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1

Abstract2

We discuss a method for calculating the heavy quark vacuum polarisation contribution3

to the muon anomalous magnetic moment, aµ, using perturbative QCD. This approach4

is independent of e+e− cross-section data allowing a fully theoretical evaluation of these5

contributions. We confirm an existing result at lower orders in αs and state a new ex-6

plicit analytic formula which includes terms up to O
�

α3
s

�

. Numerically the charm quark7

contribution to aµ is found to be ac
µ = (14.5 ± 0.2) × 10−10 and the bottom contributes8

ab
µ = (0.302 ± 0.002) × 10−10. Our uncertainty estimates include both parametric un-9

certainties from m̂q(m̂q) and αs(m̂q), and theoretical uncertainties in the perturbative10

expansion. Comparison is made between these results and alternative approaches such11

as lattice QCD or those based on a dispersion relation and cross-section data.12
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2 METHOD

1 Introduction26

This work builds upon the previous work of Erler and Luo who calculated QCD components27

of the hadronic vacuum polarisation (HVP) contributions to the anomalous magnetic moment28

of the muon [1]. This evaluation took place 20 years ago using QCD input up to O
�

α2
s

�

. Since29

then the necessary vector current correlator has been expanded up to O
�

α3
s

�

and the precision30

of both the MS-scheme heavy quark masses m̂q(m̂q), and the strong coupling constant αs(MZ)31

have improved significantly. It is therefore timely to carry out a new evaluation of the heavy32

quark contributions to the anomalous magnetic moment of the muon, aq
µ.33

Our method will allow us to state the heavy quark contributions as both an explicit formula34

for aq
µ, valid for all heavy quarks, and numerical evaluations of this formula. The explicit for-35

mula allows adjustment to be made for different values of the MS-scheme heavy quark masses36

and the strong coupling constant. It is also possible to apply this formula for heavy quark con-37

tributions to other lepton magnetic moments. In the case of the electron, where experimental38

precision is improving rapidly [2,3], it will now be pertinent to state these contributions. How-39

ever, in the case of the tau lepton experimental precision is currently far below the order of40

magnitude at which heavy quarks would contribute.41

In section 2 we will outline the methods used to carry out this calculation. The results for aq
µ42

as both an explicit formula and numerical results will be shown in section 3. These numerical43

results will then be compared to existing results from both perturbative QCD (pQCD) and44

a selection of LQCD evaluations in section 4. An aside will then be given for the electron45

anomalous magnetic moment where we state the numerical results for these heavy quark46

contributions in section 5 before concluding in section 6.47

2 Method48

2.1 Outline of hadronic contributions49

Hadronic contributions to the anomalous magnetic moment of the muon are currently the50

dominating source of theoretical error within the standard model. As a result, this currently51

attracts significant interest and there are multiple groups working on evaluations of these52

contributions. The leading order Feynman diagram can be seen in the left of Figure 1 for the53

case of quark contributions. The primary formula used to evaluate it is54

ahad
µ

�

�

�

�

2-loop

=
�αmµ

3π

�2
∫ ∞

sth

ds
s2

K̂(s) · R(s) , R(s) = 12π Im{Π(s+ iε)} (1)

where55

K̂(s) =

∫ 1

0

d x
3x2(1− x)

m2
µ

s · x2 + (1− x)
. (2)

Equation 1 is commonly calculated using a numerical form of the kernel, in Equation 2, and
e+e− cross-section data [4,5] for

R(s) =
σ(e+e−→ hadrons)
σ(e+e−→ µ+µ−)

.

Our aim is to use pQCD in order to make our calculation for heavy quarks independent of data.56
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Figure 1: (a) The leading order hadronic vacuum polarisation contribution to aq
µ.

In pQCD it is described by a quark-loop insertion, shown in red. (b) Contour in the
complex plane showing the application of Cauchy’s theorem around a singularity at
the origin.

2.2 Our method57

Knowledge of R(s) within pQCD is limited to 3 main ranges s→ 0, s = sth. and s→∞, where58

sth. is a given threshold. Within these ranges specific expansions are known up to O
�

α3
s

�

.59

However, in between these regions the knowledge of R(s) has limited numerical precision. It60

is therefore favourable to use a method which can evaluate aq
µ within one of these ranges to61

avoid the reduced precision outside these areas. Our method will use Cauchy’s theorem to62

transform Equation 1 from an integral along the real axis to a contour integral in the complex63

plane at some fixed radius s = s0. Cauchy’s theorem for an analytically continuous function64

f (s),65
∮

ds f (s) = 0 , (3)

is used to derive the relation66

2i lim
R→∞

∫ R

s0

ds
s2

K̂(s) Im{Π(s)}= −
∫

Cr

ds
s2

K̂(s)Π(s) (4)

which can be used to calculate the hadronic contribution to aµ:67

ahad
µ =

1
2i

�αmµ
3π

�2
12π

∫

C̄r

ds
s2

K̂(s)Π(s) . (5)

The integration contour is illustrated by the right of Figure 1. C̄r is the anti-clockwise contour68

at radius r.69

The kernel in Equation 2 is not in a convenient form for this calculation as a double in-70

tegral arising from Equation 5 would make an explicit analytic evaluation extremely difficult.71

Therefore, it is favourable to expand Equation 2 into a more convenient form for the energy72

range in which we will evaluate this. The initial high-energy expansion chosen in Ref. [1] is73

K̂(s)

�

�

�

�

Exp.

= 1+
�m2

µ

s

�

·
�

25
4
+ 3 ln

�

m2
µ

s

�

�

+O
�

m4
µ

s2

�

. (6)

This simplifies the calculation while remaining valid for the energy regime we are investigating.74

The drawback of this expansion is that the logarithmic term in Equation 6 is not analytically75

continuous and therefore an alternative method to Cauchy’s theorem will be needed for inte-76

gration of this term. To solve this issue we divide the kernel in Equation 6 into three separate77

pieces which will be integrated separately. The separation used here is78

K̂(s)

�

�

�

�

Exp.

= 1+
m2
µ

s

�

25
4
+ 3 ln

� s0

s

�

�

+
m2
µ

s

�

3 ln

�

m2
µ

s0

��

. (7)
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3 RESULTS

Quark Charm Bottom

∆m̂q −0.18 −0.0011
∆αs(m̂q) 0.19 0.0013

(Anti-)Correlation with ∆αs(m̂q) −0.09 0.0001

Total 0.21 0.0018

Table 1: The error induced on aq
µ (in units of 10−10) due to the uncertainty on the

input parameters. The correlation between these two parameters is also calculated.

This expansion is chosen as it separates the term containing ln(s) for which Cauchy’s theorem79

cannot be used. It will also allow us to perform a direct comparison with the original explicit80

result [1]. For a convenient comparison the introduced constant s0 will be set equal to the81

heavy quark mass m̂q in the MS-scheme.82

It is now possible to perform the contour integral in Equation 5 for the terms without ln(s)83

using the well-known expression of the heavy quark vector current correlator up toO
�

α3
s

�

from84

Refs. [6,7]. The integral is performed at a fixed radius of r = m̂q. For the term containing ln(s)85

the integration must be performed along the real axis using Equation 1. This will involve using86

both the threshold and high-energy expansions for the vector current correlator at O
�

α2
s

�

and87

O
�

α3
s

�

[8,9] interpolating between them. We will use a spread of eight different interpolation88

methods to calculate an extremely conservative error on this term. However, as we will see in89

section 3, these uncertainties are on terms which have very small contributions to the overall90

result for aq
µ; therefore this approach will not limit the final precision. At O

�

α0
s

�

and O
�

α1
s

�

91

the full explicit form of Im{Π(s)} is known and can be calculated exactly.92

3 Results93

Following the integration of all three terms of the kernel in Equation 7 separately, it is now94

possible to state an explicit form for aq
µ. This is found to be:95

aq
µ =

α2Q2
q

4π2

�

m2
µ

4m̂2
q

�

16
15
+

3104
1215

as (8)

+
�

0.50988+
2414
3645

nl

�

a2
s +

�

1.87882− 2.79492nl + 0.09610n2
l

�

a3
s

�

+
m4
µ

16m̂4
q

�

108
1225

− 0.194294 · as + (−15± 28− (1∓ 1)nl) · a2
s

�

+3
m4
µ

16m̂4
q

ln

�

m2
µ

m̂2
q

�

�

16
35
+

15728
14175

as

+
�

1.41227+
290179
637875

nl

�

a2
s

+
�

−6.23488+ 0.96156nl − 0.01594n2
l

�

a3
s

�

��

where α is the fine structure constant, Qq is the charge of the heavy quark, as = αs(m̂q)/π, and96

nl = n f − 1 is the number of light quarks. This expression is valid for all heavy quarks. The97

uncertainties given in this expression are calculated as the range of different methods used to98

interpolate between different energy regimes as explained in section 2.99
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3 RESULTS

ac
µ · 1010 O

�

α0
s

�

O
�

α1
s

�

O
�

α2
s

�

O
�

α3
s

�

O
�

α4
s

�

O
�

m2
µ

m̂2
q

�

11.0131 3.3214 0.4087 0.1163 < ±0.12

O
�

m4
µ

m̂4
q

ln
�

m2
µ

m̂2
q

��

−0.1214 −0.0371 −0.0117 0.0019 < ±0.002

O
�

m4
µ

m̂4
q

�

0.0016 −0.00044 −0.0034 0.00004A0
32 < ±0.00004A0

32

O
�

m6
µ

m̂6
q

ln
�

m2
µ

m̂2
q

��

−0.00074 −0.00018 −0.000072 0.000016 < ±0.00002

O
�

m6
µ

m̂6
q

�

−0.000031 −0.000020 5A0
23 · 10−7 6A0

33 · 10−8 < ±6A0
33 · 10−8

Table 2: Numerical evaluation of individual terms in Equation 8 for the case of the
charm quark. It includes estimated bounds on as yet unknown terms and calculation
of higher-order terms from the kernel (yellow). All values are in units of 10−10.

ab
µ · 1010 O

�

α0
s

�

O
�

α1
s

�

O
�

α2
s

�

O
�

α3
s

�

O
�

α4
s

�

O
�

m2
µ

m̂2
q

�

0.255335 0.044128 0.003937 −0.000698 < ±0.0007

O
�

m4
µ

m̂4
q

ln
�

m2
µ

m̂2
q

��

−0.00039 −0.000068 −0.000014 0.0000008 < ±0.0000008

O
�

m4
µ

m̂4
q

�

0.000003 −5 · 10−7 −0.000002 A0
32 · 10−8 < ±A0

32 · 10−8

O
�

m6
µ

m̂6
q

ln
�

m2
µ

m̂2
q

��

−2 · 10−7 −3 · 10−8 −9 · 10−9 4 · 10−10 < ±4 · 10−10

O
�

m6
µ

m̂6
q

�

−6 · 10−9 −2 · 10−9 3A0
23 · 10−11 2A0

33 · 10−12 < ±2A0
33 · 10−12

Table 3: Same as Table 2 for the case of the bottom quark.

It is possible to compare this result to that of Ref. [1], which was calculated up to O
�

α2
s

�

.100

We find exact agreement in all comparable terms and we have improved the precision on all101

numerical terms by two significant figures. In addition we now include terms up to O
�

α3
s

�

.102

Having evaluated aq
µ explicitly we can now evaluate our result for the two relevant heavy103

quarks, charm and bottom. To allow for a meaningful comparison of pQCD with LQCD we104

will use input values which are themselves independent of LQCD. The quark masses are taken105

from Refs. [10,11],106

m̂c(m̂c) = 1.273± 0.009GeV for αs(MZ) = 0.1185± 0.0016 , (9)

m̂b(m̂b) = 4.180± 0.008GeV for αs(MZ) = 0.1185± 0.0016 . (10)

The values of the strong coupling constant at the quark masses αs(m̂q) are107

αs(m̂c) = 0.396± 0.020 , αs(m̂b) = 0.2267± 0.0061 , (11)

given αs(MZ) = 0.1185 ± 0.0016 in the EW fit from Ref. [12]. The running of αs has been108

calculated using CRunDec [13].109

Using these values we find that110

ac
µ = 14.5± 0.2 , ab

µ = 0.302± 0.002 , (12)

in units of 10−10. The parametric error budget induced in aq
µ for both quark masses is displayed111

in Table 1. In the calculation we have taken into account the correlation between m̂q and112

5



4 COMPARISON

Figure 2: Comparison of our results for (a) the charm quark contribution and (b)
the bottom quark contribution with a selection of results from the literature. pQCD
results are shown in yellow and LQCD results in red.

αs(m̂q). In the case of the charm quark the correlation leads to a reduction of the overall error,113

while for the bottom quark we observe an enhancement.114

In addition to parametric uncertainties we must also consider the theoretical uncertainties115

which are arising from the perturbative expansion of Π(s) and the expansion of K̂(s). Our116

method for estimating these was to use our known lower order terms to act as an approximate117

upper bound for the value at higher orders. The results of evaluating all known terms and118

estimating bounds for higher order terms are shown in Table 2 for the charm quark and Table 3119

for the bottom quark. These tables show that the dominant contributions are likely to come120

from the O
�

α4
s

m2
µ

m̂2
q

�

terms which we estimate by using the O
�

α3
s

�

term as an upper bound.121

In both charm and bottom quark cases the largest contributions at higher orders are below122

that of the parametric uncertainties. Therefore, at the current parametric precision we do not123

consider theoretical uncertainties to be relevant to the overall total uncertainty.124

4 Comparison125

In Figure 2 our results for ac
µ and ab

µ are compared with a selection of recent results from both126

pQCD and LQCD. Both of our results agree with these other results within 1σ. For the case127

of the charm quark, shown in the left panel of Figure 2, our result is in very good agreement128

with all LQCD and pQCD values. The point labelled Bodenstein et al. [14] is currently the129

only other published result from a pQCD approach and uses a numerically fitted kernel. This130

research was repeated during this work and we found that neither the parametric uncertainty131

from αs(m̂q) nor its correlation with m̂q had been included within the error calculation. As a132

result when this was repeated using our method of uncertainty propagation we found an error133

approximately twice the published one and thus larger than our own.134

For the case of the bottom quark (right panel of Figure 2) our result is in good agreement135

with all other points within 1σ. There is a 1σ tension with Bodenstein et al. [14] but, as for136

the charm quark, this error appears to be underestimated by approximately a factor of two137

due to the absence of the αs(m̂b) parametric uncertainty and its correlation with m̂b. If the138

uncertainty approach were similar to ours there would be extremely good agreement as was139

the case for the charm. Our result for ab
µ has the highest precision compared with other results140

available in the literature at the time of writing. In the case of the bottom quark we find a141

particularly high precision due to its large mass reducing the induced effect on the overall142

6
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Quark Charm Bottom

∆m̂q −0.43 −0.0027
∆αs(m̂q) 0.46 0.0031

(Anti-)Correlation with ∆αs(m̂q) −0.22 0.0002

Total 0.49 0.0042

Table 4: The error (in units of 10−15) induced in ae
µ due to the uncertainty in the

input parameters. The correlation between these two parameters is also calculated.

uncertainty.143

5 (g − 2)e144

As the mass of the electron is below that of the muon our result in Equation 8 can be applied to145

heavy quark effects for aq
e without any loss in validity. Our formula allows quick and convenient146

re-calculation for the electron by simply replacing the muon mass. We find the results147

ac
e = 34.2± 0.5 , ab

e = 0.708± 0.004 , (13)

in units of 10−15. The same method for calculating the parametric uncertainty was carried out148

here and the results are displayed in Table 4. As in the case of the muon there is a significant149

anti-correlation between αs(m̂q) and m̂q for the charm quark which reduces the overall uncer-150

tainty. For the bottom quark there is a small correlation increasing the overall uncertainty. A151

calculation of the theoretical uncertainties similar to Table 2 and Table 3 has been carried out152

and the largest contributions are found to be below the parametric uncertainties.153

6 Conclusion154

In the course of this research we have reproduced an existing result for the heavy quark con-155

tribution to the anomalous magnetic moment of the muon aq
µ in pQCD [1]. Our approach is156

based on an expansion of the integration kernel in the formula for aµ that allows us to ap-157

ply Cauchy’s theorem. The radius for the integration contour can then be chosen in a range158

where pQCD is applicable. We have successfully improved the precision of all numerical co-159

efficients and expanded the formula to O
�

α3
s

�

. This has allowed us to produce a highly pre-160

cise result for ac
µ = (14.5 ± 0.2) × 10−10 which is independent from LQCD. Our result for161

ab
µ = (0.302±0.002)×10−10 is the most precise result in the literature at the time of writing.162

Our two results demonstrate good agreement between pQCD and LQCD. Future improvements163

in LQCD specifically for the case of the bottom quark would act as a further precision test be-164

tween the two methods. Our explicit formula for aq
µ allowed for calculation of the numerical165

results for aq
e and will allow for further improvement in the numerical results for aq

µ following166

future improvement in m̂q and αs(m̂q).167
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