that we can also identify z =
ﬁ, where 6 is the scattering angle and the limit z — oo corresponds to the forward
limit.

The celestial amplitude (2.19) in these three kinematics are then defined as:

124534 IR TN A A5 2 _@ 2
v (Al 2) = 2A—7z dw w Ty, (w7 w (=21),
0 z
1 o
UBOU(A g ) = 2A_7z% / dww? Ty, (—2w?, (z—1)w?) (12220),
0
1 oo
PHUOB(A g 2) = 2A_7(_2)§(1_Z)2—§/0 duw AT, (1_Zzw2,w2) 0>2z).

(2.23)
We stress that the celestial amplitude is not given by a single function W(A, z) defined on
the equator. Rather, there are three separate functions w1234 yl3¢24 and w423 that

tile the equator.



In short, the function WYk (A ¢;, 2) will be related to the amplitude via

oo ..
WUk 2) = B”Hkl(z)/o dwwﬁfngHkl (w,2), (2.24)
where using the notation of [21] we introduce 8 = A—4. BU<kl() denotes the prefactors
in front of the integrals in (2.23), and TZZHM (w, 2) equals to Ty, (s, t) with the parameteri-
zations given in Table 1.

2.2 Implications of UV /IR behavior of T (w, 2)

As stressed in [21], the analytic property of the celestial amplitude in complex § plane
reflects the UV and IR properties of T' (w, z). Since we will be performing a Mellin transform
with respect to the center of mass energy w, special attention will be paid to the region
w — 0 and oo for which the integral might diverge. In limit w — 0, we probe the IR limit
of T (w, z). Suppressing the massless logs for now, the amplitude takes the form

o0
T(w, 2)|w—s0 = Tmassless (W, 2) + ng(z)wQP. (2.25)
p=0

In s-kinematics, where 1 > z, g,(z) are polynomial functions of at most degree 2p in I%Z

reflecting the presence of contact interactions, i.e. higher dimension operators in the EFT

description. The function Tiassless(w, 2) summarizes the contribution from the massless

1-2 0

particle exchange, which contain poles in and is of degree w® or w? for photon and
graviton exchange respectively. Thus we see that the low energy amplitude is essentially a

polynomial expansion in w?. These generate single poles in 3 since
AB+2p

— + SN
B+2p

A
U(B,2) ~ / dw P (W) + - - (2.26)
0
where we only consider the part of the integral where w € [0, A]. Thus we see that ¥((, z)
will have simple poles at § = 0,—2,—4,---. When the massless loops are involved, the
simple poles are then promoted to higher degree as discuseed in [21].

We now turn to the opposite limit, where w — 0o corresponding to fixed angle hard
scattering,
s = +oo with

= 1> fixed. (2.27)

s,t) in this limit,

~| »

We will exam two asymptotic behaviors of T

—~

T(w,z) ~ {gp(z)w2p+gp1(z)w2p_2+ -+ power law, (2.28)

e /(@) exponential decay.

As discussed in [21], the second scenario is expected for amplitudes in gravitational the-
ories due to black hole production. Indeed this is the case for string theory, which we
will discuss in detail later on. In such case ¥(f,z) is convergent for Re[3] > 0. For
the power law, following similar analysis as the IR region we again arrive at poles for



8 = —2p, —2p+2, —2p+4,---. Now we would like to have a celestial amplitude that is
meromorphic in £, thus having a region of convergence. From the previous IR analysis, we
see that (3, z) will have poles at Re[5] < 0, this suggest that we must have p < 0 such
that there is a convergent region 0 < Re[f] < —p.2

2.3 Example: The massive scalar exchange

As a simple example for the above analysis, consider a massless scalar ¢ coupled to a
massive scalar X via a cubic coupling g¢>X. The tree level 4-point scattering amplitude is

T (s,t) = —g* ( ! + ! + : > : (2.30)

s—mZ24ic u—m2+ic t—m24ie

The Mellin integral (2.24) converges when  is bounded by

0<p<L2. (2.31)
Indeed for the 12 <+ 34 kinematics, by rewriting U12<34(3, 2) as integrating from w = —oo
to w = o0,
23—/3 2 [e's) -1
gl2eslg 2) = Z/ dw 1T | W2, —Quﬂ (2.32)
(1 - emﬁ) —00 z

we can close the contour upward and pick up the residues giving,

124534 7['g2 m 6_2 2 1. B z g
\Ijscaf?ar (Ba Z) = (7) z 657”’8 +2z2 + (Z > 1) . (233)

sin %ﬁ 2 z—1

Note that indeed starting from S = 2, one has simple poles at 8 = 2,4,6,-- -, reflecting
the divergence in UV. Similarly, below 8 = 0, one has simple poles at 5 = 0, —4, —6, - -,
reflecting the EFT coefficients. The absence of § = —2 is due to the corresponding EFT
operator vanishes on-shell, s+t+u = 0.

Importantly, there is a non-trivial imaginary part,?

B—2
Im\I]12(—>34(B7 Z) — 7-‘-92 (m) 22 = 2375712292Resw:m {WﬁilT(wa Z):| ’ (234)

scalar 9
which is non-zero for any value of 3. Furthermore for s-channel kinematics, only the
physical threshold in the s-channel propagator contributes to imaginary part, while the
t,u diagram only contribute to the real part. Thus we see that the imaginary part of the
celestial amplitude encodes the information of bulk factorization. This will be the focus of
the next section.

?Indeed for p = 0 such as A¢* theory, the function ¥(B, z) cease to be meromorphic:

/ dw i = / dx " = d(ie) . (2.29)
0 —o00

w

3Here and throughout this paper, we assume that 3 is real when taking the imaginary part of ¥ (8, z).

~10 -



3 The imaginary part of the celestial amplitude

Here we would like to pose the following question: given a celestial amplitude ¥ (S, z),
what are the properties that reflect its origin as a local flat-space scattering amplitude.
Already in the massive scalar case we’'ve seen that for the s-channel kinematics, the fact
that a massive scalar was being exchanged is reflected in the imaginary part of the celestial
amplitude. In this section we will systematically study this property.

3.1 Bulk-locality to the imaginary part of ¥V (3, 2)

The imaginary part of the amplitude is deeply rooted in causality, where the time ordered
two point function introduces the ic prescription for the Feynman propagator. Indeed this
is the origin of the imaginary piece of the scalar exchange W'2<34(3, 2), appearing in the
s-channel where the internal particle can be interpreted as on-shell and moving forward
in time. Thus to capture the imaginary piece, it will be useful to consider the Mellin
transform as a contour integral on the complex w-plane.

Let us focus on the 12 <+ 34 kinematics. From previous discussions, we have seen that
for W12¢34(3, 2) to be a meromorphic function, 71234 (w, 2) must vanish as w — +o0, i.e.
T'2¢34(w, 2) behavior asymptotically as (2.28) for p < 0. In general, such an asymptotic

behavior does not hold when w approaches complex infinity, i.e. w — oo x €% for § # 0, .

We will assume that the asymptotic behaviors in (2.28), which is defined for real w,
can be extended for a small range of argw,

argw € ( . 922@34’ 922934) U (TF _ 0229347 T+ 922934) ’ (3_1)

with a finite angle #1234 that in general depends on z. As we will see, in the case of
open and closed string amplitudes, .s are in general finite and non-vanishing. Let us
exam the analytic structure of the amplitude 7'234(w, 2) on the complex w-plane. By
the bulk-locality, the exchange of single-particle states (of masses m;) leads to s-channel
poles located slight below or above the real axes (at w = £+m; £ i€) due to Feynman ie.
At the loop level, the exchange of multi-particle states lead to branch cuts located slight
below or above the real axes. The crossing images of the s-channel poles are the ¢- and
u-channel poles (at w = =i, /-Zgm; and w = £iy/zm;). The poles and branch cuts are
shown schematically in figure 1. There could be other branch cuts away from the real
and the imaginary axes, which do not correspond to the exchange of multi-particle states.*
They are not depicted in the figures, as they would not play a role in our later computation.
Finally, the branch cut of the w®~! is chosen to be along the negative real axis, and is also
not depicted in the figures.

Consider the fan-like contour displayed in the left of figure 1, with an angle less than
0. As the infinity part I3 vanishes, the absence of poles in the contour imply

U(5,z) = B(z)/f dww? 1T (w, 2) = —B(z)/I dww? 1T (w, 2). (3.2)

4The branch points of such branch cuts are called the anomalous thresholds.

- 11 -
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Figure 1. The analytic structure of the amplitude T(w, z) on the complex w plane. The branch
cuts associated to the anomalous thresholds are not depicted in the figure, since they are away from
the real w axes, and would not contribute the the contour integrals when the angle between the I
and —I) segments of the contour is small enough.

Now extend the contour symmetrically to the lower half plane, as shown in the right of
figure 1. The new contour will then pick up the residue from the ie prescription of the
propagators. Note that since I is just the reflection of Iy along the real axes, the two
simply have the opposite sign for the real part:

/Ié dw w1 T (w, 2) = — [/12 dw w1 T (w, z)] . (3.3)

Furthermore, since the ie poles are away from the contour I, and we are free to take the
€ — 0 limit, for which the amplitude T'(w, z) is a real function of w, i.e.

T(w,z)" =T(w",2). (3.4)

Again since the integration along I% vanishes, the imaginary part of ¥(3, z) is now simply
given by the poles and branch cuts from the ie prescription

1
ImV¥(8,2) = —,B(z)/ dw w17 (w, 2)
2i I+1I
~ (3.5)
=-—B(z){~ Res [wﬁ_lT(w,z)} —I—/ dww® ! Disc [T(w,2)] § ,
where m; are the position of the factorization poles, and M is the branch point of the
branch cuts, which is present due to loop effects.’

In summary, we find that the imaginary part of the celestial amplitude is simply
governed by the residue or (massive) discontinuity of the scattering amplitude. For s-
channel kinematics, we find that Im[¥] is given by the projection of the s-channel residue
or discontinuity onto the celestial sphere as in eq.(3.5).

SIf the convergent angle f is great than % (e.g. massive scalar exchange amplitude), one might worry
that there will be poles coming from other channel contributing to the imaginary part in (3.5). In fact,
because other channel poles are lying on the pure imaginary axis, and they are coming in pair. One can
easily verify total residue sum is 0 in the RHS contour of fig. 1. Thus the result is not changed even if the
6o > /2 is bigger than m/2
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3.2 Positivity in Im[¥(S, 2)]

If the external states are arranged as a,b — b, a, where (a, b) represents potentially distinct
species, the residue and the discontinuity are positively expandable on Legendre polyno-
mials for scalars and Jacobi polynomials for spinning states [23]. Thus the imaginary part
of the celestial amplitude must be positively expanded on the Mellin-transform of these
orthogonal polynomials.

At the tree-level, the imaginary part of the celestial amplitude only picks up the poles
corresponding to the factorization channels. The associated residues in the three kinematic
regimes are

. 2] p(u=t B—2+2J _
12 —-34: Resy,—m, wﬁ_lm QJ( 22)}_771 5 'PJ<Z 2):
L we—m
_ m2J) P, (=t B—2+2J
13 +24: Resy_p |0’ 1 o 22)} - 5 Pl —22), (3.6)
L we—m
2] p B—24+2J
14523 Resyopm |0’ 12 S )} = .PJ(ZH).
L w? — m2 2 z—1

Note that we have written the argument of the Legendre polynomials in terms or Mandel-
stam invariants in such a way that manifest the exchange symmetry in each channel. Thus
from (3.5) the imaginary part of the scalar celestial amplitude must be positively expanded
on the following basis

-2

I 124534 _ 2 p. (=

m UG 2) =7 S il ( (z21),

i€
8
Im WH(5,2) = m222 Y piPy (1 - 22) (12220, (3.7)
i€l
1
Im\IIMH%(B,z):W(—z) 21— 2)" sz (Zi' > 0> 2),
i€l

where p; = g2 ( )5 3 m2Jitt,

7
Extension to spinning external states is straight forward. On the factorization pole,

the residue polynomial is now:

2J dJ

t
) (arccos(2t))
Ty, (Sat)’s—wnz == 3; _12m2 T e m> (38)

where Cj1p = (6 — ¢;) & (&, — 1), and dg34 01, (@) is the Wigner (small) d-matrix which
can be conveniently given in Jacobi polynomials,

5 S l12-34 é L12434 ' '
Asy005(9) = Bigza (Siﬂ 2) (cos 2) T 2005 (cos ¢), (3.9)

where ;""" is the Jacobi polynomial and the constant le insizia = \| (It &?3124)' 7= &1351) This

gives the following representation of the imaginary part Im [¥(f, z)] in the three different
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regions (2.21) on the equator:

512 34 o Y z—2
m 0125, 2) = s 202G - ) g (=) =z,
B+L13424 15 24 _y 13—
Im WBHM(@@ = ZP113;24 z 2 +2(1 z) jJISJZ;f " 24(1 —22) (12220,
i
14623 (—z T 4 C1agas,b z4+1
Im U4 \T=) =  Aliagoezlig0o3 [ 2T 0> 2
(B,2) szm 23 B z)§+ﬁ23 T~ tas 21 022),

(3.10)
where p;12.314 = 7g; ( )B 3 sz HBlQ 34 > 0. Indeed setting ¢; = 0 in (3.10) one recovers
the scalar basis in (3.7). The coefficient g; becomes positive if the external states are
arranged as f3 = —/9 and ¢4 = —/1, i.e. such that the configuration corresponds to forward
scattering.

Thus for each kinematics, Im ¥ has a positive expansion on the basis in eq.(3.10).
Note that the fact that the Wigner d-matrix serves as an expansion basis for the flat-space
amplitude is a reflection of factorization and Poincaré symmetry. Since the basis functions
in eq.(3.10) is simply the projection of the Wigner d-matrix, they must be intimately tied
to the “image” of Poincaré symmetry on the celestial sphere. Indeed, in the following, we
will find that these are precisely the Poincaré partial waves introduced in [20].

3.3 Poincaré partial wave expansion

Let us first review the Poincaré partial waves introduced in [20], focusing on the celestial
amplitude in the 12 <> 34 kinematics. It can be written as a inner product between the in
and out states

ARG (21, 2) = (Dg, 23, 73, 3, Ay, 24, 24, La| A1, 21, 21, 01, Do, 20, Zo, b)) - (3.11)

The Hilbert space can be decomposed into irreducible unitary representations of the Poincaré
algebra. According to Wigner’s classification, they are the massive representations labeled
by the mass m and spin J, and the massless representations labeled by the helicity £.
Consider the projectors

J
Z |maJ7J3><m7JaJ3‘7
Ja==J (3.12)

= 5 Z ‘6£><€€‘ )
e=+

which project onto a single massive or massless representation. The projectors P, ; and

1
P
md 9T+ 1

P, commute with the Poincaré generators P* and M*, i.e.

[PH, Py, g] = 0= [MM Py, 4], (3.13)
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and similarly for the massless projector Py. The massive and massless Poincaré partial
waves are defined by inserting the projectors into the inner product (3.11),

AR G, (2, 21) =

AR (20 2) =

217217£17A2az25z17€2>

(A3, 23, 23, 3, Au, 24, Za, L4 | Py, (3.14)
(As, 23, 23, 03, Ay, 24, 24, La|Pe| A1, 21, 21, 01, A, 29, 21, £2) -

The translation and Lorentz generators P* and M*” act on the massless single parti-
cle states as differential operators P* and M* given explicitly in [12], which we list in
Appendix B. By (3.13), the Poincaré partial waves satisfy the constraints

(,P{L + ,Pg - P3 P4 )AlAZ:)iim J(Z”Lv Zl) =0 )

3.15
(MY + M+ MEY + M“”)Alﬁfi‘}n s(zi,2) =0, (315)

and similar for the massless Poincaré partial waves. Since the above constraints are the
same constraints used in [17] to derive the form in (2.12) and (2.14) of the celestial ampli-
tude, the Poincaré partial waves should also take the form as (2.12) and (2.14).

Beside (3.15), the Poincaré partial waves satisfy additional differential equations given
by the Casimir operators of the Poincaré algebra. The Poincaré algebra has a quadratic
and a quartic Casimir operators

P,P*, W,WH, (3.16)

where WH = 26”” P9 M, , P, is the Pauli-Lubanski pseudo-vector. The two Casimir operators
have eigenvalues —m? and m2J(J + 1) when acting on a state with mass m and spin J, i.e.

PuP|m, J, J5) = —m® |m, J, J5)

) (3.17)
W, WH m, J, J3) =mJ(J + 1) |m,J, J3) .

By inserting the Casimir operator P*P, into the inner product form of the Poincaré par-
tial wave Af?y’fn ;(2i, %), and using the formulae (B.1) and (B.3), one find a differential
equation

(Pr+ P2 (P + Po)u AR s (21, )

= <A3, 23, 23,03, A4, 24, Z4, 54’Pm7JP”Pu|A1, 21,21, 01, Ao, 29, Z1, €2> (3.18)

= 2A1A2;,_)13,frln (2, 21) -

Similarly, the Casimir operator W#W, leads to another differential equation

(Wi + Wa) Wi+ Wa) ARG (20, 20) = mP T (T + 1D)ARG N, 5 (i 71) (3.19)
where WH = 6“” P? My,Ps. Factoring out some conformal factors similar to (2.12) and
(2.14) as

L \i3—ha hi—hs /_ Nhs—hs /_ \hi—ho
() () () ()
112434 213 Z14 213 Z14
Ax Agsbim, gz, 2) = hi+hy h3+ha shi+ha h3+714 (3.20)

R1g R34 12
A1—Ag— A3-*- 4

X (z—1) §(iz —iz) 0,27 (AL 4, 2)
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(3.18) reduces to the differential equation on the total dimension A and the cross ratio z
— 4e*P8 2P (A Uy, 2) = —mPBL T (AL L, 2) (3.21)
Similarly, (3.19) gives the differential equation
(1035430 — 9)2% + (10 — L19031)z — 6
z—1

= J(J+ 1LY A 4, 7).

m,J

+ (32 — 4)20 — (2 — 1)2%0% | 2% (A, 43, 2)

(3.22)
Let us briefly comment on the Casimir equations for the massless Poincaré partial waves.
By the same derivation, we find the Casimir operator P*P, gives the differential equation
(3.21) with m? = 0. However, the differential operator on the right hand side of (3.21) is
invertible. Hence, the massless Poincaré partial waves should be zero identically.

One could repeat the above analysis for the celestial amplitude in the 13 < 24 and
14 + 23 kinematics, and derive the corresponding differential equations for the Poincaré
partial waves @,15’7‘?24(A, 4;, z) and @%’?23(A, ?;, z). The solutions to the Casimir equations
in the three kinematics (2.21) are (again = A —4)

fi2-34 _p ¢ _
J 2—¢0 12434,612-34 2
Bipz4z™ 2 (2=1)" 7 T, 500 (ZZ ) (z>1),
. m\ B 2J+1 J Sthst2a | o Y1324 1510401324
;) 7(B,2) = <*> 2J+) B3z 2 (l=2)" > T (1-22) (1>z>
m, 2 m ( )B+zl4+23 2 ,
J —z 2 14423,414—23 [ z+1
By 23 (1_n)f e N (;) (0>2).

(3.23)
One see exactly that the Poincaré partial waves (3.23) are identical to the expansion basis
in (3.10) in each kinematics threshold up to normalization factors.

Thus combining everything, we conclude that the imaginary part of the celestial am-
plitude has a positive expansion on the massive Poincaré partial wave, namely,

Im‘II>A(B7£i7 2) - Zpa(pma,Ja (57 eia Z)a Pa >0. (324)

Note that since the Jacobi polynomials are orthogonal polynomials, the Poincaré partial
waves also satisfy orthogonality relations [20], and the coefficients p, are unique. The
generalization to supersymmetric theories is straightforward. Once again the expansion
polynomial is given by the projection of the susyspinning polynomials on to the celestial
sphere. These polynomials are again Jacobi polynomials, but with the helicities indicating
that of the highest weighted state in a susy multiplet. For details see [24].

Crossing symmetry: Let us consider the implications of crossing symmetry on the ce-
lestial amplitude. For a crossing symmetric amplitude, we would expect the three kinematic
region of the celestial amplitude to be related to each other. Indeed, we have:

sovu WBON(E L) = L5+4 pi2e34(g 1 1>2>0),

Byg
st WI2OB(E 4y = (1;) 2 PUOBB 1 —2) (2> 1), (3.25)
wet WION(E ) = (- MUOBE, 2)  (12220)
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for the celestial amplitude of any permutation invariant theory. Furthermore, since the
residue of each channel must respect the exchange symmetry of the legs on one side of
the factorization, this implies that the imaginary part of ¥(f, z) must further satisfy the
following “self-dual” like identities:

2
Im\p13<—>24( , ) Im\I/13<—>24(5 1— Z) (1 >z O),

Im U4023(g z) — (—1)2 76+4ImW14H23(5,% (0>2), (3.26)
Im W'2934(3, 2) = (z —1)2Im 2o (g ( ) 2> 1

It is straightforward to verify that the Poincaré partial waves in (3.23) respect the crossing
equations (3.25) and (3.26).5

4 Open and closed string celestial amplitudes

We have already seen how the imaginary part of the celestial amplitude encodes the infor-
mation of poles and branch cuts on complex w plane. Furthermore, as discussed in Section
5, the integrand can be analytic continued to other unphysical z domains. However, the
UV convergence of the integral relies on certain regions of w plane. In this section, we will
first use type-I and II superstring amplitudes:’

I[—s]T[—t] o T[=s|T[—T[~y]
ST I L FI  Ew s W (4.1)

type-1 :

as examples to determine the convergent regions on w plane for all z dependance. As
indicated in Figure 2, they are in general z-dependent for open strings while enjoys z-
independent for closed strings. Then we will discuss how bulk-locality encoded in the
imaginary part of tree-level celestial string amplitude in physical z domains. Finally, when
we discuss the celestial dispersion relation in Section 6 we will verify those relations with
celestial string amplitudes in Section 6.1.

4.1 Convergent regions in string theory

As is widely known, in the fixed-angle scatterings, string amplitudes are expected to decay
exponentially at large real w. However, the suppression is in general not true in the whole
complex w plane. Therefore in this sub-section we will study this problem for open and
closed string amplitudes. Writing w = 7€', the r — oo limit of string amplitudes behave
as:

T(r2e* 2) ~ exp |g(0, 2)r? + O(logT)| . (4.2)

Hence, for given z, the amplitude is suppressed in the limit r — oo when

Re(g(0,2)] <0, (4.3)

5Note that eq.(3.25) only holds for scalar blocks of even spin. For odd spins there will be an additional
sign as expected.

"Here we have neglected the F* and R* pre-factor for simplicity. Their effect can be incorporated
straightforwardly.
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Figure 2. The angle 6. for the open string amplitude in the 12 <+ 34 kinematics as a function of z.

which, as one will see, gives the convergent region
0 € (—0,0.)U(mr—0,m+6,.), (4.4)

where the angle 0. is the root of Re[g(f, z)] = 0 when 6 € (0, 5). Let us consider the open
and closed string separately,

e Open string
The gluon amplitude in the type-I superstring theory is

I'(=s)l'(=1)

Topen(s,0) = 575 )

(4.5)

In the 12 — 34 kinematic region (z > 1), and restricting to 6 € (0, §), we have

906, 2) = ol o8 = D) log(2), (46)

The inequality (4.3) gives the following equation for the angle 6,

(1l — 2)
zlogz — (2 —1)log(z — 1)~

cot(26,) = (4.7)

The angle 6. as a function of z is plotted in figure 2. One can see that starting from
z =1, the angle 0. is gradually increasing from 7 to § as z — oo.

Also one can perform the same analysis for general angle 6§ € (—m,7), and find that
the convergent regions in the other quadrants are also specified by the same angle 6,
and given by (4.4). One can further repeat the same analysis for the other kinematics

13 <> 24 and 14 <+ 23. The results are summarized in Table 2.

) cz1) 0P (12220 0Pk (022
1 - w(1—2) T 1 -1 Tz
3 cot ™! Zlog 2—(z—1) log(z—1) 1 2 cot (1—2) log(1—2)+zlog(—=)

Table 2. Characteristic angles in open string.
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e Closed string
The graviton amplitude in the type-II superstring is

T(—s)T(—t)T(~u)
T(1+s)T(1+ )01 + u)

Tclosed(sa ’LL) = (48)

It turns out that the large r behavior of the closed string amplitude is much simpler

than the open string case. In the 12 <» 34 kinematic region (z > 1), we find
(z—1)log(z — 1) — zlog 2z

g(0, z) = 2% . , (0<b<m/2). (4.9)

The condition for the real part to be negative is
(m@@>0¢0<9<%. (4.10)

We can repeat the same analysis for general angle § € (—m,7) and for the other
kinematics 13 <+ 24 and 14 <> 23. The convergent regions for all cases are given by
(4.4) with the angle 0. equals to 7.

4.2 ImVY(B,2) in string theory

Taking $ € R, from (3.5), Im W(}3, z) is given as a sum of the residues of the poles (and
also an integral of the discontinuity) near the positive real axis. For both open and closed
string amplitudes, the poles near the positive real axis are located at w = /n for n € Z<,
and we have

Tm (5, 2) = ~wB(z) Y (Vi)' Res [T(wn,2)] (5> 5.) (4.11)
n=1 =V

In the following, we will verify this formula by directly comparing the truncated sum with
the numerical result of the Mellin integration:

e Open String
The massive poles of the open string amplitude (4.5) are located at s,t =1,2,...,n.
And the corresponding residues for s-channel are,

Res;—, [Topen(37 t)] = n!

. (4.12)

The residues of the t-channel poles are given by exchanging s with ¢. Now we can
compute ImW¥(f, z). In 12 — 34 kinematic region, using eq.(3.5), the imaginary part
will only receive contribution from s-channel massive poles located on the positive-w
axis at w, = y/n with the residue

12534( 2 1 o\] _ [n(%_l)'*'l]na
mafreo (o k) D g
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Thus, the imaginary part of the open string celestial amplitude is

g

1
Im \I,(13123<e—r>134(57 2) = —7rBl2_’34(z) Z( 5 15{?}[%13;34 (w ’ ;w2)]

n=1

= 72382 i(\/ﬁ)ﬁ—2 n _217); oo (z>1), (4.14)

One can perform the same computation for 14 — 23, the result is,

o0

1
o A5, = =33 e 1287 (e~ L)
n=1
3-8 549 RS B—2 <17fz " 1) n—1
— 9 (_2)2 (1 _ Z) 2 Z(\/ﬁ) 2—71' (Z < 0).
n=1 )
(4.15)

Note that Im W!3$24(8, 2) = 0 because the open string amplitude Topen (s, ) has no
u-channel pole. The comparison of the truncated sum of eq.(4.14) with the result
from the numerical Mellin integral (2.24) is given in Figure 3. One can see that
Im U 12034(5, 2) diverges in the limits z — 0o and z — 1. The divergent at z — oo is
due to the overall prefactor B'2734(2) = 722, while the divergent at z — 1 is due to
the non-convergence of the residue sum reflecting the massless 1/t singularity in that
limit. Note that the divergence occurs for positive 8. For negative § the imaginary

part is finite as we will see in Section 6.2.

Im[w22% (5.2) B=s 234 p=5
% m[¥open (B, Z)]
05 T Numerical Numerical
P , - Npa=10 =20} ===~ Ninax=10
o 2T 0 40 S0 Nme=30  -30F Ninax=30
~05} /__,,«:.’f., SRR Sl Ninax=50 Ninax=50
-1.0}

Figure 3. Here we present the comparison of numerical evaluation of Mellin integral and residue
sum formula eq.(4.14) for the imaginary part of celestial open string amplitude. LHS and RHS
shows the behavior of Im W!2$24(3,2) in 2 — oo and z — 1

open
e Closed String
In the closed string case, the residues at s =1,2,...n are

Res,—p[Teiosed(s,t)] = (n!)2

(4.16)
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Again, let us focus on the 12 «+» 34 kinematics and the region z > 1. Using eq.(3.5),

the residue of the pole at w = \/n

Res

w=yn

2
|:Tclosed (w )

is

1—

wg)} =

[(1 + 1;Zn)nfl} 2
2y/nn(n!)?

(4.17)

Thus, the imaginary part of the massive contribution is given by

1234
closed

ImV

(B,2) = — 2382 i (\/52)/8_2 (
n=1

n.

(- 1>'+1}n_1> s

The comparison with result from the numerical integral is given in figure 4. Similar

with the open string, the divergences in the z — 1 and z — oo limits are implied by

the massless t, u poles.

Using the crossing symmetry, we find the closed string celestial amplitudes for the

other two kinematics

2
n
s ()
13424 _ 3-8_ 542 (vVn) z n—1
Im \chlosed (5’ Z) = —7n2 z2 ) n )
n=1 :
2
nz
st ()
144523 _ 3-8 819 _8 (vn) z n—1
Im \chlosed (ﬁ7 Z) = —n2 (_Z) 2 (1 - Z) 2 92 n!
n=1 :
(4.19)
B=10 B=10
Im[WiZead (B.2)] ImWE2e(B,2)]
10 207==30.__ 40 50 1.02 1.0f1_7_(_(,.1g96-fr“l“.08“""r‘102

~10000 :*\\ Numerical _5l e Numerical

N —— Ninax=10 ol P Ninax=10
~20000 N Neax=30 L/ e Ninax=30
-30000 A Nmax=50 =15} Ninax=50
-40000 \ -20
-50000 -25¢

Figure 4. Here we present the comparison of numerical evaluation of Mellin integral and residue
sum formula eq.(4.18) for the imaginary part of celestial closed string amplitude. LHS and RHS

shows

the behavior of Im W!Z2024

5 Analytic continuation in z

(B,z)inz— o0 and z — 1

As reviewed in sec.2, the celestial four-point amplitude consists of three different functions
defined in three distinct regions on the real circle of the complex sphere. One can ask if the
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three functions can be analytically connected to each other. Consider the simple massive
scalar exchange example, and compare eq.(2.33) with

2 B2 )
\1/13924(ﬂ,z) _ .7Tg7r6 (%) 22 [l—i—e%’”ﬁzg—i—(z(l — z))g] 1>z> 0)7
SIHT (5 1)
2 — 2 ‘
144523 g m\A=2 , _\E irig (% \?
U (B,z)—smﬂﬁ(z) 2% |14 (—2)2 +e2 1> (0>2z).

It is straight forward to see that the functions cannot be analytically related.

There are, however, reasons we might want to consider the analytic continuation of
a celestial amplitude from the physical region as specified in Table 1 to the unphysical
ones. Recall that the presence of bulk factorization is imprinted in the imaginary part of of
celestial sphere, where in each kinematic region only the channel with the physical threshold
is projected. Thus for fixed z, to access the information of all factorization channels through
the imaginary part, we will need to analytic continue ¥ of other kinematic configurations
to their unphysical regions. Such analytic continuation will be important when we consider
dispersion relations for the celestial amplitude in Section 6.

5.1 The scalar example

Before turning to the general analysis, we will use the massive scalar exchange example to

1234
\I]scalar

illustrate the last point. To continue (8, z) outside the physical region z > 1, we
need to be careful about potential monodromies as we continue across the boundaries at
z =1 and z = co. Continuing across z = 1 by z — 1 — e ™ (1 — 2) and across z = oo by

2z — €™ (—z), we obtain

N[

Lo A g
P12031 (3 ) mg® m\B-2 , ex™F 4 22 4 2™ (lfz) (1>2>0),
scalar ’ sin B\ 9 z L L P g
2 e2™8 4 e3™B(_2)7 + (Zfl) (0> 2).
(5.2)
The imaginary part of U12$'34(3,2) in the new (unphysical) regions are
2
m\ B2 ( ) 1>2>0),
Im U236, 2) = ng? (0) 2 ) < :
14 (=2)2 (0> z2),
B—1124+34 (5.3)
Res_ [w T (w,z)] (1>2>0),
_ 93P 2g2 MV TEm
Res |/ IT208(w,2)| (0> 2).
w—m,\/—zm

We see that the analytically continued result receives contribution from the s- and ¢-channel
polesin 1 > z > 0 (the “u”-region), and s- and u-channel poles in 0 > z (the “t”-region).
Note that the analytic continuation prescription here is uniquely fixed by demanding that
the analytic continued amplitudes match irrespective of which physical region it originated
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from. More precisely,

VT (B, 2) o WEkP(8,2) (2> 1),

W6, 2) x WELH(B,2) (1> 2> 0) (54)
scalar y#) X Fgcalar ) 2 z ) .

Vot (8,2) o U (B,2) (0> 2),

where the proportionality coefficients being z-independent phases. Explicit comparison

fixes the phase to be (1, e~ 3B , e3imB ) respectively.

5.2 General analysis

Having gone through the scalar exercise, we are now ready to consider the continuation
for general amplitudes. At the level of the integrand, the analytic continuation on z
corresponds to the analytic continuation on the Mandelstam variables from the physical to

the “unphysical” kinematic regions, as shown in Table 3:

12 +» 34 13 < 24 14 + 23
z>1 s>0>u,t |u,t>0>s | u,t>0>s
1>2>0|s8t>0>u|u>0>s,t]s,t>0>u
0>z ssu>0>t|s,u>0>t|t>0>s,u

Table 3. The physical and “unphysical” kinematic regions.

The physical regions are those that have only one positive Mandelstam, sitting on the
diagonal entries. Take W!234 a5 an example. The analytic continuation to unphysical
regions in z, say 0 > z, leads to an unphysical kinematic setup (s, u > 0 > ¢) and is distinct

U14923 griginated from the physical setup ¢ > 0 > s,u. Thus it is natural that the

from
three distinct functions on the equator cannot be analytically continued to each other.
On the other hand, continuing U324 and W!423 {0 their common unphysical region, i.e.
z > 1, do yield the same Mandelstam region (u,t > 0 > s) and it is natural to identify their
analytic continuation. Thus we impose the following conditions on the analytic continued

celestial amplitudes

P3O (g ) = o (g ) (z>1),
PUOB(g o) = e 2 mAYI2034(3 1) (1> 2> 0),
V1203 (g o) = e33O ) (0> 2),

(5.5)

where the phases e£378 are due to analytic continuing the prefactor B(5,z) in (2.24).

Indeed these conditions are satisfied by the massive scalar exchange.

Note that to analytic continue, we need to ensure that the celestial amplitude exists
along the path of continuation. More precisely, the celestial amplitude ¥(g3,z) given by
the integral of the flat-space amplitude T'(w, z) must be convergent along the path. As an
example, consider continuing U234 from its physical region z > 1 to 1 > z > 0. More
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explicitly, our path of continuation is given by

P fromany 2z >1toz=1+e¢,

Py: z=14ee ™ for ¢ from 0 to =, (5.6)

Ps: from z=1—¢€toany z € (0,1),
where € > 0 is a small number. Previously in Section 3.1, we’ve discussed that the existence
of the celestial amplitude requires 7'2<*34(w, 2) to vanish as w — oo in the physical region
z > 1. We have further assumed that the convergence property of T'2734(w, z) can be

extended onto the complex w plane with a finite range of argument, i.e. 71234 (w,2) — 0
as |w| — oo with the argument

argw € @12934(2) — (_ 9i2H34(2)7922H34(2))

5.7
U (1 — 02934 (2), 7+ 022734(2)) for z2>1, (5-1)

where we have emphasized the z dependence by writing 6:2734(z). Now, let us consider
the region 1 > z > 0. Using the identity 7234 (w,z) = T1324(X 2), we find that

Wv
T'2934(w, 2) vanishes as |w| — co with the argument
. T . ™ :
argw € 912<—>34(Z> = (5 _ 925924< ), z 1 623%)24(2))
T pl3624 T pl3e24 (58)
U(—g—ﬁc (z),—§+90 (z)) for 1>2>0.

In general, the region (5.8) does not contain the angle arg w = 0. Hence, we need to deform
the integration contour continuously along the way of the analytic continuation P» in (5.6).
For such continuous contour deformation to exist, the convergent region ©(z) should exist
and continuously move from (5.7) to (5.8) when going along the path P,. This is illustrated
in figure 5, where the region ©(z) for z > 1 (1 > z > 0) is drawn as the blue (pink) region.
For the massive scalar exchange the amplitude is convergent for all argw € [0,27), and
one do not need to deform the integration contour. For string theory amplitudes, the blue
region (©2734(2) for z > 1) is computed in sec.4 and the pink region (©234(z) for
1 > z > 0) can be obtained by the formula (5.8) using the 81324 given in Table 2. As
we will see in sec.C the convergent region ©(z) deforms continuously from the blue to the
pink regions when going along the path Ps.

With this understanding, we can now carry out the analytic continuation. Begin with
W12034 i the physical region z > 1 defined by the Mellin integral (2.24), which is an
integral along the contour [; in figure 5. When going along the path (5.6), the integration
contour should deform accordingly, such that it is always inside the corresponding angular
region O(z). When arriving the destination z € (0,1), the integration contour becomes
—I5 in figure 5. Finally, under the analytic continuation, the t-channel poles (represented
by the red dots in figure 5) are rotated from the imaginary axis to the real axis, while the
s- and u-channel poles (represented by the black and blue dots in figure 5) remain near the
real and the imaginary axes, respectively.

Now, let us consider the imaginary part of the celestial amplitude Im W!234(3, 2)
after analytically continuing to 1 > z > 0. Similar to the discussion in Section 3.1, it can
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I

Figure 5. The blue (pink) regions is the convergent angular region ©(z) for z = 1 +¢ > 1
(z =1—¢€ < 1). The black, blue or red dot is a representative for the s-, ¢- or u-channel poles at

w=xm, w= =,/ Zflmi or w = +i/zmy, respectively.

be computed by the integral along the contour I + I} as shown in figure 5. However, in
this case, we cannot close the contour by adding the Ij piece as in figure 1, because the I}
contour extends outside the pink angular region, and the contour integral diverges. When
applied to the case of the massive scalar exchange amplitude studied in Section 2.3, we
have a better asymptotic property that

O(z) = [0,21) VzeC. (5.9)

In such case, Im W'234(3, 2) in the region 1 > z > 0 can also be computed by the fan-like
contour I+ I+ I§, which picks up the residues and discontinuities of the poles and branch
cuts inside the contour. The result is

Im W12794(3, 2)

— _B12e34(), Z Res [wﬂ_le—’M(u), z)}
WMy T (5.10)

(L

1-2z

) dww?~! Disc [T (w,2)]  (1>2>0).
We see that the imaginary part of (5.2) indeed agrees with the formula (5.10).

6 Celestial dispersion relation
The analyticity properties of a scattering amplitude 7'(s,t) can be summarized by disper-

sion relations. When the Mandelstam variable u = wug is fixed with the absolute value
|ug| smaller than the multi-particle production threshold M, the dispersion relation for the
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scattering amplitude reads®

9; g;
—_ 1 1
T(Sﬂf)__z:s—m2 _z:t—m2
i ‘ ' ’ (6.1)
N 1/ ds ,Dlscsl [T(s,1)] N 1/ & ,Disc; [T'(s,t')] ’
M2 S =S8 M2 t—t

where the discontinuity Discs[T'(s,t)] is defined by

L (T(s +ie,t) = T(s — e, 1)) | (6.2)

Disc,[T'(s,t)] = 5;

and similarly for Disc,[T'(s,t)]. By unitarity, they are positively expandable on appropriate
orthogonal polynomials. Along the line of S-matrix bootstrap, the dispersion relations
have been used recently to constrain the EFT coefficients — the expansion coefficients of
the amplitude T'(s,t) at s =u =t =0 [23, 25-28|.

On the celestial sphere, on one hand, as we have seen in Section 3, the poles and
discontinuities that appear on the right hand side of the dispersion relation (6.1) contribute
to the imaginary part of the celestial amplitude. On the other hand, as elucidated in [21]
and also discussed in Section 2.2, the EFT coefficients show up as the residues of the poles
in the celestial amplitude on the complex S-plane at negative even integers. Therefore, it
is natural to expect a relation between the residues of the poles at 5 = —2n for n € Z<g
and the imaginary part of the celestial amplitude, given by the projection of the dispersion
relation (6.1) on the celestial sphere. However, the dispersion relation (6.1) cannot be
directly translated to the celestial sphere by the Mellin transform (2.24), since for generic
z, the w-integral extends to the region where all the Mandelstam variables are large and
the dispersion relation (6.1) does not hold. Keeping u = g fixed and finite corresponds to
the OPE limit (colinear limit) of the celestial amplitude, for example, the z — oo limit in
the 12 <» 34 kinematics.

From the celestial amplitude of the massive scalar exchange (2.33), we observe the
following relation between the residues of the poles at negative even integer § and the
imaginary part of the celestial amplitude

T
T Res [W202'(5,2)] = Tm [W2520,2) + (ISR ] | 2,
(6.3)

and similar relations in the other regions. Importantly, the celestial amplitude W13524(—2n, 2)

on the right hand side is given by the analytic continuation from the physical defin-

ing region 1 > z > 0 to the region z > 1, as discussed in Section 5.1. Note that

\Ijl4<—>23

we could have chosen the analytic continuation of W_ <

Y3023 ) = Plie23(3 ) when 2 > 1.

scalar scalar

instead, since from eq.(5.5),

8We assume the asymptotic behavior of the amplitude as 7(s,—s — ug) — 0 when |s| — co. For
amplitudes with worse asymptotic behavior like T'(s, —s — uo) — |s| when |s| — oo, similar dispersion

relations can be written down with N unknown coefficients known as subtraction constants.
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More general celestial amplitudes satisfy a similar celestial dispersion relation,

gﬁgggn [\1,12934(@ z)] — Im [\1112934(57 2) + (—1)" w2 (g, z)] ‘B_}_% (z>1).
(6.4)

In the above, we take n > 1 if gravity is non-dynamical and n > 1 when graviton exchange
are involved. The celestial amplitude ¥!3<24(—2n, 2) on the right hand side of (6.4) is
given by the analytic continuation from the physical region 1 > z > 0 to the region z > 1,
as discussed in Section 5.

Let us now derive (6.4). First we note that the original Mellin integral (2.24) can be
written as a contour integral along the negative real axes:

1
\1112<_>34(5, Z) — 5@ CSC(?Tﬁ)BlQHSZL(Z)fé dw w5—1T12<—>34(w, z) , (6.5)
(=00,0]

where the contour C(_ o) is a thin counterclockwise contour along the negative real axes
that picks up the discontinuity across the branch cut associated with the w?~! factor, as
shown in the left of figure 6. Note that we’ve used ie to push the cuts associated with T
on to the complex w plane. This identity can be understood by noting that

1
Disclw’ 1] = % (

|wle™)P~L — (jwle™ ™) = —sin(7B)|w|’t when w € (—00,0].
(6.6)
via. change of variable, we recover the original Mellin integral. This formula makes the
pole structure of the celestial amplitude manifest as the csc(m3) pre-factor, and the contour
integral along C(_. o converges on the entire S-plane. With this formula, the celestial
amplitude ¥(f,z) can be analytically continued to < 0. The pre-factor csc(mw/3) has
simple poles at 8 € Z<, for which w’~! yields a (multi)pole at w = 0. Thus when
computing the residue for 8 € Z<o, the contour C(_, g is contracted to a small circle Co

centered at the origin. We then arrive at”

Res [\1112934(3,,2)] _ 1

0

To proceed, let us impose the following two assumptions on T1234(w, 2).

1. Maximal analyticity: The only poles and branch cuts of T1234(w, 2) are located
near the real or imaginary axis on the w-plane as shown in figure 6. They correspond
to the exchange of single or multi-particle states.

2. Boundedness: T'234(w, 2) is bounded for some finite extension onto the the com-

plex w, i.e. T123%4(w, 2) — 0 as |w| — oo with the argument
1234 pl2+34
argw € (— 0, .0, ) (6.8)
9The residues of the poles at § = —2n — 1 all equal to zero, because T(w, z) is an even function in w.
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Figure 6. Left: The contour C(_, . Right: Pulling the contour Cy to Cj, which further
decomposes into the red contour Dy, the blue contour Dy, the purple contour Ds, the brown
contour D3, and finally the green contours.

Now, let us pull the contour Cy to the contour C{) as shown in figure 6, where the contour is
now fan-shaped with the extension angle determined by 61234, Due to the boundedness
assumption, the arcs of the contour C{ at infinite (the green contours) do not contribute
to the integral.

The remaining part of the contour Cj, decomposes into four pieces: the red contour
Dy, the blue contour D1, the purple contour Ds, and the brown contour D3. The contour
integral along D; can be simply related to the contour integral along Dy and using (3.5),
we get

mz? —2n—112-534 -2  2° —2n—112-534
— dww™"'T (w,z) =e "T”,/ dww™="'T (w, z)
27TZ Dy 27TZ Do (69)

1
= Limuzi(s, ).
T
Next, performing the change of variable w = iy/zw’, we find:

2’ dww™2n—Lp12=34 (o) — (_21.)”’ L2
]

/ dw/(W/)—Qn—17'113—>24(w/7 Z) 7
Dy +D}

(6.10)
where D} and Dj are the contours given by rotating the contours Dy and Dj clockwise

2mi D2+Ds

around origin by 7/2. The contour integral along D} can be simply related to the contour
integral along Dj, which equals to the Iy + I} in Figure 5 contour that computes the
imaginary part of the analytic continued celestial amplitude. More explicitly, we have
Zz_n”/ dw! (W) 2113524y 4y = o2 Z2_n77/ dw! (W) 2113224y )
2t Jp ’ 2t Jp, ’
— Im[U'324(8, 2)].

/
3

(6.11)
Putting everything together, we find the celestial dispersion relation (6.4).

Note that for the amplitude of the massive scalar exchange (2.30), since the amplitude
vanishes in all direction, we can instead deform the contour to Cj in Figure 7. Therefore,
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Figure 7. Contour deformation from Cy to Cj.

the integral picks up contributions from the poles and branch cuts near the real axis and
gives the imaginary part of W'2<34(3, 2) by (3.5). The contribution from the imaginary
axis is

— B(2) {7T Z Res [w_2”_1T12H34(w, z)}
i o.)—m'\/gmi,z’\/gmi

100 100
+ / +/ dww " Disc [T (w,2)] ¢ |
ivan Jiy /=

which equals to Im [(—1)"W13<24(—2n, 2)] or Im [(—1)"W4<23(—2n, 2)], by the formulae
similar to (5.10) with the appropriate changes of the integration variable, w — iy/zw or

(6.12)

z

w—i, /5

w.

6.1 Celestial dispersion relation in string theory

Let us do the numerical check of our conjecture (6.4) for the celestial dispersion relation,
by considering the open and closed string celestial amplitudes. Specifically, we will give
the analytic form of the residues at 8 = —10 and 8 = —12 poles and numerically evaluate
Im 01234 and Im ¥13¢24 through the fan-like integrals as indicated in (6.9) and (6.11).
Finally, we will plot the results above and show they indeed match.

e Numeric results of 8 = —10
The analytic forms of residues at the § = —10 poles of open and closed string celestial
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amplitude are,

i R(_as [@12934(572)]

open

= 5 [—71'42(—1 +2) 4+ T2(=1 4 2))¢(3) — 6072 2(—1 + 2)(1 + z(—1 + 2))C(5)
—360(1 + 2(—1+ 2))%¢(7)] ,

163847 (—1 + 2) [1 + 2(~1 3¢ (5
5 Res [WiH(5.)] = - e

(6.13)
where ((z) is the Riemann zeta function. The comparison with the RHS of (6.4) is
shown in Figure 8.

B=-10 B=-10

. y ; = Z - y y 4
1 x10° 5 10 15 20 _1.x10° 5 10 15 20
-4.x10° — FRes[W33] -4.x10° — FRes[WEkd
P o IMWSER-IMYGEE L 0 o MW - ImiRe
~1.x10° -1.x10°
Figure 8. The comparison between the analytic formula for the residue at 8 = —10 and the

numerical evaluation of the imaginary part for the open and closed string celestial amplitudes.

e Numeric results of § = —12
The analytic forms of residues at the 8 = —12 poles of open and closed string celestial
amplitude are,

E R(_es [\1112<—>34(B’ Z)]

2 p——12 - open
1287 8
= TaT75A [ (=192 — 2(—1 4 2)(912 4+ z(—1 4 2)(1256 + 381z(—1 + z2))))

—1512007%¢(3)*(—1 + 2)%2% — 1814400¢(3)¢(5)2(—1 + 2) (L + 2(—=1 + 2))] ,
E Res [\Ijl2<—>34(ﬁ’ Z)]

2,8—)—12 closed
= % [3¢<8>(1) +92(—1+2) (¢<8>(1) — 44802(—1 4 2)(2¢(3)% 4+ (10 + 32(—1 + z)C(Q))))} ,

(6.14)
where (" (z) is the polygamma function. The comparison is given in Figure 9.

6.2 OPE limit

In the celestial dispersion relation, on the right hand side, the first term Im W!2<34(3, 2)
equals to a sum over the contributions from the s-channel exchange as discussed in Sec-
tion 3. However, in general, the second term Im W'3¢24(3, 2) cannot be expressed as a
sum over contributions from exchange process. The obstruction is due to the fact that in

T13<—>24(

general the amplitude w, z) does not converge in the w — oo limit when z > 1,
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* — FRes[¥i33] * — FRes[V{E,

1234 1324 1234 1324
—2.x107 o ImWossh+Im¥osen -2.x107 o IM¥gcseq+IM¥eissed

-3.x107 -3.x107

Figure 9. The comparison between the analytic formula for the residue at 8 = —10 and the
numerical evaluation of the imaginary part for the open and closed string celestial amplitudes.

and thereby we cannot closed the I + I, contour in Figure 5.1 This is exactly the case
for the open and closed string amplitudes, as we have seen in the above analysis that

1324 ;
Im \Ifopen Telose 4(B,2) cannot be expressed as a sum over residues.

However, the high energy behaviors of the string scattering amplitudes become nicer in
the OPE limit (co-linear limit). This would allow us to close the Io+ I} contour for the lead-
ing terms in the OPE. In the following analysis, we choose to work with Im \Iléézlz/:zlose 4(B,2)

by noting the relations (5.5). Let us expand the open string amplitude (4.5) in the OPE
limit # — oo as

oo
z -
T2 = T (5000 = SRR o

m=0

From the explicit amplitude (4.5), we find that in the high energy limit w — oo the
expansion coefficients behave as

1423,(m
Topen (m)

(W) ~ w?™ 2 cse(mw?) log™ (w) . (6.16)
The I + I}, contour in Figure 5 can be closed at infinity when 8 < —2m + 2. Hence, the

14—23

open (B,%) can be computed by a sum over the

leading terms in the expansion of ImW
residue of the ¢t-channel poles. For example, we have

Im [W14523(5, )] ‘5_}0 _ BB [; (—217):;4rl . nzl (—1)n+1(1§:)(n) +7) 1 02
1423 ™ 1, -1 -2
= —7B (2) [24 ~ 1 log“(2)z"" + O(z )} .
(6.17)
Similarly, the closed string amplitude (4.8) expanded in the OPE limit z — oo gives
Tosed (w; 2) = Telosed (1;“’27“2) = Y ey (6.18)

m=—1

19The analysis around Figure 5 is for analytic continuing 72734 (w, z) from z > 1 to 1 > z > 0, but we
can repeat the same analysis for analytic continuing 73 ?*(w, z) from 1 > z > 0 to z > 1, and the Figure 5
still applies upon reinterpreted the black, blue and red dots as representatives for the u-, s-, and ¢-channel
poles.
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In the high energy limit w — oo, we find that the expansion coefficients behave as

Tiomea (@) ~ ™ log™ (). (6.19)
The Iy + I}, contour can be closed when f < —2m + 4. Again, the leading terms in the

14—23

expansion of ImW 4

(8, z) can be computed by a sum over the residue of the ¢-channel
poles. For example, we have

[e.e]

Im [U14725(5, 2)] ‘6%0 _ xR [Z 223 n Z »© + V-1 0(22)}
n=1

= —7BM73(y) [C(j) +¢(3)z7t + (9(2_2)] .

(6.20)

One can similarly compute the imaginary part of the open and closed string celes-

tial amplitudes in the OPE limit for other non-positive integer 5 and verify the celestial
dispersion relation for the leading orders in the large z expansion.

7 Conclusion and outlook

In this paper, we studied the relations between the bulk-locality, unitarity and analyticity
of the celestial amplitudes.

1. We showed that the imaginary part of the celestial amplitude can be expressed as
the integral along the fan-like contour (the right plot in Figure 1) that encloses the
positive real axis on the complex plane of the center of mass energy w. The exchanges
of single- and multi-particle states produce poles and branch cuts near the positive
real axis and contribute to the fan-like contour integral. This demonstrates that the
imaginary part of the celestial amplitude is given by bulk factorization singularities.

2. By unitarity, the imaginary part of the celestial amplitude can be positively expanded
in the basis of Legendre or Jacobi polynomials for scalar or spinning particle ampli-
tudes. The projection of these orthogonal polynomials onto the celestial sphere can
be matched to the Poincaré partial waves that satisfy the massive Casimir equation
of the Poincaré algebra.

3. The four-point celestial amplitude from three distinct physical kinematic configura-
tions tiles the equator of the celestial sphere. On the boundary of each region that
functions on the two sides are not continuously connected. Instead we studied the an-
alytic continuation of the celestial amplitude from the physical regions (the intervals
listed in Table 1) to the to the unphysical region.

4. Assuming specific high energy behaviour for the flat-space amplitude for complex
scattering angles, we prove a celestial version of the dispersion relation (6.4). This
allows us to relate the residues of the poles of the celestial amplitude at negative
even integers on the complex S-plane, which is yields the EFT coefficients, to the
imaginary part of the celestial amplitude and its analytic continuation.
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5. These results are verified in the context of the open and closed string amplitudes.

In defining the fan contour, we’ve assumed that the amplitude is well behaved as
w — 00 even as w is continued on to the complex plane with a small angle. While we’ve
shown that this is holds for scalar exchange and string theory amplitudes, it will be desirable
to derive such behaviour from some general principle.

The celestial dispersion relation is reminiscent of the Zamolodchikov’s recursive rep-
resentation for the conformal blocks [29-31]. When tuning the conformal dimension of a
primary operator to some special values, certain descendant operators become zero norm
and decouple from the conformal multiplet. This phenomenon reflects on the conformal
block as poles on the complex conformal dimension plane whose residues are the conformal
blocks formed by the zero norm descendants. In our celestial dispersion relation (6.4), we
see that the residue of the poles at negative even integer 8 are the imaginary part of the
celestial amplitude, which can be further expanded in terms of the Poincaré partial waves.
It would be interesting to see if the origin of these poles can be traced by to the exchange
of some zero norm states in the celestial CFT.
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A Four-point helicity amplitude

Let us consider a four-point amplitude of massless particles with helicities ¢; for i =
1,--+, 4. The amplitude can be expressed as a function of the angle brackets (ij) and the
square brackets [ij]. The Mandelstam variables are products of angle and square brackets,
sij = (ij)[ji]. Hence, we can instead choose to express the amplitude as a function of the
angle bracket (ij) and s, t. There are relations among these variables. First, we have the
Schouten identity

(41)(23) + (42)(31) + (43)(12) = 0. (A.1)
We also have relations from the momentum conservation

(23) (24) (12) (14) (12) (13)

®(—s—t)+@t:0, @t—F@S:O, <4—2>(—5—t)+<473>s:0. (A.2)

We can rewrite the left hand side of the above equation as a 3 X 2 matrix acting on the
vector (s,t), and the Schouten identity implies that all the second minors of matrix vanish.
Hence, the relations (A.2) all linearly relate to each others.
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Using (A.1) and (A.2), we can write the amplitude as a function of the variables

12y, (13), (14), (34), s, t,

or equivalently as a function of the variables

Z12 <12>2 Z13 (13)2 214 <14>2

— = —€1€2 , = — €1€3 ;= — —€1€q

212 S 213 s+t Z14 t
34)2

@ = —e€3€ < , s, t.

234 S

Now, using the constraint from the SL(2,C) symmetry (2.8), we find

—lyHlo—l3+0y —lyFLlotl3—Ly L1 —lyp—t3—Ly

iy P s Bk s B T Bk’

Z12 * (213 2 214 2 234 2
Aéi (Wi, Zi) =\ —-— e e p—
Z12 213 214 234

x 6 (p1 + p2 + p3 + pa)T(s,1)
lg—ty £y —ty
({14513) 2 <§24514> 2
214213 2247214
= 5(4) (pl + p2 + p3 + p4) 2 0+l — l3+0y T(S7 t) P

212 2 z34 2
Z12 Z34

where in the second equality we have used the identities (A.2).

B Poincaré generators on single particle states

(A.3)

(A.4)

(A.5)

The Poincaré generators P* and M* acting on a massless single particle state |A, z, ) in

the conformal primary basis as

PHIA 2, 0) = PHIA 2, 0),  MFY|A 2, 0) = MFY|A 2, 0)

where P* and MH are differential operators, whose explicit form are given by [12]

MO = % (@2 — 1)+ (w? — 1)0 + 2(hw + hw)] ,
M2 = —% [(@? +1)d — (w? + 1)d + 2(hw — hw)] ,

M = i(wd +wd+h+h),
M2 = —04+wd —h+h,

[(@® +1)0 + (w® +1)0 + 2(hw + hw)] |
[(@* —1)d — (w? — 1)d + 2(hw — hw)] ,

and
PH = 2gHe0n

~ 34—
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C Analytic continuation of the string amplitudes

In this appendix, we apply the analytic continuation procedure in Section 5.2 to the open
and closed string amplitudes. As discussed in Section 5.2, the integration contour of the
celestial amplitude are being continuously deformed when going along the path (5.6). The
integration contour should asymptote to the angle inside the convergent region ©12<34(z).
Hence, we need to ensure that the convergent region varies continuously along the path
(5.6). Let us parametrize the string amplitudes (4.5) and (4.8) as

z—1 4 i0

S=w, t=— w”, w=re", Z:1+6€_i¢. (Cl)
z

The amplitudes vanish in the limit » — oo when the angles 6 and ¢ are inside the region
plotted in Figure 10. We see that we can indeed find continuous deformations of the
integration contours which are always inside the convergent regions.

open string closed string
0 6
w w
2 2
w w
4 4
bad bad 3‘rr ¢ 7"( I‘T 3‘rr ‘ ¢
- - —_ g - - —_ g
4 2 4 4 2 4

Figure 10. The convergence region ©12<34(2) of the open and closed string amplitudes for ¢ =
1076,

D Conformal partial wave representation

The four-point celestial amplitude (2.12) can be expanded in the conformal partial wave
basis as

dv pe(A;, b v
fae(z,2) Z / élil)‘l’g)ﬁgl,uwé(z z), (D.1)

where ‘K’an 14iv (2, Z) is the conformal partial wave normalized such that

d’z _
W\choﬁgulﬂuz(z VN, i~ (2:2) = ne(v) X 2w 06 (v = V'), (D.2)

for external dimensions in the principal series, i.e. A; € 1 4+ iR. The normalization n,(v)
isll
273

D.3
. (D.3)

ny(v) =

'We follow the convention in [32, 33].
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For the scalar amplitude with the tree-level massive scalar exchange in the 12 < 34
kinematics, the imaginary part of the expansion coefficient py(A;; v) factorizes as [6]

Im py(A;v) = 6007 m>Cay Ag1+ivCiag. Asil—iv » (D.4)

where Ca; aA,:n, is the 3-point coefficient of the celestial amplitude of two massless and
one massive scalars. Using the shadow representation of the conformal partial wave, the
factorization (D.4) is equivalent to

. © dv m2m?
m AR (5 5) = / av / a2
A ) o 2m ng(v) (D.5)

X A3 Ay Ag14iv (215 21, 22, 22, 2, Z2) A3 Ay, Ags1—iv (23, 23, 24, 24, 2, Z)

where flAl,AQ; As (i, Zi) is the three-point celestial amplitude,

Caragin,
’A1+A2—A3 ‘Z13‘A1+A3—A2 | 293 ‘A2+A:3—A1 ’

VINVSTMERAE (D.6)

|212
In this appendix, we generalize the above result to the four-point scalar celestial amplitude
with the tree-level massive spin-J particle exchange. We show that the imaginary part
of such an amplitude factorizes as an integral of a product of two three-point celestial
amplitudes of two massless scalars and one massive spin-J particle,

3 d
Im AR (21, 2) = 2J+2J'Z/ v il )/d2z

o QWTL[( ) (D.7)
< A0 (21, 71, 22, 72, 7, ) A (23,73, 24, 24, 2, Z)
3,A1,Aq;144,0\%15 #1) 25725 3,A3,A4;1—1v,—£ 3) %8, %4y <4y 2 ’
where f170(v) is
271 (1e] + 1) g (1] + 3) -
g2 00+ D) (€ + 3)g-1 (D.8)

pre(v) = (-1) (T — 1Dl + 1),

Let us first focus on the right hand side of (D.7). The 3-point celestial amplitude is
given by the integral [34]

A3227A£ (2i,2;) = <H/ dw; w )/ydzd

(D.9)
x Z Gy (k; 2,2) A3 (1,02, k)0 (K + pr + pa)
b=—J
where A3 ,(p1, p2, k) is the three-point amplitude explicitly given by
A3,b(p17p27k) :p}le .. ‘pllléjeb,,ul,ug...,uj 5 (DlO)

with all momenta outgoing. €y, ,.. ., is the polarization tensor for spin-s particle. The
massless momenta pp, py are parametrized as before by p; = —w;¢; and (2.1). The massive
momentum k is parametrized by

P 1
k=mk, kt= 2—(1 + 32 + |23, 2Re(?)), 2Im(2)), 1 — > — |Z?). (D.11)
Yy
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A;z,é is the integration weight matrix that relates the spin-J massive irreducible
G\ (k the integrat ht matrix that relates th J ducibl
representations of the little group on R to the spin-¢ representations of the conformal
group on the celestial sphere. The integration weight matrix G%)(l%;z,z) is computed
in [34]

J

Gng k: 2, %) umz By KM M2 ..KWGé‘]A)(l%,Y;z,Z) )
2 G ), |
B . ~ 4
) (Y-q)7 Z[(k-q)(YAﬁzq)—(kﬁsq}(yﬂ)} for >0,
o) (k,Y;2,%) = GL B
LAV 25 % (Y-q) " T*[(k-0:9) (Y -q)— (k-q) (Y -029)] for £ <0 (D.12)
(—k-q)A+J 7

Kok, ¥) = 5 [ovic Rl 0] + (7 -0y
R 00— Y, (0 4+ Geov)?) |

where the null vector ¢ is parametrized by z and z as in (2.1). Plugging this formula into
(D.10), we find

2
- 1 o _ dy
A(J)_ (2i,2i) = —=— / dw; wiAl ! /dz’dz’
ENAVIVAW J'(%)J Z1;[1 0 y3 (D.13)

x 6 (p + p1 + p2) (P12 - K)"Géﬁ(l%,Y; 2,Z).
Now, the right hand side of (D.7) can be simplified as

2m2lt2 g (A oo A1 J ®dv pge(v ) dyz 2,1 2
ﬁ H dwi w; Z 2 |g| H d d*z
(1(3)0)" i1 /o ==yt 2 2Aine(v)

=1
x 8B (py + po + k1)6W (p3 + ps — ka)

. . J .
X [(pu'K(kl,Yl)) Géfﬂu“ﬁﬂﬁﬂﬁ)] [<p34'K(k2,Y2)) G(‘]g{liy(kz,yz;zjz)]

Yi=Ys
2m2J+2 g1 4 0o d
= <H/ dw; wPi™! y1 —Ld2210W (p1 + pa + k1)6W (p3 + pa — k1)
dr (JN(3)s)" i ui
. J .
. . . J
X (plz K(kl,Y1)> <p34 K(khYQ)) (Y1-Ys) iyt
4
0 _ u—t
= mm?’ (H/ dw; wp 1) 8 (p1 + p2 + ps + pa)d(s — )PJ( — )
i=170
(D.14)

where in the second equality, we have used the orthogonality condition [34]

MJZ ) J) A _ J ~ B PN s
Z/ dv Wng(v) /dQZGg,Hw(kl,Yusz)G(_g),l_il,(k%Y%Z,Z)=5(/€1,/€2)(Y1-Y2) ;

(D.15)
where the delta function §( kl, kg ) is defined by

/ dy?/dZ (k1, ko) F(kg) = F(ky). (D.16)
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In the third equality of (D.14), we have used the identities

dyl

y1

(pr2- K(n. )" (p3a- K, ¥2))” (41 ¥2)

4
—d2246W (py + pa + k1) = WMS —m?),

2

J _ g (2J — 1! P u—t
Yi=Y2=0 J'( 27 J( m2 >

(D.17)

Next, let us look at the left hand side of (D.7). The four-point celestial amplitude can
be computed using the Mellin integral (2.2) and the formula (2.15) with ¢; = 0,

Im A12H34 szz = (H/ dw; w )5(4)(]91 + - +p4)
PO PGE) P

s—m2+ie u—m24+ie t—m2+ie

4
o0 _ u—t
=t (T ) o () 6 0.

(D.18)
(D.14) and (D.18) matches exactly; hence, the factorization formula (D.7) follows.

x m2/Tm

By the conformal symmetry, the three-point celestial amplitude "ZngL AiA (2, %)
takes the form as

(J)

AV (20, 51) = NN < 212 )Z '
3,A1,A0;A 0\ <1 |zl2|A1+A2—(A—Z)|Zl3|A1+(A—Z)—A2’223’A2+(A—€)—A1 213293
(D.19)
Plugging this into (D.7) and using the form (2.12) of the four-point celestial amplitude, we

find

dv pye(v)
12(—)34 2J+2 J J f.
Imf (Z Z) = w*m J! Z / 27_[_ 2|Z|ng(V) CA1,A2,1+WECA3,A4,1 —iv, E\IJZOHZ 1+w€(z Z)

(D.20)
Note that with the prefactor (2.14), the left hand side of (D.20) is exactly the scalar
Poincare partial wave (3.23), i.e

A{—Ag—Az+A

Im fR29%(2,2) = (2 — 1) 7 o(iz —i2)WEP(A,2). (D.21)

Thus, (D.20) gives a conformal partial wave representation of the scalarPoincaré partial
wave!

Finally, in [34], the three-point coefficients Cil,AQ;Ag for J = 0, 1, 2 are computed,

and recursion relations for the general three-point coefficients are derived. In Appendix E,

we compute the general three-point coefficients by directly evaluating the Mellin integral
(D.13).
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E Computation of C(AJR,AQ;A,Z

Let us compute the structure constant C(AJl) A:ne Dy explicitly working out the Mellin
integral (D.13). The momentum conservation delta function gives

m , 21W1 + zow9 - 2Z1wW1 + zowa m?

=— ;F=—"""= F="-""" Vjwe=-—, E.1
Y 2(w1 + we) w1 + w2 w1 + W e 4]212|? ()
and the Jacobian ool 2
. 8m 212| Wy
Jacob = E.2
|Jacobian]| (2 + 4213l (E.2)
The inner products that appear in the (p12 - K)’ GéJA)(I%, Y';z,z) are summarized as
20, _ |2 2, |2
2p12-q=—4\z—22\2w2+M, 2If‘qz—4IZ—Zzl2wz—Ma
|212[%w2 |z12[*we
pla=m*, k-pia =0, (E.3)
2m(z — z1)(z — 29
(- 0)pra - 0s0) — (- D) (g - prz) = — 2= 2E=22)
We find ) )
p12- K = (NY + 2) p12 - Oy — 5(1012 -Y) (312/ + (k- 3&/)2) ) (E.4)

where Ny =Y - 0y simply counts the number of Y. We have the following identities

RGN (k,Y;2,2) =0,

R (E.5)
(k- Oy PGYA (kY5 2,2) = (J = [U)(J = 0] = )G 2 (h, Y3 2, 7).
Using these formulae, we find
(p12 : K)JGéJA)(]%Y,zaZ)
’ Y=0
J
1 2
_272( D™2J —1—2n)1(2n — 1) H( )
n=0
1z O)T g OV GAGR,Y55,2)| (E.6)

_ QLJ nz:%(—n"(z] —1—2n)1(2n — 1)”<2{L>

W=D =2 oy
Ty Cia iz 2).
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Let us assume £ > 0, and consider the integral

(H/ s ) /ydz dz'*(p+ p1 +p2)G( ) (k. pr; 2, 2)

¢
— 22—A1—A2—AmA1+A2—4+J—2n‘212‘—2A1 (Z - Zl)(’z - ’22) 1
219 |z — 22‘2(A+€)
N I on _ p\ wirT AT AT 2 ( o=z ? 2)"‘2"‘“
. O+p n — |Z12| IZ_ZQ‘
* /0 > Z (=1) < P ) 2 zz 2 \AT 2
p:0 <w2 + |212|2|Z—22|2>
J—2n—¢
— 21—A1—A2—AmA1+A2—4+J—2n Z (_1)f+p <J - 2n — €>
p=0 p
< B A+0+2p—A1+0A9 A—L0+2J —4n—2p+ A1 — Ay
2 ’ 2
¢
y ((z —z1)(z — 22)> 2 — 2[R AT A L A Ay A A A Ay
212
(E.7)
The three-point coefficient is
A Ag—4+J % 2n—
+Ag—4+
() ! ) I\ [(J—2n—1¢
CA1,A2,A€ A1+ Ao+ A+T— 1J1 Z Z (Qn P
n=0 p=
" (J —eDY(J — 2n) (2J —1—=2n)!1(2n — 1! (E.8)
(J — |¢] —2n)!
< B <A+£+2p—A1+A2 A—£+2J—4n—2p+A1—A2>
2 ’ 2 '
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