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Abstract

The ℓi → ℓ jχ decays, with χ a boson associated to the U(1)χ symmetry, have not been
described satisfactorily so far for light spin-one χ. In particular, observables exhibited
an unphysical divergence in the limit of massless χ, associated to its longitudinal polar-
izations. Based on gauge symmetry, we show how to correct this issue. To this end, we
consider two general models realizing the effective field theory description. Being the
LFV generated either at tree level or at one loop, these processes are well behaved for
light mχ . We discuss the most salient phenomenological consequences and its relevance
in the searches for this kind of decays.

1 Introduction

Lepton flavor is conserved in the original version of the Standard Model [1–3], where only
left-handed neutrinos are present. Neutrino oscillations [4–6] constitute undeniable evidence
for lepton flavor violation, although, for the charged sector, no lepton flavor violating process
has been observed so far.

The simplest Lagrangian describing the lepton flavor interaction is LLFV = gℓiγ
ρχρℓ j+h.c.,

with χρ the 4-potential associated to the U(1)χ symmetry. Due to the emission of the longi-
tudinal component of the gauge boson, we have terms proportional to g2/m2

χ into the rate
for ℓi → ℓ jχ. At first sight, observables diverge as mχ → 0, preventing the matching of the
effective theory to the well studied ℓi → ℓ jγ decay. Moreover, the decays into several gauge
bosons ℓi → ℓ jχ · · ·χ, could also contribute overwhelmingly to the total decay width, remind-
ing the “hyperphoton catastrophe” for the electron decay into a neutrino and an ultralight
photon [7–9].

We aim to present a detailed analysis of the decay rate ℓi → ℓ jχ, emphasizing the mχ → 0
regime (see also [10–12]). We have focused on the light χ case, associated with the sponta-
neous breaking of an Abelian gauge symmetry, U(1)χ (for the case where χ is a light spinless
particle, see e.g. [13–27]).

This contribution is based on [28], where we consider the two-flavor case (µ→ e transi-
tions). Here we extend it to three flavors. In Section 2, we present the most general effective
interaction leading to the decay ℓi → ℓ jχ in terms of form factors. In Sections 3 and 4, we
present two gauge invariant and renormalizable models where the lepton flavor violation is
generated either at tree or at the one-loop level. We calculate the rate for ℓi → ℓ jχ and we
explicitly show it remains finite as mχ → 0. Finally, in Section 5, we conclude.

1



3 ℓI → ℓJχ AT TREE LEVEL

2 Effective theory

We start with an effective theory description of the ℓi → ℓ jχ decay, where i , j are lepton
flavor indices and χ is a light gauge boson with mχ ≪ mi . The transition amplitude is given by
M = u(p j)Γα(pi , p j)u(pi)ε∗α(pχ), where Γα(pi , p j) can be written in terms of six dimensionless
scalar form factors Fk(p2

χ), Gk(p2
χ), k = 1,2, 3, as:

Γα =

�

γα −
/pχ pαχ

p2
χ

�

F1(p
2
χ) + i

σαβ pχβ
mi +m j

F2(p
2
χ) +
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mi +m j

F3(p
2
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χ) +
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The conservation of the U(1)χ charge requires the form factor F3(p2
χ) to vanish and the

Ward identities imply that pαχ ·ε
∗
α(pχ) = 0, so the decay rate can then be expressed in terms of

four form factors and reads:
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(2)

To all appearances the rate has an unphysical divergence in the limit mχ → 0 on account
of the term coming from the emission of the longitudinal component of the vector boson.
Therefore, in an effective field theory approach, great care should be taken when considering
decays into ultralight gauge bosons, since in a gauge invariant and renormalizable theory, the
ℓi → ℓ jχ rate must be finite and continuously matched to the result from ℓi → ℓ jγ [29–31].

We present below two specific models in which, due to gauge invariance, the rate for
ℓi → ℓ jχ is finite in the limit mχ → 0.

3 ℓi→ ℓ jχ at tree level

The particle content of the model, and the corresponding spins and charges under SU(2)L ×
U(1)Y × U(1)χ , are summarized in Table 1 1.

The kinetic terms of the particles of the model read:

Lkin =
3
∑

j=1

i
�

L j /DL j + eR j
/DeR j

�

+
3
∑

j,k=1

(Dµφ jk)
†(Dµφ jk) , (3)

where Dµ denotes the covariant derivative, given by

Dµ = ∂µ + i gW a
µ Ta + i g ′Y Bµ + i gχqχµ for the SU(2)L doublets ,

Dµ = ∂µ + i g ′Y Bµ + i gχqχµ for the SU(2)L singlets , (4)

1The model can be made anomaly-free adding heavy particles with suitable charges, without modifying the
discussion that follows.
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3 ℓI → ℓJχ AT TREE LEVEL

Li eRi
φi j

spin 1/2 1/2 0
SU(2)L 2 1 2
U(1)Y −1/2 −1 Yi j
U(1)χ qLi

qei
qφi j

Table 1: Spins and charges under SU(2)L × U(1)Y × U(1)χ of the particles of the
model described in Section 3. All fields are assumed to be singlets under SU(3)C and
the subscripts i, j = 1 , 2 , 3.

with g, g ′ and gχ the coupling constants of SU(2)L , U(1)Y and U(1)χ respectively.
Assuming that Yjk = 1/2, then, for j, k such that qφ jk

= qL j
− qek

the following Yukawa
couplings arise in the Lagrangian:

−LYuk =
3
∑

j,k=1

y jk L jφ jkeRk
+ h.c. (5)

In full generality, we consider that the charges of the particles allow all Yukawa couplings
and that allφ jk acquire a non-zero vacuum expectation value, 〈φ jk〉= v jk; so thatφ jk generate
a mass for the χ boson:

m2
χ = g2

χ

∑

i, j

q2
φi j

v2
i j . (6)

After rotating Eq. (3) to the mass eigenstate basis (assuming CP-violating phase δ = 0),
the charged lepton masses satisfy (mτ≫ mµ≫ me is used):
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�
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,
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e ≃

1
m2
τm2

µ

�

yv31(yv13 yv22 − yv12 yv23) + yv32(yv11 yv23 − yv13 yv21)+

yv33(yv12 yv21 − yv11 yv22)
�2

, (7)

where yv jk ≡ y jkv jk, with j , k = 1 , 2 , 3 and the flavor violating terms have the form

−L ⊃ ℓiR i gRR
i j γ

ρχρℓ jR + ℓiL
i g LL

i j γ
ρχρℓ jL + h.c. , (8)

with ℓi ,ℓ j = e,µ,τ and

gRR
eµ =gχ
�

c12R
s12R

�

c2
13R
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+ c2

23R
(qe3

s2
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�

+
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cos
�

2θ12R

��

,

gRR
eτ =gχ c13R

�

c23R
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(qe3
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s13R

�

qe1
− c2
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qe3
− s2

23R
qe2

��

,

gRR
µτ =gχ
�

c23R
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(qe2
− qe3

)c12R
+ s12R

s13R

�

qe1
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qe3
− s2
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qe2

��

, (9)
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3 ℓI → ℓJχ AT TREE LEVEL

where we have defined s jkR
≡ sinθ jkR

and c jkR
≡ cosθ jkR

. The effective couplings g LL
eτ , g LL

eµ ,
and g LL

µτ, are defined analogously to the right couplings in eq. (9), substituting θ jkR
→ θ jkL

and qe j
→ qL j

. Here θ jkR
and θ jkL

are mixing angles which can be written as a function of
vacuum expectation values, v jk, and Yukawa couplings, y jk, as well as, the tau, muon, and

electron masses in eq. (7). We note that all g LL/RR
i j vanish for intergenerational universality of

the U(1)χ charges, thus forbiding the ℓi → ℓ jχ decays in this tree-level model.
The rate for ℓi → ℓ jχ then reads:

Γ (ℓi → ℓ jχ)

�

�

�

�

m j→0

=
mi

32π

�
�

�g LL
i j

�

�

2
+
�

�gRR
i j

�

�

2�
�

2+
m2

i

m2
χ

��

1−
m2
χ

m2
i

�2

. (10)

Apparently, the term m2
i /m

2
χ would enhance the rate as mχ → 0. However, if the gauge and

fermion masses arise as a consequence of the spontaneous breaking of the U(1)χ symmetry,
the limit mχ → 0 requires v jk→ 0 for all j, k, which in turn implies mi → 0. One can explicitly
check from Eqs. (6) and (7) that indeed when mχ → 0 the term m2

i /m
2
χ is finite (as expected

from the Goldstone boson equivalence theorem [32–35]), and depends on a function of the
Yukawa couplings, the gauge coupling, and the charges and vacuum expectation values of the
fields φ jk. 2

A complementary probe of the ℓi-ℓ j flavor violation is the three-body decay ℓ−i → ℓ
−
j ℓ
+
j ℓ
−
j

3,
which is generated in this model at tree-level via the exchange of a virtual χ. This process
is generated through a flavor violating interaction vertex described in eq. (8) and a flavor
conserving interaction vertex a form:

−L ⊃ ℓiR i gRR
ii γ

ρχρℓiR + ℓiL
i g LL

ii γ
ρχρℓiL

, (11)

where
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ee = gχ
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�
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�
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− s12R

s13R
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+
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�
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�
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+ c2

23R
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��

, (12)

where the left couplings, g LL
ee , g LL

µµ, and g LL
ττ, are obtained with obvious substitutions in eq. (12).

We focus in what follows in a scenario where 1 MeV ≲ mχ ≲ mi . For mi = mµ, the
dominant decay channels are χ → e−e+,νL1

νL1
,νL2

νL2
,νL3

νL3
. Using the electron interaction

vertex from Eq. (11) and the neutrino interaction vertex from Eq. (3), we find that the total
decay width of the χ-boson is:

Γχ =
mχ
24π

�

|g LL
ee |

2 + |gRR
ee |

2 + |gχqL1
|2 + |gχqL2

|2 + |gχqL3
|2
�

, (13)

and for mi = mτ the decays χ → µ−µ+,µ−e+ + h.c. can also be generated, with widths:
Γ (χ → µ−µ+) = mχ

�

|g LL
µµ|

2 + |gRR
µµ|

2
�

/(24π) and Γ (χ → µe) = mχ
�

|g LL
eµ |

2 + |gRR
eµ |

2
�

/(24π).
We show in Fig. 1 the ratio between Γ (ℓi → ℓ jχ) and Γ (ℓi → 3ℓ j) as a function of mχ , for a

representative case whereχ couples only to the right-handed leptons or whenχ couples only to
the left-handed leptons . This result can be understood using the narrow width approximation

2An analogous behaviour occurs in the top decay t → bW+. The decay rate is Γ (t → bW+) ∼ m3
t /m

2
W and

naively diverges when mW → 0. However, since both masses arise as a consequence of the spontaneous breaking
of the electroweak symmetry, Γ (t → bW+)∼ mt y2

t /g2 and is finite.
3As well as processes of type ℓ−i → ℓ

−
j ℓ
+
k ℓ
−
j and ℓ−i → ℓ

−
j ℓ
+
j ℓ
−
k . For simplicity and for the purposes of this work

we will only analyze the decay ℓ−i → ℓ
−
j ℓ
+
j ℓ
−
j .
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4 ℓI → ℓJχ AT THE ONE LOOP LEVEL

Figure 1: Γ (µ→ eχ)/Γ (µ→ 3e) (left plot) and Γ (τ→ ℓχ)/Γ (τ→ 3ℓ) with ℓ = e ,µ
(right plot) as a function of mχ for the tree-level model, for the cases described in the
text qL j

= 0, qe2
= qe3

= 0, gχqe1
= 2, and tanθ jkR

= 1 (magenta line); and qe j
= 0,

qL2
= qL3

= 0, gχqL1
= 2, and tanθ jkL

= 1 (blue line).

(NWA), which holds when χ is produced close to the mass shell. Under this approximation,
the decay rate for ℓi → 3ℓ j reads:

Γ (ℓi → 3ℓ j)
�

�

�

m j→0
=

mimχ
768π2Γχ

�

|g LL
ji |

2 + |gRR
ji |

2
��

|g LL
j j |

2 + |gRR
j j |

2
�

�

2+
m2

i

m2
χ

��

1−
m2
χ

m2
i

�2

+

mχ
64π

�

|g LL
j j |

2|g LL
ji |

2 + |gRR
j j |

2|gRR
ji |

2
�mχ

mi

�

1− 2
m2
χ

m2
i

�

. (14)

As for the decay ℓi → ℓ jχ the rate apparently diverges as mχ → 0, but is in fact finite
since mi and mχ are both generated after the breaking of the U(1)χ symmetry. Further,
and using Eq. (10), one reproduces the result Γ (µ → eχ)/Γ (µ → 3e) ≃ 1 or ≃ 17, and
Γ (τ→ ℓχ)/Γ (τ→ 3ℓ) ≃ 3 or ≃ 19, that we obtained numerically for our two representative
scenarios. As mχ becomes larger, the ratio becomes sensitive to the underlying model param-
eters, although this sensitivity is suppressed by a factor m2

χ/m
2
i , and is hence typically weak,

in agreement with the numerical results of Fig. 1.

4 ℓi→ ℓ jχ at the one loop level

Now we turn to a renormalizable model with generation-independent U(1)χ charges. Lepton
flavor is now violated through a new Dirac fermion ψ and a new complex scalar η, which
generate the process ℓi → ℓ jχ at one loop. Charged lepton masses are generated via a doublet
scalar, with U(1)χ -charge qφ = qL−qe, so that the Yukawa coupling y jk L jeRk

φ+h.c. is allowed.
The spins and charges of the particles of the model are listed in Table 2.

As required by U(1)χ charge conservation, qe = qψ + qη. We assume Ye = Yψ + Yη, for
the Yukawa couplings yieRi

ψη to be allowed. We also assume that φ acquires a vacuum
expectation value, but η does not, thereby χ acquires a mass: mχ = gχqφ〈φ〉.

Rotating the Lagrangian to the mass eigenstates basis, we find that the interaction terms
with the χ boson are:

L ⊃− i gχqL

�

eLγ
νeL +µLγ

νµL +τLγ
ντL + νL1

γννL1
+ νL2

γννL2
+ νL3

γννL3

�

χν−

i gχqe

�

eRγ
νeR +µRγ

νµR +τRγ
ντR

�

χν − i gχqΨΨγ
νΨχν − iqηgχ [η

∗(∂ νη)− (∂ νη∗)η]χν ,
(15)
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4 ℓI → ℓJχ AT THE ONE LOOP LEVEL

Li eRi
φ ψ η

spin 1/2 1/2 0 1/2 0
SU(2)L 2 1 2 1 1
U(1)Y −1/2 −1 +1/2 Yψ Yη
U(1)χ qL qe qφ qψ qη

Table 2: Spins and charges under SU(2)L × U(1)Y × U(1)χ of the particles of the
model described in Section 4. All fields are assumed to be singlets under SU(3)C and
the subscript i = 1 ,2 ,3.

as well as a Yukawa coupling to the right-handed leptons L ⊃ hkℓkR
ηψ+h.c. with ℓk = e ,µ ,τ.

The χ interactions and the Yukawa terms generate the process ℓi → ℓ jχ in this model at
the one loop-level, through four diagrams, with χ emitted from either charged lepton, or from
the heavy particles in the loop, Ψ and η (see fig. 2 in [28]). The form factors are finite and
read:

F1(m
2
χ) = G1(m

2
χ) =

gχh jhi

384π2

m2
χ

M2
η

�

qηF1η

�M2
ψ

M2
η

�

+ qψF1ψ

�M2
ψ

M2
η

��

,

F2(m
2
χ) = −G2(m

2
χ) =

gχh jhi

384π2

m2
i

M2
η

�

qηF2η

�M2
ψ

M2
η

�

+ qψF2ψ

�M2
ψ

M2
η

�

�

, (16)

where

F1η(x) =
−2+ 9x − 18x2 + x3 (11− 6 ln x)

3 (1− x)4
,

F1ψ(x) =
16− 45x + 36x2 − 7x3 + 6 (2− 3x) ln x

3 (1− x)4
,

F2η(x) =
1− 6x + 3x2(1− 2 ln x) + 2x3

(1− x)4
,

F2ψ(x) =
−2− 3x(1+ 2 ln x) + 6x2 − x3

(1− x)4
, (17)

which are regular at x = 1.
Using Eq. (2), and that F1 = G1, F2 = −G2, the decay rate can be recast as

Γ (ℓi → ℓ jχ)
�

�

�

m j→0
=

mi

8π

�

1−
m2
χ

m2
i

�2 �
�

�

�F1(m
2
χ)

mi

mχ
− F2(m

2
χ)

mχ
mi

�

�

�

2
+ 2
�

�

�F1(m
2
χ)− F2(m

2
χ)
�

�

�

2
�

.

(18)

In this rate, the factors from the emission of the longitudinal polarization cancel with the
factors m2

χ implicit in the form factors F1 and G1, thus the rate for ℓi → ℓ jχ is finite in the limit

mχ → 0. Further, F1mi/mχ ∝ mχmi/M2
η, and F2mχ/mi ∝ mχmi/M2

η. As Mη, Mψ ≫ mi , it
follows that the rate in the limit mχ → 0 will depend mostly on the form factors F2 and G2.

In this toy model, ℓ−i → ℓ
−
j ℓ
+
j ℓ
−
j arises at one loop, through χ-penguin and box diagrams 4.

The χ-penguin are proportional to h2
j h

2
i g4
χ while the box diagram to h6

j h
2
i , so assuming that

4Similarly, the wrong-sign decays ℓ−i → ℓ
−
j ℓ
+
k ℓ
−
j are generated. For simplicity, we will only focus on the decays

ℓ−i → ℓ
−
j ℓ
+
j ℓ
−
j here.
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4 ℓI → ℓJχ AT THE ONE LOOP LEVEL

Figure 2: Ratio of rates Γ (ℓi → ℓ jχ)/Γ (ℓi → 3ℓ j) as a function of mχ for the one-loop
model presented in Section 4, assuming qL = 1+ qe, hih j = 1 and gχ = 1. The solid
lines show the full result obtained from Eq. (18), while the dashed ones neglect the
contribution from F1.

h j ≪ gχ , the decay will be dominated by the penguin diagrams (this happens unless there is
a big mass hierarchy among the loop particles).

Focusing on the region 1 MeV≲ mχ ≲ mi , in the case when mi = mµ, the dominant decay
modes are χ → e−e+ ,νL1

νL1
,νL2

νL2
,νL3

νL3
, with width:

Γχ =
g2
χ mχ
24π

�

|qe|2 + 4|qL|2
�

, (19)

and for the mi = mτ case, in addition to the above modes, we must consider the decay mode
χ → µ−µ+ 5, with width: Γ (χ → µ−µ+) = g2

χ mχ
�

|qe|2 + |qL|2
�

/(24π).
We show in Fig. 2 the ratio of rates Γ (ℓi → ℓ jχ)/Γ (ℓi → 3ℓ j) as a function of mχ for

two representative choices of charges, qη = 1 while qψ = 0, and qη = 0 while qψ = 1,
and a mass choice of 500 GeV for the particles in the loop, Mη and Mψ. These values are
compatible with the current searches for exotic charged particles [36, 37]. For cases where
Mη > Mψ or Mψ > Mη (as long as the values of Mη and Mψ are compatible with current
searches) the results are analogous. We find that the ratio is ∼ 2, for both muon and tau
decays. As in Section 3, this result can be understood analytically employing the narrow width
approximation. Under it, the decay rate for ℓ−i → ℓ

−
j ℓ
+
j ℓ
−
j reads

Γ (ℓi → 3ℓ j)
�

�

�

m j→0
=

g2
χ |qe|2

16π

m2
χ

mi

�

1− 2
m2
χ

m2
i

��

2
�

|F1(m
2
χ)|

2 − F1(m
2
χ)F2(m

2
χ)
�

+ |F2(m
2
χ)|

2
m2
χ

m2
i

�

+
mimχ g2

χ

96π2Γχ
(|qe|2 + |qL|2)

�

1−
m2
χ

m2
i

�2 �
�

�

�F1(m
2
χ)

mi

mχ
− F2(m

2
χ)

mχ
mi

�

�

�

2
+ 2|F1(m

2
χ)− F2(m

2
χ)|

2

�

.

(20)

Again the seeming divergence when mχ → 0 is cancelled by the factor mχ implicit in the
form factor F1, ergo, the rate for ℓi → 3ℓ j is finite in the limit mχ → 0 and comparable to the
rate for ℓi → ℓ jχ, quite independently of the masses and charges of the particles in the loop.

5The one-loop decay, χ → µ−e++h.c., could also be generated in this mass range, however, it is negligible with
respect to tree level decays.
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5 Conclusions

We have studied in detail the lepton flavor violating process ℓi → ℓ jχ, with χ a massive gauge
boson arising from the spontaneous breaking of a local U(1) symmetry. We have given the
most general effective parametrization of the interaction between two charged leptons and a
massive gauge boson, yielding the decay rate in terms of the corresponding form factors. This
decay width presents terms inversely proportional to the χ-boson mass, corresponding to the
decay into the longitudinal component of the χ-boson, which naively lead to an unphysical
enhancement of the rate when χ is very light.

We have provided two gauge-invariant and renormalizable models where the decay ℓi → ℓ jχ

is generated either at tree level or at one loop. We focused on the scenario where the χ boson
is light, and we have explicitly checked that the rate remains finite. We have also calculated
the expected rate for the process ℓi → 3ℓ j , mediated by an off-shell χ. For these two models,
the ratio of rates of ℓi → ℓ jχ and ℓi → 3ℓ j is O(1− 20) in the range of χ-masses considered.
Taking into account that the limits of the latter decays are much more stringent than those
on the former, it is evident that the upper limits on ℓi → ℓ jχ decays need to improve by 5-6
orders of magnitude to potentially observe a signal.
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