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Abstract

With the advancement of strategies for the precision physics programs for the HL-LHC,
FCC-ee, FCC-hh, ILC, CLIC, CEPC, and CPPC, the need for proper control of the attendant
theoretical precision tags is manifest. We discuss the role that amplitude-based resum-
mation may play in this regard with examples from the LHC, the proposed new colliders
and quantum gravity.
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1 Introduction

The subject of resummation in quantum field theory has applicability in the infrared (IR),
collinear (CL), and ultraviolet (UV) limits. In what follows, we focus on the IR limit. Indepen-
dent of the limit in which one works, one can distinguish two general types of resummation:
exact resummation and approximate resummation. Inside these two general classes, one has
further sub-classes as we will illustrate. We start by defining the two general classes.

Toward this end, we recall that, even in elementary examples of summation, such as
∑∞

n=0 xn = 1/(1 − x), infinite order summation can greatly improve the behavior of the se-
ries relative to what one concludes from an examination of the series term-by-term. With this
motivational background, we note that, in resummation, where we resum existing infinite or-
der sums in quantum field theory, we can work either at the level of the Feynman amplitudes
or at the level of observable cross sections. In either case, we can distinguish two types of
resummation of the attendant Feynman series as follows:

∞
∑

n=0

Cn(Q, m)α̃n =

¨

F RES(Q, m, α̃)
∑∞

n=0 Bn(Q, m)α̃n, EXACT

G RES(Q, m, α̃)
∑N

n=0 B̃n(Q, m)α̃n, APPROX,
(1)

where α̃ is the coupling constant expansion parameter (it is αs in QCD, for example) and N
characterizes the order of the exactness of the approximate case labeled as ’APPROX’ here
while the first result on the right-hand side of the last equation defines what we call ’EXACT’
resummation. Q and m are generic representatives of momentum-dependent variables and
masses that may enter the respective amplitudes or cross sections. As we have described in
Ref. [1], there is a long history of the comparison and competition between these two classes
of resummation in quantum field theory. Generally, there is a limit to the theoretical precision
tag associated with the APPROX result determined by N while, in principle, the EXACT result
has no such limit. In what follows, we use the EXACT representation of resummation in new
paradigms to probe new issues in precision LHC/FCC physics and in quantum gravity.

As it has been noted in Refs. [2, 3], we have recently passed 50 years of the Standard
Theory [4–9]1 of elementary particles. Given the current status of the observations at the
LHC [11, 12], one has to keep a proper historical perspective with an eye toward the future.
In Ref. [13], one can see a path forward led by experiments at future energy frontier colliders
(The interplay between experiment and theory is crucial to the progress of physics.). This
allows us to look to the future with optimism.

The discussion is organized as follows. In the next Section, we review the representation of
EXACT resummation which we will use. The discussion of its application to obtain new results
with new issues in precision LHC physics is given in Section 3. The analogous discussion for
the FCC is given in Section 4. Section 5 discusses quantum gravity in this context. Section 6
contains our concluding remarks.

2 Review of Exact Amplitude-Based Resummation Theory

We include here a brief review of exact amplitude-based resummation theory, as it is still not
generally familiar. The theory is encoded by the following master formula:

dσ̄res = eSUMIR(QCED)
∑∞

n,m=0
1

n!m!

∫ ∏n
j1=1

d3k j1
k j1

∏m
j2=1

d3k′ j2
k′ j2

∫ d4 y
(2π)4 ei y·(p1+q1−p2−q2−

∑

k j1
−
∑

k′ j2 )+DQCED

1We follow Prof. D.J. Gross [10] and henceforth refer to the Standard Model as the Standard Theory of ele-
mentary particles.
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˜̄βn,m(k1, . . . , kn; k′1, . . . , k′m)
d3 p2

p 0
2

d3q2

q 0
2

, (2)

where the new2(YFS-style) residuals ˜̄βn,m(k1, . . . , kn; k′1, . . . , k′m) have n hard gluons and m
hard photons. The new residuals and the infrared functions SUMIR(QCED) and DQCED are

defined in Ref. [14,15]. Parton shower/ME matching leads to the replacements ˜̄βn,m→
ˆ̄̃
βn,m,

which allow us to connect with MC@NLO [16,17], via the basic formula

dσ =
∑

i, j

∫

d x1d x2Fi(x1)F j(x2)dσ̂res(x1 x2s), (3)

as explained in Ref. [14,15].
We have used Eq.(2) to obtain results in precision LHC and FCC physics and we have

extended it to general relativity as an approach to quantum gravity. In each respective appli-
cation, our new results are accompanied with new issues. We discuss such new results and
new issues in precision LHC physics in the next Section.

3 Precision LHC Physics: New Results and New Issues

The large data sample of Z’s and W’s at the LHC affords the opportunity for precision stud-
ies EW studies as evidence by the ATLAS state-of-the-art measurement of MW in Ref. [18].
The effort to make an analogous state-of-the-art measurement of the weak mixing angle via
sin2 θ

e f f
W is in progress in Ref. [19]. In this context, four of us (SJ, BFLW, SAY, ZW) have intro-

duced the MC KKMC-hh [20–22] which realizes exact O(α2 L) CEEX [23,24] EW corrections
for hadron-hadron scattering processes with built-in Herwig6.5 and Herwiri1.031 showers as
well as with an LHE [25] format for interfacing to other parton shower MC’s. In the studies
aimed at extracting observables such as sin2 θ

e f f
W from the precision analysis of the Z decays

to lepton pairs at the LHC, the IR-improvement in KKMC-hh opens the way for quantifying
the effects of the ISR on such observables.

We focus here on angular variables in pp → Z/γ∗ → ℓℓ̄,ℓ = e−, µ−, augmented with the
dilepton mass, Mℓℓ, and rapidity, Yℓℓ, and consider distributions of the angle θCS of ℓ defined
in the Collins-Soper [26] frame – the CM frame of ℓℓ̄, referenced to a z-axis oriented as shown
in Fig. 1. For P = pℓ + pℓ̄, p± = p0 + pz in the Lab, we have
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AFB, A4 --> sin2θW

Figure 1: Angular variables in the Collins-Soper frame.

cos(θCS) = sgn(Pz)
p+
ℓ

p−
ℓ̄
− p−

ℓ
p+
ℓ̄p

P2P+P−
. (4)

2The non-Abelian nature of QCD requires a new treatment of the corresponding part of the IR limit.
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Using the angular distribution for θCS , with an eye toward sin2 θ
e f f
W , we may study, as we have

done in Ref. [22], the observables A4 and AFB, which we define as

A4 =
4
σ

∫

cosθCSdσ = 4< cosθCS >

,

AFB =
1
σ

∫

sgn(cosθCS)dσ =< sgn(cosθCS)>

where we follow the notation of Ref. [27] for the angular coefficients Ai , i = 0, . . . , 7 in the
respective differential cross section dσ(θCS ,φCS) for the lepton in Fig. 1. To illustrate our
results, we start by showing in Fig. 2, as a cross-check, the dependence of the size of the ISR
and IFI effects on A4, plotted as a function of Mℓℓ, on the choice of PDF set when we feature
results based on the NNPDF 3.1 NLO PDF set [28] and on the MMHT2014 NLO set [29].
We see that the KKMC-hh results with the two sets are consistent within the errors on the
respective sets. In both cases, we see that the effects of the ISR are significant at the level of

4

NNPDF is on the left,
MMHT is on the right.

The KKMC-hh results are 
compatible in both 
versions. 

The violet line is the
comparison of the QED-
version of each PDF to
the non-QED version. 
The shapes are similar in 
the 𝑀𝑙𝑙 histogram, but 
there is a shift.

PDF Comparison for 𝐴4 (8
3
𝐴FB , no lepton cuts)

S. Yost KKMC-hh LHC EW Precision Subgroup Meeting, 26 Feb. 2021

(a) (b)

Figure 2: PDF comparison for A4(
8
3AFB)

as a function of Mℓℓ with no lepton cuts: (a) shows results calculated with NNPDF3.1 NLO,
(b) shows results calculated with MMHT2014 NLO. LUXQED denotes the QED-PDF realized

by NNPDF3.1 and MMHT2014 following the approach of Ref. [30].

precision relevant for the expected for the current LHC data analysis [19]. We also see from the
difference between the ISR from KKMChh and that from LUXQED that the transverse degrees
of freedom in the photon radiation in KKMChh are significant.

A new issue that our approach raises is the role of quark masses in precision LHC EW
physics. In this context, we show in Fig. 3, using results from KKMChh, the effect of changing

7

These graphs use NNPDF.

The graphs on the left 
have KKMC-hh default 
light quark masses: 

mu = 2.2 MeV,
md = 4.7 MeV.

The light quark masses on
the right are increased by
a factor of 10.

The 𝑀𝑙𝑙 histogram of the 
ISR dependence is not 
significantly changed, but 
the IFI dependence shifts. 

S.A. Yost  KKMC-hh LHC EW Precision Subgroup Meeting, 26 Feb. 2021

(a) (b)

Figure 3: Mass comparison for A4
as a function of Mℓℓ with no lepton cuts: (a) shows results calculated with

mu = 2.2MeV, md = 4.7MeV , (b) shows results with these masses increased by a factor of
10.

the quark masses by a factor 10 on the size of the ISR and the IFI in A4(
8
3AFB), where the word
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’heavy’ in the figure refers to this factor of 10. The results, which again feature A4 plotted as a
function of Mℓℓ and are generated with the NNPDF3.1 NLO PDF set, show that the ISR is not
very much affected by the change but that there is some effect on the IFI.

The role of the quark masses as observable parameters obtains in Figs. 3 – they are not
just a collinear regulators. This brings us the the issue of the input data at Q0 ∼ 1 GeV for
the non-QED PDFs used in KKMChh. Is it a double counting if the collinearly singular quark
mass terms are not removed? In locall, relativistic quantum field theory, processes at different
space-time regimes cannot double count one another. Thus, the quark mass singular terms in
the input data at Q0 ∼ 1 GeV do not double the quark mass singular terms at Q ∼ MZ ; rather,
the former produce an error in the probability to find the quark at the at the scale Q ∼ MZ ,
an error well below the error on the PDF itself. Since it is possible [31] to remove the quark
mass singular terms form the input data at Q0 ∼ 1 GeV, it will soon be possible to remove this
small error soon.

4 Precision FCC Physics: New Results and New Issues

The FCC project received a strong endorsement from the CERN Council [13]. One possible
scenario invovles the first stage with the FCC-ee for precision physics studeis with more than
5 Tera Z’s. For such stduies, the e+e− luminosity theory error needs to be controlled at the
precision of 0.01% and five of us (SJ,WP,MS,BFLW,SAY) have shown [32] that, with sufficient
resources, this theoretical precision tag can be realized by upgrading the LEP era state-of-the-
art MC BHLUMI4.04 [33] from its current precision tag, which was recently shown to be 0.37%
in Ref. [34], to the desired 0.01%. The steps required for this upgrade are discussed in detail
Ref. [32]. For completeness, we show the resultant error budget for the upgraded BHLUMI in
Table 1.

Type of correction / Error Update 2019 FCC-ee forecast
(a) Photonic [O(Leα

2)]O(L2
eα

3) 0.027% 0.1× 10−4

(b) Photonic [O(L3
eα

3)]O(L4
eα

4) 0.015% 0.6× 10−5

(c) Vacuum polariz. 0.013% [35,36] 0.6× 10−4

(d) Light pairs 0.010% [37,38] 0.5× 10−4

(e) Z and s-channel γ exchange 0.090% [39] 0.1× 10−4

(f) Up-down interference 0.009% [40] 0.1× 10−4

(f) Technical Precision (0.027)% 0.1× 10−4

Total 0.097% 1.0× 10−4

Table 1: Anticipated total (physical+technical) theoretical uncertainty for a FCC-ee
luminosity calorimetric detector with the angular range being 64�86mrad (narrow),
near the Z peak. Description of photonic corrections in square brackets is related
to the 2nd column. The total error is summed in quadrature.

The results in the Table 1 and the discussion in Ref. [32] raise new issues and illustrate
the synergies between the effort to realize the FCC-ee 0.01% theoretical precision tag and
other precision theory paradigms. For example, the need to realize the technical precision
of 0.1 × 10−4 means we will need two independent MC realizations that can realize the re-
quired precision. We can do this using the CEEX and EEX realizations of our YFS resummed
MC methods or we can use an upgraded version of BabaYaga [41] or the further development
of the results in Refs. [42–44] to achieve the required cross check. The upgrade of BHLUMI
for each of the items in Table 1 is synergistic. Preparation for the item (a) O(Leα

2) up-
grade allowed, via crossing, the upgrade of the CEEX 2f production in KKMC [45,46] which,
combined with Herwig6.5 [47], has now been extended to Z production in hadron-hadron
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collisions in the MC KKMChh [20]. Indeed, the need to extend CEEX to BHLUMI leads natu-
rally to its extension to the other LEP era MC’s BHWIDE [48], YFSWW3 [49,50] together with
KORALW&YFSWW3 [51], and YFSZZ [52],all but the last of which will be needed for the var-
ious precision measurements near the Z pole and in the WW production and reconstruction as
discussed in Ref. [53]. Indeed, the first step toward the extension of CEEX to WW production
has been given in Ref. [54], where we note that the contact with the usual Kleiss-Stirling [55]
spinor-product-based photon helicity infrared factors in CEEX obtains via

e jµX (kI) = eQXθX
2pµX

2pX ki
→ sσi

(ki) = eQXθX

bσi
(ki , pX )

2pX ki
, (5)

with

bσ(k, pX ) =
p

2
ūσ(k) ̸ puσ(ζ)
ū−σ(k)uσ(ζ)

, (6)

where the uσ(ζ) are defined in Ref. [24]. The way forward is an open one.

5 Quantum Gravity: New Results and New Issues

With an eye toward the question of whether or not quantum gravity is calculable in rela-
tivistic quantum field theory,which is still open in the literature3, we turn to the role of IR-
improvement in quantum gravity. In this context, one of us (BFLW) argues that the attendant
calculability holds if he extends the YFS [24, 58, 59] version4 of the exact resummation ex-
ample to resum the Feynman series for the Einstein-Hilbert Lagrangian for quantum gravity.
Indeed, very much in analogy with what we see in the elementary example discussed just be-
fore Eq.(1), the resultant resummed theory, resummed quantum gravity (RQG), is very much
better behaved in the UV compared to what one would estimate from that Feynman series.

One of us (BFLW) discussed many of the interesting consequences of RQG in Refs. [61–65].
Among these results, here he calls attention to the prediction for the cosmological constant Λ
from RQG. Specifically, in Ref. [65], he has shown that the RQG theory, taken together with the
Planck scale inflationary [66,67] cosmology formulation in Refs. [68,69]5 from the asymptotic
safety approach to quantum gravity in Refs. [71–82], allows him to predict, employing the
arguments in Refs. [83], the cosmological constant Λ via the result

ρΛ(t0)∼=
−M4

Pl(1+ c2,e f f k2
t r/(360πM2

Pl))
2

64

∑

j

(−1)F n j

ρ2
j

×
t2

t r

t2
eq

× (
t2/3

eq

t2/3
0

)3

∼=
−M2

Pl(1.0362)2(−9.194× 10−3)

64
(25)2

t2
0

∼= (2.4× 10−3eV )4.

(7)

t0
∼= 13.7× 109 yrs is the age of the universe, t t r ∼ 25tPl is the transition time between the

Planck regime and the classical Friedmann-Robertson-Walker(FRW) regime in the Planck scale
cosmology description of inflation in Ref. [69], c2,e f f

∼= 2.56×104 is defined in Refs. [61–63],
teq is the time of matter-radiation equality, and MPl is the Planck mass.

One of us (BFLW) has discussed [65,84] the reliability, consistency and implications of the
prediction’s closeness to the observed value [85–87], ρΛ(t0)|expt

∼= ((2.37±0.05)×10−3eV )4.
He argues that its uncertainty is at the level of a factor of O(10). There follow constraints
on susy GUT’s as well [65]. This means that RQG is now rife for further confrontations with
observation, such as that suggested in Ref. [88] in which the RQG prediction for the behavior
of Newton’s law at the Planck scale could be probed by appropriate observables.

3See Refs. [56,57] for further discussion on this point.
4YFS-type soft resummation and its extension to quantum gravity was also worked-out by Weinberg in Ref. [60].
5The authors in Ref. [70] also proposed the attendant choice of the scale k ∼ 1/t used in Refs. [68,69].
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6 Summary

The exact amplitude-level resummation of the IR regime of quantum field theory, coupled with
exact results to a given order in an exact re-arrangement of the original Feynman series, has
wide applicability for precision phenomenology. We see that the range of this applicability is a
broad one, spannong, as it does, from the current precision LHC physics to the futuristic FCC
precision physics program and reliable estimates for the quantum theory of gravity by one of
us (BFLW). The future of particle physics is intimately interwoven with continued progress
on exact amplitude-level IR-improved (resummed) quantum field theoretic predictions, when
taken together with control of the concurrent collinear and UV limits. More precise data re-
quire more precise theory.
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