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1 Introduction

The Euclidean path integral has led to many insights in quantum gravity [1–3] but its
true meaning remains elusive. A central question is whether one should include wormholes
in the sum over geometries. Spacetime wormholes have been extensively studied in the
80s and have raised numerous conceptual puzzles [4–9]. In the context of the AdS/CFT
correspondence [10], they lead to a factorization problem [11].

Recent developments have shown that spacetime wormholes seem to be capturing av-
eraged properties of an exact theory. In Jackiw-Teitelboim gravity [12, 13], the ramp in
the spectral form factor is captured by a “double cone” wormhole [14]. Wormholes were
crucial in showing that certain correlation of JT gravity are dual to those of an ensemble of
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random matrices [15–17]. Replica wormholes were used to obtain a unitary Page curve in
toy models of evaporating black holes [3, 18, 19] although their relevance in realistic black
hole evaporation can be debated [20, 21], and they also appear in the computation of the
quenched free energy [22]. Spacetime wormholes have also been studied in three and higher
dimensions [23–31].

These developments suggest that the Euclidean path integral is computing some kind of
ensemble average. The question is then: what are we averaging over in the gravity theory?
In this paper, we propose an answer based on a precise analysis in the context of nearly
AdS2 holography [32–34].

Our work extends a possible resolution of the factorization problem proposed in [35]
where a single realization of the Sachdev-Ye-Kitaev (SYK) model [32, 36–45] at one point in
time was analyzed. It was observed that factorization is restored due to novel saddle-points
which behave as “half-wormholes”.1 However, the analysis of [35], although completely
precise, was performed only at one point in time and didn’t provide a gravitational picture.

In this paper, we study a more realistic model consisting of JT gravity with a massless
scalar field and its dual SYK model. In this theory, the gravitational path integral must be
defined as the sum over saddle-points which is closer to what we expect in higher dimensions.
Our starting point is the Euclidean wormhole supported by imaginary sources described in
[48]. By allowing the geometry to end on some spacetime D-brane, or SD-brane2, we find
half-wormhole solutions, characterized by a choice of boundary condition j(τ) for the scalar
field at the small end of the trumpet geometry.

We propose that half-wormholes appear in the “exact”, or non-averaged, gravity theory,
where the wormhole is excluded so that factorization is manifest. After averaging over the
boundary conditions, we recover the Euclidean wormhole solution of the “simple” gravity
theory in which factorization is lost. This leads to the general proposal that the Euclidean
path integral is an average over SD-brane boundary conditions.

Our gravity setup is especially nice because it has a holographic dual. The Euclidean
wormhole was shown in [48] to be dual to a two-site SYK model with complex couplings
where it was argued that the wormhole emerges in the disorder average. We thus expect
that the “exact” theory with half-wormholes is dual to a single realization of the SYK model.

This expectation is confirmed by the remarkable match of the complex free energies.
In particular, we find evidence that the zero mode of j(τ) should be identified the mean
value of the complex SYK coupling as defined in (6.2).

2 Review of the duality

In this section, we give a brief review of the duality described in [48] between a Euclidean
wormhole in JT gravity and a two-site SYK model with complex couplings. For lack of
a better term, we use here the word “duality” in a loose sense as the two setups are only
approximately equivalent; we would like to view the JT gravity story as a toy version of
what happens in the true dual of SYK.

1See also [46, 47] for recent discussions on half-wormholes.
2SD-branes have also been discussed in a related context in [49–52].
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2.1 Euclidean wormhole

The theory we consider is Jackiw-Teitelboim gravity with matter consisting of a massless
scalar field χ. The action is

S = SJT + Sχ , (2.1)

where

SJT = −S0

2π

[
1

2

∫
d2x
√
g R+

∫
dτ
√
hK

]
− 1

2

∫
d2x
√
gΦ(R+ 2)−

∫
dτ
√
hΦ(K − 1) ,

Sχ =
1

2

∫
d2x
√
g (∂χ)2 . (2.2)

The Euclidean wormhole solution is given the double trumpet geometry

ds2 =
dτ2 + dρ2

cos2ρ
, −π

2
≤ ρ ≤ π

2
, τ ∼ τ + b . (2.3)

This solution needs to be supported by imaginary boundary sources for the scalar field.
This corresponds to imposing Dirichlet boundary conditions

lim
ρ→π/2

χ = ik, lim
ρ→−π/2

χ = −ik , (2.4)

where k is a positive real number. The partition function of the wormhole is given by

ZWH = zWH e
−SWH , (2.5)

where the classical action and one-loop prefactor are

SWH = b2T − 2bk2

π
, zWH =

T

2π

1∏
n≥1(1− e−nb)

. (2.6)

We refer to [48] for more details.
Our regime of interest corresponds to a low temperature regime in which b� 1 so that

the one-loop contribution can be neglected.3 The on-shell value of b can be determined by
extremizing SWH which leads to

b∗ =
k2

πT
. (2.7)

and a constant free energy

FWH = −k
4

π2
. (2.8)

We should compare this with the free energy of two black holes

FBH = −2S0T − 4π2T 2 , (2.9)

and we see that there is a transition at the critical temperature

Tc =
k4

2π2S0
(k2 � S0) . (2.10)

3Note that this contribution becomes important at high temperature and actually leads to another “small
wormhole” saddle-point discussed in [48].
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This transition is depicted in Fig. 1a.
This computation gives the annealed free energy in gravity. Using a simple replica

computation, it was shown in [48] that the annealed and quenched free energies are the
same up to negligible corrections.

We have included Appendix A which gives a more complete description of the worm-
hole in terms of its Schwarzian effective action. Interestingly, the wormhole is entirely a
consequence of a U(1) gauge constraint. It is equivalent to two decoupled Liouville particles
with correlated potentials, in a way rather similar to [53]. In particular, the energy gap is
given as

Egap =
2k2

φ̄rπ2
. (2.11)

2.2 SYK with complex couplings

The dual setup is a two-site SYK model with Hamiltonian

H = HL +HR , (2.12)

each of which is an SYK Hamiltonian with complex couplings

HL =
1

4!

N/2∑
i,j,k,`=1

(Jijk` + iκMijkj`)ψ
L
i ψ

L
j ψ

L
k ψ

L
` , (2.13)

HR =
1

4!

N/2∑
i,j,k,`=1

(Jijk` − iκMijkj`)ψ
R
i ψ

R
j ψ

R
k ψ

R
` , (2.14)

where κ is a positive real number. The couplings are Gaussian distributed with zero average
and standard deviation

√
〈J2
ijk`〉 =

√
〈M2

ijk`〉 = (12/N)3/2.
We are interested here in the quenched free energy

〈F 〉 = −T 〈logZ〉 , (2.15)

which is plotted as a function of the temperature in Fig. 1b.

2.3 JT/SYK duality

We proposed in [48] that the two models described above are dual to each other.4 By the
AdS/CFT dictionary, the imaginary parts of the SYK couplings act as imaginary sources
for bulk operators. This suggests that the parameter κ should be dual to k. Note that the
massless scalar field can only be viewed as a toy version of the complicated SYK operator
which multiplies κ. We are not trying to establish an exact duality here: the JT gravity
story should be viewed as a simplified version of what happens in the true dual of SYK.
Still, we will see that the two systems are remarkably similar.

The most important check is that the free energies of the two models have exactly the
same phase transition at low temperature, see Fig. 1. We can also perform a number of more

4Note that the relation between complex couplings in the SYK model and Euclidean wormholes was
anticipated in [53].
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a. JT gravity
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Figure 1. Free energy of the JT gravity and the two site complex SYK setup of Ref. [48] for
N = 34 Majoranas on each site after performing a quench average over 45 disorder realizations. In
both cases, we observe a first order phase transition at low temperature.

quantitative checks. In the SYK setup, it was shown in [54] that the critical temperature
and energy gap have the following dependence with κ

Tc ∼ κ4, Egap ∼ κ2 , (2.16)

from an analysis of the Schwinger-Dyson equations. This perfectly matches the dependence
with k of the corresponding quantities in JT gravity given in (2.10) and (2.11).

Remarkably, we will see in this work that this JT/SYK duality seems to extend to a
single realization of the SYK couplings.

3 Half-wormhole solution

The theory we consider is Jackiw-Teitelboim gravity with a massless scalar field χ as de-
scribed by the action (2.1).

3.1 Geometry and boundary conditions

The half-wormhole is described by the trumpet geometry

ds2 =
dτ2 + dρ2

cos2ρ
, 0 ≤ ρ ≤ π

2
, τ ∼ τ + b . (3.1)

This geometry has an asymptotic boundary at ρ = π
2 at which we impose a Dirichlet

boundary condition for the scalar field

lim
ρ→π

2

χ = +ik . (3.2)

At the small end of the trumpet ρ = 0, we impose the following boundary conditions:

K = 0, χ(τ, 0) = j(τ) , (3.3)
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where j(τ) is a fixed function on the boundary circle. The condition K = 0 forces the small
boundary to be the geodesic circle γ at ρ = 0.

For simplicity, we will impose the additional condition∫
γ
dτ ∂ρΦ = 0 , (3.4)

which fixes the zero mode of nµ∂µΦ at the geodesic boundary γ. This avoids the need
to introduce an additional boundary term to have a consistent variational problem. This
zero mode is not fixed by the JT equations of motion so it’s possible to set it to zero.5

The consistency of the variational problem with these boundary conditions is checked in
Appendix C.1.

j +

Figure 2. Half-wormhole saddle-point. The + represent the boundary source +ik. At the geodesic
boundary, we impose a Dirichlet boundary condition on χ.

We can think of these boundary conditions as corresponding to a spacetime D-brane, or
SD-brane, which were discussed for example in [16, 49–52]. This terminology comes from
the fact that if we view the string worldsheet as a two-dimensional spacetime, the string
theory D-branes are SD-branes. The choice of j(τ) is understood as data specified by a
specific SD-brane.

Although SD-branes are similar to end-of-the-world branes, considered for example in
[18] for JT gravity, a conceptual difference is that they live in “superspace” whereas the end-
of-the-world brane is associated to a single geometry. Hence, an SD-brane with boundary
condition j(τ) allows any number of spacetimes to attach to it.

Specifying a Dirichlet boundary condition at the two boundaries ρ = π
2 and ρ = 0

uniquely fixes the solution to Laplace equation. So the half-wormhole is a classical solution
of JT gravity with matter.

Our proposal will be that the choice of j(τ) corresponds to the choice of a single
realization of the SYK couplings. Each realization of the couplings can be viewed as the
introduction of an SD-brane with a particular choice for j(τ) and averaging over couplings
corresponds to averaging over j(τ).

3.2 On-shell action

Let us now describe the solution in more detail and compute the on-shell action.
5In the Euclidean wormhole [48], this zero mode would correspond to the asymmetry parameter η which

doesn’t play an important role.
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3.2.1 Scalar action

The scalar field satisfies the Laplace equation �χ = 0 together with the boundary condition

χ(τ, 0) = j(τ), lim
ρ→π/2

χ(τ, ρ) = ±ik . (3.5)

Let us focus for now on the +ik choice, the other choice can be obtained by complex
conjugation. We can use the Fourier decomposition

j(τ) =
∑
n∈Z

jn e
2iπnτ/b (3.6)

and reality of j(τ) imposes j∗n = j−n. In the case where we set to zero all the Fourier modes
for n 6= 1, the solution is simply

χ(τ, ρ) = j0 +
2

π
(ik − j0)ρ . (3.7)

Including the higher Fourier modes, the profile of the scalar field can be parametrized from
boundary sources by using bulk-to-boundary propagators. This allows to compute the
scalar action and we obtain

Sχ = − b
π

(k + ij0)2 + 2
∑
n≥1

πn

tanh(π
2n
b )
|jn|2 . (3.8)

The details of this derivation are given in the Appendix C.2.
We obtain the classical action of the half-wormhole by adding the JT contribution

b2T/2 from the trumpet geometry [16]. This gives

Sclass.
half-WH =

b2T

2
− b

π
(k + ij0)2 + 2

∑
n≥1

πn

tanh(π
2n
b )
|jn|2 . (3.9)

3.2.2 One-loop contribution

Let’s now consider the one-loop piece. This piece turns out to be important. Since the
theory is one-loop exact, this gives the exact partition function in the saddle-point approx-
imation.

The one-loop piece coming from the scalar field can be obtained as follows. We con-
formally map the half-wormhole to a cylinder of width π/2 and circumference b. On the
cylinder, the one-loop contribution is the thermal partition function

Tr e−2b(L0− 1
24) =

1

η(e−2b)
=

eb/12∏
n≥1(1− e−2nb)

, (3.10)

in terms of the Dedekind eta function

η(q) = q1/24
∏
n≥1

(1− qn) (3.11)
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In our large b regime, we have
∏
n≥1(1 − e−2nb) = 1 + O(e−2b) which is negligible. The

exponential then gives a Casimir contribution − b
12 to the action. There is also the term

coming from the Weyl anomaly which is∫ π/2

0
dρ

(
− b

24π

)
=

b

48
. (3.12)

As a result, the classical action is corrected by the leading contribution of the Casimir
energy of the scalar field

SCasimir
half-WH = − b

12
+

b

48
= − b

16
. (3.13)

We recall that in the wormhole, the leading Casimir contribution vanishes as the same
computation gives [48]

SCasimir
WH = − b

24
+

b

24
= 0 . (3.14)

Indeed, compared to the half-wormhole, the Casimir energy is divided by 2 and the Weyl
anomaly is multiplied by 2.

Although it is a one-loop effect, the Casimir term cannot be neglected in the half-
wormhole because it is of the same order as the other terms in the action. We will then
write an effective action Shalf-WH = Sclass.

half-WH + SCasimir
half-WH which is explicitly

Shalf-WH =
b2T

2
− b

π
(k + ij0)2 + 2

∑
n≥1

πn

tanh(π
2n
b )
|jn|2 −

b

16
(3.15)

including the leading Casimir contribution. We will write the exact partition function as

Zhalf-WH = zhalf-WH e
−Shalf-WH , (3.16)

where the prefactor is

zhalf-WH ≡
√
T

2π

1∏
n≥1(1− e−2nb)

, (3.17)

contains the one-loop Schwarzian contribution and the remaining piece of the scalar field
determinant. In our regime Re b� 1, this prefactor can be neglected.

3.2.3 Saddle-point in b

In the half-wormhole solution, the value of b, which measures the size of the geometry, is
obtained by extremizing the action. This extremization should be done for the effective
action (3.15) including the leading contribution from the Casimir energy.

The on-shell value b = b∗ is the solution of a transcendental equation which is easy to
solve it numerically but doesn’t admit a closed form.

We can obtain an analytical approximation under a mild assumption on jn. Using
tanh(x) ≈ x, we can approximate∑

n≥1

πn

tanh(π
2n
b )
|jn|2 ≈

b

π

∑
n≥1

|jn|2 . (3.18)
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This is valid for b � 1 and if |jn|2 decreases sufficiently fast with n. For example |jn| =

O(n−4) would be sufficient. This gives

Shalf-WH =
b2T

2
− b

π

(
k̃2 − j2

0 + 2ikj0

)
. (3.19)

where we have introduced k̃ defined by

k̃2 = k2 − 2N(j) +
π

16
, N(j) ≡

∑
n≥1

|jn|2 , (3.20)

and we will assume that k̃ > 0 as otherwise the saddle-point will be inconsistent. The
extremization gives

b∗ =
1

πT
(k̃2 − j2

0 + 2ikj0) . (3.21)

This is a complex number so we see that the half-wormhole is a complex saddle-point. The
real part is

Re b∗ =
1

πT

(
k̃2 − j2

0

)
. (3.22)

The partition function has a prefactor involving the Dedekind eta function (3.11) evaluated
at q = e−2b. The Dedekind eta function η(q) is only defined on the region |q| < 1 and has
singularities on the circle |q| = 1. As a result, the partition function only makes sense for

Re b > 0 . (3.23)

In the path integral, the contour of integration for b is the semi-infinite line [0,+∞). If
there is a saddle-point in the region Re b > 0, we can deform the contour to pass through
this point and use the saddle-point approximation. However, this is not possible for a
saddle-point in the region Re b < 0 because the contour cannot be deformed past the line
Re b = 0. Hence, saddle-points in the region Re b < 0 should not contribute. The conclusion
is that the half-wormhole should only be included if

|j0| < k̃ . (3.24)

It is easy to check that our regime Re b� 1 is valid close to the critical temperature using
that S0 � 1. The effective action is then

Shalf-WH = − 1

2π2T
(k̃2 − j2

0 + 2ikj0)2 = −T
2
b2∗ . (3.25)

3.3 Half-wormhole at k = 0

It is interesting to note that the half-wormhole solution persists at k = 0, i.e. without
having any boundary source for the scalar field. Indeed, we have Re b∗ > 0 for k = 0 if j(τ)

satisfies
j2
0 + 2N(j) <

π

16
. (3.26)

For example, we could simply take j(τ) = 0. In such a regime, the half-wormhole saddle-
point has to be included. The possibility of such a solution is a consequence of the imperfect
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cancellation of the leading Casimir energy in the half-wormhole as discussed in section 3.2.2.
This leaves a large negative energy which makes such a solution possible. In the wormhole,
the leading Casimir energy cancels and there is no solution at k = 0.

As the parameter k is dual to the parameter κ in SYK, this solution might be related
to the standard SYK model (with real couplings). In particular, we have noticed that the
k = 0 half-wormhole gives a “noisy” contribution to the spectral form factor. However, it
doesn’t produce a ramp as one would have hoped so perhaps additional saddle-points are
needed to understand a single realization of the spectral form factor. In this paper, we focus
on finite k because we want the wormhole solution to be present. It would be interesting
to understand better the meaning of the k = 0 half-wormhole.

4 Gravity without average

In this section, we study the “exact” gravity theory corresponding to a fixed choice of
j(τ). In this theory, we don’t include wormholes and factorization is manifest. We will
show in The theory obtained by averaging over j(τ) is discussed in the next section. The
interpretation of this theory as the non-averaged gravity theory will be verified in section
6 by comparing it with a single realization of the SYK model.

One boundary. Let’s first consider the problem with one boundary and with a source
+ik for the scalar field. There are two contributions: the disk and the half-wormhole:

Z+(β) = Zdisk(β) + Zhalf-WH
+ (β) . (4.1)

This is illustrated as

j+++ . . .+=Z+(β)

The disk partition function is given by

Zdisk(β) = zBH e
S0+2π2T , zBH ≡

T 3/2

√
2π

, (4.2)

and the prefactor can be neglected in our regime.
Including both saddle-points, the total free energy is

F = −T log
[
Zdisk

+ + Zhalf-WH
+

]
(4.3)

= −T log

[
zBH exp

(
S0 + 2π2T

)
+ zhalf-WH exp

(
1

2π2T
(k̃2 − j2

0 + 2ikj0)2

)]
,

The prefactor will never be important in our regime and we might as well set zBH =

zhalf-WH = 1. We can compute the critical temperature from the equation

SBH = ReShalf-WH . (4.4)
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Figure 3. Real and imaginary parts of the free energy as a function of the temperature. We
observe a distinctive saw-like pattern in the imaginary part which will also appear in SYK. The
parameters used for these plots are k = 1, S0 = 103, N(j) = 0, j0 = 3× 10−3.

This gives

Tc =
1

2π2S0

(
(k̃2 + j2

0)2 − 4k2j2
0

)
+O(S−2

0 ) , (4.5)

where we have used S0 � 1. We see that Tc is positive only in the region6

|j0| < j∗0 =

√
k2 + k̃2 − k . (4.6)

Above this point, only the black hole dominates.
For |j0| < j∗0 , the free energy is as in Fig. 3. We see the phase transition at low

temperature. Below the critical temperature, the real part of the free energy is flat and
the imaginary part has a distinctive saw-like structure. Above the critical temperature, the
free energy is that of the black hole.

For |j0| > j∗0 , we only have the black hole. For k = 1 and N(j) = 0, the transition is
at j∗0 ≈ 0.482.

In the range where it is small, the parameter j0 can be seen to be related to the
number of oscillations in the imaginary part. To illustrate this, we have plotted in Fig. 4
the imaginary part with the same parameters as in Fig. 3 but with different values of j0.

We can understand the saw-like pattern by computing

ImF = −T arg
[
Zdisk

+ + Zhalf-WH
+

]
, (4.7)

where arg is the complex argument function valued in [−π, π]. Below the critical tempera-
ture, the black hole can be neglected and we have

ImF ≈ −T arctan

(
tan

(
2kj0(k̃2 − j2

0)

π2T

))
, (4.8)

6It becomes positive again for larger |j0| but this is beyond (3.24) so the half-wormhole should not be
included there.
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Figure 4. Imaginary part of the free energy as a function of the temperature. We see that j0
is related to the number of oscillations. A similar behavior will be observed in SYK for the dual
parameter r. The parameters used for these plots are k = 1, S0 = 103, N(j) = 0.

where the function arctan(tan(x)) is just used to give the modulo 2π representative of x in
[−π, π]. This formula precisely reproduces the saw-like pattern. As described in section 6,
this pattern is also observed in a single realization of the SYK model.

Two boundaries. Let’s now consider two boundaries with ±ik. We are computing

− + + + +
b

+− j +− + −

+−= ( − ) (× )++ +

=

j j

j j

Z−(β)Z+(β)

The answer manifestly factorizes since we don’t include wormholes. The free energy is
simply

F = −T log(Z−Z+) = 2 Re(−T logZ−) , (4.9)

which is twice the real part of the one boundary free energy. The analysis of the previous
section applies. We have a phase transition from a phase with two black holes to a phase
with two half-wormholes. The imaginary part vanishes here.

Although the Euclidean wormhole has been excluded by hand here, there is a sense in
which it is still present in the contribution of the two half-wormholes. This can be seen in
the fact that the free energy here is qualitatively similar to the free energy of the theory
with only black holes and wormholes, reviewed in section 2.

Indeed, it is natural to isolate the self-averaging part from the contribution of the two
half-wormholes. We will show in the next section that this gives precisely the wormhole.
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We can then view the two half-wormholes as the sum of the wormhole contribution and a
non self-averaging piece, represented by a linked contribution in [35].

5 Averaged gravity theory

In this section, we will consider the effect of the average over j(τ). We will consider the
following theories:

• a “simple” gravity theory, here JT gravity with a massless scalar, defined by the
Euclidean path integral including wormhole geometries. This theory doesn’t factorize.

• an “exact” gravity theory, defined from the simple gravity by removing wormholes
and allowing half-wormholes with boundary condition j(τ). This theory manifestly
factorizes.

The main result of this section will be that simple gravity is precisely equivalent to the
average over j(τ) of the exact theory for a suitable choice of ensemble.

5.1 Ensemble of boundary conditions

In general, we can consider an ensemble average of the form

〈O[j(τ)]〉 = N
∫
Dj(τ) e−S[j(τ)]O[j(τ)] , (5.1)

for any quantity O. In Fourier space, we have the decomposition (3.6). The integration
measure will be taken to be

Dj(τ) =
∏
n∈Z
|djn| =

∏
n∈Z

(2dj(R)
n dj(I)

n ) , (5.2)

writing jn = j
(R)
n +ij

(I)
n . N is an appropriate normalization factor. There are many possible

choices for S[j(τ)]. It is natural to make a choice that depends only on the Fourier modes,
assigning less weight to the higher modes. For example, we can take:

first ensemble : S[j(τ)] =
1

2J2

∑
n∈Z

(1 + |n|)|jn|2 , (5.3)

second ensemble : S[j(τ)] =
1

2J2

∑
n∈Z

(1 + n4)|jn|2 . (5.4)

A typical realization of j(τ) in these two ensembles is represented in Fig. 5. This illustrates
the fact that a single realization of j(τ) can contain a lot of complexity. For any such
realization, there will be a half-wormhole saddle-point. The on-shell action (3.8) is sensitive
to each Fourier mode so the half-wormhole will be very much dependent on the specific
realization. The on-shell value b will also depend on all the Fourier modes. In this respect,
the half-wormhole is not a self-averaging object.
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Figure 5. Typical realization of j(τ).

In the above ensemble, the typical value of jn is

first ensemble : 〈j2
n〉 ∼

J2

1 + |n|
, (5.5)

second ensemble : 〈j2
n〉 ∼

J2

1 + n4
. (5.6)

A limit that will be important is the “uniform” limit J → +∞. We will see that this is
the limit where the average of the exact theory corresponds to the effective theory. As this
limit is singular, some rescaling will be necessary.

We will define non-normalized averages as

〈O[j(τ)]〉0 =

∫
Dj(τ) e−S[j(τ)]O[j(τ)] , (5.7)

and the true average is

〈O[j(τ)]〉 =
〈O[j(τ)]〉0
〈1〉0

. (5.8)

The difference between normalized and non-normalized average won’t be too important. If
we average the partition function, this corresponds to a term log 〈1〉0 ∼ log J in the action
which should not play an important role. For example, in the first ensemble, we have

〈1〉0 =
∏
n≥1

4πJ2

1 + |n|
= 4πJ2

∏
n≥1

4πJ2

n
=
√

2J , (5.9)

using a standard zeta regularization for the infinite product [55]. It will be possible to
make the limit J → +∞ regular by adding appropriate “weight factors” in the averaging
procedure, to take care of these J-dependent factors.

5.2 Simple gravity as an average

In this section, we explain how simple gravity emerges from the average over j(τ) in the
limit J → +∞.
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5.2.1 Two boundaries: emergence of the wormhole

Let’s first consider the averaged two-boundary problem. We have the four contributions
depicted in section 4 and the average gives

〈Z−Z+〉 = ZBH
− ZBH

+ + 〈Zhalf-WH
− Zhalf-WH

+ 〉 , (5.10)

where we used that the average over single half-wormholes is negligible as will be shown in
the next section. The failure of factorization is given by

〈Z−Z+〉 − 〈Z−〉〈Z+〉 = 〈Zhalf-WH
− Zhalf-WH

+ 〉 . (5.11)

This is given by
Zhalf-WH
− Zhalf-WH

+ = z2
hWH e

−Spair (5.12)

where Spair is twice the real part of the half-wormhole effective action

Spair = b2T − 2b

π
k2 +

2b

π
j2
0 + 4

∑
n≥1

πn

tanh(π
2n
b )
|jn|2 −

b

8
, (5.13)

and the prefactor is the square of (3.17).
We will perform the average before extremizing over b. This is possible because we

are computing a double integral over j(τ) and b (approximating the integral over b by a
saddle-point) and the order of the integrals doesn’t matter.

We consider the J → +∞ limit of the average where the measure becomes simpler. In
the unnormalized average, we have the contribution∫

dj0 exp

(
−2b

π
j2
0

)∏
n≥1

∫
|djndj−n| exp

(
− 4πn

tanh(π
2n
b )
|jn|2

)

=
π√
2b

∏
n≥1

1

2n
tanh

(
π2n

b

)
. (5.14)

So this gives a multiplicative factor to the partition function. We can use the identity

∏
n≥1

tanh

(
π2n

b

)
= e−b/8

√
2b

π

∏
n≥1

(1− e−2nb)2

1− e−nb
. (5.15)

This expression can be obtained by writing the product in terms of the Dedekind eta
function and using its modular transformation, see Appendix C.3.

The product gives an exponentially suppressed contribution at large b but there is a
non-trivial “Casimir energy” e−b/8, which should be included in the action. In fact, we see
that this piece precisely cancel the −b/8 already present in the action due to the non-zero
Casimir energy of the half-wormholes.

We can use that the expression (5.15) and the fact that
∏
n≥1(2n) =

√
π from zeta

regularization [55] to show that the result is exactly the wormhole partition function:

lim
J→+∞

〈Zhalf-WH
− Zhalf-WH

+ 〉0 = ZWH = zWH e
−SWH . (5.16)
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given by

SWH = b2T − 2b

π
k2, zWH =

T

2π

1∏
n≥1(1− qn)

. (5.17)

Remarkably, we obtain the correct one-loop prefactor. Finally, the saddle-point over b gives
b = k2/(πT ) and a constant free energy, as reviewed in section 2.1. This shows that the
wormhole precisely arises from an average over half-wormholes.

b

+Dj

∫
− = +−jj

Figure 6. Emergence of the wormhole from the average over boundary conditions.

There is a simple way to understand why the wormhole partition function is exactly
equal to the average of two half-wormholes in the J → +∞ limit. The half-wormhole
boundary condition fixes the value of the scalar field to be j(τ) at the geodesic boundary. If
we consider two half-wormholes with the same j(τ), we can glue them and obtain a wormhole
with a non-trivial profile for the scalar field. Integrating over j(τ) simply corresponds to
“finishing” the path integral. In this way, the average comes from the fact that we isolate a
specific field in the path integral, and we decide to integrate over it later.

Note that this was for the unnormalized average. The true average is given by

〈Zhalf-WH
− Zhalf-WH

+ 〉 =
〈Zhalf-WH
− Zhalf-WH

+ 〉0
〈1〉0

. (5.18)

At large J � 1, we obtain a correction to the wormhole action of order log 〈1〉0 ∼ log J

which can be consider small if J is not too large.
To obtain a finite limit J → +∞, we should rescale the half-wormhole partition function

and define
Z̃half-WH
− = 〈1〉1/20 Zhalf-WH

− , (5.19)

so that
〈Z̃half-WH
− Z̃half-WH

+ 〉 = 〈Zhalf-WH
− Zhalf-WH

+ 〉0 = ZWH , (5.20)

gives correctly the wormhole. This can be seen as the addition of a constant term to the
action of the half-wormhole. This can be viewed as part of the averaging procedure. The
important point here is that we have obtained the precise relation between the wormhole
in simple gravity and an average of the half-wormholes of the exact theory.

5.2.2 One boundary: disappearance of the half-wormhole

For a single boundary, we have

〈Z−〉 = ZBH
− + 〈Zhalf−WH

− 〉 . (5.21)
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In this limit J → +∞, we have

lim
J→+∞

〈
ZhWH〉

0
= zhWH

∫
Dj(τ) exp

−b2T
2

+
b

π
(k + ij0)2 − 2

∑
n≥1

πn

tanh(π
2n
b )
|jn|2 +

b

16

 ,

(5.22)
where we recall that the measure is Dj(τ) =

∏
n∈Z |djn|.

Firstly, we can see that the integral over j0 removes the dependence on k, as can be
seen by doing a simple change of variable. This is one of the reason the half-wormhole
saddle-point will not survive the average. This integral generates the prefactor π/

√
b.

We then perform the integral over jn for n 6= 0. This gives the contribution

∏
n≥1

∫
|djndj−n| exp

(
− 2πn

tanh(π
2n
b )
|jn|2

)
=
∏
n≥1

1

n
tanh

(
π2n

b

)
.

Again, this contribution cannot be neglected in a saddle-point analysis because of the e−b/8

term in (5.15).
Combining everything, we obtain

lim
J→+∞

〈
ZhWH〉

0
= zhWH

av exp
(
−ShWH

av
)
, (5.23)

with the effective action and prefactor being

ShWH
av =

b2T

2
+

b

16
, zhWH

av =

√
T

2π

∏
n≥1

(1 + e−nb) . (5.24)

There is saddle-point at b∗ = − 1
16T but because this is negative, this saddle-point should not

be included as explained in section 3.2.3. The half-wormhole saddle-point has disappeared
in the average.

j + ≈ 0Dj

∫
Figure 7. Disappearance of the half-wormhole saddle-point in the average.

There were two important effects that are in play here. Firstly, the average over the
zero mode j0 has removed the dependence on the source k. Then, the average over jn has
changed the sign of the Casimir energy and prevented the existence of a saddle-point at
positive b.

In the averaging procedure described above, we obtain the true average as

〈Z̃half-WH
− 〉 = 〈1〉−1/2

0 〈Zhalf-WH
− 〉0 , (5.25)
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which is still suppressed.
As a result, the average of the one boundary partition function is dominated by the

black hole
〈Z−〉 ≈ ZBH

− . (5.26)

This precisely reproduces the expectation from simple gravity.

5.2.3 Quenched average

The quenched average for a single boundary is obtained by averaging the free energy of a
single realization discussed in section 4. It’s easy to see that the real part, which is self-
averaging, remains of the same form, but with a smoother transition. The imaginary part
averages to zero. An example with 100 realizations of j(τ) is given in Figure 8.

00 3×10-5 6×10-5 9×10-5

-0.11

-0.10

-0.09

-0.08

-0.07

-0.06

ReF

00 3×10-5 6×10-5 9×10-5
-15×10-5

-10×10-5

-5×10-5

0

5×10-5

10×10-5

15×10-5

ImF

Figure 8. Quenched average over 100 realization of j(τ) in the first ensemble (5.3). The parameters
used for the plot are k = 1, S0 = 103, J = 0.1. The vertical scale for the imaginary part is adapted
for one realization so that we see that it averages to zero. Tc is defined as the mean of the critical
temperatures of the different realizations.

If we have two boundaries, we can use that

〈log(Z+Z−)〉 = 2 Re 〈logZ+〉 , (5.27)

so that the quenched free energy is twice the real part of the one boundary quenched free
energy, and the discussion is the same as above. This corresponds to our wormhole solution.

How does this compare to simple gravity? It seems that for one boundary, simple
gravity has only the black hole and hence cannot have the flat part seen in the quenched
average of the exact theory. However, this is too naive. To compute the real part of the
quenched free energy in gravity, we actually need to introduce the complex conjugate and
write

Re 〈logZ+〉 =
1

2
〈log(Z+Z−)〉 . (5.28)

This allows for the possibility of a wormhole contribution connecting the boundary to
its complex conjugate, a “real part wormhole”. This is precisely what happens here and
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reproduces the flat part in the free energy. This shows that the quenched free energy of the
exact theory is also reproduced by simple gravity.

Finally, we have shown that the average over j(τ) in the limit J → +∞ is precisely
equivalent to simple gravity, for both the annealed and quenched averages.

5.3 More general averages

In the previous section, we considered the average in the limit J → +∞. This is the regime
in which the average theory becomes the simple gravity theory. In this section, we will
discuss more general possibilities.

For simplicity, we will freeze jn for n 6= 1 and consider the average over only j0. Also, we
we will use the approximation described in section 3.2.3 which requires that |jn| decreases
sufficiently fast with n. The values of jn, n 6= 1 are then completely captured in the on-shell
action by the constant N(j) defined in (3.20).

The average of the partition function involves an integral over j0 that is difficult to
analyze. A simpler method is to do the average before the saddle-point over b. We thus
consider

〈Z+(β)〉 = N
∫
Dj0 e

−j20/(2J2)e−Shalf-WH (5.29)

using the expression (3.19). This gives

〈Z+(β)〉 = N ′ e−Sannealed , Sannealed =
b2T

2
+
b

π

(
k2

1 + π
2J2b

− k̃2

)
, (5.30)

with unimportant normalization constants N and N ′.
The integral over b remains to be done. It can be estimated by a saddle-point approx-

imation. The saddle-point equation

dSannealed

db
= 0 , (5.31)

is a cubic equation in b which leads to three saddle-points. Here, we will simplify the
problem and only discuss the regimes bJ2 � 1 and bJ2 � 1.

Regime bJ2 � 1. This is compatible with b� 1 only for J � 1. In this regime, we can
neglect the 1 in the denominator. We find a saddle-point at

b∗ =
πk̃2

π2T + 4J2k2
(5.32)

which is always positive. The validity of the above approximation requires b∗J2 � 1. Since
we keep k and k̃ of order one, this is only possible if the temperature term dominates. The
critical temperature is of the order

Tc ∼
k̃4

2π2S0
(5.33)

neglecting the j0 term since J � 1. This gives the condition

J � S
−1/2
0 , (5.34)
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and we also have S0 � 1 so this corresponds to very small values of J . All the approxima-
tions are then valid. The resulting on-shell action is

Sannealed = − k̃4

2π2T
, (bJ2 � 1) (5.35)

Regime bJ2 � 1. Since we already have b� 1, this corresponds to J & 1. In this regime,
we have

Sannealed ≈
b2T

2
+
b

π

(
k2 − k̃2

)
(bJ2 � 1) , (5.36)

which gives a saddle-point at

b∗ =
k̃2 − k2

πT
=

1

πT

( π
16
− 2N(j)

)
. (5.37)

Note that this is a real saddle-point. It should only be included for b∗ > 0. The resulting
on-shell action is

Sannealed = −(k̃2 − k2)2

2π2T
, (bJ2 � 1) . (5.38)

We should check that b∗ � 1 for our approximations to be valid. The critical temperature
corresponds to Sannealed = −S0 which leads to Tc ∼ (k̃2 − k2)2/S0. Close to the critical
temperature, we then have

b∗ ∼
S0

π(k̃2 − k2)
. (5.39)

so we have b∗ � 1 as long as k̃2 − k2 stays of order one.
This also captures the limit J → +∞. As the half-wormhole should only be included

for b∗ > 0, there are two possible cases

1. If k̃ > k, i.e. N(j) < π
32 , the half-wormhole is still present in the J → +∞ limit,

2. If k̃ < k, i.e. N(j) > π
32 , the half-wormhole disappears in the J → +∞ limit.

So we see that depending on the choice of parameters, the half-wormhole either survives
or disappears in the J → +∞ limit. A natural choice is to set jn = 0 for n ≥ 1 which
corresponds to N(j) = 0. This leads to the first case and the half-wormhole survives in the
J → +∞ limit. Instead, we can perform the average over the jn as in the previous section.
As showed there, this leads to an effective value N(j) = π

16 because of the identity (5.15).
We are then in the second case and the half-wormhole disappears.

6 SYK without average

We have described above a gravity theory in which half-wormhole saddle-points are impor-
tant. We have also shown how the wormhole emerges after ensemble average over SD-brane
boundary conditions. Following the close relation between this wormhole and a two-site
SYK model with complex couplings [48], reviewed in section 2, we naturally expect that
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Figure 9. Left: Real part of the free energy for a single disorder realization of the Hamiltonian
(6.1) for N = 34 and z = reiθ = 0. We consider a few disorder realizations in order to illustrate the
dependence of the results on the choice of random couplings. This dependence is relatively minor.
In all cases, we do observe clearly a flat part for low temperature and a rather abrupt decreases
at a finite temperature Tc consistent with a first order phase transition. This is similar to both
the prediction of gravity of the previous section and also the free energy after ensemble average
of the two-site complex SYK [48] related to a Euclidean wormhole. Right: Imaginary part of the
free energy for the same parameters. Results are rather sensitive to the details of the disorder
realization.
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Figure 10. Real part of the free energy for z = reiπ/6 for N = 34 and different r. As r increases,
we observe a gradual reduction of the low temperature flat part until it almost disappears for r > 5.
This feature is consistent with the gravity result of the previous section.
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the field theory associated to the gravity theory before average, termed exact, is a single
realization of the one-site SYK model with Hamiltonian

H =
1

4!

N/2∑
i,j,k,`=1

(Jijk` + iκMijk`)ψiψjψkψ` . (6.1)

In this section, we confirm this expectation by computing the free energy of a single
disorder realization of a SYK model with complex couplings and comparing it with the free
energy of the exact gravity theory.

We will not perform any average but just study how the free energy depends on the
couplings. As we do not want to study all the complicated features of a single realization,
we will focus on the dependence on the mean value

z = Jijk` + iκMijk` (6.2)

defined by summing over i, j, k, ` and dividing by the number of terms. To any single
realization of the complex couplings, we can associate this complex number z which can
be viewed as the “center-of-mass”. We will see that this parameter is closely related to the
parameter j0 on the gravity side.

We take Jijk` andMijk` to be Gaussian variable with zero mean and standard deviation√
〈J2
ijk`〉 =

√
〈M2

ijk`〉 = (12/N)3/2. For a typical realization in this ensemble, the parameter
z will be very small due to the large amount of cancellations. For instance, we typically
have |z| ∼ 10−4 for N = 34. However, we stress we are not considering typical realizations.
We are merely studying how a function (the free energy) depends on its variables (the
complex couplings). For this purpose, we are not restricted to typical realizations and it
will be convenient to consider realizations where z has a much larger value.

To sample a realization with a tunable z, a convenient procedure is to take the Jijk`
and Mijk` mentioned above and add some fixed complex value z to the complex couplings.
This gives a single realization where the mean value is approximately z as long as z is not
too small so that we can neglect the Gaussian noise in the center-of-mass. We will write
z = reiθ.

The eigenvalues of the Hamiltonian (6.1) are obtained numerically by exact diagonal-
ization techniques. The gravity results assume a large N limit so we will focus on the
largest N = 34 that we can reach numerically. Unless stated otherwise, we set κ = 1. For
convenience, so that the relevant values of r are of order one, we redefine r → r/N . A more
natural scaling [56] may be r → r/N3/2. However, we stress again that since we do not
take any ensemble average, we are free to choose the details of the random couplings.

After these considerations, the free energy

F = −T logZ , (6.3)

is computed by an explicit evaluation of the partition function. Note that since the spectrum
is complex, the free energy will have in general real and imaginary parts. As far as we are
aware, not much is known about the imaginary part of the free energy in the context of
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Figure 11. Imaginary part of the free energy for z = reiπ/6, N = 34 and different r’s. As r
increases, the free energy develops a characteristic saw-like shape.
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Figure 12. Imaginary part of the free energy for z = 9eiπ/6. We find an excellent agreement with
the gravity prediction Eq. (4.8) with fitting parameters that provide an effective relation between
the SYK and the gravity system parameters.

the SYK model. The first question we would like to clarify is whether a single disorder
realization of this SYK model captures the main features of the disorder average case,
reviewed in section 2.2.

Results depicted in Fig. 9 confirm that this is largely the case. Despite the natural
increase of fluctuations, we still observe a flat part at low temperature that ends rather
abruptly at a critical temperature Tc. Although details depend on the disorder realization,
these general features are rather robust.

We now explore the effect of a finite z. We first fix θ = π/3 and change r. For small
r, see Fig. 10, we do not observe great differences in the real part of the free energy with

– 23 –



-180

-160

-140

-120

-100

-80

-60

	0 	2 	4 	6 	8 	10 	12 	14

Re
	F
(T
)

T

θ	=	0
θ	=	π/4
θ	=	π/2

θ	=	3π/4
θ	=	π

-20

-15

-10

-5

	0

	5

	10

	2 	4 	6 	8 	10 	12

Im
	F
(T
)

T

θ	=	0
θ	=	π/4
θ	=	π/2

θ	=	3π/4
θ	=	π

Figure 13. Free energy for N = 34, r = 2 and different θ’s. The random couplings are the same
for all angles. Qualitatively, results do not depend much on θ, especially those corresponding to
the real part of the free energy.

respect to the r = 0 case. However, as r increases, the flat part is gradually reduced
and ultimately, for sufficiently large r, seems to completely vanish. This is in qualitative
agreement with the gravity results where we also observe a maximum j0 for half-wormholes
to exist. As mentioned earlier, we do not try to make any quantitative relation between
the SYK parameter r and the gravitational parameter j0 but we compare the qualitative
behavior.

The imaginary part of the free energy also reveals interesting features. For small r, see
Fig. 11, there is an intricate oscillating pattern that seems to be very sensitive to the details
of the random couplings. For sufficiently high temperature, the imaginary part vanishes
as it was the case in the gravity calculation. For larger r, a saw-like structure robustly
emerges that does not depend on the details of the random couplings. For intermediate
values of r, the saw-like shape of the imaginary part coexists with a flat part in the low
temperature limit of the real free energy. This is in striking agreement with the gravity
calculation described in section 4. Moreover, the saw-like shape is well described by the
gravitational prediction (4.8). see Fig. 12. The value of the fitting parameters could be
employed to establish an effective relation between j(τ) in gravity and z in the SYK model.

It seems that this range of intermediate z is the one closely related to the gravitational
half-wormhole. For larger r, the saw-like shape covers a broad range of temperatures while
the real part no longer has a half-wormhole contribution. This is for a fixed θ = π/6. Results
depicted in Fig. 13 indicate that for a fixed r, and varying θ, the free energy, especially the
real part, is qualitatively similar. For small θ � π/2 (not shown), the free energy does not
change much with θ. As θ increases, the details of the oscillations of the imaginary part
for low temperatures become very sensitive to the value of θ. However, the overall pattern
does not change substantially. More specifically, the saw-like shape that defines the large
r limit of the imaginary free energy cannot be reached by tuning θ. Likewise, the overall
shape of the real part of the free energy is rather insensitive to θ though the position of
the local fluctuation does change with it. We note that the same random couplings were
employed for all values of θ.
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Figure 14. Free energy for N = 34, two different disorder realizations (a, b), θ = π/6 and different
r’s. Top left is the real part. The rest correspond to the imaginary part. In all cases, results for
the two different disorder realizations are qualitatively similar. As r increases, the dependence on
the specific choice of random couplings become smaller.

Previously, we found that for z = 0 results do not depend qualitatively on the disorder
realization. We now repeat this analysis for z 6= 0. Since results do not depend qualitatively
on θ, we set θ = π/6 and study the free energy for two different disorder realizations a, b
and different r’s. For small r, results are not very different from the r = 0 case. The real
free energy is rather similar for both disorder realizations with a different pattern of small
fluctuations in the low temperature flat piece. The oscillating pattern of the imaginary
part for small temperature seems to be more sensitive to the choice of random couplings.
However, as r increases, both the real and imaginary part become increasing insensitive to
the disorder realization. This is hardly surprising since the value of z becomes much larger
than the typical value of the random coupling so disorder becomes less important. The
vanishing of the wormhole phase for large r, even in the low temperature limit, is consistent
with previous results as well.

This is just an exploratory study and presently we do not have a very precise un-
derstanding of the reasons behind the surprising agreement with the half-wormhole gravity
prediction in the intermediate range of parameters mentioned above. It would be interesting
to carry out a more precise analysis along the lines of [35].

In summary, we have shown that the half-wormhole appears to capture a single re-
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alization of the SYK model with complex couplings. In some range of parameters, we
have found a surprising agreement in the free energy between both models. This is still a
rather phenomenological approach. It would be interesting to check whether the effective
Schwarzian-like action is the same in both models or whether other characterizations of the
single realization beyond z give similar agreement.

Finally, let us comment on performing the SYK average and its relation to the gravity
average discussed in section 5. In the SYK ensemble, Jijk` and Mijk` are Gaussian random
variable with zero mean and standard deviation (12/N)3/2. This ensemble will give some
distribution for the parameter z. As we expect the parameter z to correspond to j0 in
gravity, we see that the dual picture corresponds to performing the average over j0 where
its standard deviation J is fixed to some value, related to the standard deviation of z in
the SYK ensemble. This is different from the simple gravity regime which corresponds to
J → +∞. In fact, as z is very small in a typical realization, we expect that J should be
very small. The quenched average will preserve the real part and cancel out the imaginary
part as shown in section 5.2.3. Thus, the basic features of the quenched free energy will
not depend very much on the value of J and the agreement described in section 2 will be
robust, and holds at J → +∞ but also at small J .

7 Discussion

We have given a precise interpretation of a Euclidean wormhole in a “simple” gravity theory
as an average of half-wormholes in “exact”, or non-averaged, theories. The exact theory,
which manifestly factorizes, is supposed to capture some of the complexity of the UV-
completion of gravity. This interpretation shows that the wormhole is meaningful and
captures statistical properties of objects in some exact theory. We will now mention a few
interesting implications of our results.

Dissecting the average. Our result suggests a systematic procedure to improve simple
gravity towards a more “exact” theory of gravity. Given some simple theory of gravity,
one would imagine having many types of wormholes each leading to a factorization puzzle.
Replacing any of these wormholes by half-wormholes would bring us closer and closer to
the exact theory in which factorization is manifest. It would be interesting to understand
if this procedure can be implemented for other theories of interest.

Relation to baby universes. Another approach to the factorization problem is to use
baby universes and α-states [7, 9, 49–52, 57]. Our discussion here will be placed in the
framework of [50]. In the regime of interest, the simple gravity theory has only the black
hole and wormhole saddle-points. From this, it can be shown that the third-quantized
theory is Gaussian and that the baby universe Hilbert space is a Fock space. Explicit
expressions for the α-states can be obtained. An α-state is implemented by adding an
infinite number of SD-branes and factorization in an α-state can be understood as the
consequence of a “wormhole=diagonal” identity [49, 51, 57]. See Appendix B for more
details.
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Despite some similarities, we view our resolution of the factorization problem as con-
ceptually different. We are not adding anything to simple gravity to restore factorization
but are rather interpreting the wormhole as the average of half-wormholes belonging to
non-averaged theories.7 Our approach is more economical because factorization is achieved
with a single SD-brane whereas an α-state corresponds to an infinite number of them.
Moreover, our SD-branes are qualitatively different from the SD-branes of [50] since they
don’t involve the asymptotic boundary but attach to the geometry deep inside the bulk.
Also, there is a priori no conceptual difficulty in constructing higher-dimensional versions of
our half-wormholes whereas the relevance of baby universes in higher dimensions is subject
of debate as, among other things, they don’t fit well with string theory [58].

Higher dimensions. Let us now comment on possible generalizations to higher dimen-
sions. At the difference of [16], where the full path integral was performed, we are using
here a sum over saddle-points.8 In higher dimensions, we also don’t expect the full path
integral to be meaningful and should be defined as a sum over saddle-points. This makes
the JT model with matter more realistic than pure JT gravity.

Our half-wormhole solutions seem to be generalizable to higher dimensions. For exam-
ple, one could try to construct half-wormholes using the the Euclidean wormholes solutions
described in [31] which are very similar to our Euclidean wormhole. Indeed, they are also
supported by boundary sources and display a similar phase transition at low temperature.
It would be interesting to see if consistent boundary conditions can be imposed at the
mid-section to obtain higher-dimensional half-wormholes.

Assuming that Euclidean wormholes which are asymptotically AdS5 × S5 do make
sense, they will lead to a factorization problem. Our proposal suggests that it should be
possible to define half-wormholes with boundary condition j(τ) so that the wormhole arises
meaningfully in the theory where we average over j(τ). This would provide a bulk resolution
of the factorization problem.

As the SYK model is defined as an average, it is natural to take the exact gravity
theory to be dual to a single realization of the couplings, as we have done in this paper.
In the case of AdS5 × S5, it’s much less clear what we should do with the dual N = 4

super Yang-Mills. Our proposal suggests that there should be some specific modification of
N = 4 SYM which should be dual to having an SD-brane with boundary condition j(τ) in
the bulk. Averaging over such modifications will give a theory whose gravity dual has the
Euclidean wormhole. It would be interesting to see if this idea can be made more precise.
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A Wormhole dynamics

The Euclidean wormhole has two reparametrization modes τL(uL) and τR(uR) on each side
of the double trumpet. In this section, we derive the Schwarzian-like effective action for
these modes. This analysis shows that the wormhole is entirely a consequence of the U(1)

gauge constraint. It also allows us to derive the spectrum of excitations of the wormhole.
The effective action for τL(uL) and τR(uR) takes the form

SJT = φ̄r

∫
duL

{
tanh

(
1
2τL(uL)

)
, uL

}
+ φ̄r

∫
duR

{
tanh

(
1
2τR(uR)

)
, uR

}
+ Sχ , (A.1)

where the two Schwarzian terms come from the JT action. The interesting piece is the
contribution Sχ of the scalar field. It is obtained by writing the profile of the scalar field in
terms of boundary sources χL and χR:

χ(τ, ρ) =

∫ +∞

−∞
dτLKL(τ, ρ; τL)χL(τL) +

∫ +∞

−∞
dτRKR(τ, ρ; τR)χR(τR) , (A.2)

where the bulk-to-boundary propagators on global AdS2 are

KL(τ, ρ; τL) =
1

2π

(
cos ρ

cosh(τ − τL) + sin ρ

)
, KR(τ, ρ; τR) =

1

2π

(
cos ρ

cosh(τ − τR)− sin ρ

)
.

While the sources χL and χR are periodic under τ ∼ τ + b, the integral in (A.2) is over the
real line to implement the method of images. This leads to

Sχ =
1

2π

∫ φ̄rβ

0
duL

∫ +∞

−∞
duR

τ ′L(uL)τ ′R(uR)

cosh2
(

1
2(τL(uL)− τR(uR))

)χL(uL)χR(uR) , (A.3)

where we ignore the left-left and right-right terms that are not important for our analysis.
The choice of sources corresponding to our wormhole is

χL(uL) = −ik, χR(uR) = ik . (A.4)

For this choice, it can be seen that the integrand of Sχ becomes a total derivative. This is
expected because there are no interaction between the two sides. Instead, we will see that
the dynamics comes entirely from a gauge constraint.

In JT gravity, we have to view the SL(2,R) symmetry as a gauge symmetry because
we should not sum over equivalent configurations in the path integral [33]. The vanishing
of SL(2,R) charge was used in [53] to study the eternal traversable wormhole and to reduce
to the dynamics of a Liouville particle. In the double trumpet geometry, the SL(2,R)

symmetry of global AdS2 is broken to U(1) because of the identification τ ∼ τ + b.
The U(1) symmetry acts on the reparametrization modes as

τL(uL)→ τL(uL) + ε, τR(uR)→ τR(uR) + ε (A.5)

where ε is a constant. To obtain the U(1) charges, we make ε dependent on uL and uR.
The charges QL and QR can be read off from the variation of the action

δεS =

∫
duLduR (∂uLε(uL, uR)QL(uL) + ∂uRε(uL, uR)QR(uR)) . (A.6)
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We have a U(1) charge at each boundary taking the form

QL(uL) = φ̄r

(
τ

(3)
L (uL)

τ ′L(uL)2
−
τ ′′L(uL)2

τ ′L(uL)3
− τ ′L(uL)

)
+
k2

π
, (A.7)

QR(uR) = φ̄r

(
τ

(3)
R (uR)

τ ′R(uR)2
−
τ ′′R(uR)2

τ ′R(uR)3
− τ ′R(uR)

)
+
k2

π
.

and a similar expression at the right boundary. The gauge constraint condition is then

QL(uL) +QR(uR) = 0 . (A.8)

As these are functions of different variables, the most general solution is

QL = q, QR = −q , (A.9)

where q is some constant. We observe that this is equivalent to two decoupled particles
with correlated potentials, described by the action

SLiouville =

∫
duL

(
1

2
ϕ′2L(uL)− Vq(ϕL(uL))

)
+

∫
duR

(
1

2
ϕ′2R(uR)− V−q(ϕR(uR))

)
,

(A.10)
with a Liouville potential

Vq(ϕ) =
1

2
e2ϕ − 1

φ̄r

(
k2

π
− q
)
eϕ . (A.11)

This is rather similar to the Liouville particle description of the eternal traversable wormhole
[53]. The minimum of the potential corresponds to the solutions

τL(uL) =
1

φ̄r

(
k2

π
− q
)
uL, τR(uR) =

1

φ̄r

(
k2

π
+ q

)
uR . (A.12)

which are precisely the solutions corresponding to the wormhole [48]. We also see that we
have

q =
η

2
, (A.13)

in terms of the asymmetry parameter η.
In the range |q| < k2/π, we have bound states corresponding to the low energy excita-

tions of the wormhole. Small fluctuations around the minimum gives two oscillators with
frequencies

ωL =
1

φ̄r

(
k2

π2
− q

)
, ωR =

1

φ̄r

(
k2

π2
+ q

)
. (A.14)

In particular, the energy gap is

Egap =
1

2
(ωL + ωR) =

2k2

φ̄rπ2
. (A.15)

The k-dependence of the energy gap matches the corresponding quantity in the dual SYK
model, as was shown in [54] by an analysis of the Schwinger-Dyson equation.
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B Baby universes and α-states

The gravity model considered in this paper turns out to be a nice example where the
framework of [50] can be implemented explicitly. We define here the gravitational path
integral to be the sum over saddle-points. Here, we are only discussing the “simple” gravity
theory with the black hole and wormhole saddle-points.

At each boundary, we can choose the inverse temperature and the boundary source k
for the scalar field: χ|∂ = ik. For suitable regimes of these parameters, there are only two
saddle-points: the black hole and the wormhole.

The connected two-point function is the wormhole partition function

〈Z(J1)Z(J2)〉c = ZWH(J1, J2) , (B.1)

where at each boundary we have the label J = (β, k). All the connected higher-point
functions vanish. Indeed, although multiboundary saddle-points could exist in principle,
we can safely neglect them because they are exponentially suppressed by S0. Although it
won’t be needed in this discussion, let us report that the explicit expression is

ZWH(J1, J2) = zWH exp

(
(k1 − k2)4

8π(T1 + T2)

)
, (B.2)

where the prefactor is given in (2.6) with b = 1
πT (k1 − k2)2 and T = 1

2(T1 + T2).
The fact that only the one-point and two-point function are non-zero tells us that Z(J)

is a Gaussian random variable. This theory fits in the “wormhole perturbation theory”
discussed in [50]. In fact, the third-quantized theory is free here.

To be more explicit, we should make a change of variable and consider

Z̃(J) =

∫
dJ ′G(J, J ′)(Z(J ′)− 〈Z(J ′)〉) , (B.3)

where G(J, J ′) is a suitable kernel that diagonalizes ZWH according to∫
dJ ′1dJ

′
2G(J1, J

′
1)G(J2, J

′
2)ZWH(J ′1, J

′
2) = δ(J1 − J2) . (B.4)

The existence of G can be seen as follows. We can view ZWH(J1, J2) as an operator on
the space of functions {f(J)} defined by (ZWH · f)(J) =

∫
dJ ′ZWH(J, J ′)f(J ′). As this

operator is symmetric, it can be diagonalized. This means that we can find another operator
G such that Gt · ZWH · G = 1. We have also removed the one-point function in (B.3) for
convenience.

We then see that we have

〈Z̃(J1)Z̃(J2)〉 = δ(J1 − J2) . (B.5)

Following [50], we can write
Z̃(J) = aJ + a†J (B.6)

where aJ , a
†
J are baby universe annihilation and creation operators satisfying

[aJ1 , a
†
J2

] = δ(J1 − J2) . (B.7)
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The baby universe Hilbert space is then the Fock space generated by acting with a†J on the
Hartle-Hawking vacuum |HH〉, see [50] for more details. An α-state |α〉 is specified by an
arbitrary function α(J) and satisfies

Z̃(J)|α〉 = α(J)|α〉 . (B.8)

They can be written explicitly as coherent states of baby universes

|α〉 = N exp

[
−1

2

∫
dτ(a†J − α(J))2

]
. (B.9)

We can also write them as the Fourier transforms of SD-brane states according to [50]

|α〉 =

∫
Dg(J) exp

(
−i
∫
dJ g(J)α(J)

)
|SDg〉 (B.10)

where |SDg〉 = exp
(
i
∫
dJ g(J)Z(J)

)
|HH〉 has the interpretation of the insertion of an SD-

brane. This works because the integral over g(J) gives a delta functional δ(Z(J) − α(J))

projecting onto the α-state α(J). Note that the SD-branes discussed here have nothing
to do with the SD-brane used to define the half-wormhole: they involve the asymptotic
boundary whereas our SD-brane attaches to the small end of the trumpet.

An α-state is implemented in gravity by adding an infinite number of SD-branes. Fac-
torization in an α-state can then be understood in terms of a “wormhole=diagonal” identity
[49, 51]. In the present case, this identity can be written explicitly. This analysis is identical
to the corresponding analysis in the ĈGHS model [57, 59, 60], a flat space analog of JT
gravity in which Z(β) is a Gaussian variable. We refer to [57] for more details.

C Some technical details

C.1 Variational problem

We check here that the boundary conditions described in (3.1) are consistent with the
variational problem. The JT action is

IJT = −1

2

∫
d2x
√
gΦ(R+ 2) + I∂ , (C.1)

where I∂ is a suitable boundary term to be determined. The variation gives

δIJT = −1

2

∫
d2x
√
g

(
(R+ 2)δΦ +

1

2
gµνΦ(R+ 2)δgµν + Φ(−Rµν +∇µ∇ν − gµν�)δgµν

)
+δI∂ . (C.2)

Imposing the dilaton equation of motion gives R = −2 and we get

δIJT = −1

2

∫
d2x
√
g (Φ(gµν +∇µ∇ν − gµν�)δgµν) + δI∂ . (C.3)

Performing integration by parts twice yields

δIJT =

∫
d2x

(
Eµνg δgµν + ∂µΘµ

)
+ δI∂ , (C.4)
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where

Θµ = −1

2

√
g
(

Φ∇νδgµν − Φgαβ∇µδgαβ −∇νΦδgµν + gαβ∇µΦδgαβ

)
(C.5)

The geodesic boundary at ρ = 0 will be denoted γ. The normal vector is n = ∂ρ and the
extrinsic curvature vanishes there. Our choice of boundary condition forces that δK = 0 at
γ. As we have

δK = −nµ∇νδgµν +
1

2
nα∇αδgµνgµν , (C.6)

we obtain

nµΘµ|γ =
1

2

√
g nµ

(
∇ν(Φδgµν)− gαβ∇µΦδgαβ

)
. (C.7)

The first term becomes a total derivative on the circle. Thus, we end up with∫
γ
nµΘµ = −1

2

∫
dτ ∂ρΦ gαβδgαβ (C.8)

To have a consistent variation problem, this should be cancelled by the boundary term

I∂ =

∫
γ
dτ
√
g nµ∂µΦ =

∫
γ
dτ ∂ρΦ , (C.9)

using that δ(√g) = 1
2

√
g gαβδgαβ . Note that for the end-of-the-world brane with condition

nµ∂µΦ = µ, this reproduces the known action for an end-of-the-world brane, used for
example in [18]:

I∂ = µ

∫
γ
dτ . (C.10)

For the scalar field, we must impose

nµ∂µχ δχ|γ = 0 (C.11)

so its consistent to take our Dirichlet boundary conditions which correspond δχ = 0.
For consistency with the JT equations of motion, we cannot impose nµ∂µΦ = µ for

constant µ. Indeed, one of the JT equations says that

∂τ∂ρΦ + ∂ρχ∂τχ = 0 . (C.12)

So if we want χ to be non-trivial on γ, we should not impose any local condition on the
dilaton.

It’s not difficult to solve the JT equations for a general j(τ) in an expansion around
ρ = 0 to see that our boundary conditions are consistent. We also note that the additional
boundary action I∂ is just the zero mode of ∂ρΦ. This zero mode is not fixed by the equations
of motion. In the wormhole, it corresponds to the asymmetry parameter η discussed in [48]
which does not play an important role. For simplicity, we will set this zero mode to zero as
an additional boundary condition. This ensures that

I∂ = 0 (C.13)

and we don’t have to add an additional boundary term to the action.
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C.2 Scalar profile in half-wormhole

We would like to compute the on-shell action of the scalar field in the half-wormhole. The
boundary conditions are

χ|ρ=0 = j(τ), lim
ρ→π

2

χ = ik . (C.14)

To do this, we can use the general expression (A.2) of the scalar field in the double trumpet.
This leads to

χ(τ, ρ) =
2ik

π
ρ+

∫
R
dτLKL(τ, ρ; τL)χL(τL) , (C.15)

where the method of images has been implemented by extending the range of integration
of τL to the full real line.

Of course, we don’t really have a left source χL here, it’s just a convenient way to write
a solution of the Laplace equation. We can find the relation between χL(τ) and j(τ) by
going to Fourier space. We obtain

χ
(n)
L = 2 cosh(π

2n
b )jn . (C.16)

The on-shell action is given by

Sχon-shell =
1

2

∫
M
d2x
√
g(∂χ)2 =

1

2

∫
∂M

dy
√
hχnµ∂µχ =

1

2

∫ b

0
dτ
[
χ∂ρχ

]ρ=
π
2

ρ=0
, (C.17)

which can be written as

Sχon-shell = −k
2b

π
+ S1 + S2 , (C.18)

in terms of a linear in j(τ) piece S1 and a quadratic piece S2. The linear piece is

S1[j(τ)] = − ik
π

∫ b

0
dτ

∫
R
dτL χL(τL)

(
1

4(1 + cosh(τ − τL))
+

1

2π cosh(τ − τL)

)
= −2ikb

π
j0 , (C.19)

where we have used (C.16). The quadratic piece is

S2[j(τ)] =
1

8π2

∫ b

0
dτ

∫
R
dτL

∫
R
dτ ′L

χL(τL)χL(τ ′L)

cosh2(τ − τL) cosh(τ − τ ′L)

=
1

4π

∫ b

0
dτ

∫
R
dτL

χL(τL)j(τ)

cosh2(τ − τL)
. (C.20)

In Fourier space, this gives

S2[j(τ)] =
1

2π

∑
n∈Z

π2n

sinh(π
2n
b )

χL,nj−n , (C.21)

where we used that ∫
R
dx

eiωx

cosh2x
=

πω

sinh(1
2πω)

. (C.22)
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Finally, using the relation (C.16), we obtain the Fourier representation

S2[j(τ)] =
∑
n∈Z

πn

tanh(π
2n
b )
|jn|2

=
b

π
j2
0 + 2

∑
n≥1

πn

tanh(π
2n
b )
|jn|2 . (C.23)

We finally arrive at

Sχ = − b
π

(k + ij0)2 + 2
∑
n≥1

πn

tanh(π
2n
b )
|jn|2 . (C.24)

C.3 Product identity for the average

We will derive here the identity (5.15). Let’s introduce the variable

q = e2iπτ = e−4π2/b . (C.25)

We use the standard notation τ for an element of the upper half-plane Im τ > 0. This
should not be confused with the Euclidean time coordinate which plays no role in this
section. This allows us to write

tanh

(
π2n

b

)
=
q−n/4 − qn/4

q−n/4 + qn/4
, (C.26)

and we have ∏
n≥1

tanh

(
π2n

b

)
=
∏
n≥1

1− qn/2

1 + qn/2
=
∏
n≥1

(1− qn/2)2

1− qn
=
η(τ/2)2

η(τ)
, (C.27)

in terms of the Dedekind eta function η(τ). The large b regime corresponds to q → 1. In
this regime, it is natural to apply a modular S-transform and define

τ̃ = −1

τ
, q̃ = e2iπτ̃ = e−b , (C.28)

so that we can use the transformation law η(−1/τ) =
√
−iτ η(τ) to obtain

∏
n≥1

tanh

(
π2n

b

)
= 2
√
−iτ̃ η(2τ̃)2

η(τ̃)
= 2q̃1/8

√
−iτ̃

∏
n≥1

(1− q̃2n)2

1− q̃n
, (C.29)

which is (5.15).
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