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Abstract

The dynamical correlations of nonlocal operators in general quadratic open
fermion systems is still a challenging problem. Here we tackle this problem by
developing a new formulation of open fermion many-body systems, namely, the
characteristic function approach. Illustrating the technique, we analyze a fi-
nite Kitaev chain with boundary dissipation and consider anyon-type nonlocal
excitations. We give explicit formula for the Green’s functions, demonstrating
an asymmetric light cone induced by the statistical angle ¢ and an increasing
relaxation rate with ¢. We also analyze some other types of nonlocal operator
correlations such as the full counting statistics of the charge number and the
Loschmidt echo in a quench from the vacuum state. The former shows clear
signature of a nonequilibrium quantum phase transition, while the later ex-
hibits cusps at some critical times and hence demonstrates dynamical quantum
phase transitions.
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1 Introduction

The interaction of a quantum system with its environment [IH3] can lead to various dissi-
pation behaviors and the emergence of new collective phenomena, such as nonequilibrium
phases and phase transitions driven by dissipation [4H9], universality and dynamic scaling
behaviors at quantum transitions [I0HI6]. Understanding and controlling the behavior of
quantum dissipative systems is also fundamental to the development of quantum-enhanced
cutting-edge technologies such as quantum computing [17], quantum metrology [18], quan-
tum state preparation or quantum reservoir engineering [I9-28]. Although significant ex-
perimental advancements have been made in this context [29-32], dissipative quantum
many-body problems are still quite challenging in theory. Within the so-called Markovian
approximation, the open systems’ Liouvillian dynamics is described by the Lindblad mas-
ter equation [331134] for the time-dependent density matrix. A standard way of analyzing
the master equation is by means of perturbation methods [35,[36]. In addition, some exact
solutions of the nonequilibrium steady states and the full spectrum of the Liouvillian have
been obtained in some specific representative cases [37H46].

One specific instance that has attracted many interests is the open fermionic system-
s with quadratic Lindbladian [47-57], which can be solved exactly. However, even for
such simple solvable systems, the dynamics of nonlocal operators is still challenging and
desires efficient computation methods. Here we use nonlocal operators to refer to those
operators containing a string operator of the form Oj = explid ) ;< j é;éj] (or more gen-
erally, an exponential function of bilinear fermion operators). Such operators appear in
many important physical problems. For example, string order parameters have been used
to characterize topological properties of quantum systems [58-61]. They also emerge in
the studies of the Tonks-Girardeau gas [62,63], the impenetrable anyons [64,[65], the XY
Heisenberg chain [66], and the full counting statistics of quantum transport [67,68]. The
dynamical correlation functions of nonlocal operators in dissipative systems have not been
investigated systematically, even in quadratic open systems. It represents a challenging
and highly nontrivial theoretical problem.

Motivated by such challenges, here we put forward a new theoretical approach to open
fermion systems by applying the idea of mappings between the Liouville-Fock space K and
a Grassmann algebra G, which can map operators to analytic functions of Grassmann vari-
ables and vice versa. The quantum master equation is transformed to a partial differential
equation of the characteristic function of the density matrix, and all physical observables
can be expressed in terms of this function. We name this new approach as characteristic
function approach since the K-G mappings and the characteristic function are essential
concepts. This method could be seen as a fermion analogue of the phase-space method
widely used in quantum optics [69L[70].

Our method, which can be useful for generic open fermion systems, is then applied
to general quadratic fermion systems with linear Lindblad operators. We give exact so-
lutions of the master equation, the steady state, the single-particle Green’s function, the
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dynamical response function, and most importantly, the dynamical correlations of nonlo-
cal operators. These general results are then applied to the Kitaev chain with boundary
dissipation [50l71.72]. We obtain the spectrum of the matrix that determines the dissipa-
tive dynamics of the system, finding an excited state quantum phase transition (ESQPT)
and its relationship with the nonequilibrium quantum phase transition (NQPT). We also
compute the Green’s functions of nonlocal excitations, namely, the hard-core anyons with
statistical angle ¢, and find that the propagation of the excitations displays an asymmet-
ric light-cone for ¢ # 0,7, and the relaxation rate increases with the statistical angle. In
addition, other types of nonlocal operator correlations such as the full counting statistics
(FCS) of the charge number in a subsystem and the Loschmidt echo in quench dynamics
can also be analyzed easily in our new approach and explicit formulas can be obtained.
The FCS shows clear signature of the NQPT mentioned above, while the Loschmidt e-
cho rate function exhibits cusps at some critical times in the quench from the vacuum
state, giving evidence of dynamical quantum phase transitions (DQPT) in this dissipative
system. These analyses demonstrate the feasibility and powerfulness of the characteristic
function approach.

This paper is organized as follows. In Sec[2l we present the general formalism of the
characteristic function approach and use it to give the exact solutions of various physical
properties of the open fermion systems with quadratic Lindbladian, with emphasis on the
dynamical correlations of nonlocal operators. In Sec] we analyze the boundary-driven
Kitaev chain as an example, focusing on the Green’s function of the hard-core anyons, the
full counting statistics of the charge number in a subsystem, and the Loschmidt echo rate
in a quench dynamics from the vacuum state. We conclude in Secd with a summary of
our main results and some discussions.

2 The characteristic function approach

2.1 Basic Formalism

We first develop a new general approach to solve quantum master equations of fermion
systems. The basic idea is quite simple: the Liouville-Fock space K generated by fermion
creation and annihilation operators {é{, Cl,. .. ,é;v, ¢y} and the Grassmann algebra G gen-
erated by Grassmann variables {{1,€1,---,&n,én} have the same dimension 22V
hence we can construct one-to-one mappings between these two spaces. In analogy to the
phase-space functions and characteristic functions widely used in quantum optics [69], we
define the mapping © from K to G as the characteristic function of the operators in K:

and

0:AecK — Ac(E,€) = Tr[D(€)A], (1)

where ﬁ({) = ¢¢"¢~€ {5 the fermion analogue of the boson displacement operator. In-
versely, we have

ei7rN_|_]1_ R eiﬂN_]l R

Q: Ac(€9) € g~ A= [ it Ac(E.) [TDT@H DO, @

where N = > éjé, is the total fermion number operator. It’s straightforward to prove
that © and ) are reciprocal linear mappings. To do this, it’s enough to show that for any
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analytic function f(7,7) € G, we have f = O[Q(f)].

o[ (f) = / dado f(&,0) Tr [ D () D(n)]
— /MMﬂamﬁ%WWM—MPMMﬂ)
- /MMﬂm®EmeWM%—mNMMW@
= f(@n).

We should note that the parity of the operators in I and the functions in G has significance
in making these mappings. See Appendix[A] for some details and useful formulas.

Using these mappings we can transform problems in the Liouville-Fock space, for exam-
ple, the quantum master equation, to problems in the Grassmann algebra, and transform
back if necessary. The advantage is that for functions in the Grassmann algebra we have
rich analytic and algebraic tools.

Now consider an open system of N sites with spinless fermions, whose dynamics is
described by the quantum Lindblad master equation [33,34] with Lindbladian £ (we set
h=1)

Oup = L(p) = =ilH,p) + 3 (2LupLf, — (L], Ly 0} ) (3)
o

where IA/M are the so-called Lindblad or jump operators. Although the characteristic func-
tion approach is a quite general theory for treating open fermion systems, here, for sim-
plicity and as a starting point, we focus on general quadratic Hamiltonians

ﬁ:;&aﬂ<§>, (4)

and linear Lindbaldian operators

~ ¢ A .
mzm(g) il = (@, o)L, (5)
where (&f,¢) = (é];, é;, e ,é;rv, ¢ly- -5 CN), Lu(LL) are 2N-dimensional column (row) vec-

tors, while H is a 2N x 2N matrix satisfying the symmetry requirement
H+ 7,H"7, =0, (6)

where 7., . denote the Pauli matrices in the particle-hole subspace. Although such a
quadratic Lindbaldian can be solved exactly by various methods [48-56], the computation
of dynamical correlations of nonlocal operators is still a nontrivial and challenging problem.
In the characteristic function approach we transform the quantum master equation of the
density matrix into an equation for its characteristic function F(€,€) = Tr[D(€)p],

ar+ €Ol +x( § ) F=-3Eox () )
where
'Xi::EZ[LMLLin@U¢LLY14, (8)
I
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d (0,0) = (0/851, e, 0/06N,0/0¢1,...,0/0¢N). The solution with initial condition
( 6t =0) = Fo(&,6) is

F=R[€900)] e | -5E e  § )], )

where the arguments of F(£,£;t) have not been written explicitly for brevity, and

Q(t) = e+ Qt) = e 700 (1) = / L Q) X_ Q(t). (10)
0

The solution of Eq.(@) is a linear mapping from Fo(&,€) to F(£,¢&; ) which will be denoted
as F(E.&:1) = U[Fo(€. ). Obviously, F(€,6:1) = Olp(t)] = Ol (po)] = U[O(p)], o
more generally,

Oxet =U %0, (11)

where x denotes the composition of two linear mappings.

2.2 Physical observables

Now let’s discuss some physical properties of the open fermion system based on the solution
given by Eq.(@). We remark that the results in this subsection could also be obtained by
other methods, however, here we briefly present these results to show the completeness of
our new method.

(i) The steady state can be obtained by taking the limit ¢ — oo. If all the eigenvalues
Ao of (X 4 iH) have positive real parts, i.e., ReAy > 0, then Q(¢) — 0 while M(¢) — My
as t — oo, and the characteristic function approaches to

P = e |-y oni ()] (12)

This is a Gaussian state determined solely by the Hamiltonian and the dissipators, inde-
pendent of the initial state. On the contrary, if some eigenvalues A, have zero real parts,
Q(t) may not approach to zero and the system would have no unique steady state.

(ii) The covariance (or equal-time correlation) matrix can be expressed in terms of the
characteristic function:

C= << CCT )(é*,é)> :%]H— ( g ) (9,0)F(€,€)

where f(&,€)|o means taking & = £ = 0 at last. For the steady state described by Eq.(I2),
we have

(13)
0

1 1
Coo = 3 (1 + My — ML 7,) = 51+ Moo, (14)

(iii) The nonequilibrium Green’s functions, which describe the excitations in the steady
state, can also be expressed in terms of the characteristic function. For example, the
retarded Green function can be obtained through

where F} is the characteristic function of the steady state ps. For the Gaussian state given
by Eq.([I2) the retarded Green function simply reads GR(t) = —if(t)Q(t).
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(iv) Furthermore, the dynamical response function or the density-density correlation
function can be defined as

Dig(t) = —i(t) (fs(1). 1), (16)

where 7; = é;r ¢;. Using the same technique as that for the Green’s functions we can obtain
its expression in the steady state given by Eq.(12]):

Dy(t) = —if(t) {[Q@Moo]i; [Ql5i — [Qli; Moo Qi i
—[QMeo)it N, [Qlji+ N + [Qli+ N j[MooQljit N} (17)
where the time dependence of Q(¢) and Q(t) have not been written explicitly for brevity.

In the same manner all dynamical correlation functions of local operators can be obtained
by taking derivatives of the characteristic function, just as in Eq.(I3]).

2.3 Dynamical correlations of nonlocal operators

Now we turn to our main problem: the dynamical correlations of nonlocal operators. We
would call the exponential of a general bilinear form of fermion creation and annihilation
operators as Gaussian operators, and denote them as

I (K) = exp [%(aheﬁ( CCT >] , (18)

where K is a 2N x 2N matrix satisfying IK + 7,JK”7, = 0. String operators can be treated
as a special kind of Gaussian operators.
We would consider two types of dynamical correlations of nonlocal operators, namely,

Typel:  Tr {fg(m)eﬁ [fQ(KQ)fQ(JKO)] } , (19)

which is a scalar and
Type-1I:  Tr {( o ) Dy (K el {f‘Q(]Kg)(éT, é)fz(Ko)] } , (20)

which is a 2N x 2N matrix. Note that the Lindbladian superoperators in the above two
equations are different, and this difference is explained in Appendix[Bl We will give explicit
formulas for these correlation functions. Before that, it’s convenient to define the following
matrices: By = [1 + 0] _1, Wy = 20 Wiy = efoeke

1 1 1T — Wy -
Bog= =1+ =Q(t) ————=—=Q(¢t M(¢
1 1 1 — Wys -
Boo==-1+ -Q(t t M(¢
02 =3 +2Q()1+W02Q()+ (1),

and Rog = By + elKQ(]l — IB()), Ry = By + (]1 — IBQ)GIKQ, $o0 = By + (]1 — IBQ())GIKl,
02 = Bga + (]l - IBOQ)G]KI.
Using the three linear mappings 2, © and U;, we have

Tr {fg(m)eﬁ [fQ(KQ)fQ(JKO)] } —Tr {fg(]Kl)Q w Uy %O f‘g(]Kg)f‘g(]Ko)} } .
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Now we compute the three mappings one by one:

O O [FalaKe)] = VAT T Wanexp |-5€ O (£ )]

1 —|—W20

(). Ur© [FaKa)Ta(Ko)]
AT W |16 (20 +m0) )]
~ VAT Waesp | —5E. 0B ( ¢ )]

(111) Q *Z/{t * O |:f2 (]KQ)fQ (]KQ)} = \/det(]l + Wgo)\/det ]B20 fg (]KBQO),

where K p,, is defined through Bag(1 + €®#20) = 1. Note that in (ii) we have changed the
matrix in the exponential to By to satisfy the requirement Boy + TmBgon = 1. Finally,
taking the trace gives the result:

Tr {fg(]Kl)eEt [fg(]Kg)fg(]Ko)] } = \/det(]l + Wgo) det $o9. (21)

When t = 0, Q = 1,IM = 0, and By = [1 + Wg] ™!, then we can obtain the static
correlation function Tr {fg(]Kl)fg(]KQ)fg(]Ko)} = /det [1 + eK1eKzeKo].

Two remarks should be added here. (1) An issue of the determinant formulas is that
the sign of the square root of the determinant has to be determined. In some simple
cases the square root of a determinant can be rewritten as a Pfaffian [81]. However, this is
difficult for general cases, especially for products of several Gaussian operators. In practical
calculations the sign can be determined as follows. For Z(A) = \/det[1 + e?], we consider
Z(AA), which should be an analytic function of X\. This determines the correct way of
taking the sign of the square root: the sign has to be taken so that Z(AA) is everywhere
analytic and at A = 0 one has Z(0) = 2V. (2) Some matrices used in these formulas should
satisfy certain symmetry requirements, namely, A 4+ 7,AT7, =0 for A = H,M(t), Ko 1,2,
while A + 7,AT7, =1 for A = By, Byy and Bys.

Now consider the dynamical correlations of nonlocal single-particle operators, which
takes the type-II form of Eq.([20). Even for quadratic Lindbladian these correlations
are difficult to compute. Here we use the characteristic function approach to solve this
problem. The correlation can be rewritten as

e { () Patii)eds [Patia)(eh P}

_ T{(

- Tr{( CCT )fg(]Kl)e”NQ w Uy % O [ei”NfZ(]Kz)(aT,@)fQ(KO)]}.

) el [er S i) ¢ a0

@,.ﬁ>

Then we can do the three mappings €2, U; and © one by one, and make the trace to obtain
the final result:

Tr {( CCT ) [y (K el [fz(]Kz)(éT,é)m(Ko)}}

_ /el det[gz B0l 8 5] 1 (1) o] . @)




204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

SciPost Physics

By exchanging Ko and Ky, we have another form

Tr {( < >f2(]K1)e£ft [fQ(KO)(eT,a)fQ(KQ)]}

_ \/det[IE:;oezt][I(;eol‘;[Soﬂ eX1[802] Q1) [Ro2]) ~H(1 — By). (23)

We would not give the technical details here since the procedure is lengthy but straight-
forward. We just give three remarks.

(i) If K; = Ko = 0, then Rgy = $99 = 1, and the correlations would reduce to that of
local operators:

Tr {( : > Lt [(@T,a)fg(lxo)” _ gyt + e

1+ eKo

(ii)If t = 0, then Q = 1,IM = 0 and By = (1 + Wo) !, and the result would reduce
to the static correlations:

Vdet [1 + eKieKzeKo] oK e,
1 + eKieKzeKo

Tr{< CCT >fg(m)fz(m)(ef,e)fQ(lKo)] (24)

(iii) If we consider the correlations in the steady state given by Eq.(I2]), we should note
that the corresponding density matrix is

ps = \/det (%11 + ]MOO> Iy (Ko), (25)

where K is determined by (%]1 + IMOO) (]l + e]KO) = 1, and the corresponding By =
31+ My

3 Kitaev chain with boundary dissipation

In this section we take the Kitaev chain with boundary dissipation as an example to
illustrate the general techniques developed above.

3.1 The Model and the spectrum

The Hamiltonian is

N-1

[ Jél ey + Adés) + hee ] p Z ¢ a, (26)
=1

which can be rewritten as a bilinear form of Eq.(d). We consider single-particle gain and
loss dissipators,

Liy = s el Lio= A= ¢, (27)
The simplest nontrivial dissipations act only on the first and last site, i.e., 14 = Ynv+ = Y+
and all other dissipators vanish. With this setting the model is essentially equivalent to
the boundary-driven XY spin chain [47-H50]. Therefore we can immediately infer that there
is an NQPT [47] in the A-u space at the critical lines +u./J = +2[1 — (A/J)?]. Namely,
there is the so called long-range magnetic correlation (LRMC) phase for |u| < . and the
non-LRMC phase for |p| > pe.
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Im(*/J)

Figure 1: The real and imaginary part of the eigenvalues A, of H —iX . Since the real
part is symmetric about the origin, only the positive half has been shown. The parameters
are chosen as: A/J =0.5,7_/J =0.5,74/J = 0.2 and N = 64. The dashed lines in the
left plot denote the critical chemical potential +p./J = +2[1 — (A/J)?] = £1.5. Between
the two dashed lines there is a region where the energy levels have high degeneracy. In
the right plot the lowest black line corresponds to the edge modes with zero real energy.

As seen from the solution of the quadratic Lindbladian, the dynamics is completely
determined by three matrices: H and X4. In fact, the matrix H — ¢X, determines the
dissipative dynamics and the Liouvillian spectrum. In Fig[llwe plot the real and imaginary
parts of the eigenvalues Ao, = 1,2,...,2N of the matrix H — ¢X . Two features can
be observed: (i) There are two degenerate modes with ReA = 0 when |u/J| < 2. The
corresponding left and right eigenvectors are localized at the edges, similar to the Majorana
zero modes in the closed system. However, in the steady state phase diagram there is no
corresponding topological phase transition at u/J = 2. This is because these edge modes
do not contribute to the steady state as a result of the particle-hole symmetry of the edge
modes and the matrix X_. Furthermore, the imaginary part of the eigenvalues of the edge
modes is negative and has large absolute value. This means that the edge modes decay
very rapidly in the dissipative dynamics.

(ii) In the left plot of Figlllwe also observe that there is a region where the energy levels
have many crossings. This abrupt change of level degeneracy is a characteristic signature of
the so-called ESQPT [73]. In fact the level structure is similar to (but different from) that
of the nonlinear Kerr oscillator where the ESQPT has been investigated systematically in
a recent paper [74]. In the thermodynamic limit N — oo the bulk spectrum is insensitive
to the boundary dissipation and is given by the spectrum of H,

2 2

Rel = i2J\/<cosq - %) + % sin? ¢ (28)
with ¢ € (—m, 7] (see, e.g., [TOL[76]). The structure of this dispersion relation qualitatively
changes as the chemical potential crosses the critical values, +u./J = £2[1 — (A/J)2].
These critical values determine phase boundaries of both the ESQPT and the NQPT.
This coincidence suggests us a close relationship between ESQPT and NQPT: in the weak
dissipation limit (74 — 0) a NQPT would correspond to an ESQPT, but not the ground-
state quantum phase transition. This relationship is an interesting issue that deserves
further investigations.
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3.2 The Green’s function

Now we compute the dynamics of nonlocal excitations, namely, the Green’s functions of
the hard-core anyons. In one dimension it’s well-known that the hard-core anyons satisfy
the exchange statistics

fifh+ e @ L fy = Sy fif + €0 fr =0, (29)
where
1 ifz>0,
sgn(z) = 0 ifx=0,
-1 ifx <0,

They can be transformed to spinless fermions multiplied by a string operator,
flT = é;fewzmgzﬁl’ fl = e—iamegmél_ (30)

Our motivation of studying such excitations is twofold. First, if the fermionic Hamiltonian
is obtained from a hard-core anyon or hard-core boson (Tonks-Girardeau gas or XY spin
chain) model, correlations of such nonlocal operators would have physical importance in
the original system. Second, even in this fermion model, string order parameters may be
useful to characterize topological properties [58-61].

Here we express the Green’s functions explicitly. For that purpose we define the
following matrices:

tho = By + i97=D; (1 — By), Roij =By + (1 — Bo)eiiq&rzﬂ)j’

o 1 1 1 — 97D Ko _
Jo — = z
IB:I: = 2]1 + QQ(t)]l + eii¢TszeK0Q(t) + M(t)a
1 1 1 — eKoeFigr=D; _

07 = = Z
BY = 51+ 5 Q)7 e, QO + M)

27 "2
$1Y = B0 + (1 - BI)eb P, 8% = BY 4 (1 — BY)ebiomPr

ab — ’

where a,b =+, By = %]l + M, 7.D; means 7, ® D;, and D; is a diagonal N x N matrix
with diagonal elements (ID;)pm, =1 if m < j and 0 otherwise.
First, the greater Green’s function for ¢ > 0 reads

G50 = (0] = Tr {eQaets [deip,] |
= U2 At By Te { il (~igr.Dy)ett | Dy(igr.D;)el 1y (Ko)| |

Using Eq.([22) and setting K; = —i¢7.ID;, Ko = i¢7.ID;, we obtain

o , : -1 -1
inj (t) = et ?i=b/2 \/det Rio det Sﬂoi { [S{ﬁ} QB {Rﬂo} } . (31)
lj

Similarly we can obtain

o : -1 -1
iG7(—t) = 907D/, [det RY detSOli{[SO’ﬂ Q [RY] (]1—]130)} . (32)

N+j,N+l

We can prove that they satisfy the relation, iG7,(~t) = [z’CP (t)] :

10
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(c) ¢=n

I 0.4

0.3

Evolution time Jt
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-20 -10 0
Site /-

Figure 2: The real (top panel) and imaginary (bottom panel) part of the greater Green’s
function Gl>j (t) in a chain with N = 65 sites for three different statistical angles ¢ = 0, 7/2
and 7. The site j is fixed at the center of the chain, 7 = 33, and u/J = 2.0,A/J =
0.1,v_/J = 0.1,74 /J = 0.05.

Second, the lesser Green’s function iGé(t) = ( f; fi(t)) for t > 0 can be obtained in a
similar manner:

iGé(t) = eiel-/2 \/det ]R(f det S?fl_ { [Sgﬁ] Q [R(ﬂ (1 - IBO)} ., (33)
lj

o - q-1 —1
iG5(—t) = e’¢(]_l)/2\/detR@detSli)ﬁr{[Sl_oi] QB []Rl_o} } L (34)

N+j,N+l

When ¢t = 0, the lesser Green’s function would reduce to the steady-state one-particle
density matrix, which is studied in Appendix[ClL

In Figl2] we plot the real and imaginary part the greater Green’s function ij(t) in
a chain with N = 65 sites for three different statistical angles ¢ = 0,7/2 and w. The
site j is fixed at the center of the chain and the figure displays the propagation of the
excitation in space-time. For ¢ = 0, i.e., spinless fermions, the propagation shows a clear
symmetric light cone. However, for 0 < ¢ < m, the light-cone becomes asymmetric, as
shown in Figl2(b) and Fig2le) for ¢ = m/2. This asymmetric propagation is induced by
the statistical angle. To show this, we label the Green’s function Gl>j (t) with the angle ¢.
Then we have

Gri(t; ) = Gt —9), (35)
where I'(j') is the site that [ is mapped to under reflection about the center of the chain.
So the light-cones in Figl2l should be symmetric only for ¢ = 0, 7.

We also observe that the greater Green’s function decay rapidly for large statistical
angles. This behavior could be seen clearly in Fig[3l where the local Green’s function
G7,(t) at the center of the chain is plotted as a function of time for ¢ = 0,7/5,7/2 and 7.
The relaxation rate increases with the statistical angle ¢. Physically, the hard-core anyons
have strong interactions due to the hard-core constraint, leading to scattering processes
and finite relaxation rate. The boundary dissipation also lead to relaxation of excitations,
however, it’s weak for the system parameters chosen in Figl2l and Fig3l
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Figure 3: The real and imaginary part of the local greater Green’s function G]?j(t) at the
center j = 33 in a chain with N = 65 sites for ¢ = 0, 7/5,7/2 and . The other parameters
are the same as that in Fig[2l

3.3 Full counting statistics of charge number

The charge number fluctuations in a subsystem is an important quantity in quantum
many-body systems. It has been demonstrated that fluctuations and the full counting
statistics (FCS) of charge or other conserved quantities (such as the block magnetization
in certain spin chains) may contain information about the full entanglement scaling of a
system split into two parts [(7-80]. Here we consider the FCS of the charge distrib}ltion

of a subsystem A in the chain. For this purpose, we define the number operator Q4 as
Qa=>. jeA é}éj, and a diagonal N x N matrix D4 with diagonal elements

1 ifjeA,
0 otherwise.

Da)u = {

Then Q4 = D1 (ADy) = To(Ar.D4)er ™ P4)/2 which can be taken as a special Gaussian
operator. Suppose that the initial state is a Gaussian state with the density matrix
—BHy 1 A
e - é
0)=——, Ho==(&Ho| 5 |.
p(0) ol 0 5(¢"6) 0<CT >

Then the counting statistic function at time ¢ is

n 1 DA Ltr,—BHg
X(A,t):znjpn(t)& :mﬁ{e’\@ eEle 5H]}, (36)

which could be taken as a special case of Eq.(21]), and hence the result can be obtained
immediately,

XA, 1) = AT/ [det [B(t) + M=Pa(1 - B(1))], (37)

where B(t) = 31+ Q(t) (By — £1) Q(¢) + M(¢), and By = [1 4 e~ #H0o]=1. This expression

generalizes the result obtained by Klich [81] to dissipative systems. As ¢ — oo, the state
would approaches to the steady state with the density matrix ps = \/ det (%]l + IMOO) Iy (Ko),
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Figure 4: The dynamical evolution of the FCS P, (t) of the charge number in half of the
chain from an initial vacuum state. The parameters are: A/J = 0.5,y_/J =0.1,v4/J =
0.05 and N = 128.

and the counting statistic function approaches to its steady value

Xs(A) = exﬁ"(IDA)ﬂ\/det [(%]l + IMOO> + eA=Da (%]l - IMOO>] (38)

From this expression of the counting statistic function we can derive the probability dis-
tribution P, of the charge number Q A-

In Figldl we plot the dynamical evolution of the FCS of the charge number in half of
the chain with N = 128 sites. The initial state is chosen as the vacuum state, py = |0)(0],
and hence at ¢ = 0 we have Py = 1, P,9 = 0. As the system evolves, the distribution
P,(t) changes with time. For p = 0.5J < p., the distribution P, (t) oscillates rapidly,
while for p = 2.0J > p., the distribution almost does not oscillate and monotonically
approaches to its steady-state value. This could be taken as a dynamical signature of
the NQPT occurring at u = .. For the parameters chosen in Figll the relaxation time
is very long and hence we plot the steady-state value in Fig[il The left plot shows the
distribution P, as a function of p while the right plot shows the distribution for three
representative chemical potentials, uy = 0,u = 1.5J and p = 3.0J. We see that there are
obvious singularities at ¢ = +u. and p = 0, where NQPT occurs. So we conclude that
both the dynamical evolution and the steady-state value of the FCS of the charge number
could reveal the NQPT.

3.4 Loschmidt Echo and Dynamical Quantum Phase Transitions

One particularly interesting phenomenon in real-time dynamics of quantum many-body
systems are DQPTs in the sense that an observable changes nonsmoothly at a critical
time after a quench [82/[83]. Since in many experiments the physical systems are subject
to dissipation, it is important to consider the fate of DQPTSs in nonunitary dynamics. It
has been shown that for simple Fermionic models the DQPTs may persist in the presence
of dissipation [84H88]. Here we consider the possibility of DQPTs in the boundary-driven
Kitatev chain. To characterize the quench dynamics we need a generalization of the
Loschmidt echo L(t) for mixed states. Following a recent Letter [88] we use the definition
L(t) = Tr[p(0)p(t)], and the rate function r(t) = —(1/N)InL(t). As initial state we
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Figure 5: The steady-state FCS P, of the charge number in half of the chain. The
parameters are the same as that in Figldl The left plot shows singularities at ¢ = 0 and
p=tpu.==+1.5J.

choose the vacuum state, which corresponds to the fully polarized ferromagnetic state in
the context of the XY spin chain. This state can be taken as a Gaussian state with the
density matrix p = e #H0 /Tr[e=FH0] where Hy = —p > é;rél and Su — —oo. Then the
Loschmidt echo L(t) takes the form of Eq.([2]]) and can be simplified as

L(t) = y/det [BoB + (1 — By)(1 — B)], (39)
and the rate function
r(t) = —%Tr In [BoB + (1 — Bo)(1 — B)], (40)

where B = £1 4+ Q(¢) (By — £1) Q(¢) + M(t) and By = [1 + e_BHO}_l.

In Figlol we show this rate function for several different dissipation rates and system
sizes. We see that for the chosen parameters DQPTs occur, i.e., the rate function develops
cusps at critical times. In the left plot we fix the dissipation rates v+ = Ynv+ = y+. and
increase the system size N. We see that the cusps are smoothed for small system sizes,
but becomes sharper and sharper as the size increases. In the right plot we fix the system
size N = 100 and increase the dissipation rates. It’s obvious that the dissipations lead
to a damping of the peaks but the cusps still persist. Even more interestingly, for the
chosen parameters, a new cusp emerges near Jt = 5, where the unitary dynamics shows
a plateau. The persistence of DQPTs and the emergence of new cusps in dissipative
dynamics is generic and does not require fine turning of parameters. This can be easily
verified numerically by using our theoretical approach.

4 Conclusion and discussion

In summary, we have developed a general theoretical approach to solve open fermion sys-
tems and apply it to systems with quadratic Lindbladian. We focus on the dynamical
correlations of nonlocal operators and give exact explicit formulas based on our character-
istic function approach. We then take the boundary-driven Kitaev chain as an example to
illustrate the general ideas and formulas. We compute the Green’s functions of hard-core
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Figure 6: Loschmidt rate function r(¢) of the boundary-driven Kitaev chain. The dissi-
pation rates are chosen to be 714+ = yny+ = v+. The left plot shows the rate function for
fixed dissipation and different system sizes N. The right plot shows the rate function for
fixed N = 100 and increasing dissipation rates.

anyons with statistical angle ¢, and find that the propagation of the nonlocal excitations
displays an asymmetric light-cone for 0 < ¢ < m, and the relaxation rate increases with
¢. In addition, two other types of nonlocal operator correlations such as the FCS of the
charge number and the Loschmidt echo in quench dynamics are also analyzed and explicit
formulas are obtained. The FCS shows clear signature of the steady-state NQPT, while
the Loschmidt echo rate function exhibits cusps at some critical times in the quench from
the vacuum state, demonstrating DQPTs in this dissipative system.

The characteristic function approach is a new and general theoretical method to treat
open fermion systems. We would apply and extend this method to solve some other
physical problems. For example, in the presence of dephasing, the Liouvillian is no longer
quadratic and has no simple solutions like the quadratic Lindbladian. However, we find
that the dynamical correlation functions can be obtained by making Taylor expansions of
the characteristic function. Another important application is the full counting statistics in
dissipative transport. Introduction of a counting field brings nonlocal operators naturally,
which can be treated by using the techniques given in this paper. Results in these directions
would be presented in future works.
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A Some useful formulas

In this appendix we give some concepts and formulas that are useful in deriving the results

in the main text.
(1) The parity operator Pr in K can be defined by the transformation Pp(¢,él)Pp =
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(—¢,—¢T). Obviously, one representation of the parity operator is Pp = eV Similarly,
the parity operator P, in G can be defined as P, f(§, &) = f(—¢&, —§), and one representation
of Py is

Py =exp [Z'W > (0 + §k3k)] : (41)
k
(2) The displacement operator ﬁ({ ) = e¢'€=€¢ has the properties:
A . % A N —
TeD@E) =2V, Tr [e“fN D({)] = [T & (42)
k=1
and the integration is
. 1 o
/ déde D(€) = v e™ . (43)

(3) A mixed operator involves both fermion operators and Grassmann variables, i.e.,
it’s an element of the direct product space K@ G. Since fermion creation/annihilation
operators anticommute with Grassmann variables, we should be careful in computing
traces of such operators. We can use the following rules: (i) If f(77,n) has even parity, i.e.,

F@,m) = f(=i,—n), then Tr[Af(7,n)] = Tx[A]f(7,n); (ii) If f(77,7) has odd parity, i.c.,
Uk

f(@1,m) = —f (=7, —n), then Tr[Af (77, n)] = T[Ae™] f (1, ).
(4) The © mapping of basic Gaussian operators:

T [Fa(K)D(©)] = /det(1 + ) exp [—%(5, 1 x ( ; )} S W)

[, 0000 D] = { € O T [Fa00DO] . 3)

(5) The Q mapping of basic Gaussian functions:

Q {exp [_%(g‘, OB ( d )]} — VAt BTy (K), (46)

§
ofEoon[-3eom( )]} =—@ o S e,

where B(1 + eX) = 1 satisfies the relation B + 7,377, = 1, while the matrix K satisfies
K+ ,K'7, = 0.

B The sign problem of the Green’s function

The conventional dissipation superoperator D with Lindblad operator f), L' reads
Dlo] = 2Lo Lt — {IA/TE/, o} ) (48)

However, if both the operator o and the Lindblad operator LM are fermionic operators,
i.e., they have odd Fermion number parity, then the dissipation superoperator should differ
from the above one by having a minus sign in front of the 2L oLt term, leading to a new
superoperator [89]:

Dylo] = —2L o Lt — {ﬁTﬁ, o} . (49)
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We should note that these two superoperators are intimately connected: If PpLPp = —L,
then

PpDf[Ppo] =Dlo], PrePr[Ppo] =ePo]. (50)
Similarly,

Dylo Pr]Pr = Dlo], eP1'[o Pp|Pp = eP[o]. (51)

The proof is straightforward:

(1)
PpDy[Pro] = —2PpLPp oLl — Pp {LTL,PF o}
= 2LoLl— {LTL,O} = DJo].

(2) Define A(t) = PrePrt[Pp A], and A(t) = ePt[A], then

o ~ N N . A . -~
= A(t) = PrDy { P! (Pr A]} = PrDy { P Pr P[Py A} = DIAW),
with the initial condition A(t = 0) = A. On the other hand, A(t) satisfies the equation
0
—A(t) = DIA(t
9 At = DlA)

with the initial condition A(t = 0) = A. So we see that A(t) and A(t) satisfy the same
equation of motion and the same initial condition, and hence A(t) = A(t), i.e.,

PpePrtPp o] = eP[o].

Similarly we can prove the other equations.

C Steady State and Static Correlations

Suppose that the non-Hermitian matrix X4 + ¢lH has the spectral decomposition

2N

X, +iH = ZMVP?M@%’,
k=1

where {\;} are the eigenvalues and {|gokR(L)>} the right (left) eigenvectors of X, + iH,
satisfying the biorthonormal condition (goﬂgpf) = 0i,q- We can prove that Re), > 0 for
all k. For the boundary-driven Kitaev chain with a finite size N, we can numerically verify
that ReA; > 0 for all k. Then the steady state characteristic function is given by Eq.(I2])
with Lix |l

Mo = Y0 ey o (52)
m,n m + A"

Here we focus on the momentum distribution of anyons defined as [90]

N
n(k) = 3 OV,
=1

Such correlation functions of nonlocal operators can be computed by takeing the t = 0
limit of the lesser Green’s function. In Figlll we plot this distribution for two statistical
parameters ¢ = 0 and ¢ = m. We see that the behavior of n(k) is qualitatively the same for
different statistical parameters. When |u| < |p.|, the k-distribution shows two maximums
at k # 0,7, otherwise it shows only one maximum at k£ = 0 or . So the NQPT occurring
at . can be clearly characterized by the k-distribution function.
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Figure 7: The k-distribution n(k) in the steady state with the statistical parameter ¢ = 0
(left) and ¢ = 7 (right). The other parameters A, 4 and N are the same as in Figlll The
critical chemical potential is p./J = £1.5.
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