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Abstract: We study the impact of gravitational waves originating from a first order phase transition
on structure formation. To do so, we perform a second order perturbation analysis in the 1+ 3
covariant framework and derive a wave equation in which second order, adiabatic density
perturbations of the photon-baryon fluid are sourced by the gravitational wave energy density
during radiation domination and on sub-horizon scales. The scale on which such waves affect
the energy density perturbation spectrum is found to be proportional to the horizon size at
the time of the phase transition times its inverse duration. Consequently, structure of the
size of galaxies and bigger can only be affected in this way by relatively late phase transitions
at > 10%s. Using cosmic variance as a bound we derive limits on the strength « and the
relative duration (8/H.)™! of phase transitions as functions of the time of their occurrence
which results in a new exclusion region for the energy density in gravitational waves today. We
find that the cosmic variance bound forbids only relative long lasting phase transitions, e.g.
B/H. < 6.8 for t. ~ 5 x 10''s, which exhibit a substantial amount of supercooling a > 20 to
affect the matter power spectrum.
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1 Introduction

With the first ever-measurement of a gravitational wave (GW) signal in 2016 from a black hole
binary merger by the LIGO-Virgo collaboration [1] (now LIGO-Virgo-KAGRA), a new window of
probing the universe has been opened. While this technique probes so far mostly astrophysical
processes, future experiments like the space interferometer LISA [2] have the potential to explore
also cosmological sources like first order phase transitions (FPT) in the early universe. In particle
physics these phase transitions occur when the dropping temperature of the universe causes the
vacuum expectation value (VEV) of a field to change discontinuously. If the field is hindered for
a while from adapting to the new VEV by a barrier in its potential then bubbles enclosing the
new VEV form, expand and eventually fill the universe with the new VEV. While such FPTs can
produce GWs via the dynamics of the bubbles like collisions, soundwave formation and magneto-
hydrodynamical effects, second order phase transitions and cross overs are not expected to produce
substantial amounts of GWs, essentially because they lack the mechanism of vacuum bubble for-
mation. The latter applies to the standard model of particles physics (SM), well described by the
symmetry group SU(3)gcp X SU(2)r x U(1)y. It undergoes a cross over phase transition during
the electro-weak symmetry breaking SU(2), x U(1)y — U(1)grp when the Higgs boson acquires a
non-zero VEV [3, 4] and hence no GW signal is expected. The SM has, however, various problems,
motivating for new physics beyond the SM (BSM). Many alternative models which incorporate new
symmetries and particles allow for FPTs. The observation of GWs has therefore triggered many
studies of FPTs in BSM models [5, 6, 7, 8, 9, 10, 11, 12] where often GWs are expected to be seen
in future GW experiments. For reviews see e.g. [13, 14, 15, 16, 17]. Future GW experiments can
therefore valuably constrain BSM physics.

However, adding a FPT to the history of the universe might also affect other cosmological processes
such as formation of structure. This potential consequence is studied in this work. In the standard
model of cosmology, linear density perturbations develop from inflation and seed over- and under
densities in the various fluid components of the early cosmological medium. They propagate through
the universe and undergo, depending on their scale, various changes caused by physical processes
like the decoupling of a fluid component until they eventually form the structure we observe today.
FPTs and the emerging GWs might influence this evolution depending on strength and duration.
GWs are linear tensor perturbations of the metric sourced by an anisotropic stress distortion in
the fluid while density perturbations of the fluid are scalar perturbations of the metric. At linear
order in perturbation theory, they do not couple, but they can interact at second order and source
second order density perturbations. Hence, we have to perform a second order expansion in order to
capture effects that strong GW events may have. Typically, phase transitions are expected to occur
while the universe is dominated by radiation and on sub-horizon scales. Consequently, potential
effects on density perturbations are tied to the scale and thus the time of the transition. We shall
work within the 1 + 3 covariant approach to gravity [18, 19, 20, 21, 22, 23] in which an exact, non
linear equation of density perturbations is given.

Imprints of phase transitions in the matter power spectrum® have been of interest in the past,
[25, 26]. In contrast to our work these papers focus on the QCD phase transition during which
they predicted a significant drop in the sound speed. This in turn affects the preexisting linear
density perturbations and induces large peaks in the Harrison-Zel’dovich spectrum. Similar effects
could happen in BSM transitions if the sound speed drops significantly which could be possible

!Linear matter power spectrum and measurements can be found in [24].



for theories with massive fermions or weakly interacting scalars but is not expected e.g. in simple
scalar extensions of the SM [27].

This work is organized as follows. In Sec. 2 we investigate second order density perturbations and
their coupling to GWs. In Sec. 3 we then summarize the physics of GWs from FPTs and present
our results in Sec. 4. Subsequently we discuss in which way and under which conditions the GWs
from FPTs do or do not affect the matter power spectrum, but also debate the limitations of our
approach. Finally we conclude and give an outlook in Sec. 5. Further leading material and many
details can additionally be found in the attached appendix.



2 Second order density perturbations

Let us begin with the study of second order density perturbations and the search for an equation in
which density perturbations are sourced by GWs. To do so, we use the 1+3 covariant approach to
cosmological perturbation theory for which a pedagogical introduction can be found in Appendix
A. In this formulation spacetime is decomposed into the direction of the four-velocity, u,, along the
world line of a fundamental comoving observer and in its orthogonal direction, h,;, where Latin
indices run from 0 to 3. The energy momentum tensor of the cosmic fluid is split according to this
decomposition

Tab = PUgUp + 2u(aQb) +phab + Tab, (1)
where the individual components are p := T%u,u; the energy density, q, := hlTy.u® the energy
current density, p := Ty,h®®/3 the pressure and 7, = Tapy the trace-free anisotropic stress.

Geometric quantities emerge from the splitting of the covariant derivative of the four-velocity.
This includes the shear tensor oq4p := Du,), the antisymmetric (hence tracefree) vorticity tensor
Wab = Dy, the volume expansion scalar © := Du, and the four-acceleration A, = u?Vyug, such
that

1
Vg = Ogp + Wap + §®hab — A up. (2)
Then the comoving density gradient and the comoving volume gradient are given as
Aq = LDap, (3)
P
Zg = aD,0O, (4)

where the first one involves the notion of density contrast. It can be shown [28] by taking into
account the equations and constraints from the Bianchi identities that the projected comoving
density gradient and the projected comoving volume gradient evolve according to the full non-
linear equations

A C) 4 )
Ay = ? OA, — (1 + p) Lo +a— <(j<a> + = @qa> ¢ D,D’q, + a— DPrrgy
p p p 3 p p

a X (C) ]
- (Uba + Wba) Ab - ; Da (2Abqb + O—bcﬂ-bc) + a; (Uab + Wab) qb + a; 71—abfélb

1
+ ; (Dbe +2A°%;, + chm,c) (Ay —ad,) , (5)
and
2 1 3 1, 1 ,
Ziay = _g@Za_ §’WAa— §’WDap—a g@ +§Ii(p—|—3p) —A| A, +aD,D° A,
= (Uba + wba) Zy — 2aD, (02 = wz) + 2aA’D, Ay
—a[2(0? - w?) = D'4, - A4, 4,. (6)



Here o2 := %Uabdab and w? = %wabw“b. In order to find an expression that describes the influence

that gravitational waves could induce on density perturbations, we seek for a relation between the
orthogonal projected gradient A, and linear perturbations of the shear tensor 022)7 since the latter

one describes the effects of GWs in the 143 approach. This occurs for the first time at second

), Therefore, in the following we will use Egs. (5) and

(6) to derive a linear equation for the time evolution of the density contrast AP with a non-zero

linear shear contribution a(%).

To do so, we will choose a model for the cosmic fluid which will significantly simplify the non-
linear equations. Then, we will resolve the remaining angular brackets in the indices and take the
orthogonal projected gradient of the equations in order to obtain scalar equations. While terms that
are at least of third order will be directly neglected during the calculation, the explicit expansion of
the remaining quantities to second order is performed after obtaining the scalar equation. Finally
we set the background cosmology to FLRW and specialize the result for a radiation dominated
fluid. During the calculation we will set kK = 87G = 1 and reintroduce the units at the end. For
our fluid model we impose the requirements

perturbative order in the density gradient NS

Assumption 1: At the background level, the matter-energy density is described by a (single com-
ponent) perfect fluid.

Assumption 2: To all orders, we assume a negligible contribution from vorticity wgp = 0 = wy,
current density g, = 0 and anisotropy 74, = 0 in the fluid.

In this model the full non linear equations Eq. (5) and Eq. (6) reduce to
A<a> = %@Aa - (1 + z) Lo — UabAb, (7)

with
1

. 2 3 .
Ziay = fgeza — ipAa ~ 5@Dap + a®A, + aD,D Ay — 0,4 2" — 2aD,0% + 20 A°D, A, (8)

Additionally we fix the relation between pressure and energy density by imposing

Assumption 3: Perfect barotropic fluid: This implies p = wp with constant w and together with

Eq. (A.21) and g, = 74 = 0 the acceleration is to all orders A, = % due to D,p = gczAa.

The perturbations are adiabatic. We also assume Dyw = v = Dyc? = 2 =0.

S
Our perturbation procedure will extend to second order and thus we can neglect terms that are at
least of third order in advance. This is the case for the term a (202 — AA,) A, 2 O(€®) since the
acceleration A, and the shear o, are zero at zero order. Applying the third assumption to Eq. (7)
and Eq. (8) our equations reduce to

Ay =wOA, — (1 +w) Z, — gapA’, (9)
. 2 p 2 . a
- _ = — (1 2\ ~ _ s R _ b
Zia 3670 = (143¢) 5Aq 0% a(1+w)DaA oanZ
4
— 2aD,0% + —2 D, (APA). 1
aDgo +a(1+w)2 ( b) (10)



The next step is to deal with the projected time derivative of the density perturbation. We expand
it by applying the inverse product rule

Ay = hEA, = (hPAy) — b A, (11)

but since habDb =D, and u®A, = uah;’vb = 0 we find for the two terms

hy Ay = hab%Dbp = %Dap = A, (12)
A, = (ug A® +uPA) Ay = ug A (13)

We thus get
Ay = Ay —u APA,, (14)

which reflects the fact that the orthogonally projected time variation of density inhomogeneities

is the same as the complete time derivative of the density perturbation minus the projection of

the density perturbation on the flow lines. The four acceleration in turn can be expressed by the
C

relation A, = —mAa and we find

2
N . C
Ay = A, +uy—2—APA,. 1
(a) +u a(l+w) b (15)

For the expansion gradient we repeat this calculation and find
Z(a) = h:Zb = (hab.Zb) - iLabe = Za - uaAbe, (16)

for the same reason as for the density perturbations, h'Z, = Z, and u®Z, = 0. Plugging these
identities into Eqgs. (9) and (10) results in

2
A+ ug——2—AA, = wOA, — (1 Zo — oapA” 1
+u o +) b = wO (1+w) oapA’, (17)
Zo+ _% pvz,—— 2oy (1+3c2) EA S on,——“ DA
¢ uaa(l—i—w) bT g )yt T 1w a(l+w) *
4
— 02" — 2aD,0? + —5 D, (A%A,). 18

2.1 Taking the orthogonal projected gradient

We are interested in the density fluctuations described by the comoving divergence of the density
perturbations A := aD®A,. Hence, we will take the divergence of Egs. (17) and (18) which will
yield a scalar equation.



Comoving fractional density gradient: Let us start with the divergence of the first term in Eq. (17)
which gives according to [29]

aD*A, = ah®VyutV A, + ah®uV, V. A, (19)

=A+ aabA<ab> — wabA[ab] + ga@AaAa —aA"A, —aq®A, +a (o’ab + wab) Ay Ay (20)

Applying our assumptions to this equation sets q, = wqsp = 0. Ignoring again terms vanishing at
second order we find

aD*A, = A+ 6 A gy — ?)(ﬁw)emma 1 CEWNA“ +0O(e)
= A+ 0Ny + li—l [;(ft - ;@} A"A,. (21)
We have also replaced A, = *a(fi_%w)ﬁa- Using u®D, = 0 the second term in Eq. (17) becomes
Dy AVA, = — 5 APA, D, — S APALO. (22)
a(l+w) a(l 4+ w) (14+w)
The first term on the right hand side of Eq. (17) becomes
aD*wBA, = w(Z°A, + OA), (23)
while the second term reads
—(14w)aD*Z, = —(14+w)Z. (24)

Moving on to the third term we note that in general the space-like constraint on the shear is not
zero but rather given by Eq. (A.25). However, in our model the shear plays the role of GWs. Hence
we only consider the transverse component of the shear, thus D%, = 0 (following [30, 29, 28]).
This implies for the last term in Eq. (17)

aDa(_UabAb) = _(aDaaabAb +a UabDaAb) (25)
=0

= 0w (;Ahba + Al A“"”) (26)

— oAl (27)

where we have made use of the fact that the shear is also tracefree ogph® = 0%, = 0 and that
the complete contraction of an antisymmetric with a symmetric tensor vanishes. Altogether, the
differential equation for density fluctuations becomes

2 /2 1
A =w(ZAg +0OA) — (14 w)Z — 204 A0 — % (@ + dt) AA,. (28)
w



Comoving volume expansion: Now we move on to the differential equation for the volume expan-
sion gradient Z, in Eq. (18). Starting on the left hand side analogously to A we find for the first
term

. . 1 .
aD"Zy = Z + 0™ Z gy + 3004 Z, —aA"Z, (29)
. b 2 2 .
=Z+40"Zy — 7—>—~0OAZ, *A“Z, 30
T T 3T ) T (30)

and for the second term

2 &2
s Ab b = s
a(l +w) 1+w

aD%u, A*Z,0. (31)

Taking the comoving divergence of the first line on the right hand side of Eq. (18) gives

2 1 c2 . . c?
(29, + O7) — (1432)=(pA + pA°A,) — —= ( A,D® A) ~ % p2A 2
(2%, +02) ~ (143 (oA +pAA,) — 1o (aAuD° +64) - DA, (32)
where we have applied the definition aD,0 =: Z, as well as aD®Z, =: Z and used aD,p = pA,.
In the second line of Eq. (18), we find for the comoving divergences

4
c
—oap 2% —24°D%*0% and + mDQ (A%A,), (33)
where we have used in the first term aDyZ, = 1/3Zhap + Z(apy + Zjap)- So far we find for the
evolution of the volume expansion gradient

2 2 .
__g Cs aZa_ Cs AaZa
31+w 1+ w
2 1
— g(zaza +027) - 5(1 +3c2)(pA + pA°A,)
02
— —2 DA — 20,42 — 2¢?°D?5?
1+w
02 . .
— 25 (8aaD"6 + 64
Cg 2 AaA
+ WD ( a)' (34)

2.2 Second order differential equation for second order perturbations

Taking a further time derivative of Eq. (28) leads to an equation of motion for A which reads

A =w(Z,A+ Z9A, + OA +OA) — (1 +w)Z
d ¢ (2. 2. d 1d°

_9__ (ab) ) _ _=s [ Z ‘o L -2 a

23 ("“”A ) 1+w (3@+ 390 T 2dt2> A*Ba. (35)



This equation still depends on the volume expansion gradient. In what follows we eliminate this
dependence. First, we substitute Z from Eq. (34) in Eq. (35) and find

(1+w)(1+3c?)
2

2
A= 3(1+w)@Z+w@A+(w+c JOA + pA + c2D?*A

— 2g (aabA<“b>) 2(1+ w)aabZ<ab> +2a%(1 + OJ)D20'2

dit
2 [2. (1+w)?(1+32)p 22 1d?
-—1-0- = D A*A,
1+ {39 > 3+ +3@dt+2dt2
+ (w~+ A2 A, + (WA, +3 2@A + 2(1 + W) Za)Z% + 2(AaaD"O). (36)
We then replace © by the Raychaudhuri equation (A.22)
o— loz Liismp 22 G A4S Aaeia (37)
=-—-0%2_-Z —20° — a
3 2 P a?(1+ w) a?(1+ w)?

and the scalar version of the volume expansion gradient

1 . c2 2 1d
= — —_ a — <a’b> S — a
Z T <A WZ " Ag — wOA + 20,5 AV + T+ <3@+ 2dt> A°A > (38)

which is taken from Eq. (28). The spatial gradient of the Raychaudhuri equation yields
2 4

= (1+3w)pA,A° - % ADA. (39)

. 2
2 a 24 a
c;A,aDO = —c; 3@AaZ a a

Inserting the last three equations into Eq. (36) we find

A+(3—w> —((w—c); + (1 + 2¢2 —3w)2+(w+c§)A+c§D2)A

= ( ) oapAl “b + 2(1 + w)o™ Z iy + 2a%(1 + w)D?0?

2 2
I N | 9 8 9 912 d 1d
- —e*t-= (1 - +4 , D A

1+w[9@ 3(( +w) +(3+ w | e 2+c + +@ T 5ae

: 2 2
+ w4+ A2 N, + <wAa + gG)wAa + 5(1 +w)Za) za

o wHed o cs a
_R TS A2 % A DeA, 40
K (1+ w)a? (1+w)a (40)

Let us emphasize once more that products of three variables for which S(°) = 0 are at least of third
order and are thus neglected here.

Perturbative expansion: So far we have neglected terms that are at least of third order in a
perturbative expansion of the dynamical variables. To complete the perturbative analysis, we

a



expand the remaining variables and truncate the series at second order
A A L AD L A = AW L AG?) (41)
22704704 70 =70 4 7)) (42)
ox~o® 4o 4 6@ =504 @ (43)
0~00 oW +e® (44)
pp® 4 p) 4 p® (45)

Vector and tensor versions of a quantity are expanded in the same manner as their scalar coun-
terparts given above. In Eq. (40) the shear couples either to itself, to A or Z whose zeroth order
term is zero. Thus in an expansion to second order only the first order perturbation term of the
shear will survive and thus we can immediately put o ~ o(®). Also note that p(® and O will
not occur in our perturbed formula because p and © always appear in combination with a linearly
gauge independent quantity for which the zeroth order term is zero.

Expanding the variables in Eq. (40) in this manner we get

" . (0)
A® 4 (g - w) 0WA® _ (;(w ~ 2002 4 (1422 - 3w2)p7 +(w+AHA+ CEDQ) A2

2 . 2 )
=— (3 - w) OWAM 4 (3(w - 2)e0eW 4 (1427 - 3w2)2> AW

2 d
—2 (36(0) + dt> (afl}]A(l) <“b>) +2(1 4 w)o <1)“bZ<(1b> +2a%(1 4+ w)D?e(M?

2 [2 1 8 p© d 142
_ s 7@(0)2 - 1 2 4 2D2 A @(0) A(l)aA(l)
1+w[9 a2 (el (graw]e )5+ +3 TOTE T ae
. . 2 2
+ (W4 zWeall) + (wAE}) + 79(‘%&}) +3+ w)Zé”) zWa
2
— 02% 12 _ ALDIAD, (46)

(14 w)a? (1+w)

We have ordered the terms in this equation such that second order quantities appear on the left
hand side of the equation and combinations of first order variables appear on the right hand side.

At this point it is also useful to replace the contractions with ZL(Ll) and Z,gl). To do so, we use
Eq. (9) which yields

w@Aa - A(a) - JabAb

Zo = , 4
1+w (47)
)AL _ A(D)
ORI fiw Ba L o). (48)

Similarly, from Eqgs. (18) and (48) we get for the time derivative of zM

2 c?

160
g0 2 (2 A(l) (0) A _ " peA®
Za 31+w(cs w) +31+w@ a(l +w)
c 2 P ) (1)
+ (1+ (1+3w) - (1—1—305)) TA“ . (49)



The respective terms in Eq. (46) become

(w+ ) Z0aA®
lw+c? , 1w+ c? d A2 +w)
- 52 —2,)0O2AMAMa L ZX T % (0) Z (AW ap)y _ Zsi\Zs THJ A(papl)
314w (%) o 31500 a o) et w) Do
+(w+cd) A (14 3w) — (1 +3¢2) AINOINOE (50)

S 1+w S 2 a )
and

AW 200 A0 4 2 (1)) 7(Da _

(wAS, +§® WA +§(l+w)Za VZ =
w—2 w d 2w, ‘ 4 w?

0 Z(AMap@) 3 TAMaA®) L = ¥ g0)2A1)aad)

2 Trwl @A) AT A g OTATEAL. (51)

With these we can eliminate Z, and Z, completely and our perturbed second order differential
equation for second order density perturbations in a perfect fluid with shear reads

.. . (0)
A® 4 (3 - w) 0WA® _ (;(w — 2002 4 (1422 - 3w2)p7 +(w+HA+ ch2> A®)

2 . 2 o)
- (3 - w> OWAM 4 <3(w —2)eWem 4 (14262 - 3w2)2) AW

a

2
-2 g@(o) + (i) (Ui}))A(l) <“b>) +2(1+ w)o(é)Z(l) (@) 4 92421 + w)D?eV?

C? 2 2w’ "’3(4 —wc?) 002 1 9 54 4 P(O) op2 | 2
_1_:“ [(3_ Czs S> 3 —|—C§<_1—W_WCS_3CS+2%>2+CsD —|—§A
2 2w W d  1d°
242 V10— L 2= | ADap@)
+ (3 3c2 20?) dt + 2 dt? @
2 _ 2( 2 2092
LAY AWAme GG FW) e GG W) xaypapm). (52)
14w (1+ w)a? (14+w)a

We fix the background cosmology by introducing a further assumption.

Assumption 4: As background we choose an FLRW universe: ©(%)(t) = 3H(t) and p(®) = p(t) is
given by the Friedmann and continuity equations

. 1 1
H:7H2—6(p+3p)+§/\, p=—3H(p+p), and
1 K 1

H2 = —p— > 4 ZA.
3723
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On this background our equation eventually yields
R (2) 3,) A@

B B J s A (1422 - 3) S 2D A

. (€]
=-— (; - w) OWAM 4 (;(w —A)6HOW 4+ (14 2¢2 — 30.)2)/)2) AW

d
-2 <2H + ) o{gi)A(l) (ab) 491+ w)aé}))Z(l) (@) 4921 + w)a?D?*e M2

dt

T .2 99 2\ PV o w2
1+ {< 17w+§wcs—§cs—4w 20§+CSD + w—2gfcs+§ A

2 2w d 1d°
3H— AW aAD
(3 3¢2 262) a 2dt2} .
2 2092
+ 3% A(l A(l s(cs + UJ) 2 _ CS(QCS + Ld) Agl)DaA(l). (53)
14w (14 w)a? (1+w)a
In this equation the second order density perturbations on the left hand side are sourced by couplings
of first order perturbations on the right hand side. In particular, we find source terms in which the
shear tensor couples to first order density perturbations but also to itself. The next step is to study
our equation in the two important regimes where either radiation or matter dominates. For that
we reintroduce k := 87G.

Matter dominated universe: For a matter dominated universe we have w = ¢2 = 0. The linearized
evolution equation for the shear tensor and the Gauss-Codazzi equation [29] determine the projected
Ricci tensor by the shear R = —3Hoa — dqp- For super-horizon shear modes D62 = 0 in a flat

universe K = 0, this identity together with the relations A<ab> = —Z(ap) and A, = -2, (details
see ref. [29]) reduces Eq. (53) to

2
A® L 2HA® — %(3]{2 —ANA® :%HAELUA(D @4 %ZgUZ“) “ 4 2Ho ) AW (ab)

+ 40(1b)Z(1) (ab) | 2R§1%>A(1) (ab)

_ %@U)A(l) n %puwl). (54)

which partially reproduces the result in [29] for A = 0. We find two additional terms —2H OMWAM 4
1pMWAM which were missed by the reduction procedure used in [29].

Radiation dominated universe: Important for this work is the evolution of the perturbations
during radiation domination where we have w = ¢2 = 1/3. For our purpose it is also convenient
to eliminate Z 4 such that we get an equation only depending on o4, and A in its various forms.
We also take a flat universe with K = 0 and A = 0. Again by using Eq. (17) the volume expansion

gradients yield to linear order (1 —&—w)Z(gl) = w@Aél) — AWM Taking the comoving derivative aD® of

11



the previous expression, using the decomposing rule aDyZ, = 1/3haZ + Z(ap) + Zqp) (analogously

for A,) and the linear rule aDy Al = a%(DbA,(ll)) we can estimate

wOOAM L+ ue@AM AL
fab)  THab) 1 0(e2). (55)

1 _
Za) = T

Finally our equation yields in a flat universe without cosmological constant

A@OLHA® _o2A® _ Lp2a®
3
= -2 (Ho{) AW @ 4+ 5HAD @) 4 260 AD @) 4 842D% M2} GW sources
1 A 2
— LeWAM 4 2,MHAW®
+ (2H2 — 1—12D2) A,(ll)A(l)“ — %HA,(IDA(D“ — iAS})A(l)a Pure density sources

DAL TN A )

1 1
6 a 4

(56)
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3 First order phase transitions and GWs

First order phase transitions occur when a configuration does not minimize the energy anymore.
In this process the minimum (¢) (order parameter) of the temperature dependent potential V()
evolves from a symmetric (unordered) phase (¢) = 0 to an asymmetric (ordered) phase (¢) # 0. If
the former minimum and the new minimum in the potential are separated by a potential barrier
then the order parameter does not smoothly roll into the new minimum but rather jumps or tunnels
(see figure 1). The barrier of a FPT prevents the system from continuously relaxing into a new
state with lower energy which results in latent heat being stored and later released in a shorter time
interval. This delayed energy releasable makes FPTs particularly interesting in comparison to other
phase transitions. The temperature at which the two minima are degenerate is called the critical
temperature T, while the temperature at which the probability per volume element of reaching the
new minimum is unity is called nucleation temperature T} yec.

In the early universe such phase transitions could have happened and are realized in many extensions
of the SM [5, 6, 7, 8, 9, 10, 12, 14, 15, 16, 17] where a Lagrangian L£({¢;}) with extra fields ¢;,
symmetries and couplings is introduced. Here the order parameter is the vacuum expectation value
(VEV) of the field which acquires a non zero mass in the low temperature phase. This results in a
”spontaneous breaking” of the involved symmetries, i.e. a non-linear realization of the symmetry
in the vacuum at zero temperature. In a FPT the field does not accept the new VEV everywhere in
space at the same time. Instead bubbles with the new VEV inside nucleate with some initial sizes
and begin to spatially expand into regions formerly occupied by the high temperature, symmetric
VEV. Hereby the bubbles release the stored energy, the latent heat fraction

Pvac
a=_Prc (57)
prad(Tnuc)

where pyac ~ |Vr,.. ((¢))], and release it in the form of motion but also while their surfaces, called

walls, eventually collide. The time needed until the field ¢ has acquired the new VEV everywhere
in the universe is denoted by 1/ (see figure 1 second plot) and is the inverse of the nucleation rate
per Hubble volume

' = Thuc exp(B(t — touc))- (58)

The rate 8, in turn, is deduced from the O(3)-symmetric, effective action [31]

o 1 /do\? , B dsS;
=4 2 5 = Thuc )
S3 7T/0 redr <2 <dr> + VT(¢)> , via 7 ar |, (59)

nuc

whose minimization determines the tunneling trajectory from the former, symmetric vacuum to the
low temperature, forming vacuum. In this way, via the form of the potential Vr(¢) C L(¢), the
phase transition parameters a and § are directly connected to the details of the particle physics
model. Whether or not a certain model posseses a potential barrier and a FPT depends therefore
on both the model details and the choice of coupling parameters.

The formation of bubbles has an important implication. By their expansion and collision, they
induce three different forms of anisotropic stress into the fluid, which in turn generate GWs.

1. Bubble collision: The collision of the forming and expanding bubbles leads to an anisotropic
stress that sources GWs [32, 33, 34],
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2. Turbulence: The highly ionized plasma can develop magnetic and hydrodynamical turbulence
from the percolation of the fluid induced by the bubble collisions [35, 36],

3. Sound waves: The bulk fluid motion produces pressure waves in the fluid that source GWs
[37, 38, 39],

such that the total abundance of GWs from a FPT reads
Qaw(k) = Qe (k) + Qsw (k) + Qmap-turs (k). (60)
In summary the important parameters are:

e The nucleation temperature Ty (~ Hpue) which sets the scale of the released energy density
in GWs paw-

e The strength of the phase transition is described by the latent heat fraction o and its duration
by the inverse nucleation rate 5~ 1.

The strength of the GW signal also depends on the bubble wall velocity v,,. Its calculation is more
involved (see eg. [40, 41, 16, 42]). Depending on the bubble dynamics not all of the released energy
produces GWs. The fraction of the released energy actually transmitted to the kinetic energy of the
fluid is provided by the efficiency factor rkeg. If the phase transition does not reheat the universe
too much one can approximate the temperature at which the GWs are released as Ty =~ Tpye. On
the other hand in models with large o > 1 there will be a supercooling phase which separates the
nucleation temperature from the percolation temperature Ty, < Ty [16]. The release of GWs then
falls together with reheating of the universe Ty = T} en which turns the universe back into radiation
domination. If the reheating is fast enough we do not need to distinguish between H(Ty,c) and
H, [17]. The two cases constitute very different bubble dynamics. In the former the contribution
from bubble walls to the GW signal is only relevant for so called run-away dynamics in which the
bubble walls strongly accelerate until they reach the speed of light. However, they expand into
a still radiation dominated universe such that parts of the available energy are absorbed by the
plasma and thus the efficiency factor keg is smaller than unity. In the latter case, where the bubbles
propagate with the speed of light v,, = ¢ in a vacuum energy dominated universe, the efficiency
factor equals unity and bubble walls are the only contribution to GW production. The efficiency
factor thus reads [16]

Keg =1 for a>1. (61)

Note, that for the purpose of this paper only the time and scale of GW production is important and
therefore we will always refer to t, and not bother about ¢,,¢, also in the case of strong supercooling
because in any case H (t.) ~ H (tpuc)-

The sufficient set of parameters describing the phase transition is then (H., 8, a, kesr(t)).

3.1 Analytic description of bubble collision

We study the GW energy density originating from bubble collisions as source of second order density
perturbations following the literature, e.g. [32, 43, 34, 40, 44]. Typical central assumptions in these
derivations are:

1. Thin wall: the bubble walls are infinitesimal thin and all energy is stored on them,
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Figure 1: Left: Qualitative temperature dependence of a typical potential in particle physics de-
veloping a barrier and new global minimum as temperature drops. Right: Schematic illustration
of the temperature dependence of the VEV (order parameter) in a FPT. Shown are also the two
important temperatures T, and Ty, at which the minima are degenerated and at which the nucle-
ation probability reaches one bubble per Hubble volume, respectively. The temperature at which
the transition is completed is denoted by T%.

2. Envelope approximation: Already collided walls do not source GWs. Only the remaining
envelope of collided bubbles carries energy and momentum.

3. The phase transition performs in less than a Hubble time.

GWs originate from linear tensor perturbations (for consistency with the literature in this subsection
Latin indices are spatial and run from 1 to 3.)

ds? = —dt® + a®(t) (855 + 2hs;)dz'da’, (62)

by a tracefree and transverse tensor h;;(x,t). The GWs propagate according to the wave equation
[45, 46] and are sourced by the transverse and tracefree component of the anistropic stress tensor
I1;5(x, t). In Fourier space (k denotes comoving wave number) the equation of motion reads

.. k2

hij(k,t) + ghij(k, t) = 167G IT; (k. t), (63)

Solving this equation for a given anisotropic stress tensor allows to derive the energy density of
GWs

<hl]hlj> / k3 . 9
p t) = ——— = —|h(k,t)|*dIn k. 4
GW() yve. o 9 | ( ) )| (6 )

In the case of FPTs, the collision of bubbles produces an anistropic stress tensor HJE» (k,t) which

?

drives GWs through Eq. (63). This leads to an energy density per logarithmic frequency, which is
given by (since the FPT is short we can put a(t) = a.)

Q8 (i /an 1) i ——3PCW _ 2 (Hx (@ 2A(k/a B,t,vw) (65)
GW *9 . Dtot dlnk eff B 1+« 9 My Uy UV )y
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Figure 2: Left: The dimensionless power spectrum (with approximated time integral) of GWs
sourced by a FPT evaluated at halftime 7 = 7., +0.5- H,. /3. Right: The time evolution of the peak
of the dimensionless power spectrum. The inverse duration in terms of Hubble time is denoted by

_ 8 - TeutTe ~ i =
T8 = 11 and Tey 1= "7 is the time mean while A7e, i= 7oy — Ti.

where Ko is the efficiency factor. The challenge for analytical [32, 43, 33, 44] and numerical studies
[47, 48, 49] is to find an expression for the dimensionless power spectrum A(k/S,t,v,,). The essential
ingredients are the homogeneous solution of the wave equation Eq. (63) and the power spectrum of
the anisotropic stress tensor evaluated at different times. Here we simply refer to the literature and
stick to an approximate formula from Caprini et al. [40] which incorporates the most important
features? . Following this reference the dimensionless power spectrum is well described by

2
P D]~ B L) Pk 1+ 1)/2), (66)

ta

Ak, B, t,v,) = B2k

with the broken rational function

7 Vo€ 1+ (k)2
“hﬁ“ﬁ<ﬂ)<1u%ﬁh%ﬁ> !

and the characteristic length- and time-functions

9(t), (68)

U
B

g(t) =482 (t — t,) <; —(t— t*)) [@Hv (t —t,) - Omuy <; - t)] , (69)

where € is a small parameter (taken to 0.01 in the following), v,, is the bubble expansion speed, t.
the starting time of the release of GWs and ©Op,(t) is the Heaviside step-function. In Fig. 2 we
show the dimensionless power spectrum achieved from these functions.

L(t) =

2In fact the approximation seems very close to more refined analyses like [44]. The latter reference explicitly
mentions that the underling assumptions listed above are especially well fulfilled for bubbles expanding into vacuum.
This is in particular important for this work since significant impact will only be generated in this regime.
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Figure 3: The dimensionless power spectrum of GWs sourced by a FPT (light red and light green)
and the approximation of the time integral in Eq. (66) (bold lines) close to the start and the end of
the FPT. The yellow curve shows the horizon mode. The notation is the same as in Fig. 2.

In terms of the rescaled time 7 := H, - t, rescaled Fourier mode  := ck/(a.H,) (note that we put
k — k/a.) and the relative phase transition duration H, /3 we get (also reintroducing the speed of
light c)

o100 = et (M) a0 = (%) () ) = w2, (10

where the time-dependent function §(7) and the broken rational function f(k,7) becomes

10 =4(1) - () - ) et + 2, @

. 1+(5L3(T>)2
K f (k) = 2 (k,7) = (RL(7))? (”vce) L () ()

B

Therefore, the rescaled function for the GW abundance is

Qaw(k,7) = k25(T — 7.)? ( )2 /: di &2 f2(R, (1 4 7.)/2), (73)

l1+a
with k, := a.H./c the scale of the horizon at t,.

The left plot in Fig. 2 shows the spectrum as a function of time for a fixed mode while the right
plot shows the time evolution of the peak A(Kpeak(7), 7). In Fig. 3 we show the approximation
Eq. (66) for different times. The main three features of the power spectrum of GWs from FPT are
273

C

1.37 g

o It peaks around ~ kpeax = A o y o) which is at the end of the transition,

e For small wave numbers the spectrum grows as k2,

e For large wave numbers the spectrum decreases as k1.
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4 Results

In this section we present the results obtained from Eq. (56) for the following scenario (see also
sketch 4):

During radiation domination a FPT is triggered at time ¢,,. and emits GWs by bubble collision
at time ¢, on sub-horizon scales k > a,H,. The GWs manifest themselves as shear perturbations.
The transition completes within less than a Hubble time ¢, + 1/8, where 8 > H(t.). The shear
distortions induce second order density perturbations via Eq.(56). After sourcing the induced
density perturbations remain imprinted in the spectrum. Hence we need to identify the source
terms, calculate the density perturbations they induce and transfer them to the matter power
spectrum in order to estimate their impact on structure formation.

B sitio sop s Gravitational Second order Structure
ek e density o
4 % (shear) % perturbations % (”:‘Il)t:((‘tlnll’:l‘;’“
Pr ion EY
Gy I A G ) B U () opagatio Pk, to)
| 1 y/4 |
1 1 /4 1
t.(T.) te+1/8 to
B> H(ty)

Figure 4: Timeline and schematic flow chart of the model described in the text. The green line
depicts the time of the phase transition and the radiation of GWs. The flow chart on top of the
line shows the processes happening during that phase on sub-horizon scales. We assume that these
processes happen during the whole period of the transition. After the transition is completed, the
induced perturbations affect the matter power spectrum today. The two angled lines indicate that
the time between the end of the phase transition and today is much longer than the duration of
the transition.

To do so, we have to use the solution of Eq. (56) to derive the transfer function T'(k). In order to
induce any changes at all, the FPT must be strong enough such that the terms not involving the
shear tensor are subdominant. Moreover, as we will see in Eq. (77) the shear is related to the GW
abundance at the transition time via |¢(!)| ~ H,\/3Qqw(k,7) and the first order perturbations
can be estimated as |[A™M)| ~ 1074, see Eq. (105). This implies

|AMD1Z <1078 and oap A ~ |oW] x 1074 (74)

. Therefore we find the pure shear term to be the most interesting and powerful source term if
loM] > JAM| ~ 1074, The latter condition is fulfilled for a relatively wide range of phase transition
parameters. For o — oo the duration can be as small as 3/H, = 100 until the high-x plateau of
paw reaches a magnitude of 1074,

Thus, in the following we focus on the self coupling of the shear, namely

. , 1 8
AP + HA® —2H2A®?) — gD2A<2> = ga2D2a(1>2. (75)

Following references [50, 51, 28] the shear tensor is related to the linear, tracefree and transverse
metric perturbation by 0., = a(hag)’ and 0% = a=3(hap)’ (see also Eq. (A.48)). Recall that in this
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work a,b=0,1,2,3 and «,3 = 1,2,3 and the prime denotes derivative with respect to conformal
time. Using the definition of the energy density of GWs

"(x By (x hos (X, £)hB (x
sty = Bl 0V G00) _ oo 1) -

we observe that the squared shear 02(x,t) = 1/20,,0 is nothing but

paw(x,t) = o =0?(x,1). (77)

We can also transform the divergence of the fractional energy density gradient into a more familiar
variable. To do so, we note, that in a vorticity free and spatially flat space (K = 0) the projected
derivatives become spatial Laplacians
VQ
DaDa - ﬁ (78)
and thus the divergence of the fractional density gradient can be written as the Laplacian of some
function § which depends on the relative energy density perturbation d := dp/p

A(x,t) = V35(x,1). (79)

If A(x,t) = AM(x,t) is a linear perturbation then 4 is equivalent to Bardeen’s variable for the
relative energy density perturbation 6 := § 4+ 3H(1 + w)£® with the time component ¢ of an
arbitrary gauge transformation z# — x* + £* [52] (see also subsection A.6). Therefore, using
Eq. (77) and Eq. (79) the 1 + 3 covariant variables can be expressed in a more standard manner.
Similarly, in a spatially flat spacetime the harmonic decomposition of the variables reduces to
standard Fourier modes (see [52, 53])

fxt) = / fiee™, (s0)

where k is the comoving wave vector and x is the comoving space vector. Applying the Fourier
decomposition to our Eq. (75) while the source is active yields

25(2) 2)5(2) 2 1 kY 2)5(2)
-0+ HOERI 0 - 220 (1 3 (o) | R0

8 K
3a(1)?

a(t)? 87G paw(k/a(t)). (81)

and the factor —k? can be canceled such that

5O () + H(£)6O) (8) — 2H2(1) (1 _ % (a(t)kH(t)> > 50

= gSﬂ'GPGW(k/a(t)vt)' (82)
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For sub-horizon modes we can neglect the unity on the left hand side of the equation. Additionally,
the right hand side can be formulated in terms of standard abundance Qqw by replacing pgw =

2
Prot2aw and using pioy = % at the time of the phase transition. We assume that the generation
of GWs coincides with the duration of the FPT and thus completes within less than a Hubble time.

Hence we can neglect the friction term H(t)g,(f)(t), approximate a(t) ~ a(t.) =~ a(t. + 1/5) and
H(t) = H(t.) ~ H(t.+1/p) and use pgw from the previous subsection. After the phase transition
completes the energy density of GWs simply redshifts as a radiation and we assume that during
that time its power as source is negligible. In total our result reads

1 k22
5 (t) + 7~z 0L

3a(t. )2k (t) = 8HXQgw(k/a(t.),t) fort € [t.,t. +1/8], (83)

1 k2c? - Ay

5Oty + HE)SD (t) + 3 (t)zd,(f)(t) = 8H(t)? (a(t)> Qaw(k/a(t),t) ~ 0 fort>t, +1/B.

(84)

Note that the right hand side of Eq. (84) decays as H(t)?/a(t)* and thus can be safely neglected.
We have checked this approximation semi-analytically and found it to be consistent, see Appendix
C. Also note that the choice of gauge is of negligible importance for sub-horizon modes.

Solving the equation: Next, we solve Eq. (83) to find 5122)“) and estimate its impact on the matter
power spectrum. This requires us to calculate the energy density in GWs from the fractional,
logarithmic energy density Qlé’%v in Eq. (65). Integrating the equation gives

1 H, 2 o 2k
Qaw(k,t) = aw(k, t) = K2 () () / A(K' /B, t,vy)dIn k', 85
(k,t) ptotp() |3 T a kmm(/ ) (85)
where we take for ki, = % the inverse size of the horizon at transition time and v,, = ¢ for
the bubble wall velocity. The resulting energy density of GWs as a function of the wave number
is shown in Fig. 5 for the dimensionless time 7 := H,t and wave number x := ajq* k. With this
scaling the differential equation becomes
- 1 .-
8@k, 1) + gf@?a(?)(n, 7) =8 Qaw(k,7), (86)
where primes denote the derivative with respect to unit free time 7 := H, - t. The numerical

solution at the end of the phase transition 6® (k, 7, + }é) is shown in Fig. 6 for initial conditions
6@ (k,7,) = 6®'(k,7,) = 0. For an analytical resolution of Eq. (86) in various simplifying limits
see appendix D. How to interpret this equation? From the expansion of the pressure to second
order we see that for adiabatic perturbations and small changes in the sound speed on sub-horizon
scales, that

ac? dc? do
P = 2 o5 4 T2y X e By 2 (87)

with o := (0p/90s) [54]. Therefore, as for linear perturbations, photon perturbations are character-
ized by ¢2 = 1/3 and hence Eq. (86) describes the evolution of photon perturbations §(2) = 59).
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Figure 5: The integrated dimensionless power spectrum of GWs sourced by a FPT. The spectrum
is evaluated in the middle of the phase transition 7.,. The yellow line shows the horizon mode and
the pink dashed dotted line indicates the peak wave number of the logarithmic GW abundance.
We chose §/H, =1 for demonstration reasons.

Comparing this equation with the wave equation for photon perturbations in the photon-baryon
fluid before photon decoupling [55, 56]

.. k2 4
b, + 250, = 2anG (560 + 05 + 1, ) (88)
o + k26, =2 (9o + 0o + 206, ) (89)

we notice, that what we found is a very similar system. But in our case their oscillations are driven
by the gravitational wave density instead of matter or radiation density component. Since at that
time baryons are still tightly coupled to photons they follow almost the same wave equation and
thus we interpret our findings as baryon acoustic oscillations (BAOs) at a second order perturbative
level driven by the GW energy density. As seen in Fig. 6 the oscillations lie on top of a dominant
peak. The typical sound horizon of the oscillations is given by

ew _ [UTVPar 1 2
rGW .= —C=———————. (90)
Ty Q4 \/ga*ﬂ \/gkpcak
For comparison, the typical sound horizon for standard BAOs and our BAOs is
rs = 147Mpc [57, 58], (91)
rSW = 3 Mpc, (92)

respectively. Like for the standard BAOs after photon decoupling the baryons will transfer this
information gravitationally to the dark matter perturbations and will thus be imprinted in the
matter power spectrum.
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Figure 6: Left: In blue the numerical solution of Eq. (86) at the end of the phase transition and
with initial conditions 0 (k,t) = 6(?)/(k,t) = 0 and for @ — co and §/H, = 1. We also show the
source term in orange at the end of the phase transition 7oy = 7. + H./f. Right: Induced density
perturbation by GWs from FPT. For demonstration purposes we chose a« — 00,5 = H,. Shown
are solutions for different scales a,H, in comparison with the horizon at matter-radiation equality.

Let us estimate the time on which a FPT has to occur in order to impact the matter power spectrum
by density fluctuations produced via Eq. (86). The typical comoving scale on which the GW energy
density per logarithmic frequency ng%v(k, t) peaks at the end of the transition is at

kpeak ~ 271—6

Qs c

) (93)
with the phase transition duration 1/8. Around this scale, the source term, the fractional energy
density Qgw, becomes approximately constant (see Fig. 5). Hence we can use it as a typical
scale which will also be inherited to the induced density perturbations via Eq. (86). We rewrite the
phase transition duration in terms of the Hubble parameter 5 = rgH, = rgH (t.), where rg > 1 for
transitions shorter than a Hubble time. Therefore, the comoving wave number where the density
fluctuation spectrum is approximately maximal is

2rrgH,a,
kpeak = i7 or

Kpeak = 27T'g. (94)
This is analogous to a primordial density fluctuation which enters the horizon at H,a,, only that
in our case we can shift the scale relative to H.a, by the duration ratio rg of the phase transition.

From then on the scale of the density fluctuation is fixed and the time of a phase transition that
impacts the matter power spectrum at its typical scale must fulfil the condition

2 H.a.,
BT > ke (95)

~

C

This condition is met by late phase transitions around

t:10%s — toq ~ T : (O(100) — O(1))eV. (96)
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We calculate the Hubble rate for these times using

a V@~ Ge
H(t) = = = Ho\/Qmo~—75—, (97)

a

where Hy ~ 70Mpc/(kms) &~ 2.27 - 107'8s~! denotes the Hubble rate today and aeq = %ﬁ

m0

% =2.4-107% is the scale factor at equality (the Hubble rate is Heq = H(aeq) = 9.1-10714
or teq & 70000 years). Integrating this equation leads to an implicit equation for the scale factor

2 1 :
e Hy = 5 —e— [V/aF Geq(a — 2a0q) + 20342 (98)
m,0

For events sufficiently far enough from equality a < aeq We can approximate Eq. (98) and get as

w =

limiting equation for the scale factor a(t) = /3 - Ho/Sad,0 - t-

Impact on matter power spectrum: Due to the production of extra deviations 6@ from the
energy density by the phase transition the primordial modes around k., = 2ma.H. /c experience a
modification compared to their standard evolution. The change is captured by the transfer function

: 52\’
T2, (k) =1+ <5£1)(k)> , (99)

where 59)(16) are the primordial perturbations inside the horizon at ¢.. Then the altered matter
power spectrum with the amplitude at matter radiation equality compared to the spectrum today

Po(k) is

Pea(k) = Tie) (k)Po(k) DY (aeq) (100)
with the approximate linear growth function
5 Qo
T2y 4 (14 Quno/2)(1+ Q4 /T0)

D (a) (101)

which is D4 (aeq) = 2.5 - 10~* around equality. The linear matter power spectrum linearly extrap-
olated to today is given by the fitting formula [59]

In(1+c i
Polk) = Aok (clqlq) (1 + (c29) + (e39) + (c19)® + (c59)*) 7, (102)
with
q:= k = ~ 0_073i7 (103)
Qm()h + €Xp <_Qbaryon0 - m . W) kcq

and ¢; = 2.34,¢c0 = 3.89,¢c3 = 16.1,¢c4 = 5.46 and ¢ = 6.71. The reduced Hubble parameter is
set to h = 0.7 and the abundance of baryons today is Qbaryono = 0.05 and €,,0 = 0.3 [58]. The
amplitude Ag of Py(k) is calibrated such that the variance becomes [58]

~ ~ 2
22 [ - K- 3j1(kR)
0.82 = 8_/0 dF—Po(F) % ((]%R) ) . (104)
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Figure 7: The estimated first order density fluctuations from the matter power spectrum in Eq. (105)
as a function of dimensionless wave number for different times. Here k, = % The k-axis and

the Hubble horizon shown in yellow are given in terms of the respective time for each of the curves.

Here ji () := sin(z)/2z? — cos(x)/z and R = 8 Mpc/h.
In order to derive the transfer function T, (k) we estimate the amplitude of a typical density

perturbation 5£1)(k) for sub-horizon modes as standard deviation from P

(5:&1)( D+ aeq \// dki,PO ) (]Ng) for k. < k, (105)

where Wy, (k) = (k/k) ~(sin(k/k) — k/k cos(k/k)) is called window function. The restriction to modes

with k, < k is necessary since only modes that have entered the horizon at the time of the phase
transition are relevant. In Fig. 7 we show Eq. (105) in terms of the dimensionless wave number k,
5£1)(I€ - k) for 10Y < k, at different transition times.

We use the estimated primordial density fluctuations to define the transfer function Eq. (99) which
is show in Fig. 9 for some example cases together with the modified matter power spectrum P at
equality. Note that 6(2) < 1 is fulfilled at all times, see for example Fig. 7. The whole procedure
is schematically summarized in Fig. 8.

As seen in Figs. 9, 10 and 11 the GWs produced by the FPT imprint a peak on the matter power
spectrum around the comoving scale kpecax. The transfer functions decrease rapidly with smaller
phase transition duration rg and also with smaller strength o. This behaviour is expected from the
prefactors of the GW energy density in Eq. (85).

Hence, the height of the peak is determined by the parameters t,, o and rg. We can put limits
on them by requiring that the height of the peak should not exceed the bound set by the cosmic
variance of the linear matter power spectrum. The latter is defined via [60]

)i= Ve TP ot = Polin | (5 + 7 ). (106)

n

which holds for Gaussian random fields. N denotes the number of modes and n is related to the
so called band-averaged trispectrum which can be estimated to 1/n &~ 0.00792 (Gpc/h)3/V [61].
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Phase transition Equality
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Figure 8: Schematic summary of the deduction of the matter power spectrum with the effect from
gravitational wave induced second order density fluctuations.

We estimate the number of modes as 2/N = (27)2/(V - k2Ak) with V ~ 1(Gpc/h)? and Ak ~
0.02 - log (k Mpc) (Mpc/h)~! (typical distance between galaxies) which reproduces approximately
the cosmic variance found in [61].

The modified matter power spectrum P should not exceed this bound, i.e

P(k) < o(k), Vk. (107)

In Fig. 12 we show a parameter scan in the a-3-plane for different phase transition times t,. The
red shaded regions are excluded by the cosmic variance bound, while values in the white region are
consistent with it. We observe that only very long rg < 5 — 6.8 and strong « > 1 phase transitions
can be ruled out.

The earlier the phase transition takes place the less is it constrained. FPTs with such extreme
parameter values have been proposed in the past. Long lasting transitions are realized for example
in SUSY [62] and models with a lot of supercooling are for example Randall-Sundrum, composite
Higgs models [42] and models with an almost conformal symmetry in general [16].

In Fig. 13 we convert contour line values into a bound on the GW signal today in the standard
frequency - GW abundance plane. The logarithmic GW abundance today due to bubble collisions
is [34]

2 z 3 2.8
o o 100\ ® / 0.11wv 3.8(f fpeak)
REQIRE (F) = 1.67 x 1075 . p52 . ( Reti(@)a v v 1
awolf) 6710 " 1+« s 0.42+v2 ) 1+ 2.8(f/ fpear)>®’ (108)
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Figure 9: The impact of a late phase transition for different starting times ¢, on the linear matter

power spectrum. We chose for each time an inverse duration of § = 3H, and latent heat o = 3,
respectively.
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Figure 10: The impact of a late phase transition for different strength o on the linear matter power
spectrum. We chose for each a an inverse duration of § = 3H, and fixed the transition time to
t. =5 x 10% s, respectively.
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Figure 11: The impact of a late phase transition for different duration ratios rz on the linear
matter power spectrum. We chose for each r3 a strength oo = 3 and fixed the transition time to
t. = 5 x 10%s, respectively.

The time of the phase transition can be converted into the temperature of the plasma by

30 3 1 B
7. - (ez) (110)

and the number of relativistic degrees of freedom g, after the QCD phase transition (and hence for
a late phase transition) is 3.36. Note, that for BSM models this value differs depending on the field
content and their properties. The frequency window is set to f ~ 1.5 x 1076 Hz as lower bound
and f ~ 1.5 x 1074 Hz as upper bound which approximately corresponds to the right, big k slope
of the matter power spectrum. For smaller frequencies our assumption of a radiation dominated
universe becomes very weak.

For comparison, we show also the projected bounds for LISA [2], the timing pulsar arrays [63]
NANOGrav [64, 65], PPTA [66], EPTA [67] and CMB [68, 69, 70].

Following reference [71, 72, 17] the GW energy density can be limited by the effective number of
neutrino species IV, via

h*Qcow(f) <5.6-107°AN,, (111)

where AN, denotes the deviation from the SM value N, = 3. BBN constrains this number to
AN, < 0.2 [73] giving the bound on the allowed amount of GW before BBN shown in Fig. 13. The
indirect bound for the CMB is taken from [68].
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Figure 12: Parameter scan of o and rg for different transition times ¢,. The red colored regions are
excluded by cosmic variance and thus a late FPT with these parameter combination would change
structure formation too strongly.

5 Conclusion

Let us summarize the results. In this work we have studied the possible impact of a FPT on small
scale structure via the production of GWs in the radiation dominated epoch. A linear relation
between the energy density of GWs pgw (k) and adiabatic density perturbations has been found by
expanding the full non-linear Egs. (5) and (6) to second order in the 1 4 3 covariant formulation.
In this formalism the spacetime is decomposed into the direction of fluid flow and its orthogonal
hyper-surface. Then, a set of gauge invariants to first order with clear geometrical interpretations
can be constructed.

When only considering parameters for which the GW energy density surpasses the other source
terms during the transition, the adiabatic density perturbations follow a wave equation which is
driven by the GW energy density. In this case our equation describes photon acoustic oscillations
induced by the GW energy density. Since the photons are still coupled to the baryons at such times,
the baryons undergo the same oscillations which manifest themselves eventually in the matter power
spectrum.

Since phase transitions are typically taking place within the Hubble horizon H, at the time of
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Figure 13: The GW abundance today as a function of today frequency. Shown are the projected
bound by LISA [2] (dashed-dot blue), the bound set by PTAs [64, 65, 66, 67] (solid blue) and the
indirect bounds from CMB and BBN [68, 69, 70] (hatched areas). As the result of our calculation,
the red colored regions are excluded by structure formation. However, many assumptions went into

our calculation so the bound should be taken with care.

the transition the scale on which the perturbations are affected is bounded by the horizon size
k. = a«H./c. However, we found that the scale that is maximally impacted equals the scale
where the GW energy density per logarithmic frequency has a maximum k, = 27rg a.H,/c. This
implies that the linear matter power spectrum, if at all, can only be affected on the length scales of
galaxies and above if the transition occurred at very late times > 10° s but still within the radiation
dominated regime. Late phase transitions and their impact on structure formation (also due to
gravitational waves) have been discussed in the past, for example in the matter dominated era
[74, 75, 76] (in the literature the phrase late time phase transition is sometimes used for transitions
after equality or photon decoupling). Specific particle models have been discussed in [77] and a
model with a very late phase transition including a dark energy component is presented in [78].

The maximally allowed duration A~ ! and strength o of a phase transition is bounded by cosmic
variance and depends on the time of the transition. We find that this bound constrains these
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parameters only very weakly, excluding transitions that last longer than > 1/6.8 Hubble times in
the case the transition is close to equality and 2> 1/5 in the case the transition takes place on galaxy
scales. From the parameter set ., 8 and a we derived the GW abundance per logarithmic frequency
today and translated the bounds from structure formation into an exclusion region in Fig. 13.

Our results are based on the following assumptions. First of all we looked at adiabatic perturbations
only. We simplified our calculation further by neglecting anisotropy and vorticity effects as well as
current density effects. In principle the anisotropic stress could be also have effects on the matter
power spectrum directly. As a next step it would be reasonable to study the possible effects of
the anisotropic stress on the density perturbations in more details. For example, its scalar part
(corresponding to the quadruple term in the momentum distribution caused by the bubble collision
in the fluid) could constitute a difference in the Bardeen potentials ¥ — & ~ II analogous to neutrino
and photon anisotropies and in this way even affect linear perturbations. The effect of an extra
anisotropic stress on the CMB and on curvature perturbations has been discussed in [79] also using
the 1+ 3 covariant formalism. Additionally, one could consider effects of the anisotropic stress on
a second perturbative level. A non zero and transverse anisotropic stress tensor can appear in the
non-linear Egs. (5), (6) and the conservation laws Eqgs. (A.20), (A.21) coupled to the acceleration

A, and the shear o,,. The acceleration A,(IQ) is thus not parallel to the density gradient any more
which will make the calculation much more complex when including the anisotropic stress.
In our derivation we assumed the equation of state parameter w and the sound speed ¢? are constant

in time and space and also that g—z = gz—z = c2. In general these parameters could depend on space
and time. However, on the one hand the decline of w close to equality is very gentle and on the other
hand the change within a Hubble time is expected to be negligible. As closer we get to matter-
radiation equality w departs more and more from being 1/3. A rough estimation gives w ~ 0.27 at
t~10s.

In this work we found that only strong GWs sourced by phase transitions with a lot of supercooling
can have effects on structure. In this regime the bubble dynamics is fixed to bubbles expanding
into vacuum and hence the only source of GWs are bubble collisions.

Note also that our study is limited to phase transitions on sub-horizon scales which complete within
a Hubble time 8 > H,. Our results are very close to this boundary and hence effects of the Hubble
friction terms in the wave equation for the GWs and the density perturbations might suppress the
amplitudes even further, shrinking the constrained region in parameter space.

For perturbations induced from phase transitions at high wavenumbers, it should be also mentioned
that these will experience non-linear growth at later times. Hence, if there was an impact at those
scales, it will be overlaid by non-linear structure formation.

In future work we will look at more direct consequences of the phase transition on structure for-
mation. One idea is to take up on the work done Schmid et al. [25, 26] and study the effect on
linear perturbations by changing sound speed. As mentioned, in [27] it was shown that the sound
speed does not change a lot in particle models with many scalar fields, but could depart from
1/ V/3 in fermion rich models. Another possibility is to study the direct impact of the anisotropic
stress on linear perturbations, as mentioned before through the difference in the Bardeen potentials
U — & ~ II. Also, the huge amount of supercooling « > 1 in our calculation turns the background
cosmology from radiation dominated to vacuum energy dominated such that the equation of mo-
tion of the linear density perturbations changes which could also lead to direct effect on the matter
power spectrum.
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APPENDIX

A The 143-covariant formulation

Quantities in perturbation theory are in general gauge dependent, i.e. they change under infinites-
imal coordinate transformations #* = z* + € £*, where € < 1 is a small parameter and £* € R* is
some vector field. Under a linear perturbation an arbitrary tensor field S is split into its zeroth-
order part® S also referred to as background value, and its first-order part S = e SM), i.e.
S =80 4 ¢8M) . Under a gauge transformation the latter perturbative component is not simply
mapped to itself but rather receives an additional term dependent of the gauge vector £ according
to

SW 5 s 4 £,50), (A1)

where this additional term is the Lie-derivative £, along & of the background term S ) [52, 80,
p.59]. In order to make universally valid predictions for a perturbative physical model we need to
introduce gauge invariant quantities.

A tensor field is called gauge invariant to first order if for any vector field £# the Lie-derivative
vanishes L¢S (0), Based on the gauge transformation rule in Eq. (A.1) the Stewart & Walker lemma
[81] states that a tensor is gauge invariant? if and only if it either vanishes in the background, is a
constant scalar on the background or can be written as a sum of products of Kronecker-deltas with
constant coefficients [52].

In the spirit of this lemma, Ellis, Bruni and co-authors developed the so called 1 + 3 covariant for-
mulation of gravity [22, 23] based on earlier papers by Heckmann and Schiicking [18], Raychaudhuri
[19], Ehlers [20] and Hawking [21]. In this section we will follow closely ref. [28]. The advantage of
this approach resides in the simple geometric meaning of the central variables and their gauge invari-
ance which is due to the fact that they vanish in a spatially homogeneous background, for example
in the background of a Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. These variables
are constructed by decomposing the spacetime into the direction of the four-velocity of a comoving
observer that follows the fluid flow lines % and the projection tensor into the instantaneous rest
space of u®,

. dax°®
= and  hgp 1= Gab + Uy, (A.2)
dr
with the proper time 7, u*u, = —1 and g4 being the metric tensor with signature (— + ++). We
follow the convention of the literature and use Latin indices for four-vectors a,b,c,--- = 0,1,2,3
and a, 8,v--- = 1,2,3 for spacelike three-vectors.

The two tensors are perpendicular projectors
haptt’ = gapu® + uqupub = ug —ug =0 (A.3)

that project a spacetime quantity onto the flow lines or in the orthogonal direction which enables a
unique splitting into irreducible timelike and spacelike components (establishing the name 1 + 3).

3Subscripts in parentheses denote the perturbative order.
4Unless stated otherwise, we mean by gauge invariant always gauge invariant to linear order.
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Exemplarily the time- and space derivative of a general tensor Sacbc_l_‘_“ is obtained by projecting the
covariant derivative V:

Sab... 4 = uVeSap. " and  DeSgp.. " = he®ha eV Sp T (A.4)

The next step is to describe the kinematics of an observer in this framework under the influence of
gravity and matter represented by the energy momentum tensor T,;. We will set the speed of light
¢ =1 and the gravitational coupling x := 87G = 1, where G is the gravitational constant.

A.1 Kinematic variables

In the 1 + 3-covariant approach to gravity, the kinematic quantities that determine the motion of
a test particle are the tracefree shear tensor oq, := Du,), the antisymmetric (hence tracefree)
vorticity tensor wqp = Dppu,), the volume expansion scalar © := D%u, and the four-acceleration
A, = u’Vyu,, which emerge from the irreducible decomposition of the covariant derivative of the
four-velocity

Vilg = Ogp + Wap + %@hab — Agup. (A.5)

The here used brackets are defined as
S(ap) = % (Sab + Sba) s  Slap) = % (Sab = Sba) ; (A.6)
Staby = hhy'Sea — éthScdhab, Vigy = hVh. (A7)

Useful identities for these objects are collected in Appendix A.7. In an FLRW universe at zeroth-
order the shear, the vorticity and the acceleration vanish and hence the Stewart & Walker Lemma
provides gauge invariant quantities [82]. Moreover in a spatially homogeneous model like the FLRW
metric the background value of the scalar ©(®) (t) depends solely on time and thus the spatial
derivative DO is equally gauge-invariant.

A.2 Gravity

In general relativity gravitation arises from intrinsic properties of the spacetime manifold and
matter. Einstein’s field equations formulate this relation by

1
Rab - ERgab = kTgp — Agaln (AS)

where Ry, and R are the Ricci tensor and scalar, respectively, and A is the cosmological constant.
The Ricci tensor is the contraction of the Riemann tensor R,p.q which encodes the curvature of the
spacetime manifold. The latter can be split into two parts

1 1
Ravea = Cabed + i(gacRbd + gpaRac — gocRad — GaaRoe) — ER(gacgbd — GadJbe)- (A9)

While Ricci tensor R,; and scalar R express volume changes due to a local matter source and
hence reflect the local part of the gravitational field, the Weyl tensor Cypeq® contains information

5The Weyl tensor shares all symmetries with the Riemann tensor Rypeq = Redeb, Rabed = Riap][cq) @nd Ry[peq) =0
and is, by construction, additionally tracefree.
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about the propagating degrees of freedom. Using the four-velocity vector, Cypeq can be decomposed
further into the so called electric and magnetic parts [83, 84]

Eup = Coucpquu® and Hy = %eZdCcdbeue, respectively. (A.10)
Both tensors are symmetric, tracefree and gauge invariant due to C((L(;)Cd = 0 in the FLRW back-
ground. As we shall see, the propagation of GWs is mainly governed by the magnetic part Hg,
while the electric part Fyy, is closely related to tidal forces.
Having discussed long range gravitational effects, let us focus on local gravity which is expressed
by the Ricci tensor and the energy-momentum tensor. For a general fluid the energy-momentum
tensor decomposes with respect to the fundamental timelike velocity field into

Tap = puauy + 2u(aqy) + phap + Tab, (A.11)

where p := T%u,uy is the energy density, q, := hTycu is the energy current density, p := Toyph®/3
is the pressure and map := T4y the trace-free anisotropic stress. While both the anisotropic stress
and the energy current density again vanish in a FLRW universe and are thus gauge invariant, the
pressure and the energy density depend only on time and hence their spatial gradients are also
gauge invariant to first order.

Rewriting Einstein’s equation as Rap = k(Lo — %Tab) 4+ Agap leads to three equations that relate
the Ricci tensor and the matter-fields [28],

1
Rapu®ub = Ko (p+3p) — A, (A.12)
hobRpeu® = —Kkq, and (A.13)
1
hohy Reg = K5 (p— p)hap + ETap + Ahgyp. (A.14)

A.3 Equations of motion

As discussed in the previous sections, the 1 + 3 covariant approach identifies gauge invariant com-
ponents of the energy-momentum tensor, the Riemann tensor and the four velocity gradient with
a clear geometrical and physical meaning. The equations of motion for these variables are inferred
from the Bianchi and Ricci identities and are accompanied by constraint equations. The equations
quoted in this section have been derived in [85, 86], for details see also the review [28]. Using
Eq. (A.14) and the Bianchi identities for the Weyl tensor

1
vdC’abcd = v[b-Ra]c + ggc[bva]R (A15)

one finds the non-linear propagation equations of the electric and magnetic components of the
Weyl-tensor,

. 1 1 . 1 1
By = —OFEqy — 58 (p+p)oap + curl Hyy, — 3 fab — ek Omap — P Daqyy — KA (aqs)
1 1

+3(T<ac <Eb>c — 6/€7Tb>c) + €cd(a |:2A6Hb>d —w° (Eb>d + 2I€7Tb>d>:| , (A.16)
. 1 c 3
Hpyy = —OHu — curl By + 5/-@ curl mop + 30 (o “Hpye — §Kw<aqb>

1
_Ecd<a (ZACEb>d — §I</ O'Cb>qd + wCHb>d) . (Al?)
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while the spacelike constraints become

1 1 1 1 3
D'Ey = & 3 Dup— iDbﬂ-ab —3 Oq, + 3 0avrq’| — 3Hapw® + abe (UdeCd — 2/<;wch> (A.18)

and
b 1 p 1 b b ed | L _ca
D Hyp = k(p+ p)wa — % curlq, + 3Eyw’ — SR Tabw” — Eabe0 q | B+ SR . (A.19)

Here, the vorticity vector w, := Eape?e /2 has been introduced together with the projection €qp. :=
nabcdud of the totally antisymmetric tensor ngpeq-

From the Bianchi identity expressing the conservation of energy and momentum V*T,; = 0 we find
the propagation equations for the energy density and the energy flux,

p=—0(p+p) — Dy — 24%, — 0*7qp, (A.20)

4
- an — (O’ab + wab)qb — Db’frab — 7TabAb. (A21)

d(a) = —Dap — (p+p)Aa — 3

Finally the Ricci-identities 2V, Vyu, = Rapequ® give the Raychaudhuri equation for the volume
expansion and the propagation equations for the shear and the vorticity

. 1 1

@ = —g ('-‘)2 — 5,‘{, (p + 3p) — 2(0'2 - w2) + DaAa, + AaAa + A7 (A22)

. 2 1

Olab) = —3 OFab — 0c(a0 by — WiawWs) + Do Apy + AaApy — Eap + 5 Mab, (A.23)
2 1

Wia)y = ~3 Ow, — 3 curl A, + ogpw". (A.24)

These identities also imply the following constraints for the shear, the vorticity and the magnetic
component of the Weyl tensor

2
Dbo,, = 3 Da® + curlwg + 2eape A%wC — kg, D%wa = Aqw?®, (A.25)
Hap = curlogp + D qwyy + 24 4ws) - (A.26)

These equations allow us to find the behavior of density perturbations and GWs on a FLRW
background. For a detailed derivation of these equations see [28]. In table 1 we have summarized
the central quantities of the 1 + 3 approach, their interpretation and their gauge properties.

A.4 Linear density perturbations

Spatial inhomogeneities in the matter density are described by the spatial comoving fractional
gradient and the comoving expansion gradient [22]

A, = 2Dup, (A.27)
p
Zg == aD,0, (A.28)
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Variable Symbol Pergli)egg)ef?gz?gsmn First order GI
Energy density ) p(t) + p(x,t) Dap(x,t)
Pressure D p(t) + p(x,t) D.p(x,t)
Anisotropic stress T 0+ 7(x,1t) 7(x,t)
Energy density current q 0+ q(x,t) q(x,t)
Volume expansion (C) O(t) + O(x,1) D,O(x,t)
Shear o 0+ o(x,t) o(x,t)
Vorticity w 0+ w(x,t) w(x,t)
Acceleration A 0+ A(x,t) A(x,t)
Long range grav. field (Weyl tensor) C 0 4 Caped(x,t) Clabed (X, 1)

Table 1: Perturbative expansion of the central quantities in the 1 4+ 3 covariant theory in a FLRW
background and their first order gauge invariant version. In the third column the first term refers
to the zeroth-order component and the second term to 65 = €S, Since for most quantities the
zeroth-order part is zero and hence S = §5 we often neither use the superposed index nor the
6-symbol for their first-order term.

which are both orthogonal to the fluid flow. In a spatially homogeneous background they are gauge
invariant because p and © depend only on time such that the spatial gradient Dap\backgmund =
D,p(t) = 0 vanishes in the background. The time- and space dependent variations of over- and under
densities which are expressed by the orthogonal projected divergence of the comoving fractional
gradient aD*A, =: A are closely related to the Laplacian of the density contrast § := dp/p.
However, besides the usual over- and under densities also distortions A,y and vorticity Ajq can
be introduced by the splitting

1
aDyA, = gAhab + A(ab) + A[ab]- (A29)

Taking into account the equations and constraints from the Bianchi identities, spatial inhomo-
geneities evolve according to the full non-linear equations (5) and (6).
As these equations are too complex to solve we seek to perturb the equations to first order. There-
fore, we have to choose a background model, the FLRW metric, which reads in spherical coordinates
ds? = —dt* + d*(t) e +72dQ(¢, 0) (A.30)
1—Kr? ’ ' '
The curvature parameter K can be —1,0,+1. In this background the volume expansion is related
to the Hubble parameter H(t) := a/a by ©)(t) = 3H(t) and thus Raychaudhuri’s equation, the
continuity equation and the Friedmann equation read

. 1
H:—HQ—g(p+3p)+§A, p=—-3H(p+p), and (A.31)
2k, K1
H* = 3P~ 3 +3A. (A.32)

The evolution equation for linear density perturbations in a barotropic perfect fluid p = wp in a
FLRW universe © = 3H (t) with zero vorticity wg, = 0 is then obtained from these equations setting
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the energy current density and the anisotropic stress to zero. This leads to [23]
. 3 .
A:—2<1—3w+203> HA

12(w—2)K
2

+f€[<1+4w—3¢§—2w2>p+(5w—303)A— A

2
+ 2D?A. (A.33)

a

Since for first order gauge invariant variables the zeroth order is zero we omit their perturbative
labels and since appearing p’s, p’s and ©’s always occur together with a gauge invariant variable
they must be of zeroth order such that we can also omit their superscripts.

It is useful to convert this equation into k-space by expanding A in scalar harmonics Qf, such that
A= fk A Q. The latter ones have the properties 9, = 0 and D?Q,, = —’%Qk (see appendix B
for more information). In a spatially flat spacetime K = 0 the scalar harmonics are plane waves.
For a radiation dominated, flat universe we have w = ¢ = 1/3, H = 1/(2t), a(t) = aog\/t/to,
rkp = p® =3/(4t?) and K = 0 such that in a comoving frame the dynamical equation for the k-th
density perturbation mode yields

d2Ak+1dAk L1 k 2
ez "2t dt 22 6 \a(t)H(t)
which during radiation domination yields an oscillatory solution on sub-horizon scales and a linearly
growing solution on super-horizon scales. During matter domination all modes grow with ~ t2/3.

Ay, = 0. (A.34)

A.5 Linear metric perturbations: Gravitational waves

In the 1 + 3 covariant approach long range gravity effects are incorporated by the Weyl tensor and
hence GWs are monitored by means of the transverse and tracefree components of its electric and
magnetic parts. Linearizing the propagation equations Eq. (A.16), Eq. (A.17) and the constraints
Eq. (A.18), Eq. (A.19) these equations read [87]

. 1 . 1

Euwp = —OFEqy + curl Hyp — 5h [(p +P)0ab — D(ayy + Tab + §97Tab ) (A.35)

. 1

Hab = _@Hab — curl Eab — §I<L7Tab, (A36)

b 1 1 1 ., b 1

D°E., =k g@qb + gDaP + §D Tab and D°H,, = o [2(p + p)wa + curlgy)] . (A.37)
Hence in the absence of vorticity, the electric and magnetic parts of the Weyl tensor that are
not sourced by density gradients (D,p = D,© = 0) are transverse tensors for a perfect fluid

(Tab = ¢o = 0) on a FLRW background (© = 3H (t)) and due to Eq. (A.25) this is also true for the
shear

DaEab = 0, DaHab =0 and DaO'al7 =0. (A38)

Using the linearized equations of motion for the shear Eq. (A.23) and the Weyl tensors, the latter
ones can be eliminated from the discussion, see [29], to give the propagation equation

1
Gav + SH (£)Gap + 5p(1 — Bw)oay - D?0,, = 0, (A.39)
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in the absence of curvature K = 0.

A.6 Connection to Bardeen-formalism and Newtonian theory

The standard formalism frequently used for studying structure formation is based on the approach
introduced by Bardeen [88]. In reference [52] Bruni et al. gave the transformation equations between
the 1 4 3-formalism presented here, and the 3 + 1-slicing used by Bardeen. For later use and to
connect to the more common formalism of Bardeen let us briefly repeat here the transformation
rules. Primes denote in the following the conformal derivative dn = dt/a. We introduce the
perturbed metric parametrized as

ds? = a®(n) {—(1 + 2A4)dn? — 2B,dnda® + [(1 — 2D)dap + 2Eap)dz*da”)}, (A.40)

24 _B
_ _ 2 a
OF Jab = Tlab + 0Gap = @ {"ab * (—Ba —2D0as + 2Ea,8a)] ’

where D = 1/6- g2 and 68 E.g = 0. The vector B is commonly split into a curl free, longitudinal
part V x B!l = 0 and a source free, transverse V - BT = 0 such that B = B!l + B+. While the
first part can be written in terms of a scalar potential B the latter one originates from a vector
potential. Similarly the tensor E' can be split into the components E,3 = E(Il‘ 5t Eéﬁ + E(fﬂ, where
the first two again can be derived from a scalar and a vector potential £ and E, respectively, and
the last one fulfils the transversity conditions for tensors

1

Elly = (8a05 — 30asV2)E, (A.41)
1 :

Eyy = —i(aﬁEa +0.E5) with V-E =0, (A.42)

§*70,EL; =0 and §*PEl; =0. (A.43)

The invariant form of the density variation § := dp/p under a gauge transformation x® — % + £
reads

!

5 = 5+3%(1 + w)eo, (A.44)

With the splitting introduced above and the scalar potential B!l = —VB the gauge invariant form
of the scalar perturbations in terms of the metric perturbation parameters is

/

5:5—3(1+w)%(v—B), (A.45)

where the fluid velocity perturbation is du, =: 1/a - v,, which also splits like the vector B in
v = vl + v with the potential vll = —Vuv. A gauge is specified by choosing values for v and B.
Similarly, the other perturbative quantities can be made gauge invariant. The projected comoving
density gradient A, is

A =aVé—3d(14w)V,, (A.46)
where V, := v+ — B1. Hence its divergence yields

A =V, (A.47)
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due to V-vi =Vv.Bt = 0. Eq. (A.47) is the desired connection between the common gauge
invariant Bardeen variable for the density perturbation and the 1 + 3 scalar variations.

The shear tensor 0,4, describing GWs in the 1 4+ 3 formalism, is closely related to the transverse
and tracefree part of the tensor perturbation ECJ;B which equals the commonly used hog in the
transverse tracefree gauge and is gauge invariant by itself. The shear tensor expressed in terms of
Bardeen parametrized metric perturbation reads

Oap = a(VQ5VS + V(QVS g+ Egé), (A.48)

where Ayp = VoV — 3045V? and Vg := v — D’. For the purpose of this work we will only need
the relations between the projected density gradient and the shear with Bardeens variables given in
Egs. (A.47) and (A.48), respectively. Analog expressions for other quantities can be found in [52].

A.7 Important identities in 143 covariant theory

The orthogonal projected gradient and the time derivative of the orthogonal projection operator
hqep meet the relations [52, 28]

Dahpe = 0, (A.49)
Dahab = ub@, (A50)
hab = upAg + uqAp. (A51)

Calculating the projected gradient of the four velocity gives
1
Dbua = 0Ogb + Wap + gehalr (A52)

Also important are the commutation laws for the derivatives which we simply repeat from reference
[28]. For a scalar f, a vector v, and a tensor S, we have for the spatial derivative

DDy f = ~wasf, (A.53)
1
D(aDyjve = —wap¥(ay + iRdcbavd; (A.54)
. 1
D[an]Scd = _wabhcehdfsef + §<RecbaSed + Redbasce)> (A55)

where Rgpeq is the Riemann tensor in the local rest space of the observer.
Similarly the time derivative and the space derivative do not commute in general

Dof — ha"(Dyf) = —f Ay + %@Daf +Dpf (000 +w'). (A.56)

B Harmonic Decomposition

It is convenient to expand all scalars, vectors and tensors in harmonic functions. No matter if scalar
harmonic Qy, vector harmonic Qj , or tensor harmonic Qy, 4, their defining property is to be an
eigenfunction of the orthogonal projected Laplace operator (Laplace-Beltrami equation)

k2
D2Qk,{ ,a,ab} = _EQk,{ ,a,ab}s (Bl)
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with eigenvalue —k?/a?. In case of a flat space K = 0 the orthogonal projected Laplace operator
D? reduces to the usual Laplace operator V2 /a? such that the harmonic functions Q are Fourier
transforms [80, 89]. Scalar, vector and tensor modes thus transform like

fxt) :/dkfk(t)Qka (x,1) /dk DI aliire i (B.2)

m=—1,1

ST, (x, 1) = / de S sTimofm, (B.3)

m=—2,2
with
Ok = exp (ik - x),

Q[ﬂ] = \/%(el +ies), exp (ik - x),

3 , . ,
QLifll = —\/;(el +iey).(e ies), exp (ik - x),

where e; and ey are orthonormal basis vectors. The scalar part of a vector and the scalar- and
vector part of a tensor expand like

Vil = < Vi Qx, (B-4)
kaky 1
sl — /dk< kgb + 3ha,,> Sic Ok, (B.5)
si=fa S ( 2k>(k5 QT + kuSi Mol (B.6)
m=—1,+1

respectively.

C Decay of the source after the FoPT

We will now show that the GW source decays sufficiently fast after the PT such that we can take
the right hand side of Eq. (84) to zero. We first perform the adimensional change of variables

~ a[r]" « 1 a? - H[r)? a?
8" (K, 1) + ——=0" (K, T) + k*0(k,T) =8 2 bt

Sa[ B Qaw(k, 7). (C.1)

Note that Qqw(k, 7 > 1) = Qaw(k, 7f) := Qaw(k) is a constant in time, where 7y = 7, + 1/rg
is the time when the PT ends. We can now solve the homogeneous part of Eq. (C.1) for a general
alt]:

< _ ak [T 1,
Sn(k, 7> 74) = Cy cOs [\/3 /Tf ] dr



which in the radiation dominated universe simplifies to a(7) = a., /= and H(r) = H,L

Sn(k,7 > 77) = C cos {2\7/*; (V7 - \/77)} +D, sm{ Y " (VT - \F)} (C.3)

This is the solution sourced solely by the GW energy during the PT. Turning now to the solution
sourced by the GW after the PT, using the variation of parameters method we find

0(k, T > Tp) = On(ky T > 7f) + (K, T > 74), (C.4)

L2 (7 = 7)] + Daterysin [ 222 (v - ) (9

’ . KA/ Tx \/77— T
VBT ot (), /2 sin (W)
Colk,7) = — / dr' (C.6)
Tf K/

T ) K/Te (VT —\/TF
\fSHI[qQ Qow(k)y/ 7 cos <2 ( f)>
d

Onn(k, 7 > 75) = Co(k, T) cos [

a[‘r

Dok, ) = /Tf . . (C.7)

For demonstration purposes we will now recombine the trigonometric functions into a single one
with a phase by using the identity
Ccosz + Dsinz = Asin(z + ¢), (C.8)

where the new amplitude is given by A = +/C? + D? and the relative phase ¢ = arctan %. Applying
this identity into Egs. (C.3) and (C.5) we obtain

Sn(k, ™ > 77) = Ay sin [2\7; (VT = v77) + M : (C.9)

~ T« K

Onn(k, T > 1) = Aq(k, T) sin [ 7 (VT = /77) + ¢Q] (C.10)

We now compare the relative sizes of the amplitudes A,, the amplitude of the solution sourced by
the gravitational wave energy at t;, and Aq(k, Teq), the amplitude of the solution sourced by the
gravitational wave energy after ¢; at feq. As can be seen in Fig. (14), the homogeneous solution
dominates and thus taking the right hand side of Eq. (84) to zero is a sound approximation.

D Analytical solution of the GW sourced wave equation in the
small and high wave number limit

We start from the source given by Eq. (66). By performing the variable tranformations ¢ = H,1
and k = %ﬁ and by slightly abusing the notation, we obtain
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Figure 14: Ratio between the amplitudes in Egs. (C.9) and (C.10) evaluated at toq for a benchamark
strong PT with o« — oo, rg = 1 and ¢, = 10'%s. Note that the ratio is always bigger than 20,
meaning that the solution sourced by the decaying GW source after ¢y can be safely neglected in
Eq. (84).

L) = =)o 1), (D.1)
2 o V€ (gL T )2
fr, 1) = L( 5 (D.2)
B 1+( (1) + (5L(7)°
A (k1) = & (1) (1 — 72)2 f2 <H,T+T*> (D.3)
Oy (', 7) = (rp) ™ ( ) e AR, T), (D4)
Qaw (E,T):/H_ Q%8 (', 7)dlog &' (D.5)

Then, we want to expand the quantity Qaw (k, 7) around x = 0 and k — co. The expansion around
k = 0 can simply be done by first expanding Qlog and then integrating:

QY = COW (K — Kmin) (1w — T)H (T + 7 — 2Tf)2 ,  with (D.6)
1 a?
low __ — D.
CEw 3TB(1+a>26 (D.7)

Note, however, that the same cannot be applied for the high x limit, since the integration of Qlow
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will necessarily run over small values of x’. In order to solve this issue, we first obtain the value of
Kpeak defined as

H, c 1
ikl 5

(05 7)) = (05 s 7)) — e =316
B oul(ry—m)

(D.8)

which is the value of x for which the low and high x limits of the GW energy density intersect at
7 = 7¢. Then for the high x approximation of Qgw we can write

high peak log low I " log high I
QL% = (QGW(,‘-@7 7-)) dlogk’ + (QGW(I{,T)) dlogk

min

peak
= Cg{’ivv(ﬁpeak - ’imin)?)(T* - 7)4(7 + T — 27’]‘)2

ieh K — Kmi 1
+ Ohlgh min 7
W kkmin (T + T — 274)2

(D.9)

high _ o1¢ H> &2
and (:k}\A/ = 8‘1};‘Zﬁ§'Zij;;;jjjﬁfieff.

In these two regimes the differential equation Eq. (86) can be solved analytically. Note, that the
equation is only valid during the FPT, i.e. 7, < 7 < 74. The homogeneus part of the equation is
given by 0" (k, T) + éﬁg(n, 7) = 0 with a trivial solution: 0y (k,7) = Ay cos (%T) + By, sin <%7),
where A, and B are given by the initial conditions. We can then use the variation of parameters
method to obtain the solution to the non-homogeneous solution which is given by

5@ (k,7) = 6k, T)ﬁ%/g [sin (\I/%T) /T jf cos (\%T) Qe (7, ) d7
~ cos (%T> / jf sin (\’/‘%T) Qow (7, K) d%} . (D.10)

Since Qgw(7, k) is 0 for times before the phase transition the non-homogeneus part is 0 when
T < Tx. The lower limit of the integral becomes 7, if 7 > 7. If we assume that the source decays
quickly after 7; the upper limit of the integral becomes 7 if 7 > t;. Therefore, the expression
evaluated at 7 > 7y, i.e. right after the end of the phase transition, becomes

5(/4:,7' > 7p) = Sh(li,T)—F

E () o () o= i) [ G o8]

We can see that before 7, & behaves as an harmonic oscillating function with constants A and
By, given by an initial value. During the phase transition, the time dependence of 6 will be a
complicated function. However, for times 7 > 7; the integrals become constants in time (they still
depend on k) and therefore §is again an harmonic oscillation with modified amplitudes for each x.
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We can now solve these integrals in the limits for low and high x by substituting Qcw in Eq. (D.11)
by Eqgs. (D.7) and (D.9). The solution for 621" becomes

510“’(.%, T>Tf) = 5h(ﬁ, T) + ggw(K,T)

— (A, + A, cos (f/g) + (Bx + B8y, sin (%) (D.12)

where AIC?VVVVN and Blé’%,{ are the 'modified’ amplitudes due to the effect of the FPT in the low k
limit. They are given by

2408 (K — K
g = - 2O~ o)
W3r7 1k (2160 sin <m"> + (1080 1+ 36r72k2 + r_4/<;4) sin (”TJ‘))
[ ’ V3 ’ ? V3
KT
i (19440 +216r; 2K — 6ry Kt — 1 6) co8 (f>
5 5 /3
+ 432 ( 6_2K2 - 45) cos (’jg)] ) (D.13)
2405w, (k% — /{f’nin)
BGwﬁlow - /{8

-1 KT+ -2 2 —4 KTy
[2\/§r5 (2160&005(\/3) + 1 (1080 + 36r5242 + 775 )cos(\/§>>

19440 — 21675252 + 6r; " + 15 6) sin (”TJ”)
( 5 5 7

+ 432 (45 - 277;2/-;2) sin <’7§>} . (D.14)

Analogously, for high x we have

SPER (k5 7 > 1) = 8 (k, T) + b (K, T)

(A + AL, ) cos (ﬁ) (B + B3z, ) sin (ﬁ) (D.15)
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with the constants Ag‘g/‘l}n and Bgiﬁz given by

high _ gow _ ACGR (5 — Fpear) [67’ sin <mf) — 3rgsin <m> +
AW —AGCWrpear 3V3r2 ek B V3 A V3

) a2 ) eos (R T
2\/:;%((01(\/37"5) C <\/§Tﬁ>> < 3 >—|—
. K & 2K sin K(2Tf — Ty)
(S (ﬁrﬂ> S(\/§Tﬁ>> ( V3 >>1 (10

ACEH (5 = Fpeak)

2v/3k ((Ci <\/2£«B> — i <\/§L>> sin (”“(271};7)) +
<Si (@) —Si (\/2:;5)) cos (“(27% T”))] . (D.17)

Here the functions Ci(z) and Si(x) are the CosIntegral and SinIntegral functions, respectively,
defined by Ci(z) = fom COtStdt and Si(z) = fom Si?tdt.

In order to compare these results with the numerical solution, we evaluate Eqs. (D.12) and (D.15) in
T = 7¢. As a a benchmark scenario, we choose extreme values for the phase transition parameters:
B =H,, a— 00, v=c, keg =1, e = 0.01, which yields kpeax = 3. In Fig. 15 we show the analytic
results in the two x-regimes compared to the numerical solution for zero initial conditions.

10°
101 4 .
T o
p
S
1
2 102 <
= o
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o g
103 g
£
—
O
Jasi
10~4 .ﬂ_ Numerical =+ Low & limit
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i
f T
10° 10! 102
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k= H.a.,

Figure 15: Comparison between the analytic solution for the density perturbations at second order
6 evaluated at 7 = 7 in the low- and high & limit with the full numerical solution.
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