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Abstract

We perform a precise extraction of the QCD coupling at the τ-mass scale, αs(mτ), from
a new vector isovector spectral function which combines ALEPH and OPAL distribu-
tions for the dominant channels, τ → ππ0ντ, τ → 3ππ0ντ and τ → π3π0ντ, with
estimates of sub-leading contributions obtained from electroproduction cross-sections
using CVC, as well as BaBar results for τ → K−K0ντ. The fully inclusive spectral func-
tion thus obtained is entirely based on experimental data, without Monte Carlo input.
From this new data set, we obtain αs(mτ) = 0.3077 ± 0.0075, which corresponds to
αs(mZ) = 0.1171±0.0010. This analysis can be improved on the experimental side with
new measurements of the dominant ππ0, π3π0, and 3ππ0 τ decay modes.
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1 Introduction

The extraction of the strong coupling, αs, from weighted integrals of inclusive hadronic tau
decay data ranks among the most precise determinations of this coupling based on experiment.
Since 2008, the α4

s term in the perturbative QCD description of these inclusive quantities is
exactly known [1, 2], which has renewed the interest in this process. Here, we report on the
work of Ref. [3] where an updated, more precise, extraction of αs has been performed, using
a new vector isovector spectral function.

In order to perform reliable, self-consistent, QCD analyzes of tau decay data, the hadronic
τ decay width is not sufficient — it is crucial to have information about the spectral functions.
Any realistic analysis includes several integrated spectral function moments, which allows for
the extraction of αs and non-perturbative contributions in a combined fit. Obtaining the neces-
sary experimental data is intrinsically difficult since, in principle, the theoretical description in
QCD requires fully inclusive spectral functions, with measurements of all subleading hadronic
decay channels. The most complete spectral functions have been produced and made publicly
available by the ALEPH [4,5] and OPAL [6] collaborations.1 Later, a number of updates of the
ALEPH spectral functions have been produced, reflecting new experimental information on
the different branching ratios and improving the separation in the vector (V) and axial-vector
(A) components, among other changes. The most recent version was published in 2013 [8],
correcting the correlation matrices that were underestimated in an earlier iteration [9]. The
OPAL data, in turn, were updated to reflect more recent branching ratio measurements in
Ref. [10].

Extractions of αs from the ALEPH data have smaller experimental uncertainties [11], but
extractions from the OPAL data are consistent within errors [10]. For the lack of a combined
analysis, a weighted average between values obtained from the two data sets, assumed to be
uncorrelated, has been quoted as the final result for αs in Ref. [11]. This procedure, however, is
not ideal since it does not combine the experimental information used to obtain the integrated
moments in an optimal way. As is well established in the dispersive studies of the hadronic
vacuum polarization contribution to the muon g − 2, for example, one should first combine
the experimental results following a rigorous statistical procedure and then employ this new
combined data set to perform discretized integrals [12,13]. This procedure also quantitatively
tests the compatibility of the data sets and reveals potential local discrepancies, should they
exist. This is one of the questions addressed in the work of Ref. [3].

Another reason for revisiting the αs extraction from τ decay data is related to the sub-
leading hadronic channels, to which we often refer as “residual modes". The ALEPH and OPAL
spectral functions include detailed measurements of the decay spectrum of dominant channels.
These are the ππ0, π2π0, 3π, π3π0, and 3ππ0 tau decay channels. However, these are not
sufficient to obtain fully inclusive spectral functions and other subleading channels, such as
τ→ω(→ non 3π)π−ντ, τ→ 6πντ, and τ→ K−K0ντ, were included by ALEPH and OPAL us-
ing Monte Carlo simulations [5,6]. These residual modes, although subleading, do play an im-
portant role in QCD studies: removing them makes the spectral function not inclusive enough
which can lead to non-physical results. Recently, however, many new experimental results
have appeared which allows for a significant improvement in the description of the residual
modes in the vector channel. First, BaBar has measured the spectrum of τ→ K−K0ντ [14].
Second, thanks to a wealth of new experimental measurements of many exclusive-channel
cross sections in e+e−→ hadrons [15–29] by the CMD-3, BaBar, and SND collaborations, con-
served vector current (CVC) relations allow essentially all remaining vector isovector mode
contributions to be obtained using exclusive mode electroproduction cross-section data (with
negligible isospin-breaking corrections, as we discuss below). In Ref. [3], this recent experi-

1The spectral functions measured by CLEO [7] were never made public, to the best of our knowledge.

2



SciPost Physics Submission

mental information was used to build a new vector isovector spectral function solely based on
data, without the use of Monte Carlo simulations for any of the residual modes.

This new vector isovector spectral function has two main features. First, it relies on a
combination of ALEPH and OPAL measurements of the dominant vector tau decay channels,
namely τ → π−π0ντ, τ → 2π−π+π0ντ and τ → π−3π0ντ, which had never been done in
this context. Second, as explained above, all subleading modes are obtained from experiment.
This new spectral function has smaller errors and is more inclusive than the ALEPH and OPAL
results, since it contains more residual modes, covering 99.95% of the total vector branching
ratio (BF). With this new data set, we have performed an updated analysis of αs at the τ-mass
scale, following the framework of Refs. [10,11,30]. Below we discuss in more detail the work
of Ref. [3] and summarize its main results.

2 Data combination and the new spectral function

The first ingredient in the new vector isovector spectral function is the combined ALEPH
and OPAL data for the dominant τ decay channels: τ → π−π0ντ, τ → 2π−π+π0ντ, and
τ→ π−3π0ντ. Ideally, one would like to combine unit normalized spectral distributions for
each channel individually, multiply them by up-to-date values of the respective BFs, and sub-
sequently add them up to build the dominant channel contributions. In practice, however, this
procedure is not possible because of the presence of 100% correlations in parts of the covari-
ance matrices of the 3ππ0 and π3π0 spectral distributions, which prevents the corresponding
covariance matrices from being inverted (a crucial step in the data combination, as we will
describe below). Without additional information on how these covariances are obtained and
what they represent in terms of statistical and systematic errors, the solution to this problem
is to first add all dominant channels, already normalized by the respective BFs, for each ex-
periment separately and later combine the sums of the three dominant channels in a single
data set. Since in the sum of the dominant channels the well-behaved ππ0 mode gives the
largest contribution, this procedure leads to a well-defined covariance matrix and we therefore
employ this route in our data combination.

For the data combination algorithm, we follow closely Refs. [12,31]. In summary, we first
define Ncl clusters which roughly play the role of bins for the combined data. Each cluster
contains a number of data points. The representative value of s for each cluster, where s is
the invariant mass of the final-state hadrons, is given by the weighted average of the s values
of the data points contained in that cluster (the weights in this average are the inverses of
the data-point uncertainty squared). The description of the combined data set is done by a
piece-wise linear function given by the linear interpolation between the values of the spectral
function in each cluster, that we denote ρ(m). Extrapolation is used for the few data points
whose energy is smaller (larger) than the smallest (largest) cluster energy.

The Ncl values of the spectral function at each cluster, ρ(m), are then obtained by minimiz-
ing the following χ2 function

χ2 =
Ndata
∑

i, j=1

[ di − R(si;ρ) ] (C
−1)i j [d j − R(s j;ρ)], (1)

where Ndata is the total number of experimental data points, di is i-th experimental value of
the spectral function, and R(si;ρ), which plays the role of “theory" in the minimization, is the
value of the combined spectral function at the energy si , obtained as the linear interpolation
between ρ(m) at each cluster center (and using extrapolation at the extremes). Finally, C is
the total covariance matrix of the Ndata experimental data points.
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Figure 1: (Left panel) ALEPH (orange), OPAL (green), and combined data (blue) for
the sum of the dominant vector isovector channels: τ→ π−π0ντ, τ→ 2π−π+π0ντ,
and τ→ π−3π0ντ. (Right panel) Residual mode contributions, channel by channel.

With the procedure outlined above one obtains the result displayed in the left panel of
Fig. 1. In this figure, we show the total ALEPH, OPAL, and combined data for τ→ π−π0ντ,
τ→ 2π−π+π0ντ, and τ→ π−3π0ντ. These dominant channels are responsible for 98.0% of
the total inclusive V channel BF. The χ2/do f of the combination, 1.144, is very reasonable and
we have also checked that for each cluster, locally, the χ2 is, in general, very good. There are
a handful of clusters with not-so-good χ2 but they are so few that local error inflation makes
no difference in our final results.

The next step is the inclusion of the residual modes. We include, in our new spectral
function, the following decay modes: (i) π−ω(→ non-3π), K−K0, ηπ−π0, KK̄π, 3π−2π+π0,
and 2π−π+3π0, which were also included by both the ALEPH and OPAL collaborations, (ii)
(3π)−ω(→ non-3π) and KK̄ππ, included only by ALEPH, and (iii) the small additional con-
tributions from π−5π0 and ηωπ + η4π, not included in either of the ALEPH or OPAL anal-
yses. With the exception of the contributions from τ → K−K0ντ, which were measured by
BaBar [14], all the other modes are obtained from the respective e+e− cross sections with
CVC [15–29], applying the necessary corrections for vacuum polarization effects. The indi-
vidual channels are normalized to the respective BFs described in the 2019 HFLAV compila-
tion [32] (correlations among these values are taken into account). Since the residual modes
contribute at energies outside the region of narrow resonances, isospin-breaking corrections,
which are expected to be of the order of a percent, are very small given the experimental er-
rors and the smallness of the residual mode contributions to the inclusive spectral function.
A much more detailed description of each of the individual residual modes can be found in
Sec. III.C of [3]. The contribution of the residual modes is shown, channel by channel, in the
right-hand panel of Fig. 1.

The final result for the vector isovector spectral function is then obtained by the addition
of the dominant and residual channels, and is shown in Fig. 2 (green data points). This new
vector isovector spectral function, entirely based on experimental data, covers 99.95% of the
total inclusive vector isovector BF and has smaller uncertainties than its predecessors [6,8].

3 Results for the strong coupling

Here we describe the main results of the QCD finite-energy-sum-rule (FESR) analysis of Ref. [3].
We follow the analysis strategy developed in [30] and previously employed in the analysis of
ALEPH and OPAL data [10, 11]. For further details of the analysis we refer to [3] and to the
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Figure 2: Total vector isovector spectral function (green) obtained from the addition
of the dominant modes (blue) and the residual modes (yellow). (Figure extracted
from Ref. [3].)

previous publications [10,11,30].
As is well established [33], the QCD analyses employ FESRs where, on the experimental

side, one has integrated spectral function moments, obtained from a discretized integral over
the data set, and on the theory side one has an integral of the relevant current-current corre-
lation function, Π(s), along a closed contour in the complex plane, such that the value of the
coupling is kept in the perturbative domain:

1
s0

∫ s0

0

ds w(s)ρ(s) = −
1

2πi s0

∮

|z|=s0

dz w(z)Π(z), (2)

where ρ(s) is the total vector isovector spectral function of Fig. 2. In the FESRs any analyti-
cal weight function w(s) can be employed and this freedom is used in order to emphasize or
suppress the different theoretical contributions. The QCD contributions on the theoretical side
can be split into a perturbative component, cast in terms of the perturbative Adler function
(known to α4

s [1, 2]), and non-perturbative contributions: the operator product expansion
(OPE) condensates and duality violations (DVs), which go beyond the usual OPE. The results
that we report here are based on Fixed Order Perturbation Theory (FOPT) (see [34], for ex-
ample) which can be more directly compared with determinations of αs from other sources.
We do not quote values for Contour Improved Perturbation Theory [35] (CIPT) since there are
solid indications of a potential inconsistency between this prescription and the standard OPE
corrections [36,37].

We follow the DV strategy, where one choses weight functions that strongly suppress
higher-order OPE condensates, which avoids completely any problem related to the trunca-
tion of OPE series. (Assumptions about the truncation of the OPE can be dangerous in this
context, and may lead to uncontrolled systematic effects [38–40].) The price to pay is an
unavoidable enhancement of DV contributions which must be included in the theoretical de-
scription. We use the parametrization of Refs. [41, 42] which is based on generally accepted
assumptions about the QCD resonance spectrum. We then fit simultaneously several FESRs,
in each case integrating the data from threshold up to s0, with s0 varied between smin and its
highest possible value (that of the right-most point in Fig. 2, which is very close to m2

τ). The
parameters of the fits are αs, the four DV parameters and, depending on the moment used, the
relevant OPE condensates.

In Fig. 3 we show results for αs(mτ) from FESRs using w(x) = 1 obtained from fits with
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Figure 3: αs(mτ) as a function of smin from the fits described in the text. The hori-
zontal red line and the yellow band give the final result with uncertainties, Eq.(4).
Points in red are included in the final weighted average (see text). (Figure extracted
from Ref. [3].)

different smin, as a function of smin. As one can see, as long as smin is not too low, the results
obtained are very consistent and stable. We have performed other consistency checks, such
as using other weight functions w(x), as well as using combinations of moments, always with
very consistent results. To obtain a final value of αs(mτ) we perform a weighted average of
every second result within the yellow band of Fig. 3. In this average, the strong correlation
between the different values of αs(mτ) is properly taken into account. Our final result is then

αs(mτ) = 0.3077± 0.0065stat ± 0.0038pert (3)

= 0.3077± 0.0075 (MS, n f = 3 , FOPT) (4)

where we quote a statistical (stat) and a perturbative (pert) error.2 Evolving this result to the
Z-mass scale with five-loop running [43] and four-loop matching [44–46] we find

αs(mZ) = 0.1171± 0.0010 (MS, n f = 5). (5)

This result is compared, in Fig. 4, with our previous determinations using the same strategy
with other data sets [10,11,47].

A comparison of our results with other analyses found in the literature is not completely
straightforward, since they are based on different data sets and different analysis strategies.
The results from Refs. [8,48] employ variants of the so-called “truncated OPE strategy" (tOPE),
aimed at suppressing the DV contributions, but in which several OPE condensates have to be
neglected in the fits. This is a strong assumption and there is evidence that it leads to an un-
controlled systematics [38–40]. With this caveat in mind, the results of [8,48] are significantly
higher than ours (and than the PDG world average [49]) and readαs(mZ) = 0.1199±0.0015 [8]
and αs(mZ) = 0.1197± 0.0015. [48]. A more recent analysis [50], which employs a variant
of the tOPE strategy that has not yet been subjected to the same level of scrutiny as those of
Refs. [8,10,11,48], gives a value of αs from FOPT essentially identical to the one we quote in
Eq. (5).

2For details about the error associated with perturbation theory see Sec. IV.C of [3].
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below charm threshold [47], and from the new vector isovector spectral function [3]
(this work). The yellow band gives the Particle Data Group world average [49].

4 Conclusion

We have recently produced a new vector isovector spectral function based on a combination
of the ALEPH and OPAL spectra for the dominant ππ0, π3π0, and 3ππ0 τ decay channels,
supplemented by the addition of contributions from all numerically significant residual decay
modes. The residual modes contributions are obtained entirely from experimental data, using
the recent BaBAR spectrum for τ→ K−K0ντ [14] and a wealth of recent CVC-related cross-
section results from e+e− → hadrons obtained by CMD-3, SND and BaBar [15–29]. This
new spectral function is more inclusive than its predecessors, since it contains more residual
modes, is solely based on experimental data (with no Monte Carlo simulated channels), and
has smaller errors. Isospin-breaking corrections for the CVC related channels are expected to
be very small given the size of experimental errors and the smallness of the contributions from
the residual modes. It is important to observe that an analogously improved spectral function
cannot be built for the axial channel, since the e+e−→ hadrons cross-sections are purely vector
at this energy scale.

We analyze FESRs based on this new data set in order to extract the value of the strong
coupling at the tau mass scale, αs(mτ). Our result, αs(mτ) = 0.3077±0.0075, is very compet-
itive and corresponds to αs(mZ) = 0.1171± 0.0010. The results of the present analysis could
be improved with new measurements for the spectral distributions of the dominant vector τ
decay channels.
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