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Abstract

Dressed Gluon Exponentiation is a well known method to study power corrections. We
present here its eikonalized version – Eikonal Dressed Gluon Exponentiation (EDGE)
[1] to determine the dominant power corrections to shape variables such as Thrust, C-
parameter, and Angularity. Our method remarkably simplifies the calculations.
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1 Introduction

Event shape variables are classical tools for precise determination of the strong coupling con-
stant [2–6] from collider data, and are useful while constructing the models for hadronization.
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2 DRESSED GLUON EXPONENTIATION

Due to the infrared safety of the event shape variables, they can be calculated in the perturba-
tion theory. The state of the art is NNLO calculations at fixed orders [7–11], while NLL [12–15],
and NNLL resummation [16–27] frameworks have been developed over several years. If one
denotes the event shape variable by e, then its corresponding distribution dσ/de peaks in
the two jet limit (e → 0). In this particular limit the distributions are affected by the non-
perturbative power corrections of order (Λ/eQ)n and (Λ2/eQ2)n, arising from the soft gluon
and the collinear gluon corrections respectively. Here, we discuss the analytic non-perturbative
corrections, which are suppressed by powers of (Λ/Q) as compared to the perturbative cor-
rections.

A generic observable σ in perturbative QCD is a sum of perturbative corrections and the
power corrections,

σ

�

Q
µ

,αs

�

= σpert

�

Q
µ f

,
µ f

µ
,αs

�

+
∑

n

σn

�µ f

µ
,αs

��µ f

Q

�n

, (1)

where µ f is the factorization scale, and µ is the renormalization scale. The perturbative part
of the observable shows a factorial growth order by order in the strong coupling constant
αs, which implies that the perturbative series is divergent. One of the known techniques to
sum a series with factorial growth is Borel summation, and upon performing Borel summa-
tion the factorial divergences appear as singularities in the Borel plane. We can avoid these
singularities by contour deformation, however, the ambiguity in choosing the direction of the
contour deformation results in ambiguous perturbative results. These ambiguities can be stud-
ied efficiently by studying the power corrections of these observables [28]. For event shape
distributions at LEP, the soft power corrections (corrections due to soft gluons) are dominant
over the collinear power corrections (corrections due to collinear gluons). These soft power
corrections are so dominant at the scale e ≈ Λ/Q that we require resummation in order to
make a stable prediction. However, the collinear corrections become relevant at smaller val-
ues of e ≈ (Λ/Q)2, which are generally out of experimental range. Thus, in this paper, we only
discuss the soft power corrections.

An elegant and efficient way to deal with the perturbative logarithms and the non pertur-
bative power corrections is Dressed gluon exponentiation (DGE) [29]. In this paper, we aim
to calculate only the dominant soft power corrections using the Dressed gluon exponentia-
tion. We merge the eikonal approximation for the emission of the soft gluons with the well
known Dressed gluon exponentiation, and we call the resulting method eikonal Dressed gluon
exponentiation (EDGE) [1].

The paper is structured as follows: section 2 reviews the basic concepts about Dressed
gluon exponentiation, section 3 shows how EDGE can be used in terms of two different kine-
matic variables such as energy fractions and light cone co-ordinates to calculate the soft power
corrections, and section 4 describes the calculation of Sudakov exponent by taking the Laplace
transformation of the Borel function derived in section 3.

2 Dressed gluon exponentiation

The event shape distribution in the single dressed gluon approximation serves as the starting
point for DGE, which is built from the one-loop real emission contribution to the event shape
for a gluon with virtuality k2 6= 0. The renormalon resummed event shape distribution, which
dominates in the large N f limit, is given by [28],

1
σ

dσ
de
(e,Q2) = −

CF

2β0

∫ 1

0

dξ
dF(e,ξ)

dξ
A(ξQ2) , (2)
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2 DRESSED GLUON EXPONENTIATION

where β0 =
11
12 CA−

1
6 N f , ξ= k2/Q2, and A(ξQ2) is the large-β0 running coupling (A= β0αs/π)

on the time-like axis. In the MS scheme, the Borel representation of A(ξQ2) has the form,

A(ξQ2) =

∫ ∞

0

du(Q2/Λ2)−u sinπu
πu

e
5
3 uξ−u . (3)

Now, if we denote the squared matrix element as M, then we can write down the characteristic
function F(e,ξ) as [30,31],

F(e,ξ) =

∫

d x1d x2 M(x1, x2,ξ)δ (e− ē(x1, x2,ξ)) , (4)

where x i ’s are the energy fractions, and ē is the expression of the event shape in terms of
the kinematic variables. The Borel representation of cross-section distribution is obtained by
interchanging the order of integration of eq. (2), and it takes the form,

1
σ

dσ
de
(e,Q2) =

CF
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0

du(Q2/Λ2)−uB(e, u) , (5)

where the Borel function for single dressed gluon B(e, u) is defined by,

B(e, u) = −
sinπu
πu

e
5
3 u

∫ ∞

0

dξ ξ−u dF(e,ξ)
dξ

. (6)

This Borel function B(e, u) is free from any renormalon singularities in the u plane. However,
when the Borel function for single dressed gluon is exponentiated via a Laplace transform, it
generates the renormalon poles in the Borel plane, which we will discuss in section 4.

The exponentiation of the logarithmically enhanced terms in the Laplace space is guaran-
teed by the additive nature of the event shapes and the factorization of matrix elements for
soft and collinear radiations. Then, the resummed cross-section in the Laplace space has the
form,

1
σ

dσ(e,Q2)
de

=

∫ C+i∞

C−i∞

dν
2πi

eνe exp[S(ν,Q2)], (7)

where C lies to the right of the singularities of the integrand. This exponentiation in the
Laplace space effectively resums the Sudakov logarithms and the power correction terms in
the two-jet region. The Sudakov exponent has the form [32],

S(ν,Q2) =

∫ 1

0

de
1
σ

dσ(e,Q2)
de

(e−νe − 1). (8)

This integral is dominant in ν→∞, which corresponds to the Sudakov region e→ 0. Using
Eq. (5), the Sudakov exponent is reduced to,

S(ν,Q2) =
CF

2β0

∫ ∞

0

du
�

Q2/Λ2
�−u

Be
ν(u), (9)

where

Be
ν(u) =

∫ 1

0

de B(e, u) (e−νe − 1). (10)
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3 Eikonal Dressed gluon exponentiation

In this section we describe Eikonal Dressed gluon exponentiation (EDGE) [1] in two well
known kinematic variables: energy fractions, and the light-cone variables. The basic idea
of EDGE is to calculate the Borel function by considering the eikonal approximated matrix
element and the eikonal approximated version of the relevant event shape variable.

3.1 EDGE in energy fractions

In this subsection, we describe EDGE in the energy fraction variables x i . The colour and
coupling stripped off matrix element in the eikonal limit for the process γ∗ → qq̄g with a
massive gluon is given by,

Msoft(x1, x2,ξ) =
2

(1− x1)(1− x2)
(11)

where,

x1 =
2p1 ·Q

Q2
, x2 =

2p2 ·Q
Q2

, x3 =
2k ·Q

Q2
, ξ=

k2

Q2
. (12)

Here p1, p2, and k denote the momenta of the quark, anti-quark, and the gluon respectively,
and Q = p1 + p2 + k, which fixes x3 = 2− x1 − x2.

The eikonal approximated versions of thrust (T), C-parameter (c), and the angularities
(τa) are given by [1],

T = Max
¦

x1, x2,
q

x2
3 − 4ξ

©

, ceik(x1, x2) =
(1− x1)(1− x2)
(1− x1) + (1− x2)

,

τeik
a (x1, x2,ξ) =(1− x1)

1−a/2(1− x2)
a/2. (13)

Note that, the definition of thrust is so simple that it does not require any approximation in
the eikonal limit, and we can use the full definition of thrust in EDGE. Also note that, we have
used the modified definition [33] of C-parameter, which is given by c = C/6. Using the eikonal
approximated event shapes and performing the integration over x1, x2 of eq. (4) by using the
soft boundary of the phase space, we get the characteristic functions for thrust, C-parameter
and angularities as,
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F(τa,ξ) = −
4
τa

1
1− a

logξ. (14)

where t = 1 − T , and q =
p

T2 + 4ξ. Now, using the results for characteristic functions
and eq. (6), we proceed for the calculation of the Borel function for the emission of one
gluon. The upper and the lower limit of the integration are determined from the collinear
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3.2 EDGE in light-cone variables 3 EIKONAL DRESSED GLUON EXPONENTIATION

(x1 = 1−ξ, x2 = 0 ) and the soft (x1 = x2 = 1−
p

ξ) gluon boundary conditions respectively.
The Borel functions for thrust, C-parameter, and the angularities are given by [1],
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 . (15)

The results for the characteristics functions and the Borel functions for thrust, C-parameter and
angularities match with the leading singular terms of the same function presented in [32] for
thrust, [33] for C-parameter, and [34] for angularities.

Thus, we have obtained the correct leading singular terms using the eikonal definitions of
the event shape variables and the soft approximated version of the squared matrix element,
and as mentioned in [1], the computation of these functions is substantially less complex in
EDGE as compared to the full calculation using the traditional Dressed gluon exponentiation.

3.2 EDGE in light-cone variables

In this subsection, we will calculate the Borel function for thrust, C-parameter, and the angu-
larities following the same steps of the previous subsection using the transverse momentum
k⊥ and rapidity y of the massive gluon. In these variables, the eikonal approximated version
of the three event shape variables considered in the previous section can be written as,

ē(k,Q) =

√

√

√k2
⊥ + k2

Q2
he(y) , (16)

where k⊥ and y denote transverse momentum of the gluon and pseudo-rapidity measured with
respect to the thrust axis respectively. For thrust (t), C-parameter (c), and angularities(τa),
he(y) takes the form,

ht(y) = e−|y| , hc(y) =
1

2cosh y
, hτa

(y) = e−|y|(1−a) . (17)

The matrix element for the emission of soft gluons can be computed easily by applying the
eikonal Feynman rules. The fact that the soft phase space factorizes from the hard part reduces
the soft cross-section to a very simple universal form,

dσ
σ
=

1
3

4

k2 + k2
⊥

dk2
⊥d y . (18)

Now, using eq. (4) and (18) and integrating over the transverse momentum k⊥, the charac-
teristics function takes a very simple form [1],

F(e,ξ) =
8
e

∫

ymin

d y . (19)
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4 EXPONENTIATION

Here, only the lower limit is relevant for soft power corrections. The lower limit for this
integration is calculated using eq. (16) and (17), and for three event shape variables they are
given by,

ymin(t) = log

�

1
t

p

ξ

�

, ymin(c) = cosh−1
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,
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Using eq. (19) and (20), we get the characteristics functions for the thrust, C-parameter, and
Angularities as,

F(t,ξ) = −8
t

log
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t

�
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8
c

cosh−1

�p
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�

,
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log
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which again agrees with the known results presented in [32–34] for the three event shape
variables. Now, using eq. (6) one can calculate the Borel functions, which will be same as
those presented in eq. (15).

4 Exponentiation

In this section, we will compute the Sudakov exponent for thrust. Similar conclusions can
be made for the other two shape variables mentioned in the article. In the Sudakov region
(ν →∞), using B(t, u) of eq. (15), and keeping only the logarithmic enhanced terms, the
Borel function for thrust in Laplace space can be written as,

B t,eik
ν (u) = 2 e

5
3 u sinπu

πu

�

Γ (−2u)
�

ν2u − 1
�

2
u
− Γ (−u)

�

νu − 1
�

2
u

�

. (22)

Note that, this is free from any u = 0 singularities. The coefficient of Γ (−2u) corresponds to
large-angle soft gluon emissions, while the coefficient of Γ (−u) corresponds to the collinear
gluon emissions. However, this expression contains two types of poles: Γ (−2u) has poles for all
positive integers and half-integers, and Γ (−u) has poles for all positive integers. The prefactor
sinπu regulates the poles for the integer values of u.

We will now compare our result with the full result for B t
ν presented in [33, 34] which is

given by,

B t
ν(u) = 2e

5
3 u sinπu

πu

�

Γ (−2u)
�
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� 2

u
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2
u
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1
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+
1

2− u

��

. (23)

We note that B t,eik
ν (u) does not contain u= 1 and u= 2 poles as compared to the full B t

ν(u). We
note that the poles related to the large angle soft gluon emissions are same in the approximated
and the full result, thus leading logarithm terms are same for the full B t

ν(u) and B t,eik
ν (u). A

detailed comparison of the leading and the sub-leading logarithms are discussed in [1]. It is
important to note that EDGE does not produce any new spurious renormalon poles.

The poles in B t
ν(u) in the real u-axis implies that the integral over u to determine the

Sudakov exponent of eq. (9) is ill-defined and one needs to deform the contour to evaluate
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this integral. The deformation of the contour around the real u-axis introduces an ambiguity
in the result, which can be determined by calculating the residue of B t

ν(u) at the poles. The
sizes of these residues determine the amount of the power corrections. It is evident from the
expression of B t

ν(u), that the power corrections due to soft gluons will arise from the poles at
u= m/2, whereas the collinear power corrections will arise from the poles at u= 1, and u= 2.
It was discussed in [1,32–34] that the soft power corrections are dominant over the collinear
corrections. For example, at LEP, the collinear power corrections are 1000 times smaller than
soft corrections [1]. As EDGE correctly reproduces the poles related to the emission of large
angle soft gluons, thus we can determine the soft power corrections correctly using EDGE.

The dominance of the soft power corrections is true for all the event shapes considered
in this paper. Thus the dominant soft power correction for other variables considered in this
paper can be calculated using the same steps.

5 Conclusion

In this paper, we have discussed EDGE, developed in [1], based on the well known Dressed
gluon exponentiation. We have demonstrated that the soft power corrections can be calculated
using the eikonal squared matrix element, together with the eikonal version of the relevant
event shape variable. We have also observed that EDGE does not generate any new spuri-
ous renormalon poles in the Sudakov exponent. We believe that, as compared to traditional
Dressed Gluon Exponentiation, EDGE is simple enough and can be extended to the hadronic
event shape variables, which are relevant at the LHC.
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