Topological characterization of Lieb-Schultz-Mattis constraints and
applications to symmetry-enriched quantum criticality

Weicheng Ye,'2 Meng Guo,"? Yin-Chen He,! Chong Wang,! and Liujun Zou'
! Perimeter Institute for Theoretical Physics, Waterloo, Ontario, Canada N2L 2Y5

2 Department of Physics and Astronomy, University of Waterloo, Waterloo, Ontario, Canada N2L 3G1

3 Department of Mathematics, University of Toronto, Toronto, Ontario, Canada M5S 2E}

Lieb-Schultz-Mattis (LSM) theorems provide powerful constraints on the emergibility problem,
i.e. whether a quantum phase or phase transition can emerge in a many-body system. We derive the
topological partition functions that characterize the LSM constraints in spin systems with Gs X Gint
symmetry, where G, is an arbitrary space group in one or two spatial dimensions, and Giy is any
internal symmetry whose projective representations are classified by Z5 with k an integer. We then
apply these results to study the emergibility of a class of exotic quantum critical states, including
the well-known deconfined quantum critical point (DQCP), U(1) Dirac spin liquid (DSL), and
the recently proposed non-Lagrangian Stiefel liquid. These states can emerge as a consequence
of the competition between a magnetic state and a non-magnetic state. We identify all possible
realizations of these states on systems with SO(3) x Z3 internal symmetry and either p6m or
pdm lattice symmetry. Many interesting examples are discovered, including a DQCP adjacent to a
ferromagnet, stable DSLs on square and honeycomb lattices, and a class of quantum critical spin-
quadrupolar liquids of which the most relevant spinful fluctuations carry spin-2. In particular, there
is a realization of spin-quadrupolar DSL that is beyond the usual parton construction. We further
use our formalism to analyze the stability of these states under symmetry-breaking perturbations,
such as spin-orbit coupling. As a concrete example, we find that a DSL can be stable in a recently
proposed candidate material, NaYbOa.
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I. Introduction

An important task of condensed matter physics is
to understand the quantum phase or phase transition
that emerges from a many-body system. However,
this is often challenging in strongly correlated systems,
both theoretically and experimentally, due to the lack
of i) theoretical tools to exactly solve the many-body
ground state in the generic setting, and ii) experimen-
tally accessible signatures that can unambiguously di-
agnose the nature of the phase or phase transition.

In light of this, Lieb-Shultz-Mattis (LSM) type con-
straints are especially valuable [1-3]. Given some gen-
eral symmetry-related properties of a system, which
are often relatively easy to determine, the LSM con-
straints constrain the emergibility of a phase or phase
transition, i.e., whether this phase or phase transition
can possibly emerge from this system. Such constraints
have been widely applied to the search for exotic states
beyond the symmetry-breaking paradigm, e.g., quan-
tum spin liquid phases and exotic phase transitions.
For instance, a simple example of LSM constraints
states that in a (d41)-d lattice spin system with SO(3)
spin rotation and lattice translation symmetries that
are not explicitly or spontaneously broken, if each unit
cell hosts an odd number of spin-1/2 moments, then
the ground state must be exotic (i.e., topologically or-
dered or gapless). Since symmetry breaking is often
relatively easy to detect experimentally and numeri-
cally, its absence is often taken as the first evidence of
an exotic state in such systems.

There has been great progress in understanding LSM
constraints in recent years [4-10]. In particular, it
was realized that LSM constraints can be captured
by LSM anomalies, the quantum anomalies carried by
the boundaries of some higher-dimensional topological
crystalline phases. Such relations between LSM con-
straints and anomalies can be very powerful in con-
straining the emergibility of a phase or phase transi-
tion, because the quantum anomaly of this phase or
phase transition, which we refer to as its IR anomaly,

must match with the LSM anomaly (in a sense to be
sharpened later).

In order to utilize these constraints, we need to know
how to compare an LSM anomaly and an IR anomaly.
The latter can be derived from the effective field theory
of the corresponding phase or phase transition, and it
is often characterized by a topological partition func-
tion (TPF). However, to date the TPFs corresponding
to the LSM anomalies are unknown in the general set-
ting, so the full power of the LSM constraints has not
been uncovered; although these constraints have been
applied to various systems and shed important insights
in the emergibility of some states [11-14], most previ-
ous analyses were performed in a case-by-case manner
and/or did not take the full symmetry constraint into
account, and a systematic framework is lacking.

The first major goal of this paper is to fill this gap.
Motivated by the studies of quantum magnetism, we
consider (2 4 1)-d spin systems with G5 X Gt Sym-
metry, where the lattice symmetry Gy is any of the
17 wallpaper groups, and Gy, is any internal symme-
try whose projective representations are classified by
Z% with k some integer, e.g., G,y = SO(3) x ZI | the
combination of SO(3) spin rotational symmetry and
time reversal symmetry. Given G4 X Gjy¢, there are still
topologically distinct LSM constraints, specified by the
projective representation (PR) under G, carried by
the degrees of freedom (DOF) of the system, and the
spatial distribution of these DOF. For all cases, we de-
rive the TPFs of the LSM anomalies. Similar analysis
is also performed for (141)-d lattice spin systems. This
topological characterization of the LSM constraints is
the basis of a systematic framework that uses the LSM
constraints to understand the emergibility of quantum
phases and phase transitions in a many-body system.

The second major goal of this paper is to apply the
obtained topological characterization of the LSM con-
straints to study the emergibility of exotic states. Here
we focus on exotic quantum criticality, rather than
other classes of exotic states, e.g., topological phases,
which may be more commonly done in the literature.
Our choice is motivated by the following reasons. First,
quantum critical states may have many elegant struc-
tures that are worth studying, such as emergent con-
formal invariance at low energies. Second, many quan-
tum critical states can serve as the parent states of
other phases (including topological phases), which can
emerge through perturbing the quantum critical states.
So a thorough understanding of the quantum critical-
ity may provide a unified understanding of not only the
critical state itself, but also the nearby phases. How-
ever, compared to topological phases, quantum criti-
cality is much less understood, especially in two and
three spatial dimensions. So it is interesting and im-
portant to further explore them.

A useful notion here is symmetry-enriched quantum
criticality. This notion is actually rather familiar, but
let us discuss it in a more modern perspective. By now,
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Figure 1. If two states have the same emergent order and
exact microscopic symmetry, and if they can be smoothly
connected when symmetry-breaking perturbations are al-
lowed, but are necessarily separated by a phase transition
when the relevant symmetries are preserved, then these
states are said to have symmetry-protected distinction.

it is well appreciated that the universal long-distance
and low-energy physics of most (if not all) quantum
many-body systems are specified by two levels of data.
The first level is characterized by what we refer to as
the emergent order. In the language of renormalization
group (RG), the emergent order is described by proper-
ties of the RG fixed point corresponding to this system,
which are independent of the exact microscopic sym-
metry. For example, the RG fixed point corresponding
to gapped states are described by certain topological
quantum field theory (TQFT), or variants of it. Short-
range entangled (SRE) states, i.e., states smoothly
connected to a product state without quantum entan-
glement, are related to a trivial TQFT. In contrast,
long-range entangled gapped states, which cannot be
smoothly connected to product states, correspond to
some nontrivial TQFT. On the other hand, gapless
states have different emergent orders, and many of
their RG fixed points are described by a conformal field
theory (CFT). States described by different RG fixed
points are distinct at the level of their emergent orders.

Even if two states have the same emergent order
(RG fixed point), their exact microscopic symmetries
provide a second level of data that may distinguish
them. Two states with the same emergent order
but different exact microscopic symmetries are con-
sidered distinct. If they have the same emergent or-
der and same exact microscopic symmetries, they may
still have symmetry-protected distinction: they are not
smoothly connected if certain symmetries are imposed,
while they are if these symmetries are broken (see Fig.
1). Two SRE states with symmetry-protected dis-
tinction are referred to as different SPTs, two topo-
logical orders with symmetry-protected distinction are
referred to as different symmetry-enriched topologi-
cal states (SETs), and two quantum critical states
with symmetry-protected distinction are referred to
as different symmetry-enriched criticality. There has
been great progress in understanding SPTs and SET's
in the past years, but a systematic understanding of
symmetry-enriched criticality is lacking.

In this paper, we focus on the emergibility of a family
of quantum critical states dubbed Stiefel liquids (SLs),
each of which is labeled by an integer NV > 5 and de-

noted by SL(V) [15]. The well-known deconfined quan-
tum critical point (DQCP) [16-19] and U (1) Dirac spin
liquid (DSL) [20-22] are unified as the two simplest
SLs, with N = 5 and N = 6, respectively. SL(V=T7)
are conjectured to be mon-Lagrangian, i.e., they are
so strongly interacting, such that they cannot be de-
scribed by any weakly-coupled continuum Lagrangian
at any energy scale. We would like to understand
whether the SLs can emerge in lattice spin systems,
and if they can, which different types of symmetry-
enriched SLs can emerge.

Here we characterize each realization of SL(N) by
its symmetry embedding pattern (SEP), i.e., how the
microscopic symmetries act on its local, low-energy
DOF. This characterization has a number of advan-
tages. First and most fundamentally, it captures the
symmetry actions in an intrinsic and direct way. This
is in contrast to the more common treatment of emer-
gent gauge theories in condensed matter physics (e.g.,
for DQCP and DSL), where one first considers the sym-
metry actions on gauge non-invariant operators (such
as spinons) and then converts them into actions on lo-
cal operators, which is indirect and sometimes com-
plicated, especially when there is a (2 + 1)-d U(1)
gauge field where the quantum numbers of the local
monopole operators cannot be identified with those of
any gauge-invariant composite of the matter fields, and
when some symmetries act as duality between differ-
ent gauge-theoretic formulations of the same critical
state. Second, using this characterization we can eas-
ily read off the symmetry-breaking patterns of the or-
dered phases adjacent to the exotic quantum criticality.
This information provides valuable guidance on where
to look for these quantum critical states: if the cor-
responding ordered phases are found in a material or
model, then exploring the vicinity of the phase dia-
gram may result in the critical state. Third, using this
characterization it is easy to check the stability of the
critical state under various perturbations, e.g., spin-
orbit couplings (SOC). Recently, NaYbO2 and related
materials emerge as candidates for DSL [23-32]. These
systems have strong SOC, so it is important to ask if
DSL remains stable under SOC. We showcase how to
use our approach to argue that the DSL can be stable
in NaYbO,.

To check the emergibility of a Stiefel liquid with a
given symmetry embedding pattern, we rely on the hy-
pothesis of emergibility [15]: a state is emergible if and
only if its IR anomaly matches with that of the LSM-
like anomaly of the microscopic system. The necessity
of this condition has been established, while its suffi-
ciency is hypothetical, but supported by many nontriv-
ial examples. Using the symmetry embedding pattern,
we can match the IR anomaly of an SL with the LSM
anomaly of a lattice spin system characterized by the
TPF we derive, and we search for all realizations of
SL(V=5.6.7) that can emerge due to the competition
between a magnetic state and a non-magnetic state



on lattice systems with G5 X G,y symmetry, where
G is either the pdm or p6m wallpaper group, and
Gint = SO(3) x Z¥. We discover many interesting
realizations of these states. For example, we find that
the DSL can be realized as a quantum critical spin-
quadrupolar liquid, i.e., a critical state whose most
relevant spinful excitations have spin-2. So far, the
construction of the DSL is often based on a type of
parton mean field. However, we show that our spin-
quadrupolar realization of the DSL is beyond that par-
ton mean field. With all realizations at hand, we will
see that, given an SL(Y) and its microscopic symme-
tries, different symmetry embedding patterns typically
correspond to different symmetry-enriched SLs (we dis-
cuss the subtle cases where this may not be true at the
end of Sec. IV).

We highlight that this exhaustive search of real-
izations of SLs is possible because we have obtained
our topological characterization of the LSM contraints,
without which we cannot examine the emergibility of
states systematically. We also remark that even if the
hypothesis of emergibility turns out to be false, i.e., it is
just a necessary but insufficient condition for emergi-
bility, the result of our search is still useful, because
all SLs that are emergible must belong to the ones we
identify.

The rest of the paper is organized as follows. In Sec.
II, we derive the topological partition functions of the
LSM constraints of the lattice spin systems of our in-
terest. In Sec. III, we sketch how to use anomaly-
matching to understand the emergibility of various
Stiefel liquids. In Secs. IV and V, we present some
interesting realizations of SLs. We demonstrate how
to use our formalism to study the stability of these
states under symmetry-breaking perturbations in Sec.
VI, where we argue that the DSL can be stable in
NaYbO;. We conclude in Sec. VII. Various appen-
dices include further details, some of which may be of
general interest.

II. Topological characterization of LSM
constraints

In this section, we develop a topological characteri-
zation of the LSM constraints applicable to a (2 + 1)-
d lattice spin system, whose Hilbert space is a ten-
sor product of local bosonic Hilbert spaces, and whose
Hamiltonian is also local. We assume that the system
has a symmetry group G = G4 X G;t, where G is one
of the 17 wallpaper groups and G,,; is an internal sym-
metry group. Throughout this paper, we consider G,
whose projective representations (PR) are classified by
Z% with some k € NT, ie., H*(Git,U(1),) = Z5 1,

1 In this paper, a few different objects have the structure of Z’g
with some k € N. These k’s are independent unless explicitly

with the subscript p indicating the complex conjuga-
tion action of any spacetime orientation reversal sym-
metry on the U(1) coefficient. Typical examples of such
Gint include SO(3), SO3) x 2L, 2L, O(2), Za x Za,
etc. These choices of G and G;,; are motivated by the
systems and models relevant to quantum magnetism.
We will also perform a similar analysis for (1 + 1)-d
lattice spin systems.

Some G+ may have multiple types of PR. For exam-
ple, for Giny = SO(3) x ZL, H*(SO(3) x 21, U(1),) =
73, so there are 3 different types of nontrivial PR, cor-
responding to spinor under SO(3) while Kramers sin-
glet under ZZ', singlet under SO(3) while Kramers dou-
blet under ZZ, and spinor under SO(3) while Kramers
doublet under ZZI'. In this paper, we will mainly con-
sider systems with at most one type of nontrivial PR,
i.e., there may be some DOF carrying trivial PR under
Gint, but all DOF with nontrivial PR carry the same
type of nontrivial PR which we refer to as the PR type
of the system. If all DOF carry trivial PR, then the
PR type of the system is said to be the trivial type.
Many of our results can be straightforwardly general-
ized to the case where the system has DOF with dif-
ferent types of nontrivial PR, on which we sometimes
explicitly comment.

A. Review of lattice homotopy and the
connection to SPT

To be self-contained, we begin by reviewing lattice
homotopy [5], in a way that will lead to our topological
characterization of the LSM constraints most easily.

All LSM constraints should be fully determined by
the spatial distribution of the DOF in the system. The
key idea of lattice homotopy is that, to characterize the
LSM constraints for a given lattice system, one can al-
ways first smoothly deform the system so that all DOF
are moved to the high-symmetry points of the cor-
responding wallpaper symmetry group, while preserv-
ing the G = G5 X G4y symmetry during the process.
These high-symmetry points are called the irreducible
Wyckoff positions (IWP); their precise definition can
be found in Ref. [5] and they are well documented for
each space group in the standard crystallographic liter-
ature. All distributions of DOF that can be smoothly
deformed into each other are referred to be in the same
lattice homotopy class. Below we always assume that
a smooth deformation has been performed, such that
all DOF are located at some IWP. Then to determine
the presence or absence of an LSM constraint, one can
invoke one or multiple of the following 3 types of basic
no-go theorems that preclude symmetric SRE (sym-
SRE) ground states in various cases [5, 33]:

claimed, and we will abuse the notation to use the same k
when we make a statement about this Zlg structure.



1. Define a fundamental domain to be a region that
tiles the 2D space under the actions of translation
and glide symmetries. When the total PR within
a fundamental domain is nontrivial, a sym-SRE
ground state is forbidden.

2. When there is a translation symmetry along a
mirror axis, and the total PR within a translation
unit along this mirror axis is nontrivial, a sym-
SRE ground state is forbidden.

3. In our case, the PR of G;,; are classified by Z’g.
Then if the total PR at a Cs rotation center is
nontrivial, a sym-SRE ground state is forbidden.
However, PR at a C,, rotation center for odd n
does not forbid a sym-SRE ground state.

Note that these no-go theorems do not require the
full wallpaper symmetry to be applicable. In partic-
ular, the first applies whenever there are translation
or glide symmetries, the second applies whenever there
are commuting translation and mirror symmetries, and
the last applies whenever there is a rotation symme-
try. When a full wallpaper symmetry is present, there
are often multiple translations, glide reflections, mir-
ror and rotation symmetries, so a given distribution
of DOF may trigger multiple of these basic no-go theo-
rems. It is straightforward to check that knowing which
no-go theorems are triggered is actually also sufficient
to know which lattice homotopy class this distribution
of DOF is in.

One can see that, for a given wallpaper group Gy
and a PR type of the system, the spatial distributions
of DOF form an Abelian group, denoted by Apy. Each
group element in Apy corresponds to a lattice homo-
topy class of distributions of DOF, the multiplication
between two group elements corresponds to physically
stacking two such distributions of DOF together, and
the trivial group element corresponds to a distribution
of DOF that is free of all 3 basic no-go theorems above
(i.e., a distribution of DOF with no net nontrivial PR
in any fundamental domain, any translation unit on
any mirror axis, or any Cs rotation center). Due to
the Zs nature of the PR, the inverse of each group
element is itself, so Ay = Z’§ with & € N.

It turns out that elements in Apy are in one-to-one
correspondence with different LSM constraints [5], i.e.,
the ground states emergible in systems with distribu-
tions of DOF corresponding to different group elements
of Arg must be different, in the sense that they have
different emergent order or symmetry-protected dis-
tinction. As an example, the trivial element represents
the absence of any LSM constraint, i.e., a sym-SRE
ground state is allowed if the microscopic DOF of the
system are arranged in a configuration corresponding
to the trivial element. Therefore, the intuitive geomet-
ric picture based on lattice homotopy gives an elegant
characterization and classification of LSM constraints.
An important observation that will be very useful later
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Figure 2. Panel (a) shows the generators of the wallpaper
group p6m. In panel (b), the hexagon is a translation unit
cell of the wallpaper group p6m. It has three IWP, usually
labelled by a, b and ¢ in crystallography, and they form
the sites of the triangular, honeycomb and kagome lattices,
respectively. The Cg rotation center is at the type-a IWP.

is that the structure of Apy only depends on G4 and
the fact that all PR of G;,; has a Zs nature, but not
on other details of G-

When PR of Gj,; are Zk-classified with k& > 1, the
above discussion applies to the case where at most
one type of nontrivial PR is present in the system. If
all nontrivial PR are allowed to be present, all LSM
constraints are classified by AFy, i.e., each nontrivial
PR can result in LSM constraints classified by Ary,
and nontrivial LSM constraints from different nontriv-
ial PR are all different.

To make this discussion more concrete, below we
consider two specific examples that will be relevant for
the later part of the paper.

1. Gs=pbm

We start with the example where G5 = p6m, which
is the symmetry group of triangular, kagome and hon-
eycomb lattices. The generators, a translation unit cell
and IWP of p6m are shown in Fig. 2. The translation
vectors of T and T, have the same length, and their
angle is 27 /3. There is also a 6-fold rotational symme-
try, denoted by Cg. Finally, there is a mirror symmetry
M, whose mirror axis passes through the Cs-center and
bisects the translation vectors of 77 and T5.

We wish to understand how to identify the distribu-
tions of DOF with the elements in Ay g in this example.
First consider the case where all DOF in the system are
in the trivial PR. This distribution of DOF is free of
all the 3 basic no-go theorems, so it corresponds to
the trivial element of Apy, which physically implies
that there is no LSM constraint associated with this
distribution of DOF, and sym-SRE ground states are
allowed. This is indeed the common belief.

Next, consider putting DOF with nontrivial PR on
any of the three types of IWP. First, imagine putting
DOF with nontrivial PR on the type-b IWP. One can
check that none of the 3 basic no-go theorems is trig-
gered, so this distribution of DOF also corresponds to
the trivial group element, and there should be no as-
sociated LSM constraint. Indeed, this configuration is



where the DOF are on a honeycomb lattice, and it is
known that sym-SRE ground states are allowed in this
case [34-37], consistent with the absence of any LSM
constraint. Second, imagine putting DOF with non-
trivial PR on the type-a IWP. One can check that all
3 basic no-go theorems are triggered, so this configura-
tion should correspond to a nontrivial element in Ary,
and such a system has a nontrivial LSM constraint that
precludes any sym-SRE ground state. The same is true
if DOF with nontrivial PR are put on the type-c IWP.
Moreover, one can also check that the distributions of
DOF on type-a and type-c IWP are in different lat-
tice homotopy classes, i.e., they cannot be smoothly
deformed into each other. So they correspond to dif-
ferent group elements in Ary, which indicates different
LSM constraints. These two types of IWP form a tri-
angular and kagome lattice, respectively, and there is
indeed no known example of symmetric states that can
emerge in both triangular and kagome lattices, without
showing any difference in emergent order or symmetry-
protected distinction.?

Finally, one can also consider putting DOF with non-
trivial PR on multiple of the three types of IWP. For
instance, putting these DOF on both type-a and type-c
IWP is equivalent to stacking systems with DOF ar-
ranged on a triangular lattice and kagome lattice to-
gether, which corresponds to multiplying the two non-
trivial group elements in the last paragraph.

Taken together, the above analysis indicates that the
LSM constraints on a lattice with p6m symmetry are
classified by Apg = Z2, and the two generators can be
taken to correspond to distributions of DOF on trian-
gular and kagome lattices, respectively.

In the above, we have worked out Apy by examining
whether any of the basic no-go theorems is triggered by
a distribution of DOF. To finish the discussion of this
case with G5 = pbm, we demonstrate how the infor-
mation about which basic no-go theorems are triggered
can uniquely determine the lattice homotopy class. In
this case, we just need to consider the third type of the
basic no-go theorems. For this type of no-go theorems,
there are two independent ones, triggered by putting
DOF with nontrivial PR on the type-a and type-c IWP,
respectively. So if we know which of the no-go theorems
are triggered, we also know whether there are nontriv-
ial PR carried by type-a and type-c IWP. From the
previous discussion, this can uniquely determine the
lattice homotopy class. This observation will be very
useful when we construct a topological characterization
of the LSM constraints later.

2 In fact, even spontaneously-symmetry-breaking states (such as
ferromagnetic states) realized on these two lattices should be
distinct, because they have different anomalies. However, to
the best of our knowledge, it is still an open problem to explic-
itly calculate the complete anomalies for these spontaneously-
symmetry-breaking states, which is an interesting problem be-
yond the scope of the current paper.
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Figure 3. Panel (a) shows the generators of the wallpaper
group pdm. In panel (b), the square is a translation unit
cell of the wallpaper group pdm. It has three IWP, usually
labelled by a, b and c in crystallography. Type-a and type-b
both form a square lattice. The Cy rotation center in panel
(a) is taken to be at the type-a IWP.

2. Gs=pim

Warmed up with the example where G = p6m, now
we can easily apply the similar analysis to the other
16 wallpaper groups. Here, we examine the case where
Gs = p4m, which will be relevant to our later discus-
sion.

The pdm group describes the symmetry of square
and checkerboard lattices. The generators, a transla-
tion unit cell and IWP of pdm are shown in Fig. 3.
The translation vectors of 77 and Ty have the same
length and are perpendicular. There is also a 4-fold
rotational symmetry, denoted by Cy. Finally, there is a
mirror symmetry M, whose mirror axis passes through
the Cs-center and is parallel to the translation vector
of Ty. There are 3 types of IWP. The type-a IWP is
the 2-fold rotation centers of C%, the type-b IWP is the
2-fold rotation centers of T175C%, and the type-c IWP
includes the 2-fold rotation centers of both T3C? and
T>,C2. Note that the type-a and type-b are actually
also 4-fold rotation centers, and all three IWP lie on
some mirror axes.

Below, we enumerate some distributions of DOF that
correspond to different elements in Apy in this case:

1. All DOF have trivial PR: trivial element in Ayg.

2. DOF with nontrivial PR at one of the three types
of IWP: three different elements in Arg.

3. DOF with nontrivial PR at multiple of the IWP:
product of elements in the previous case.

This analysis implies that the LSM constraints on a
lattice with p4m symmetry are classified by Arg = Z3,
and the three generators can be taken to correspond to
distributions of DOF on the three types of IWP. Note
that both the type-a and type-b IWP form a square
lattice, and type-c IWP form a checkerboard lattice.
Again, it is easy to see that knowing which of the basic
no-go theorems are triggered can uniquely determine
the lattice homotopy class.



Before finishing the review, we note that it has also
been realized that LSM constraints are intimately re-
lated to anomalies and higher dimensional SPTs [4, 6
9]. In the present context, our (2 + 1)-d system
with DOF carrying PR can be viewed as a bound-
ary of a (3 + 1)-d system made of stacked (1 + 1)-
d SPTs protected by Gj,:, which are also classified
by H*(Gint,U(1),) = Z5. The spatial extension of
these (14 1)-d SPTs is along the extra dimension. The
boundaries of these SPTs carry the PR, whose types
and locations precisely match with the DOF of the orig-
inal (2 4+ 1)-d system, which have been moved to the
IWP using lattice homotopy. Furthermore, the wall-
paper symmetry G4 can be naturally extended into a
symmetry of the (3 4 1)-d system. Then the (3 4 1)-d
system is an SPT protected by G5 X Gype, and a sym-
SRE boundary of such a nontrivial SPT is forbidden
due to the nontrivial quantum anomaly, which implies
the LSM constraints. Moreover, different SPTs have
different anomalies on the boundary, so their corre-
sponding LSM constraints must be different, such that
ground states emergible in systems with different LSM
constraints must have distinction in their emergent or-
der or symmetry-protected distinction. For these rea-
sons, in the following we will view an LSM constraint
and the (34 1)-d G4 x Gy SPT corresponding to this
LSM constraint on equal footing.

B. Topological characterization of the LSM
constraints

The above picture of lattice homotopy and higher di-
mensional SPTs allows us to derive a topological char-
acterization of the LSM constraints. In particular, we
will identify the topological partition function (TPF)
of the (34 1)-d SPT corresponding to each nontrivial
LSM constraint for a given G5 and G-

To do it, we use the fact that the SPT of interest
can be constructed by stacking the nontrivial (14 1)-d
Gint SPT at various IWP. Suppose, in the language
of Dijkgraff-Witten theories [38-40], the TPF of this
(1 + 1)-d SPT is encoded in a nontrivial cocycle in
H?(Gint,U(1),) = Z5, which can be represented by
exp (imn(a1,az2)), where a1 2 € G and 7 takes val-
ues in {0,1} (taking n € {0,1} is valid since such
SPTs are ZA-classified). To write down the TPF of
the relevant (3 4+ 1)-d Gs X Gt SPT, we view G
on equal footing with G, keeping in mind that any
orientation-reversal element in G should also com-
plex conjugate the U(1) coefficient, in accordance with
the crystalline equivalence principle [41]. Then the
TPF can be encoded in a cocycle (g1, 92,93, 94) in
H*(Gs X Gint, U(1),), where g1,23.4 € Gg X Ging. The
picture based on lattice homotopy and stacks of (1+1)-
d Gine SPT strongly suggests that Q(g1,92,9s,94)
takes the form

Qg1 g2, 93, ga) = e ™A nl2)nlaz.as) (1)

where g; € G5 X Gy is written as g; = [; ® a;, with
l; € G5 and a; € Gjpe, and A also takes values in {0, 1}.
Physically, A encodes the information of which IWP
host the (1+1)-d G SPT. The lattice homotopy pic-
ture further suggests that A\ is completely determined
by G and the lattice homotopy class corresponding to
the particular LSM constraint, and should be the same
for all Gy, with Z’;—classiﬁed PR and all PR types of
the system. Such a cocycle implies that the TPF, in
terms of lattice gauge theory on a triangulated mani-
fold, takes the form

Zz = eiﬂ' IM4 AMAsTUn[Aint] (2)

where M, is the 4 dimensional spacetime manifold of
the SPT, A, and A;,; are the (1-form) gauge fields
resulting from gauging G5 and G, respectively, and
exp(im [ n[Aini]) gives the TPF of the (1 + 1)-d G
SPT. Note that although the TPF is constructed from
a cup product of A and 7, generically A (or n) itself
cannot be written as a cup product of Ag (or A;nt).

In Appendix B, we show that the above expectation
is indeed correct. Furthermore, A(l1,l2) can be viewed
as a representative cochain in H?(Gj,Zz). Assuming
that the (1+41)-d Gy, SPT is already understood (i.e.,
the 1 corresponding to the PR type of the system is
known), the task to identify the TPF for the (3 4 1)-d
Gs X Giny SPT corresponding to the LSM constraints
becomes identifying A(l1,l2) for a given G and lattice
homotopy class.

Before proceeding, let us pause to clarify what it
means to identify A(l1,l2). After all, as reviewed in Ap-
pendix A1, A(I1,l3) changes under coboundary trans-
formations, so it is not an invariant characterization
of the LSM constraints. However, inequivalent A’s can
be diagnosed by quantities related to it that are in-
variant under coboundary transformations. So identi-
fying A(l1,l2) really means identifying these topological
invariants. To relate to some known results of such
topological invariants, we define w(ly,ls) = eimAll2)
which encodes the same information as A(l1,l2). Then
a topological invariant takes the form of afw], a func-
tional of w.

Now we proceed to derive these topological invari-
ants. Because A(l1,[l2) or w(ly,ls) is the same for all
Gint, it suffices to derive it in a particularly simple
and illuminating case, i.e., Gijpe = SO(3). According
to Sec. IT A, in this case the (3+1)-d Gsx Gt SPTs re-
lated to the LSM constraints are fully characterized by
the spatial distribution of Haldane chains, i.e., (14+1)-d
SPT protected by the SO(3) symmetry. Therefore, to
characterize the LSM constraints, all we have to do is to
identify topological invariants for H?(Gy, Z2) that can
tell us which IWP host Haldane chains. To this end,
we utilize the fact that, for a given spatial distribution
of Haldane chains, which IWP host Haldane chains is
fully encoded in which of the 3 basic no-go theorems
are triggered. So if we can characterize the 3 basic no-
go theorems using some topological invariants, we can



further get the topological invariants corresponding to
the LSM constraints.

To obtain the topological invariants corresponding to
the 3 basic no-go theorems, it is useful to consider cou-
pling the system to a probe gauge field corresponding
to the SO(3) symmetry and examining the monopoles
of this SO(3) gauge field, which is a method proven to
be extremely powerful [14, 42-47]. Because the wave
function of the system acquires a —1 topological phase
factor when an SO(3) monopole circles around a Hal-
dane chain®, we will see below that if any of the 3 basic
no-go theorems is triggered, the G5 symmetry will frac-
tionalize on the SO(3) monopole in a specific way, i.e.,
the SO(3) monopole will carry a specific PR of Gj.
The symmetry fractionalization pattern of G4 on the
SO(3) monopole will thus completely encode the LSM
constraint. Since the fusion rule of the SO(3) monopole
is determined by 1 (SO(3)) = Zs [48], the symmetry
fractionalization patterns of G on the SO(3) monopole
are classified by H?(Gs,Zs) [12, 13, 49, 50]. So the
LSM constraints can be characterized by elements in
H?(G,,7Zs), consistent with the previous general dis-
cussion. This also implies that when G;,,; = SO(3), for
a given G, and lattice homotopy class, the A(l1,12) in
Eq. (1) should be precisely the element in H?(G, Zs)
that describes the symmetry fractionalization pattern
of G5 on the SO(3) monopole in the corresponding
SPT. However, one should not expect that all symme-
try fractionalization patterns captured by H?(G,Zs)
are related to LSM constraints. To see it, consider
breaking the SO(3) symmetry to U(1). Then the orig-
inal LSM-related G5 x SO(3) SPT will become a triv-
ial G5 x U(1) SPT, since the Haldane chain is trivi-
alized upon this symmetry breaking. Therefore, the
U (1) monopole, which is the descendent of the SO(3)
monopole after symmetry breaking, should carry no
nontrivial symmetry fractionalization pattern. It im-
plies that certain nontrivial symmetry fractionalization
pattern on the SO(3) monopoles, or certain elements
in H?(Gs,Z3), may be unrelated to LSM constraints.
We will see this explicitly below.

We start with the first no-go theorem, and focus on
the case where only translation symmetry is important,
and defer a similar discussion where the glide reflection

3 Consider moving a Haldane chain around an SO(3) monopole.
The topological phase factor generated in this process is given
by the topological partition function of the Haldane chain,
calculated on the manifold defined by the spacetime trajec-
tory it moves along, with a background SO(3) gauge bundle

exerted by the SO(3) monopole. It is known that the topo-
. 50(3)
logical partition function of a Haldane chain is /™ Jam w2 ,

250(3) is the second Stiefel-Whitney class of the SO(3)

gauge bundle. Furthermore, fM w2SO(3) = 1 around an SO(3)
monopole. Therefore, there is a —1 phase factor generated
in this process, which also implies that moving an SO(3)
monopole around a Haldane chain results in a —1 topologi-

cal phase factor.

where w

is also important to Appendix C. Denote the two trans-
lation generators by T; and T3, and apply the operation
Ty, 'T ' TyTy to an SO(3) monopole, which moves it
around a translation unit cell. If each translation unit
cell constains an odd (even) number of Haldane chains,
this process results in a —1 (1) phase factor, which pre-
cisely characterizes how the translation symmetry frac-
tionalizes on the SO(3) monopole. By slightly abusing
the notation, we write the subgroup of G4 generated
by 77 and Ty as T} x T5. The fractionalization pat-
terns of the T7 x Tb symmetry should be classified by
H?(Ty x Ty, Z9) = Zs, so the aforementioned phase
factor must be given by the unique nontrivial topolog-

e . Ty,T.
ical invariant in H?(Ty x Ty, Zs), i.e., aj[w] = %

Denote two elements in this subgroup by I; = T/ T4
and lp = TY?TY?, with 212,912 € Z, a representa-
tive cochain that triggers this topological invariant is
w(ll, lg) = (71)?/112.

Next, consider the second no-go theorem. Denote
the generator of the relevant mirror symmetry by M,
and suppose T generates a translation symmetry on
the mirror plane. Note that this implies TM = MT.
Apply the operation MT 1 MT to an SO(3) monopole,
which moves it along a trajectory that encloses a trans-
lation unit along the mirror plane. Suppose there is an
odd (even) number of Haldane chains in this transla-
tion unit, this process results in a —1 (1) phase fac-
tor, which precisely characterizes how the symmetry
group generated by M and T fractionalizes on the
SO(3) monopole. Write the subgroup of Gy gener-
ated by M and T as M x T, the fractionalization
patterns of the M x T symmetry are classified by
H?(M x T, Zs) = Z3. So there are two nontrivial topo-
logical invariants in H?(M x T,Zs), and they can be

. . _ w(T\M) _ w(M,M)
written as asfw] = OV and Gpon—1.SM = RO
where in the denominator 1 stands for the trivial group
element in M x T. Note that apon_1.sm = —1 would

imply when the SO(3) symmetry is broken to U(1), the
resulting G5 x U(1) state is a nontrivial SPT, since this
represents a nontrivial symmetry fractionalization pat-
tern of a U(1) monopole [45, 46]. According to the pre-
vious general discussion, ayen—1,sm should be unrelated
to LSM constraints of interest. We can also directly see
this, without considering breaking the SO(3) symme-
try. Denote two elements in M x T by {; = T%1M™
and lp = T2 M™2, with z12 € Z and my € {0,1},
representative cochains that trigger these two topolog-
ical invariants are w(ly,l2) = (—1)"*2 and w(ly,l3) =
(=1)™™2 respectively. Suppose X in Eq. (1) constains
a piece A(l1,l2) = mims, such that apen—rsm = —1,
from Eq. (2), we see the TPF of the (341)-d SPT con-
tains a part given by exp(im f(wlTM)zwgo(g)), where
wi™M is the first Stiefel-Whitney (SW) class of the tan-

gent bundle of the spacetime manifold, and w;q 0B i

the second SW class of the SO(3) gauge bundle. In
writing this down, we have used that M is an orienta-
tion reversal symmetry and that the TPF of a Haldane



chain is exp(iwfwgo(g)). This means that when the

symmetry is broken down to M x SO(3), the system is
still a nontrivial SPT.* However, all SPTs correspond-
ing to LSM constraints become trivial when the lattice
symmetry contains only a mirror symmetry (as can be
seen from lattice homotopy, or simply from the lack of
basic no-go theorem that only requires a mirror sym-
metry as the lattice symmetry), and hence a contra-
diction. This means apon—r.sm = 1 for SPTs corre-
sponding to LSM constraints (see Appendix D for the
physics of the SPT's that trigger apon—1.sm). Therefore,
the phase factor resulted from acting MT~'MT to an
SO(3) monopole must be given by as.

Finally, consider the third no-go theorem. Denote
the generator of the relevant 2-fold rotational sym-
metry by Cs, and apply Cy to an SO(3) monopole
twice, which moves it around a Cs rotation axis. Sup-
pose there is an odd (even) number of Haldane chains
in this Cy rotation axis, this process results in a —1
(1) phase factor, which precisely characterizes how the
Cy rotational symmetry fractionalizes on the SO(3)
monopole. Write the subgroup of G generated by
C5 also as C5. The fractionalization patterns of the
Co symmetry are classified by H?(Cy,Zs) = Zs, s0
the aforementioned phase factor must be given by
the unique topological invariant in H?(Cs,Zs), i.e.,

%10)2) Denote two elements in this sub-

group by I = C5' and Iy = C52, with ¢10 € {0,1},
a representative cochain that triggers this topological
invariant is w(ly,ly) = (—1)°*2.

In summary, we have found 4 basic types of sym-
metry fractionalization patterns of G, characterized
by the above 4 types of topological invariants, oy 23
and opon—1.sM- The first three are related to the 3 ba-
sic no-go theorems, thus to the LSM constraints, while
the last is a non-LSM symmetry fractionalization pat-
tern. As mentioned before, if G,y = SO(3) is bro-
ken to U(1), apnon—1sm detects a nontrivial symmetry
fractionalization pattern of a U(1) monopole, captured
by a nontrivial element in H*(Gs,U,(1)) ®. One can
also see that o235 = —1 does not imply that the de-
scendent G x U(1) SPT is nontrivial, since they cor-
respond to trivial elements in H?(Gy,U,(1)). These
4 basic fractionalization patterns are clearly indepen-
dent of each other, as they correspond to completely
different (3 + 1)-d SPTs. Furthermore, for all 17 wall-

aslw] =

4 In this SPT, the symmetry M fractionalizes on the SO(3)
monopole, i.e., acting M twice on an SO(3) monopole yields
a —1 phase factor. This symmetry fractionalization pattern
is captured by H?(M,Z2) = Za, whose unique topological
invariant iS apon—1,sM- SO Qnon—1.sM should be identified as
this phase factor. In Appendix D, we further show that such
an SPT can be constructed by putting on its M mirror plane a
(241)-d Z2x SO(3) SPT, whose Z3 domain walls are decorated
with Haldane chains.

5 More  precisely, H2 (Gs,U(1),).
HE . (p1,U(1),) =2 H3(pl,Z,) = 0.

Especially,

paper groups G, these 4 types of fractionalization pat-
terns give a complete set of topological invariants that
can distinguish all elements of H2(G, Zs), as explicitly
checked in Appendix F. These actually mean that

Arn = ker[i : H*(Gs,Zs) — H*(G5,U(1),)] (3)

where 7 is the map defined in Eq. (A13).

With this in mind, to further derive the topological
invariants corresponding to an LSM constraint, we just
need to write down the complete set of independent
topological invariants of H?(G,Zs), and bridge the
combinations of these topological invariants with dis-
tributions of DOF. Then each combination is a topolog-
ical invariant for an LSM constraint, which determines
A in Eq. (1). Combined with n corresponding to the
PR type of the system, Eq. (1) or (2) gives the TPF
of the (3 + 1)-d G5 X Gy SPT corresponding to this
LSM constraint. An advantage of this approach is its
intuitive nature, i.e., everything can be done by simply
inspecting the IWP. Below we perform this analysis in
detail for the cases with G5 = pbm and G5 = pdm,
which will be relevant to the discussion of symmetry-
enriched criticality later in the paper. In Appendix
F, we present all topological invariants that character-
ize H?(Gy,Zs), with G, being any of the 17 wallpaper
groups.

Before moving on, we stress again that the topolog-
ical characterization of the LSM constraints obtained
here applies to all G;,¢ with Z’g—classiﬁed PR and all
PR types of the system, although it is derived in a
special case with G,y = SO(3).

1. Gs=pbm

All fractionalization patterns of p6m are classified by
H?(pbm, Zs) = Z3. As discussed in Sec. ITA, p6m has
two IWP related to LSM constraints, type-a and type-
c. The former is the 2-fold rotation center of C§, and
the latter includes the 2-fold rotation centers of T} C’g’,
T: gCg and TngCg’. In addition, p6m also has two inde-
pendent mirror symmetries, M and CgM. Using the
4 types of basic topological invariants discussed above,
we can immediately write down the complete set of in-
dependent topological invariants which can distinguish
all elements in H?2(p6m, Zs):

me[ } _ w(Cg7Cg)
! Tow(1,1)
agﬁm[ | = w
w(1,1)
ame[ } _ w(Mv M) (4)
3 ow(1,1)
ame[w} _ W(CgM7 Cg)M)
4 T w(1,1)

Physically, 02" and o5°™ measure the PR at the type-

a and type-c IWP, respectively, while a4°™ and of°"



determine whether the (3+1)-d G5 x G, SPT contains
a non-LSM component. Mathematically, the correct-
ness, completeness and independence of these topolog-
ical invariants can be checked using the representative
cochains in Appendix E.

6 6
Therefore, when of ™ = o"™

tions (a?®™, a2%™) are the sought-for topological in-
variants that characterize the LSM constraints in a

lattice with Gy = p6m. In particular, (a2, a5%™)

(=1,1) and (2®™,a2%™) = (1,—1) imply that there
are DOF with nontrivial PR at the type-a and type-c
IWP, respectively, which are the generators of Apy, as
discussed in Sec. ITA. When at least one of o™ and
ak%™ is —1, this combination does not correspond to
any LSM constraint.

= 1, the combina-

We remark that the choice of topological in-
variants is not unique. For example, the ex-

pression of o5®"w] can be replaced by ei-
T,C2 TLO8 T\ ToC2 T1 T2 C3
ther “(12C6.T2Cq) w(hT2Ce TiT2C5)  pocause
w(1,1) w(1,1) ’
w(Tng,Tng) W(TQCS,TQCS) W(TlTQCg,Tszcg) f
= = or a
w(1,1) w(1,1) w(1,1)

cocycle w(g1,g2) in H?(pbm,Zsy), as can be checked
by using the representative cochains in Appendix E.
Physically, this just means that the 2-fold rotation
centers of TyCg, ToC3 and TiT>Cg are related by
symmetry, so the PR at these three rotation centers
should be the same. We can also replace the expression

of a8%™[w] by %, which tells us whether there

is a net nontrivial PR in a translation unit cell and
equals o2 [w] - 04%"[w]. This information combined
with o?%™[w] also completely specifies which TWP

host Haldane chains.

It is useful to notice some interesting relations be-
tween LSM constraints with G = p6m and those with
G being a subgroup of p6m. In particular, consider
the case where G4 = c¢mm, which is a subgroup of p6m
generated by T1, Ty, C3 = Cg and M. That is, the
3-fold rotational symmetry generated by CZ is absent.
This wallpaper group has 3 IWP, where the first is the
2-fold rotation center of Cs, the second is the 2-fold
rotation center of T175C5, and the last includes the 2-
fold rotation centers of both T7Cy and T5C5. Further-
more, there are two independent mirror symmetries,
generated by M and CyM. Similar analysis as before
indicates that, for emm, the 3 LSM fractionalization
patterns and 2 non-LSM fractionalization patterns are
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detected by topological invariants

emm )] = w(Cs, C2)
! w(1,1)

acmm[ ] _ w(TlTQCQaT1T2C2)
2 B w(1,1)
cmm _ w(TIC27T102)
e,y — W M)

Qy [ ] W(l,].)

pemmy _ @(CaM.CoM)
° T w1

So when af™™ = af™ = 1, the combinations

(af™™ a§™™ ag™™) are the topological invariants

that characterize the LSM constraints in a lattice with
Gs = cmm.

It is easy to see that the first IWP of cmm is just
the descendent of the type-a IWP of p6m, and the
second and third IWP of cmm are descendent of the
type-c IWP of p6m. Moreover, the mirror symmetries
of emm are also the descendent mirror symmetries of
pbm. This means that the fractionalization pattern
of p6m can be completely specified by that of its cmm
subgroup. More precisely, for a cmm subgroup of p6m,
we have

6 6
ap mo__ acmm ap mo_ acmm — acmm
1 1 ’ 2 2 3 ’ (6)
pbm __ _cmm pbm __ cmm
Q3 =Qy o, Gy =0y

These relations allow us to focus on the cmm subgroup
of a p6bm group when we consider its fractionalization
classes, which sometimes simplifies the analysis.

2. Gs=pim

Using similar analysis as before, it is easy to see that
the LSM constraints for the case with G = pdm are
classified by Z3, generated by distributions of DOF
with nontrivial PR on the 3 IWP. The 3 root LSM
constraints can be detected by topological invariants

Oép4m _ w(CzaCZ)

P w(L)

pam _ w(TC3, TV THCF) .
ap4m _ w(TlczaTch)

3 w(1,1)

2 2
Again, the p4m symmetry requires that %{;C“) =
UJ(TQCZ,TQCZ)

w(1,1)

patterns classified by Z3, with the following topological

. There are also non-LSM fractionalization



invariants for the corresponding generators:

ap4m[ ] _ W(M,M)

4 w(1,1)
i) = 2L A0 0
ap4m[ ] _ o‘)(6(4]\47 C4M)

¥ w(1,1)

In the case with G;: = SO(3), these three topolog-
ical invariants imply that acting M, T3 M and CyM
on an SO(3) monopole twice yields a —1 phase factor,
respectively.

am am 4
Therefore, when of ™ = of™ = of™™ = 1, the

.. 4 4 4 :
combinations (™™, ab™™, af™™) are the topological
invariants that characterize the LSM constraints in a

lattice with G5 = pdm.

Again, it is useful to note the relation between the
LSM constraints for Gy = p4m and those for its sub-
groups. Let us consider the pmm subgroup of pdm,
generated by T1, T, M and Cy = C%. That is, the
4-fold rotation is absent while the 2-fold rotation is re-
tained in pmm. By inspecting the IWP of pmm, we
can immediately write down the topological invariants
corresponding to the LSM constraints

pmm [OJ} _ W(C% 02)

251

w(1,1)

pmm _ W(TITQC%TIT?CQ)

oy w] =
w(1,1) (9)

apmm[ } — w(T1027T102)

3 w(1,1)
apmm[ } _ oJ(T‘ZC’27T‘2CV2)

! w(1,1)

and the topological invariants for the non-LSM frac-
tionalization patterns

o) = LR
w(1,1)
apmm[ ] — W(CQM; O2M)
6 w(1,1) 10)
pmm w(TlM, TlM)
a7 " Mw] = —————
w(1,1)
a;zg)mm[ ] _ w(TQCQM; T2C2M)
w(1,1)
So when all 2™ = of™" = &A™ = of™™ =1,
the combinations (o], ab™™ ™™ of™™) are the

topological invariants that characterize the LSM con-
straints in a lattice with G, = pmm.

Furthermore, by examining the relation between
IWP of pdm and the IWP of its pmm subgroup, we

11

get

4m mm 4m mm

O‘If = O‘:T ) ag = g )
pdm _ a;?mm _ apmm
3 3 4 ) (11)
pdm _  _pmm __ _pmm

oy =G5 =0
pdm _  pmm __ _pmm

a5 = ay =3

So 5 of the 6 topological invariants for p4m can be de-
termined by examining its pmm subgroup. To further
determine the last topological invariant, 0/6’47”, one can
simply examine the subgroup generated by CyM. This
observation will also simplify some analysis.

3. Topological characterization of the LSM constraints in
(1+1)-d

In the above we have derived the topological char-
acterization of LSM constraints in (2 4+ 1)-d systems.
Similar derivation can be carried out for (1+ 1)-d sys-
tems with Gs X G;,¢ symmetry, where G, is one of
the two line groups, and G;,; is an internal symme-
try group whose PR are Z5-classified. In this case, the
lattice homotopy picture still applies in an analogous
way, and there are (2 + 1)-d G5 x Gy SPTs corre-
sponding to each LSM constraint. Here we present the
cocycle and TPF of these SPTs, and leave the details
of derivation to Appendix G.

When G5 = pl, the line group that contains only
translation generated by T', the classification of LSM
constraints is Zs, detected by the total PR inside each
translation unit cell. The cocycle describing the (241)-
d pl x Gine SPT related to the nontrivial LSM con-
straint is

g1, 92, g3) = € Tr702.03) (12)

where g; = T ® a;, with z; € Z and a; € G;py, for
1 =1,2,3. The corresponding TPF can be written as

Z — eiﬂ'st «'UU"][Aint] (13)

where M3 is the (2+1)-d spacetime manifold the SPT
lives in, and x is the gauge field corresponding to the
translation symmetry.

When G5 = plm, the line group that contains both
translation T and mirror M, the classification of LSM
constraints is Z3, detected by the total PR at the mir-
ror centers of M and T'M. For the case where only
the mirror center of M has a net nontrivial PR, the
corresponding cocycle is

9(91792793) = ei‘ﬂ'(m1+’m1)77(a2,a3) (14)

where g; = T*"M™ ® a;, with z; € Z, m; € {0,1} and
a; € Gipg, for i = 1,2,3. The corresponding TPF can
be written as

2 — '™ g (@Fm)Un[Aine] (15)



where z is still the gauge field of translation, and m is
the gauge field of mirror symmetry. For the case where
only the mirror center of T'M has a net nontrivial PR,
using similar notations, the corresponding cocycle and
TPF are respectively

(g1, g2, g3) = ema2:09) (16)
and

z eiﬂ' fMB zUN[Aint] (17)

ITII. Applications to symmetry-enriched quantum
criticality

The above topological characterization of the LSM
constraints is not only conceptually important, but also
of practical relevance. A crucial question in condensed
matter physics is what we call the question of emergi-
bility: given an IR effective theory, can it emerge at low
energies in a lattice system described by a local Hamil-
tonian? This question is generically rather challenging,
and we will utilize the hypothesis of emergibility: given
a (d 4 1)-dimensional IR effective theory with symme-
try Gr, a necessary and sufficient condition for it to
emerge from a lattice system with symmetry Guy is
that there is a symmetry embedding pattern (SEP),
i.e., a homomorphism ¢

¢ : Guy = G, (18)

such that the anomaly of this IR effective theory
matches with the anomaly of the lattice system coming
from the LSM-like constraint, in the sense that

Quv = ¢" (ur) (19)

where Quvy describes the LSM-like anomaly of the lat-
tice system, g is the anomaly of the IR effective the-
ory, and ¢* is the pullback induced by ¢ (see Appendix
A 2 for areview). In fact, the necessity of this condition
has been established (i.e., 't Hooft anomaly-matching
condition), and only the sufficiency of it is hypotheti-
cal. Although this hypothesis has not been proved so
far, it is supported by many nontrivial examples. In
the following we will assume the correctness of the hy-
pothesis of emergibility.

The hypothesis of emergibility provides an intrinsic
characterization of the emergibility of an IR effective
theory, without relying on any of its specific construc-
tions. It is especially useful when there is no known
lattice construction of this IR effective theory, but its
anomaly is known. A class of such IR theories is the
non-Lagrangian Stiefel liquids (SLs) proposed in Ref.
[15]. A theory is Lagrangian if it can be described by
a weakly-coupled Lagrangian at high energies, which at
low energies may flow to a strongly-coupled fixed point
under RG. A non-Lagrangian theory is one that is so
strongly interacting, such that it cannot be described
by any weakly-coupled Lagrangian at any energy scale.
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The SLs are proposed to be an infinite family of quan-
tum critical states, where its simplest members are the
celebrated deconfined quantum critical point (DQCP)
and U(1) Dirac spin liquid (DSL), while other mem-
bers are conjectured to be non-Lagrangian. Due to the
intrinsic absence of a weakly-coupled description, it is
difficult to construct these non-Lagrangian states on a
lattice system by usual means. However, the anomalies
of these SLs are derived in Ref. [15]. With Quy de-
rived in Sec. II (given by Egs. (1) or (2)), we can check
the emergibility of these states in various lattice spin
systems, by checking the existence of SEP that can
match the anomalies. Based on this approach, some
interesting realizations of the non-Lagrangian SLs on
triangular and kagome lattices are proposed [15]. Here
we will explore this problem more systematically.

Motivated by their relevance in the study of quan-
tum magnetism, in the following we will focus on lat-
tice systems with Gyy = G5 X Gy symmetry, where
G is pdm or pbm, and G,y = O(3)T = SO(3) x 71,
the product of spin rotation and time reversal sym-
metries. We further demand that the PR type of the
system correspond to half-integer spin, i.e., spinor un-
der SO(3) while Kramers doublet under ZI, which
implies that the (1 4+ 1)-d SPT related to the LSM
constraints has a TPF exp <i7r sz (wQSO(B) + t2)) =
exp (iw Jos, wS(S)T .
focus on DQCP, DSL, and the simplest non-Lagrangian
SL, denoted by SL(7). We will exhaustively search SEP
that can match the anomalies of these IR theories with
the LSM anomalies on these lattices, assuming that the
IR theories can emerge as a consequence of the com-
petition between a magnetic state (a state that breaks
the SO(3) spin rotational symmetry, e.g., a Neel state)
and a non-magnetic state (an SO(3) symmetric state,
e.g., a valance bond solid (VBS)).

For the IR effective theory, we

A. Review of Stiefel liquids

First, we briefly review the physics of SLs [15] (see
Appendix H for more details, including useful infor-
mation absent in Ref. [15]). A SL is labelled by an
integer N > 5, and we denote this state by SL(Y),
The DQCP and DSL correspond to SL(®) and SL(®),
respectively, and SL(V>6) are conjectured to be non-
Lagrangian. The DOF of SL(Y) is represented by an
N x (N —4) matrix n with orthonormal columns. The
symmetry Gir of SL®Y) includes Poincaré symmetry
and

O(N)T x O(N —4)T

L
The O(N) acts as n — Ln with L € O(N), and the
O(N — 4) acts as n — nR with R € O(N —4). The

superscript “T” represents a locking condition: an im-
proper rotation of either the O(N) or O(N —4) is a

(20)



symmetry if and only if it is combined with a space-
time orientation reversal symmetry. This locking con-
dition is one of the reasons why SL(V>7) may be non-
Lagrangian (see Appendix H). The modding of Zs is
because the operation with L = —Iy and R = —In_4
has no action on n. For N = 5, n reduces to a 5-
component vector, and Gigr includes Poincaré symme-
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try and an O(5)7 symmetry that acts by left multipli-
cation on n, such that the improper rotation is com-
bined with a spacetime orientation reversal symmetry.

The anomaly of SL(V) is captured by Qgr, an ele-
ment in H*(Gr,U(1),). It is useful to consider the
projection from Gig = O(N)T x O(N — 4)T to Gir,
and the pullback of Qg induced by the projection is
given by Qir = ei™lin € H(Gig,U(1),), where

~ 2 4
Fan = wO™) | ON-1 [w20<1v—4> + (w00) } (09 4 0N 4 (w0 0) (21)

supplemented with a constraint w{™ + wlo(N)

WOV

+

= 0 (mod 2), which originates from the lock-
ing between the spacetime orientation reversals and
the improper rotations of O(N) and O(N — 4). Here

in(N), w?™ Y and wl™ are the i-th Stiefel-Whitney
(SW) classes of the O(N), O(N —4) gauge bundles and
the tangent bundle of the spacetime manifold, respec-
tively. For odd N, Qg completely characterizes g
(see Appendix H for more details). However, for even
N, QIR misses some important information. Fortu-
nately, it turns out that Qg is still adequate for the
following discussion, even for the case with N = 6 (see
Appendix I2 and discussions below Eq. (I18)). Below
we will view Qg as the IR anomaly of SLs and omit
the tilde symbol, i.e., we rewrite Qg and Lig as Qg
and Lig for simplicity.

The low-energy dynamics of SLs is not fully under-
stood so far. There is evidence that DQCP is a pseudo-
critical state [19, 51-54], which can be approximated by
a CFT, whose relevant operators are the conserved cur-
rent, the SO(5) vector and symmetric traceless rank-2
tensor, and possibly time-reversal breaking SO(5) sin-
glet. There is also evidence that SL(V>%) are genuine
CFTs with no Gyg-symmetric relevant operator. Fur-
thermore, various numerical studies (e.g. see a recent
conformal bootstrap study [55] and references therein)
give (indirect) support that the only relevant opera-
tors in these states are either conserved currents, or
time-reversal-breaking operators, or Lorentz scalar op-
erators in the representations (Vr,Vg) and (AL, Ar),
where V;, (V) and Ay, (Ag) represent the vector and
anti-symmetric rank-2 tensor of SO(N) (SO(N — 4)),
respectively. The effects of these relevant operators
are complicated: some of them change the emergent
order of the state, but others do not (see Appendix H
for more details). We are interested in the stability
of these states in a specific lattice realization, whose
symmetry is Gyy. Some perturbations that are not
Gir-symmetric can be Gyy-symmetric and drive the
states unstable. For a realization to be stable, we de-
mand that Gyy forbid all the aforementioned relevant
perturbations that change the emergent order of the

(

state.

It is also sometimes useful to refer to the gauge-
theoretic description of the DSL (SL(®)). This descrip-
tion is in terms of 4 flavors of gapless Dirac fermions
coupled to a dynamical U(1) gauge field. The global
symmetry of this theory is given by Eq. (20) with
N = 6. The fundamental operator in this theory is
the monopole operators of the U(1) gauge field, which
transform as a bi-vector under the (SO(6) x SO(2))/Z
symmetry [56-58]. These monopoles are represented
by the 6 x 2 matrix n in the language of SLs, which are
also the (Vi,Vg) relevant operator mentioned above.
In terms of the gauge theory, other relevant perturba-
tions listed above are as follows. The conserved cur-
rents are the flavor currents of the Dirac fermions and
the electromagnetic field strengths of the U(1) gauge
field, the time-reversal-breaking operator is the fermion
mass that is a singlet under the flavor symmetry, and
the (A, Ar) operator is the fermion mass that is in
the adjoint representation of the flavor symmetry.

B. Method for anomaly-matching

Now we sketch a streamlined method to check the
emergibility condition Eq. (19), for a given symmetry
embedding pattern (SEP) ¢. This method crucially re-
lies on the fact that H*(Guv,U(1),) = Z5 with some
k € N, which always holds if Gyy = G’ x Z with
some group G’. In our case, G’ = G4 x SO(3). More
generally, as long as Guyy = G’ x ZI for any G’, we
expect this method to be useful in matching the LSM
anomaly of a lattice system with the anomaly of any
IR effective theories. This subsection is relatively for-
mal and abstract, and readers more interested in the
physical results can skip to the next section.

To motivate this method, first note that Quy and
©*(Qr) are elements in H*(Gyy,U(1),). To compare
two elements in H*(Gyv,U(1),), generically we need
a complete set of topological invariants (or some equiv-
alents) for H*(Gyv,U(1),), which is often difficult to
obtain. This difficulty comes from the fact that we are



considering cohomology with U(1) coefficients.

Nevertheless, simplification occurs when Gyy =
G' x Z% and hence H*(Gyv,U(1),) = Z5 with some
k € N. This enables us to connect Quy and ¢*(QR) to
elements in H*(Guv,Zz), which simplifies the analy-
sis due to the salient features of cohomologies with Zo
coefficients.

To see the connection to H*(Guv,Zsa), first recall
that Quv takes the form of Eq. (1). We can view
A and 7 as elements in H?(Gy,Zo) and H?(Gipt, Zs),
respectively. Then A(l1,l2)n(as, aq) is in fact the cup
product AU n 6 which is an element in H*(Gyv, Z2)
that we denote by Lyy. As a group, here the group
operation of two elements in H*(Gyy, Z2) is realized
as the mod 2 addition of the representative cochains
of these elements, which take values in Zs = {0,1}.
Then Quv can be written as UV or more formally
as 1(Lyv), where 7 is a map induced by the inclusion
i:Zy — U(1) introduced in Eq. (A13). That is, the
LSM anomaly Quv can be expressed as an image of an
element Lyy € HY(Guyv,Z2) under i. 7

Furthermore, there is an injective map from
HY(Guyv,U(1),) to H5(Guy,Zz2), given by p o f3,
i.e., the combination of the Bockstein homorphism
B : HY(Guv,U(1),) — H°(Gyy,Z,) and an injec-
tive map p : H*(Guv,Z,) — H°(Guv,Zs) (see Ap-
pendix A2 for a brief introduction of these maps).
Here the fact that p is injective is again guaranteed
by H*(Gyv,U(1),) = Z&, which is crucial for this
method. This means that checking Eq. (19) is equiva-
lent to checking

(Do B)uv = (po B)e™(Sur)

where both sides are elements in H5(GUV, Zs).

Now we discuss the relevant simplifying features of
cohomology with Zy coefficient. First, for any group
G, H*(G,Zs) has a ring structure, where the addi-
tion is the mod 2 addition as above, and the multi-
plication between two elements is realized as their cup

J

(22)

H*(G1r,Z2) s H*(Gr,U(1),)

o [E
e

HY(Guv,Zy) —— H*(Guv,U(1),)

6 More specifically, the cross product A x 7, defined in Eq. (A23)
in Appendix A 3.

7In fact, since Guy = G’ x Zg, which implies that
H"(Guv,U(1),) = Z& for any n € N, any element in
H™(Guv,U(1),) can be written as the image of an element in
H"™(Gyv,Z2) under 1.
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product. The entire cohomology ring H*(G, Z3) can be
presented by generators and relations, such that any of
its elements can be written as sum of cup products of
these generators, while the relations dictate that some
sums are in fact the trivial element.

1\/IOI‘GOVGI‘7 [J*(Cyé X Gint7ZQ) = H*(GS7ZQ) ®
H*(Gint, Z2) for any Gg and Gy, which allows us
to understand H*(Gs X Gint,Z2) by understanding
H*(Gs,Z2) and H*(Gint, Zo) separately.

We are interested in the case with Gy, = O(3)T =
SO(3) x Z%. The cohomology ring H*(O(S)T,Z)gq) i

generated by the SW classes of O(3)7, i.e., w10(3 €

HY(OB3)T,Zs), wd®" € H2(0(3)7,Z) and wd®" ¢
H3(0(3)T,Zs), with no relation among the genera-
tors. Sometimes we also need to write H*(O(3)T,Zs)
as H*(SO(3), Zy) @ H*(ZT, Zy), where H*(SO(3), Zs)
is generated by the SW classes wés'o(g) and wsso(?))
of SO(3), and H*(Z} Z,) is generated by t €
HY(ZT,7Z5). These two sets of generators are related
by

»n

w?(s)T =1
WO 500 4 g2
T
w{® SOG) L 4O 4 43 (23)

As for H*(Gg,Z2), we have calculated the Zs coho-
mology ring, i.e., the generators and relations, of all 17
wallpaper groups (see Appendix E). It turns out that
for all wallpaper groups G except pdg, all generators
belong to H' (G, Zy) and H?(G, Z3). For p4g, besides
elements in H'(p4g, Zo) and H?(p4g, Zs), another ele-
ment in H3(pdg, Zs) is also needed to form a complete
set of generators.

The above observations motivate us to consider
the following diagram, where each rectangular sub-
diagram is commuting :

B

—_— H5(GIR7Zp) L) H5(GIR,Z2)

(24)

5 5

B

—— H*(Guv,Z,) N H?>(Guy,Zs)

8 The reason to use dashed lines to connect the left corner of the
diagram to the rest is because H*(G1r, Z2) is relevant in this
analysis only for theories like SLs, where 1R is the image of
an element in H4(GR, Z2) under 7. For a generic IR effective
theory, the left corner is irrelevant to the analysis of anomaly-
matching. See Appendix I1 for an IR effective theory (the
SU(2)1 CFT) where this is the case.



From the commutativity of the diagram, checking Eq.
(22) is equivalent to checking

SQ' (Luv) = ¢*(Ho B)(r) (25)
in H°(Guv,Zz), where
SQ' =popBoi. (26)

Some important properties and calculations of SQ' are
given in Appendix A4. Because of the salient fea-
tures of cohomologies with Zs coeffiecients, checking
Eq. (25) is expected to be simpler than directly check-
ing Eq. (19) for a generic IR effective theory.

For SLs, a further simplification takes place since
Qr = el € HY(Gir,U(1),) for SLs. Here Lig
can also be viewed as an element in H4(G1R,Zg), in
a way similar to Lyy € H*(Guv,Z2). Then Qg is
the image of Lig under the map i : H*(G1r, Z2) —
H*(Gir,U(1),). Therefore, Eq. (25) becomes

SQ' (Lyv) = ¢*(SQ' (Lir)) (27)

Below we will use this equation to check the emergibil-
ity of various SLs. We remark that to check Eq. (19),
one may attempt to check if Lyy = ¢*(Lir). How-
ever, since 7 is not injective, this is just a sufficient
but unnecessary condition of Eq. (19). As we have
checked, Lyy # ¢*(Lir) in many examples where Eq.
(27) holds.

C. Example: anomaly matching for DQCP

To make this discussion more concrete, we showcase
this method in a concrete example in detail (see Ap-
pendix I for more examples, including an example in
(1+1)-d).

Consider the classic realization of DQCP (SL(®)) on
a square lattice [16, 17, 19]. For DQCP, Gir = O(5)T
and Eq. (21) becomes

Qir = exp(imrLir) = exp (iﬁwf(5)) . (28)

In this realization, Guyy = p4m x O(3)T and the SEP
o reads [15, 19],

—13 —1I3
Tl — —1

.[3 I3
Cy — 1 s
—1 1

0@B)" - (O<3)T L ) :

where Ij; denotes the k x k identity matrix. Note that
the locking between the spacetime orientation rever-
sals and improper rotations of O(5) is satisfied above.
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The LSM anomaly Eqs. (1) or (2) in this case can be
written as

Quv = exp(inrLyy) = exp (i)\1w20(3)T) (30)

where \; € H2(pdm, Zy) triggers o™ in Eq. (7), i.e.,
define w; = i(A;) = €™, then o?*™[w;] = —1 while

4 : L
a”™wy] =1fori=2,...,6. As a concrete realization

of the DQCP, Eq. (19) must hold. Below we check it
by checking its equivalent form, Eq. (27).
According to Appendix A 2,

SQ!(Lir) = i, (31)

and
SO (Luv) = Mw§®", (32)
where w30(3)T wgo(g) + thSOB) + > and t €

HY(ZT,Z3) corresponds to the gauge field of time re-
versal symmetry ZI', when pulled back to the space-
time manifold M.

It remains to calculate the pullback ¢*(SQ'(Lr)).
Since the embedding ¢ is block-diagonal with a 3 x 3
block and a 2 x 2 block, invoking the Whitney product

O(5) 0(2) 9
5 2

formula, w = w3o Gy , we get

©* (SQ'(Lir)) = ¢* (wg(?’)) Up* (w20(2)> (33)

Hence we just need to calculate @*(w:?(?’)) and

go*(ubo(Z)). The calculation of go*(w:))o(g)

forward,

) is straight-

* O(3
2 (w3()):

(34)
wi%® 4 (t+ Apry)ws PP+ (t+ Auyy)?,
where A,., € H'(pim,Zs) corresponds to the sum
of gauge fields of 77 and T5, when pulled back to the

spacetime manifold My (see Appendix E).

The pullback of wQO ) heeds more consideration.
As p* (wZO(Q)) € H?*(pdm,Zs,), it is completely de-
termined by its action on the 6 topological invari-
ants identified in Eqs. (7) and (8), i.e., o?*"[w] with
w= %(ga*(wg@))), for i = 1,---6. To obtain o™ [w],
consider the six Zs subgroups, denoted by Zél) with
1=1,--+,6, generated by Cy, T1Cy, T1ToCo, M, T1' M

9 Technically speaking, what we are doing is factorizing ¢ into
an embedding ¢ : Guy — O(3) x O(2) composed with an
embedding ¢ : O(3) x O(2) — O(5). Then this equation
should be thought of as the pullback of w?(5> under g, which
can be proven by considering the diagonal Zg symmetry. In
this paper we will omit this fine detail for simplicity.



and C4M, respectively. Their embedding into O(2)

reads:
-1 1
02—>< _1), T1T202—>( 1)
T102—><1 _1>,M—><1 1)
1 1

The pullback under the embedding Zg) — O(2) results
in an element in H? (Zg), Zs) = Zs, which is precisely
detected by the topological invariant o?*™[w]. Cal-
culating these six pullbacks via the Whitney product
formula, we find o [w] = —1, while other topological
invariants are +1. Hence, we establish that 1°

o (wg ) = N\ (35)

Finally, combining Egs. (32-35) and A\ Agy, =
0, a relation among the cohomology generators in
H*(pdm,Zs) (see Appendix E), we establish that Eq.
(27) indeed holds, as expected.

We mention that some previous works have per-
formed anomaly-matching for this example, but some
of them only did it by restricting both Gyv and Gigr
to a few subgroups [8], and some used non-rigorous
method [15]. To the best of our knowledge, the analysis
above is the first that performs this anomaly-matching
via a rigorous method, while keeping track of the full
Gyv and Gir. When checking emergibility below, we
always maintain such completeness and rigor.

IV. Deconfined quantum critical point and
quantum critical spin liquids

With the formalism developed in the previous sec-
tions, we perform an exhaustive search of realiza-
tions of SLV=56.7) that can match certain LSM con-
straints on lattice spin systems with p6m x O(3)T or
pdmx O(3)T symmetry, if this realization is adjacent to
a magnetic state and a non-magnetic state (this means
that the SO(3) symmetry acts on some but not all en-
tries of m, the N x (N — 4) matrix representing the
DOF of SL(M)). This search can be efficiently done us-
ing a computer, and the complete results can be found
in the attached codes [59] with the help of Appendix
J. The numbers of different types of realizations are
in Table I, where each row represents a distinct LSM
constraint, or lattice homotopy class, labeled by the
IWP that hosts half-integer spins (see Figs. 2 and

10 In practice, to obtain this result, it suffices to only consider
the pmm subgroup and Zs subgroup generated by C4M, as
argued in Section II B 2. Since the embedding of pmm is also
in the diagonal form, the calculation is as straightforward.
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3 for the symbols of IWP), and 0 means there is no
nontrivial LSM constraint, which applies to systems
with integer-spin moments or honeycomb lattice half-
integer spin systems. Note that for p4dm, situations a
and b always have the same number of realizations in
each case, since they both correspond to square lat-
tice half-integer spin systems and they are related to
each other via a redefinition of the C4 center. How-
ever, these two situations should still be viewed as dis-
tinct, because they cannot be smoothly deformed into
each other once the pdm symmetry is specified, which
means, in particular, the C4 centers are fixed. The
same holds for situations a&c and b&c. In terms of
symmetry-enriched quantum criticality, we have found
12 different p6m x O(3)7 symmetry-enriched DQCP,
105+1 = 106 different p6m x O(3)T symmetry-enriched
DSL, 705+ 14 = 719 different p6m x O(3)T symmetry-
enriched SL(T, 26 different p4m x O(3)T symmetry-
enriched DQCP, 372 + 1 = 373 different p4m x O(3)T
symmetry-enriched DSL, and 3819 — 27 + 29 = 3821
different p4m x O(3)” symmetry-enriched SL("). The
reason for subtracting 27 in the last case is explained
at the end of this section. Many of these realizations
are unstable, in the sense that they require fine-tuning
due to the existence of one or more microscopic sym-
metry allowed relevant operators (see Appendix K for
all stable realizations on various systems).

Below we present some interesting examples. To the
best of our knowledge, none of these examples has been
discussed before. When we discuss a realization of a
SL, we will also comment on its nearby phases, which
are often (but not always) some simple ordered states
and relatively easy to detect. This provides useful
guide for the search of an SL, since if such an ordered
state can be found in a material or model, perturbing
this ordered state may result in an SL. A smoking-gun
signature of the SLs is their large emergent symme-
tries, which can manifest themselves in a set of singular
correlation functions with the same critical exponent.
Moreover, for all classical regular magnetic orders [60],
i.e., classical magnetic orders in which any broken lat-
tice symmetry can be compensated by a spin operation
(see Appendix L for their spin configurations), we iden-
tify the numbers of realizations of SLs adjacent to them
(see Table II).

In this section, we focus on realizations where the
most relevant spinful excitations have spin-1. In par-
ticular, we describe examples of realizations of DQCP
as a (pseudo-)critical point, which has a single relevant
perturbation allowed by the microscopic symmetries,
and stable realizations of DSL, which has no relevant
perturbation allowed by the microscopic symmetries.
For SL(7), we discuss a realization without symmetry-
allowed relevant perturbation, and another example
with a single symmetry-allowed relevant perturbation
that nevertheless does not change the state. We view
both realizations of SL(7) as stable.
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TRYD Gs = pbm Lattice  [Colinear order[spin-1/2[spin-1
spin- (7) (7 i
position DQCP| DSL | SL DSLguad SLquad Triangular [ F [ 0 [ 2(1)
0 ([ 10(2) [76(1)[453(0)|| 1(1) | 12(2) Kagome | F | 0 [2)
a 0 3(3) | 41(8) 0 0 F 2(1) 2(1)
¢ 0 |3(3)|359) 0 0 Honeycomb AF 2(1) | 2(1)
ake || 2(1) |2305)[176(2)|| 0 | 2(0) P‘ 0 T20)
otal 12 [ 105 | 705 1 11 Square AT (Neel) 0 [ 200)
(3) [ (12)] (19) 1) (2)
G, = pdm Lattice [Coplanar 0rder[spin—1/2[spin—1
sPin-1/2\l1y 0 0p| pSL | SL™ [SLT || DSLauad [SLT. Triangular | 120 [ 1) [ 3(0)
o | 30) 25 | 99 | sody | 00 | 3 i T R
a )
b 1(1) | 23(3) | 209(2) | 3(2.1) 0o | 1) Honeycomb | v [ 30) [300)
c 3(0) | 56(4) | 632(0) | 2(2) 0 3(1) Square v 1(0) | 3(0)
a&b || 1(1) | 22(0) | 279(0) | 11(11) 0 1(0) Orthogonal | 1(0) [ 1(0)
a&e 0 | 6(6) | 117(6)| 0 0 0
bd&ee 0 6(6) | 117(6) 0 0 0 Lattice [ Non-Coplanar order [spin-1/2[spin-1
akble || 1(1) | 19(2) | 227(0) | 6(6) 0 1(0) —— —
cotal 26 | 372 | 3819 | 27 1 29 Triangular - ratf T (0) 4(0)
ol @ [ e ae @] © | @ umbrella © 14O
Octahedral 0 2(0)
Table I. Numbers of realizations for DQCP, DSL and SL(") Cubocl 3(2) 1(0)
in spin systems with a p6m (upper) or pdm (lower) lattice Kagome Cuboc2 4(3) 1(0)
symmetry. Two realizations with symmetry actions related q = 0 umbrella 2(1) 3(0)
by a similarity transformation are considered as a single V3 X v/3 umbrella 1(1) 4(0)
realization. The columns without (with) subscript “quad” Tetrahedral 2(0) 2(0)
Honeycomb
represent realizations where the most relevant spinful exci- Cubic 1(0) 1(0)
tations, i.e., the n mgdes that transform nontr.ivially 1'1nder 5 Tetrahedral umbrella] 1 Incom | 2(0)
the SO(3) spin rotational symmetry, carry spin-1 (spin-2). quare T umbrella 2(0) 2(0)

No realization of DQCP has the n modes carrying spin-2.
The numbers in parenthesis are the numbers of stable real-
izations. Here a stable DQCP means a realization that has
a single relevant perturbation allowed by the microscopic
symmetry, and a stable DSL, SL(", DSLqgyaa and SL((;)ad
means a realization that has no relevant perturbation al-
lowed by the microscopic symmetry. For all columns ex-
cept SLmCDm, the n modes are at high-symmetry momenta
in the Brillouin zone. For SL(" realized on pdm symmet-
ric lattices, there are realizations with some n modes at
incommensurate momenta, and the column SLl(Zgom docu-
ments the numbers of families of these realizations, where
each family includes infinitely many realizations labeled by
a momentum, which continuously interpolate between two
realizations in the column SL(”. Two continuous families of
realizations may share a common high-symmetry momen-
tum, at which these two realizations turn out to be always
distinct, in that symmetries other than translation are im-
plemented distinctly. (23,2) means that there are 23 fami-
lies of realizations, such that as long as a given realization
is in the “interiors” of the family (i.e., not all n modes are
at high-symmetry momenta), the only symmetric relevant
perturbation is the one that shifts the momenta of n modes,
and there are 2 other families, such that this is still the
case except at two exceptional points in the interior, where
there is an additional symmetric relevant perturbation that
changes the emergent order. The symmetry actions of the
stable realizations are explicitly listed in ReadMe.nb.

Table II. Numbers of realizations for DQCP (top), DSL
(middle) and SL(™ (bottom) adjacent to some colinear,
coplanar and non-coplanar magnetic orders, respectively, of
triangular, kagome, honeycomb and square lattice spin-1/2
(or general half-integer-spin) systems (third column) and
spin-1 (or general integer-spin) systems (fourth column).
The numbers in parenthesis are the numbers of stable real-
izations (defined in the same way as in Table I). F stands for
Ferromagnetic while AF stands for Anti-ferromagnetic. “1
Incom” means that realizations of SL( adjacent to tetra-
hedral umbrella order on the square lattice spin-1/2 sys-
tems belong to a continuous family of realizations, where
the non-magnetic components of n can have continuously
changing momenta. See Appendix L for the spin config-
urations of these magnetic orders, and the attached code
ReadMe.nb for the explicit symmetry actions.

A. DQCP

It is known that there are two types of DQCPs prox-
imate to classical regular magnetic orders [17], both
are transitions from an anti-ferromagnetic state to a
VBS state, i.e., the columnar VBS for square spin-1/2
systems [61, 62] and the Kekule VBS for honeycomb
spin-1/2 systems [63]. Interestingly, we find another
realization of DQCP on a honeycomb lattice spin-1/2
system, as a transition between a ferromagnetic state



and a staggered VBS state. !

realized as

The symmetries are
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The components of n can be identified with micro-
scopic operators that transform identically under the
above symmetries. Denote the microscopic spin-1/2
operator on the A and B sublattices as Sa(r) =
S (r+ %) and Sp(r) = S (r+ TlgTz), respec-
tively, where r is the position of the Cg center of each
unit cell, and 77 is the translation vector of 77 .
Then S4,(r) = Spi(r) ~ n; for i = 1,2,3. De-
note the dimer operators as D, (r) = S(r + =152 .
S(r+022) D (r) = S(r+8422) . S(r +
%), and D.(r) =S (r + %) S (r+ %)
Then D, (r)+€% D, (r)+€'5 D, (r) ~ e (ng—ins).
So n1,2,3 and ng 5 can be identified as the order param-
eters of a ferromagnet and a stacked VBS, respectively.
For examples below, one can perform similar analysis
to identify components of n with microscopic opera-
tors, but we will not explicitly showcase them.

Since this ferromagnetic DQCP is the simplest ex-
ample of new states discovered using our approach, it
will be reassuring to also have a traditional parton-
based construction [64]. Indeed this DQCP can be con-
structed using Schwinger bosons S = %b];a'aﬁbﬁ, where
the bosonic spinons b, couple to a dynamicsl U(1)
gauge field a,. To realize the staggered VBS, we put
the Schwinger bosons into the “featureless Mott insula-
tor” discussed in Ref. [34] — effectively this state is con-
structed by putting a spin-singlet, gauge-charge @ = 2
spinon “Cooper pair” at each Cs center. When coupled
to the dynamical U(1) gauge field, the monopole opera-
tor acquires nontrivial lattice symmetry quantum num-
bers due to the charged insulating background. For
example, the gauge charge @@ = 2 at each Cg rotation
center gives the monopole a C angular momentum
e?7/3 from the Aharanov-Bohm effect. Other lattice
symmetry quantum-numbers can be analyzed in a sim-
ilar fashion, following methods develped in Ref. [57]. It

11 Due to the fact that a fully polarized ferromagnetic state is
always an exact eigenstate of any SO(3) symmetric Hamil-
tonian, the ferromagnetic state immediately adjacent to this
DQCP, which is partially polarized, must be separated from a
fully polarized one by a level crossing, i.e., first-order transi-
tion.
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turns out that the monopole carries exactly the sym-
metry quantum numbers of the staggered VBS. At low
energies the monopole will spontaneously condense and
confine the gauge theory, resulting in the staggered
VBS phase. To access the magnetically ordered phase,
we drive the spinons b,, through an insulator-superfluid
transition and Higgs the U(1) gauge field. The fact
that b, do not carry any nontrival projective symme-
try representation in this construction means that they
can be condensed without breaking any lattice symme-
try, which means that the magnetically ordered phase
obtained this way is a ferromagnet. The effective field
theory at the phase transition is the standard (non-
compact) CP! theory for DQCP [16], described by an
SU (2)-fundamental complex Wilson-Fisher boson cou-
pled to a dynamical U(1) gauge field a,.

We remark that, compared to the standard
DQCP realization where the magnetic side is anti-
ferromagnetic, in this realization there is one more per-
turbation that is likely irrelevant at the transition, but
relevant in the ferromagnetic phase and responsible for
making the dispersion of the magnon quadratic. In the
CP! formulation of the DQCP with Schwinger bosons
b [16, 17], this operator is (ib'ad;b) - (bTab). In the
CPY generalization of this theory, this operator is in-
deed dangerously irrelevant in the large-IN limit.

The simple nature of the magnetic and VBS phases
here suggests that this DQCP may be realizable in rel-
atively simple spin models. It will be interesting to
find a sign-problem-free lattice model and simulate this
transition with the quantum Monte Carlo approach.

B. DSL

DSLs have been constructed for various lattices using
the parton construction. There are two widely studied
DSLs: one is on the kagome lattice spin-1/2 system
proximate to the ¢ = 0 coplanar magnetic order [22,
65-68]; the other is on the triangular spin-1/2 lattice
proximate to the 120° coplanar order [57, 58, 69-73].
On the other hand, the previously constructed DSLs
on the honeycomb and square lattices are unstable due
to the presence of Gyy-symmetric monopole (i.e., the
n modes) [57, 58, 74, 75]. Interestingly, we find new
stable DSLs on square and honeycomb lattices. Our
complete classification also shows that there is no DSL
proximate to the v/3x+/3 coplanar order on the kagome
spin-1/2 system.

For the honeycomb lattice spin-1/2 system, the sym-



metries act as:
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The magnetic order adjacent to this DSL is a regu-
lar magnetic order, i.e., a magnetic order in which any
broken lattice symmetry can be compensated by a spin
operation [60]. However, the magnetic order here ap-
pears missing in the classification in Ref. [60], which
is possibly because all magnetic orders in Ref. [60]
are assumed to be realizable by product states. It is
known that some SRE states in a honeycomb lattice
spin-1/2 system cannot be realized by product states,
so we do not make this assumption [34-37]. This DSL
should also be emergible in a triangular or kagome lat-
tice integer-spin system. In these cases, the adjacent
magnetic orders are also regular but not realizable by
product states. In the future it is interesting to system-
atically explore the properties of these quantum mag-
netic orders.

For the square lattice spin-1/2 system, the symme-
tries act as:

I3
T :n— _11 n(_l _1>,
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I3
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o (39)
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The magnetic order adjacent to this DSL is also a quan-
tum regular magnetic order.
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One interesting aspect of these realizations is that
all perturbations proportional to the entries of n are
forbidden by symmetries, and the lack of this prop-
erty is the reason why the previous constructions on
these systems are unstable [57, 58, 74, 75]. This prop-
erty implies that these realizations cannot be obtained
as a descendent state of an SU(2) DSL [57], which
is described by 2 flavors of Dirac fermions coupled to
an emergent SU(2) gauge field (including the 2 colors,
there are in total 4 Dirac fermions). To see it, note
that the emergent symmetry of the SU(2) DSL is just
O(5)T, so if a U(1) DSL is its descendent, all micro-
scopic symmetries will be embedded into the O(5)T
symmetry, which necessarily leaves some components
of n symmetry-allowed. The previous constructions of
the U(1) DSL on a square and honeycomb lattice spin-
1/2 systems are indeed descendents of an SU(2) DSL,
and it would be interesting to find a parton construc-
tion of our new realizations.

C. SL®™

Two realizations of the conjectured non-Lagrangian
state SL(") are given in Ref. [15]. Here we describe
some other interesting realizations.

On a kagome lattice spin-1/2 system, there is a re-
alization with the following symmetry actions:
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The magnetic order adjacent to this SL(7) is the cubocl
order, a good classical ground state for Heisenberg like
models [60], and was found in a Jy-Jo-J3 model [76].
We also note that, in contrast to the DQCP and
DSL, where all realizations are proximate to some com-



mensurate states, i.e., n have commensurate momenta
in those realizations, SL(7) can have realizations with
n at incommensurate momenta. For example, on a
square lattice spin-1/2 system, there is a family of re-
alization with the following symmetry actions:

I3 -1
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—1I5 -1
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1
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where k € [—m,7) is a generic momentum. The mag-
netic order adjacent to this realization is the tetrahe-
dral umbrella order [60].

The above represents an infinite family of realiza-
tions, where the momenta of some n modes continu-
ously change in the Brillouin zone. Among the rele-
vant operators discussed in Sec. IIT A, there is only
a single one allowed by the microscopic symmetries
in this family of realizations, i.e., the SO(7) current
~ (n4;0zn5; + ngidynz;). We believe all these realiza-
tions can actually be smoothly connected without en-
countering a phase transition, so they all represent the
same symmetry-enriched SL. This also imposes some
constraints on the low-energy dynamics of SL(7), i.e.,
although the above SO(7) conserved current is rele-
vant, it can merely shift the “zero momentum”, but
not really change the state (see Appendix H for more
discussions).

V. Quantum critical spin-quadrupolar liquids

Besides the previous case, we also find realiza-
tions where the most relevant spinful excitations carry
spin-2. We dub these states quantum critical spin-
quadrupolar liquids.

We have identified an interesting realization of the
DSL as a quantum critical spin-quadrupolar liquid.
This realization can actually be realized on any lattice
that has no nontrivial LSM constraint, including spin-1
systems on any lattice, spin-1/2 systems on honeycomb
lattice, etc. If the lattice has a p6m or pdm symmetry,
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this is the only spin-quadrupolar realization of DSL.
The lattice translation and rotation symmetries leave
n invariant, and SO(3), time reversal 7 and lattice
reflection M (if any) act as

SO(3) :n — ( #o(506) ) n,

T:n—><l5 _1>n (41)

M:n%(lf’ 1>n

where ¢5(S0(3)) represents the spin-2 representation
of SO(3). For this realization, if SO(3) x Z1 and an
arbitrary lattice rotational symmetry are preserved, all
relevant perturbations listed in Sec. III A are forbid-
den. Even if only SO(3) x ZZ is preserved while all lat-
tice symmetries are broken, the only symmetry-allowed
relevant perturbations are the spatial components of
the conserved current associated with the SO(2) emer-
gent symmetry, which are expected to retain the emer-
gent order (see Appendix H). So this realization repre-
sents a rare example of quantum critical liquid that re-
quires only internal symmetry (but not lattice symme-
try) to be stable. The magnetic state adjacent to this
DSL is a spin-quadrupolar order where the Goldstond
modes are at the I' point of the Brillouin zone. For
the non-magnetic state, it is possible to have (ng;) # 0
while all other entries of n have zero expectation value.
This is a spin-quadrupolar realization of the DQCP,
and the only possible relevant perturbation is an SO(5)
singlet that breaks time reversal, which may drive the
system to forming a chiral spin liquid.

Usually, a DSL is constructed by fermionic partons
that have a non-interacting mean field with 4 Dirac
cones, which are coupled to an emergent U(1) gauge
field. Below we show that the realization above can-
not be constructed in this way, which may be its most
interesting property.

To see it, let us consider how the Dirac fermions
transform under the SO(3) spin rotational symme-
try. Denote the Dirac fermion operator as ; with
1t =1,---4, which transforms in the fundamental repre-
sentation of the emergent SU(4) flavor symmetry. It is
known that lfjﬂ/fj — %&zbéij, which is the fermion mass
in the SU(4) adjoint representation, is identified with
Aiis€51 411 Niggs, With A and € an anti-symmetric
6 x 6 and 2 x 2 real matrix, respectively [15, 57, 58].
Because under SO(3) spin rotational symmetry, part of
the latter operators transforms in the spin-3 represen-
tation, the former operator must also contain compo-
nents in the spin-3 representation, which implies that
the Dirac fermions must transform in the spin-3/2 rep-
resentation of the SO(3) symmetry, i.e., all 4 flavors of
Dirac fermions together form this spin-3/2 object.

Now suppose this state can be realized by a non-
interacting parton mean field with 4 Dirac cones (cou-
pled to an emergent U(1) gauge field), the mean-field



Hamiltonian of the partons must have an on-site U(4)
symmetry. In the presence of this U(4) and time re-
versal symmetries, there must be at least 8 Dirac cones
in the mean field. To see it, it suffices to consider one
of the 4 flavors, whose mean field has on-site U(1) and
time reversal symmetries. To avoid the parity anomaly,
there are necessarily an even number of Dirac cones.
So taken 4 flavors together, there are at least 8 Dirac
cones, which contradicts our starting point, i.e., the
mean field has only 4 Dirac cones.

The above argument shows that this realization is
beyond the simplest parton mean fields. However, it
is still possible to realize it if the partons are strongly
interacting (even without considering their coupling to
the emergent gauge field), so that at low energies 4
flavors of Dirac fermions emerge out of the strong in-
teractions. This might be theoretically described, say,
by a further parton decomposition of the partons them-
selves. This is possible because if besides time reversal
the on-site symmetry is only SO(3) but not U(4), there
is no anomaly, and hence no contradiction with having
4 Dirac cones while realizing these symmetries in an on-
site fashion.'? It is an interesting challenge to find such
a concrete construction in the future. This situation is
similar to the Standard Model in particle physics: the
Standard Model cannot be realized through lattice free
fermions coupled to gauge fields due to fermion dou-
bling, but it is believed to be realizable using strongly
interacting fermions since all the quantum anomalies

vanish [77-84].

Finally, we give an interesting realization of SL(7) as
a quantum critical spin-quadrupolar liquid, on a hon-
eycomb lattice half-integer-spin system or any integer-
spin system with p6m symmetry. The symmetries act

12 One can in principle also try to implement some of these sym-
metries on the partons in a non-on-site fashion, but then it is
challenging to have all on-site symmetries acting on the phys-
ical operators in an on-site fashion.
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as follows:
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The nearby phases of this SL(") can be very inter-
esting. It is possible to have (n73) # 0 while all other
entries of n have zero expectation value. This results in
the spin-quadrupolar DSL (see Eq. (41)), except that
the Oy = C§ symmetry is broken, while all other sym-
metries (including C3 = CZ) are intact. We can also
view the above realization of SL(7) as an unnecessary
phase transition in a p3lm x O(3)T symmetric DSL
phase. This DSL is still stable, but the n modes are
at the £K points. It is also possible to have (nq3) # 0
while all other entries of n have zero expectation value,
where our choice of basis is such that this condensation
pattern breaks the SO(3) symmetry to U(1). This re-
sults in a stable p6m x ZI x U(1) symmetric DSL that
simultaneously has a spin-quadrupolar order. Again,
the above realization of SL(") can be regarded as an
unnecessary phase transition in a pém x ZI x U(1)
symmetric DSL phase.!?

VI. Stability under symmetry breaking

In this section we demonstrate how to use the SEP
to analyse the stability of these realizations under

13 Strictly speaking, the DSL states on the two sides of this
SL(7 are slightly different, since they have different quan-
tum anomalies if the entire emergent symmetry is taken into
account. In Ref. [15], these two DSLs are denoted by SL(6:1)
and SL<6’*1), respectively. However, if we only look at the
remaining exact symmetries, there is no difference between
them. Furthermore, even if the entire emergent symmetry is
considered, all correlation functions in these two cases are sim-
ply related by a unitary transformation (which is not a sym-
metry of the DSL), so practically the DSL in the two sides can
be viewed as in the same phase [15]. The same is true for the
p31m x O(3)T symmetric DSL.



symmetry-breaking perturbations. As a concrete ex-
ample, we focus on a realization of DSL on a triangular
lattice spin-1/2 system that is perturbed by spin-orbit
coupling (SOC), which may be relevant to NaYbOs. In
Appendix M, we give a few other examples of such anal-
ysis, which may be relevant to twisted bilayer WSes,
a recently realized quantum simulator for triangular
lattice spin-1/2 models [85-87].

Without considering the SOC, the triangular lattice
spin-1/2 system has a p6m x O(3)7 symmetry, which
acts on this DSL as:
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This realization was discussed in Refs. [15, 57, 58, 69—
73], and it is shown in Appendix I2 that the anomaly-
matching condition Eq. (19) is indeed satisfied. From
this symmetry action, it is straightforward to check
that all the relevant operators listed in Sec. IIT A are
symmetry-forbidden, so this realization is expected to
be stable if the full p6m x O(3)T symmetry is preserved.

Recently, a quantum disordered liquid was reported
in NaYbOy [23-27] (similar phenomena were reported
in related materials including NaYbSs and NaYbSe,
[28-32]). In particular, there is evidence that this state
is gapless with a low-temperature specific heat scaling
as temperature squared, and that it has a critical mode
located at the =K points in the Brillouin zone, which
are consistent with the above DSL realization. So it
was proposed that a DSL may be realized in NaYbO,.
However, due to SOC, the symmetry of NaYbO, is
smaller than p6m x O(3)7, and an important question
is whether there is symmetry-allowed relevant pertur-
bation that would destabilize a DSL in NaYbOs.

NaYbOs is a layered material with space group sym-
metry R3m. Restricted to a single layer, the remaining
symmetries are [88]

TLQ, CgES;g'CG, M* ES]V['M, T (44)
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where S5 and S); act in the spin space:

S ~1 3 S,

S| Sy | = -8 1 S,
S, 1 S

x 32 9 x

S]u! Sy — § % Sy
Sz -1 SZ

with Sz, . the microscopic (effective) spin-1/2 opera-
tors.

Using Eq. (43), it is straightforward to extract
the actions of the remaining symmetry Eq. (44),
from which one can see that all relevant operators in
Sec. IITA are still symmetry-forbidden. This means
that the DSL can be stably realized on NaYbO,. Of
course, whether NaYbOy actually realizes a DSL re-
quires futher investigation.

VII. Discussion

In this paper we have achieved two major goals:
i) deriving the topological partition functions corre-
sponding to the LSM constraints in a large class of sys-
tems relevant to the study of quantum magnetism, and
ii) studying the emergibility of various Stiefel liquids
(SLs) in lattice spin systems. The former has wide ap-
plicability and can be applied to constrain the emergi-
bility of any state on the relevant lattice spin systems,
and the latter paves the way to further understand the
elusive strongly-interacting quantum critical states.

The SLs discussed in this paper are the simplest
members of their entire family, i.e., SLY) with N =
5,6,7. In fact, our results have indications on the
emergibility of more complicated SLs, i.e., SL(N.m)
with N = 5,6,7 and m > 1 [15]. Just like SL(Y),
the degrees of freedom of SLV:>1) are also charac-
terized by an N x (N — 4) matrix with orthonormal
columns, and this state can be obtained by coupling to-
gether m copies of SL(Y) in a specifc way. Interestingly,
SL®™) can be viewed as a USp(2m) gauge theory with
2 flavors of gapless Dirac fermions, and SL(6™) can be
viewed as 4 flavors of gapless Dirac fermions coupled
to a U(m) gauge field. It is expected that for a given
N, there is an m.(N) such that SL(N™) is a CFT if
and only if m < m.(N), and m.(N > 6) > 1. To
discuss the emergibility of SL(V:">1 in lattice spin
systems with p6m x O(3)T or pdm x O(3)T symme-
try, we can think that all SLV™ have the same IR
anomaly as SL(Y) if m is odd, and all SL(V-™) have
no IR anomaly if m is even. Furthermore, because the
degrees of freedom of SL(M-">1) are represented in the
same way as those in SL(V), a given symmetry embed-
ding pattern for SL(V) is also a valid one for SL(V:m>1)
and vice versa. So our results imply: i) For SL(N-7>1)
with an odd m and a given symmetry embedding pat-
tern, it can emerge in a lattice spin system if and only



if SLY) with the same symmetry embedding pattern
can emerge in this system. ii) SLV™) with an even m
can only emerge in lattice spin systems with a vanish-
ing LSM anomaly, and in such a system any symmetry
embedding pattern defined by Eq. (18) satisfies the
emergibility condition Eq. (19), and is expected to de-
scribe a physical realization of SLV-™) in this system.

We remark that our philosophy to study the emergi-
bility of a quantum phase or phase transition is differ-
ent from the conventional one. Our strategy is based
on anomaly-matching, while the conventional one is
based on explicit constructions of this phase or phase
transition, often in terms of a mean field (including par-
ton gauge mean field) or a wave function. We believe
that the anomaly-based strategy captures the intrin-
sic essence of emergibility. After all, any mean-field
construction is also a way of doing anomaly-matching
in disguise, and such a construction by itself cannot
rigorously prove the emergibility. On the other hand,
although a microscopic wave function can guarantee
the emergibility, it is generically difficult to read off
the universal physics encoded in a wave function, and
there is no guarantee that a proposed wave function in-
deed describes the quantum phase or phase transition
of interest - in fact, in general there is no guarantee that
such a wave function could be realized as the ground
state of any local Hamiltonian. So the significance of
this work is not only reflected by the specific results,
but also by the fact that it demonstrates the feasibility
of the anomaly-based framework of emergibility, and
the fact that this framework can yield interesting re-
sults not envisioned before.

This anomaly-based framework of emergibility is es-
tablished for lattice spin systems in this paper. An in-
teresting and important open problem is to generalize
the topological characterizations of LSM constraints
to other systems, and apply the results to study the
emergibility of other quantum phases and phase tran-
sitions. Systems of particular relevance are those in
(3 + 1)-d, those with spin-orbit coupling, those with
a filling constraint due to a U(1) symmetry, those
with long-range interactions, those with a constrained
Hilbert space, fermionic systems, etc. We leave these
for future work.

We have assumed that the hypothesis of emergibil-
ity is a necessary and sufficient condition of emergibil-
ity. As mentioned before, its necessity has been estab-
lished, while the sufficiency is a reasonable conjecture.
It is important to further justify or disprove (the suffi-
ciency of) this hypothesis. If it is disproved, it will be
extremely interesting and valuable to identify a correct
necessary and sufficient condition of emergibility.

The realizations of symmetry-enriched SLs discussed
here give useful guidance for the search of these states
in real materials and models. Because the ordering
patterns of the nearby phases of the SLs can be read
off from the implementations of the microsopic symme-
tries, a practical strategy is to identify materials and
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models that host these ordered states, and to explore
the vicinity of the phase diagram in order to find SLs.
A smoking-gun signature of the SLs is their large emer-
gent symmetries, which can manifest themselves in a
set of singular correlation functions with the same crit-
ical exponent.

Our results rule out many realizations of symmetry-
enriched SLs because their IR anomalies do not match
with the LSM anomalies. However, variants of these re-
alizations are still possible if there is a sector of anoma-
lous topological order in the system (in additional to
the gapless degrees of freedom from the SLs), whose
anomaly precisely compensates the mismatch between
the IR anomaly of the SL and the LSM anomaly. Al-
though it may be unnatural in a realistic material or
model, this is a valid theoretical possibility. It may be
interesting to study such realizations in the future.

Finally, we further comment on our characterization
of the symmetry enrichment pattern of a quantum crit-
ical state with a given emergent order. Our characteri-
zation is based on how the microscopic symmetries act
on the the local, low-energy degrees of freedom. As
reviewed in Introduction, in the literature the symme-
try enrichment pattern of an emergent gauge theory
is usually specified by how the symmetries act on var-
ious “fractionalized degrees of freedom”, represented
by gauge non-invariant operators [64]. This usual ap-
proach is appropriate for emergent gauge theories with
well-defined fractionalized quasi-particles, where sym-
metry fractionalization on these fractionalized quasi-
particles can be sharply defined based on symmetry
localization [89]. However, the quantum critical states
discussed here are not expected to have any well-
defined quasiparticle, and all degrees of freedom are
strongly coupled, which makes the notion of symmetry
localization ill-defined. So it is more appropriate to di-
rectly characterize these states using symmetry actions
on local operators. More formally, the former type of
theories have emergent higher-form symmetries, and
symmetry actions on fractionalized quasi-particles can
be viewed as the interplay between the ordinary sym-
metries and higher-form symmetries, captured by, e.g.,
topological terms involving both types of symmetries
(e.g., see Ref. [47]). The critical states discussed here
are believed to have no emergent higher-form symme-
try, and no such topological term exists. So it is ap-
propriate to directly discuss the symmetry actions on
local operators.

On the other hand, we also note that even for a
quantum critical state with a given emergent order and
given symmetry actions on local, low-energy degrees of
freedom, there may be multiple different symmetry-
enriched quantum critical states that are distinguished
by the symmetry actions on some non-local and/or
gapped degrees of freedom, which may manifest them-
selves by distinct boundary critical behavior [90-97].
A detailed study of this phenomenon is left for future
work.
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A. Review of mathematical background

In this appendix, we briefly review various mathematical concepts used in this paper. We also define some new
concepts that will be useful in the paper.

1. Group cohomology

In this sub-appendix, we provide a brief review of the fundamentals of group cohomology. See Refs. [39, 98, 99]
for more details.

Given a (discrete) group G, let X be an Abelian group equipped with a G action p : G x X — X, which is
compatible with group multiplication, i.e., for any g, h € G, e the identity element in G and a,b € X, we have

Identity of Group Action : p.(a) = a,
Compatibility of Group Action : p, (pn(a)) = pgn(a), (A1)
Compatibility of Module : pg(ab) = pg(a)py(b).

We leave the group multiplication symbols implicit in the above. Such an Abelian group X with G action p is
called a G-module, denoted by X,. In this paper, we will mainly consider three different cases of X, i.e., Zs, U(1)
and Z. In particular, when X = Z,, the action p, is always trivial for any g € G. When X =U(1) (X = Z), the
action pg is either trivial or complex conjugation (multiplication by —1), i.e., a Zy action. Therefore, p can be
defined by a homomorphism p : G — Zs, and whether p(g) equals +1 or —1 determines whether the action of p,
on U(1) or Z is trivial or non-trivial.

Let w(g1,...,9,) € X be a function of n group elements with g; € G for i = 1,...,n. Such a function is called
an n-cochain, and the set of all n-cochains is denoted by C™(G, X,). They naturally form an Abelian group under
multiplication,

(OJ : W/)(gl, s 7gn) = W(gl, s 7gn)wl(gl7 s 7gn)7 (A2)

and the identity element is the trivial cochain w(g1,...,g,) = 1 for every (g¢1,...,9n), where 1 is the identity
element in X.
We now define the coboundary map d : C"(G, X,) — C"*1(G, X,) acting on cochains to be

n _1)J _1\nt+1
(dw)(gla'-'7gn+1) = Pg1 (w(927'-'agn+1))H(W(gl7"‘7gj717gjgj+17gj+27"'7gn+1))( 2 (w(ghagn))( 2 .
j=1

One can directly verify that d(dw) = 1 for any w € C™(G, X,,), where 1 denotes the trivial cochain in C"*?(G, X,
With the coboundary map, we next define w € C"(G, X,) to be an n-cocycle if it satisfies the condition dw =
and all n-cocycles naturally form an Abelian group

)

Z"(G, X,) = ker[d: C"(G, X,) = C"*H(G, X,)] = {w e C"(G,X,) | dw=1}. (A4)

We also define w € C"(G, X,,) to be an n-coboundary if it satisfies the condition w = dy for some (n — 1)-cochain
p € C" Y@, X,), and all n-coboundaries naturally form an Abelian group

B"(G,X,) =im[d: C""Y(G,X,) = C"(G,X,)] ={we C"(G,X,) | Juc C" (G, X,) :w=du}.  (A5)

Clearly, B™(G, X,) € Z"(G, X,) C C™(G, X,), and we define the n-th group cohomology of G to be the quotient
group

H"(G,X,) = (AG)
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In other words, H"(G, X,) collects the equivalence classes of n-cocycles, where two n-cocycles are considered
equivalent if they differ by an n-coboundary.
It is instructive to look at the lowest cohomology groups. Let us first consider H'(G, X Sk

ZNG, X,) ={w | wlg1)pg, (w(g2)) = w(grg2) }
BYG, X,) ={w | w(g) = pg(p)p~"}.

If the G-action on X is trivial, then B'(G, X,) = {1} and Z!(G, X,) consists of group homomorphisms from G
to X, which, in particular, map elements in the same conjugacy class to the same image, i.e.,

(A7)

w(gy 'g192) = w(gn). (A8)
for any g1 2 € G.
For the second cohomology, we have
ZQ(G7Xp) ={w | pg (W(g2,93)) w(g1, 9293) = w(g1, g2)w(g192, 93) }
B*(G, X,) = {w | w(g1.92) = pg, (1(g2)) (1(9192)) " o) }.
In particular, H*(G,U(1),) classifies all inequivalent complex projective representations of G, while H*(G, Zs)

classifies all inequivalent real orthogonal projective representations of GG, which will be most useful throughout
the paper.

(A9)

2. Maps of group Cohomology

In this sub-appendix, we review various maps of group cohomology, which will be used throughout the paper.

The first map we consider is the pullback of group cohomology. Consider a map between two groups ¢ : G — H
compatible with their respective group action pg and py on X, in the sense that p, 4 (a) = py(a) for any a € X
and any g € G or, in the case of X = U(1),Z, pug o ¢ = pe. Given such a map, we can define the pullback from
H"(H,X,) to H"(G, X,), which can be defined on the representative cochain w € C"(H, X,) as follows

(" (W)(g1,---59n) =w(P(91),- - 9(gn))- (A10)

It is straightforward to check that it maps cocycles to cocycles, and coboundaries to coboundaries, so it gives a
well-defined map from H"(H, X,) to H"(G,X,),

©*H"(H,X,) - H"(G,X,). (A11)

The second map we consider is the map of group cohomology induced by a map of G-modules i : X — Y. Here
i is any map from G-module X to G-module Y that preserves the action of G, i.e., for any a € X and g € G we
have p,(i(a)) = i(pg(a)). Then for any n-cochain w(gi,...,g,) € C™(G, X,), we can map it to another n-cochain
i(w) such that

(W) (9155 9n) = i(w(g1, -+, 9n))- (A12)

It is straightforward to check that it maps cocycles to cocycles, and coboundaries to coboundaries, so it gives a
well-defined map from H"(G, X,) to H"(G,Y,),

i: H'(G,X,) — H"(G,Y,). (A13)

We will frequently use this map to convert cohomology elements in H"(G,Z3) to elements in H"(G,U(1),),
induced by the inclusion i of Zy = {£1} into U(1). Note that the representative cochains w and i(w) as a function
from G™ to Zo and U(1) are manifestly the same, but a function representing a nontrivial element in H"(G, Zs)
can represent a trivial element in H"(G,U(1),), because the module U(1), in general yields more coboundaries
compared to the module Zs;. We also consider the map of group cohomology p induced by the projection p of Z
onto Zg = {0,1}

The third map which will be useful in the analysis of anomaly/anomaly-matching is the Bockstein homomor-
phism [100, 101]. Consider a short exact sequence of G-modules,

1 X ‘5z Lsy 1 (A14)
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with the map ¢ : X — Z injective, the map p : Z — Y surjective and ker[p] = im[i]. There is a long exact
sequence of the cohomology of G associated to this short exact sequence, such that ker = im at any place of the
following chain of maps,

. —— HY(G,X,) —— H™(G,Z,) —2 H"(G.Y,) —— H" (G, X,) —— ... (A15)

The map 3, called the Bockstein homomorphism, is defined as follows. For [w] € H"(G,Y,) and a representative
cochain w, choose a function @ from G™ to Z, such that

p(@)(g1,---:9n) = w(g1, -, gn)- (A16)
Because p is surjective, @ always exists. For any choice of @, it is straightforward to see that p((d®)(g1,...,9,)) =0
and as a result (dw)(g1,...,gn) is in the image of i. Then we define this (unique) preimage to be the image of w

under the Bockstein homomorphism, i.e., we have
Blw) =i (dw). (A17)

There are several short exact sequences that we should pay special attention to. The first one is

1 7 227, Rmed 2 (1) 1. (A18)

When H"(G,Z,) and H""1(G,Z,) contain torsion elements only, H"(G,R,) = H""}(G,R,) = 0, and from Eq.
(A15) we see that the associated Bockstein homomorphism 3 : H"(G,U(1),) — H"*1(G,Z,) is an isomorphism.
For most discussions in this paper, this Bockstein homormorphism is indeed an isomorphism, and only in the
example in Appendix 11 it is not, on which we will comment explicitly.

The second short exact sequence that is important to us is

X2

1 Z zZ 243 7, 1 (A19)

For x € H"(G, Zs), the Bockstein homomorphism S5 is sometimes written as
1
Ba(z) = ida:. (A20)

When H"(G,Z,) = (Z3)* with some non-negative integer k, 1 maps H™(G,Z,) to 0 in H"(G,Z,). Therefore,
from Eq. (A15), we see that p is injective while fs is surjective.

We can also consider the natural map from Eq. (A19) to Eq. (A18), which is inclusion for every factor as
follows,

1 7 22T, rued 27 gy (q) 1
ET x{ 1 (A21)
1 7 X2, 7 md2 7, 1

where 7 is again the inclusion of Zy = {#1} into U(1). As a result, we have a map of long exact sequences,

S H'(G L) —2 H"YG,Z,) —— H""YG,Z,) — ...

! l i =

. —— HYG,U(1),) —2 H"™Y(G,Z,) — H"™ (G, R,) — ...

1R

Here we distinguish the first Bockstein homomorphism by denoting it by 32, and i denotes the map induced by
i+ Zs — U(1) specifically. Hence, we have 3 = $oi. When H"(G,Z,) = (Zs)¥, since 3 is an isomorphism
while B, is surjective , 7 is surjective as well. It suggests that in this case every element Q € H™(G,U(1),) can be
written as i(L) or e for some L € H"(G,Zy). In fact, every element Q € H"(G,U(1),) whose inverse is itself
can be written as e for some L € H"(G,Zs). We use this fact throughout the paper.
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3. Cup product and Z2 cohomology ring

In this sub-appendix, we review cup product and Zs cohomology ring in group cohomology that we will use
[98-100, 102]. We will specialize to the case where the module is Zy = {0, 1} and the group action p is trivial. The
special feature of Zo, countrary to e.g. U(1), is the fact that Zs is a ring. Note that here addition in Zs is regarded
as the group multiplication used in Eq. (A2), and we will use + to denote this addition in this sub-appendix.
There is another ring multiplication that will be important later, which should be distinguished with the group
multiplication used in Appendix A 1.

The cross product is defined as the following operation on group cohomology,

x 1 H™G,Zy) @ H'(H,Zy) — H™ (G x H,Zy), (A23)

such that for x € H™(G,Zs) and y € H"(H,Zs), after choosing cochain representatives & and ¢, we have the
cochain representative of x x y as follows,

.T/—;(/y ((917 hl)v SER) (gm+n7 hm—i—n)) = j(gla s agm) ! g(hm+17 CER hm+n)a (A24)

where g; € G,h; e Hyi=1,...,m+n.
The cup product is defined as the following operation on group cohomology,

U:  H™G,Zy) ® H' (G, Zs) —— H™"(G x G,Zs) 2 H™ (G, Z,), (A25)

where A : G — G x G is the diagonal embedding g — (g,g9). We can also define it at the cochain level, i.e.,
for x € H™(G,Z2) and y € H"(G,Zs), after choosing cochain representatives & and g, we have the cochain
representative of Uy as follows,

m(gla v 7gm+n) = i'(glv cee ;gm) ! g(gm+1v cee ;gm+n)~ (A26)

We can prove that cup product is commutative, i.e., zUy =y U z.
The cup product U gives a multiplication on the direct sum of cohomology groups

H*(G,Z) = P H*(G. Z,), (A27)

keN

Together with the fact that 1 Uz = x where z is any element in H*(G,Z2) and 1 here denotes the nontrivial
element in H(G,Zy) = Zs, the cup product U turns H*(G,Zs) into a ring that is naturally N graded and
commutative. We call this ring the Zs cohomology ring of G.

Moreover, H*(G,Z>) is also a Zs algebra, and therefore can be presented by generators and relations, i.e.,
all elements in H"(G,Z2) for any n > 0 are either generators or can be expressed as sum of (cup) products
of generators, and generators satisfy some relations which dictate that certain sums of cup products actually
yield a trivial cohomology element. We will call a generator in H"(G,Z2) a degree n generator. Hence, the Zs
cohomology ring of G, i.e., H*(G,Zs), can be written as follows,

H*(G,Zs) = Z3[As,- -+ , B, - -]/relations (A28)

with Ae(B,) generators in degree 1(2) belonging to H(G,Z2)(H?(G,Zs)), and e the name of the generator.
Together with potential higher order generators, e.g., C, in degree 3, that we do not explicitly write down here,
A, and B, form a complete set of generators of the entire cohomology ring.

For example, the Zy cohomology ring of the group Zs is

Zs[Ac], (A29)

where A, is the nontrivial element in H'(Zs,Zs) and can be thought of as nothing but the gauge field of e.g., Co
rotation when pulled back to the spacetime manifold. In other words, for the Zs cohomology ring of Z,, there is
a single generator A. in degree 1 and no relation. Accordingly, we can see that H" (G, Zs) = Zs for n € N, with
the nontrivial element given by A? = A. U A.U---U A, the cup product of n A.’s.

As another example, the Zs cohomology ring of Z, is

Ly [Aca BCQ}/ (Az = O) ) (A3O)

where here A, is the nontrivial element in H'(Z4,Zs) and can be thought of as (the Zs reduction of) the gauge
field of Cy rotation when pulled back to the spacetime manifold, while B, is the nontrivial element in H?(Zy, Zs),
which corresponds to the fractionalization pattern of the Z4 symmetry on an SO(3) monopole with Cf = O3 = —1.
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That is to say, for the Zs cohomology ring of Z,4, there are two generators in degree 1 and 2 respectively, with
the square of degree 1 generator A. equal to 0. Then we see that H"(Z4,Zs) = Zo for n € N as well, where
the nontrivial element is given by sz when n = 2k and Ach2 when n = 2k + 1 (k € N). Note that for both
G =Zs and G = Z4, H"(G,Z3) = Zs for any n € N, but the Zs cohomology rings give more information that
differentiates the two groups.

There are three types of relations among generators of wallpaper groups that require special attention, while
all other relations of wallpaper groups can be thought of as avatars of these three. We illustate the three relations
in 3 relatively simple groups.

o 22 =0.

Consider the line group pl, generated by a single translation T. The cohomology of pl is H'(pl,Zs) = Zo
while H"(p1,Z3) = 0, n > 1, and the Zy cohomology ring is therefore given by Zs[x]/(2? = 0), where
x € HY(pl,Zsy) corresponds to (the Zo reduction of) the gauge field of translation. This relation is possibly
well-known.

L 1'2 = Im.

Consider the line group plm, generated by translation 7' and mirror symmetry M with relation MTM =
T—'. The cohomology of plm is H™(plm,Zy) = 72, n > 1, and the Zy cohomology ring is Zs [z, m]/(z? =
axm), where m,x € H'(plm,Zsy) correspond to the gauge field of mirror symmetry and (the Zy reduction

of) the gauge field of translation, respectively.

The relation 2 = xm can be proven by restricting to two Zg subgroups of plm, generated by TM and M,
respectively. Specifically, given H?(plm, Zs) = Z3, some relation aj2? + agzm + azm? = 0 must hold where
a1,2,3 € {0,1} and a; 2,3 cannot be 0 simultaneously. By restricting to Zs subgroup generated by M, whose
Zs cohomology ring can be denoted by Zs[m'], we see that & becomes 0 while m becomes m/, and thus
asz = 0. By restricting to the Zs subgroup generated by T'M, whose Zs cohomology ring can be denoted by
Zam""], we see that both @ and m become m”, and thus a; = ay = 1. Therefore, we have 2% = xm.

The relation 22 = zm dictates that H™(plm,Zs), n > 1 is spanned by 2 elements, i.e., m" and m™ 'z.

Note that both H"(plm,Zs) and H"™(pl X Zs,Zs) are Z2 and generated by x and m, yet the relation in
H*(plm, Zs) is 22 = xm while the relation in H*(pl x Zo,Zs) is % = 0, which differentiates the two groups.

L] Ax_;'_yAm = 0.

Consider 2d wallpaper group c¢m, generated by two translation symmetries 77, T as well as mirror symmetry
M that interchanges the two translations, i.e., MT7M = Ty and MToM = T;. The cohomology of cm is
H"™(cm,Zy) = (Z3)?, n > 1, and the Zg cohomology ring is Zs[Austy, Am, Beyl/(AstyAm = 0,A2,, =
0, ByyAzty =0, Biy =0), where A,,, Ay, € H'(em,Zs) correspond to the gauge field of mirror symmetry
and (the Zs reduction of) the sum of gauge fields of 77 and T5, respectively. Note that since 77 and T» map
to each other under conjugation by M, the gauge field of the two translations = and y individually is not
invariant under conjugation by M, yet their sum that we denote by A, is invariant under conjugation by
all generators, which is a necessary condition for it to be a cohomology element, as required by Eq. (AS8).
To conform to the notation, we also denote the gauge field of mirror symmetry by A,, when considering
wallpaper groups. Moreover, there is a degree-2 generator B, i.e., an element belonging to H 2(em, Z)
that cannot be written as sum of cup product of elements in H!(cm, Zs).

There are now 4 relations among generators, and the last three relations can be thought of as an avatar of
22 = 0 in pl, while the first relation AztyAm = 0 is new and again tied to the fact that M interchanges 17
and T5. These relations dictate that H™(cm,Zs),n > 2 is spanned by 2 elements, i.e., By, A""2 and A”

m*

For any two groups G and Gs, we have H*(G1 X Ga,Zs) = H*(G1,Z2) @ H*(G3,7Z2). Moreover, if G can be
written as G1 X G5 , which is the case for wallpaper groups, the calculation of the Zy cohomology ring of G' can
be achieved with the help of spectral sequence [98, 99, 103] that connects the Zs cohomology ring of G with the
Zo cohomology ring of G; and Ga.

4. So!

In this sub-appendix, we define a new map we call SQ', reminiscent of Sq' in regular Steenrod algebra, as
follows

SQ't H™(G,Zy) —— H™G,U(1),) —2= H™Y(G,Z,) —2> H'"™V\(G,Zy), SQ'=pofoi, (A3l)
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where 7 and p are the map of group cohomology induced by the homomorphism of modules i : Zy — U (1)

and p : Z — Zs, and (8 is the Bockstein homomorphism associated with the short exact sequence 1 — Z —

R — U(1) — 1. Note that g o7 is the Bockstein homomorphism S, associated with the short exact sequence

1 —7Z — 7 — 7y — 1, and therefore when the action p is trivial, SQ' is exactly Sq' in regular Steenrod algebra.
Moreover, SQ' is related to S¢* via the following simple fact

Lemma A.1. Forxz € H"(G,Zz), we have
SQ'(z) =8Q' (1) Uz + S¢* (). (A32)

Proof. According to Eq. (A17), choosing a cochain & € C™(G,Z) such that the Zs reduction of Z is x, we have

SQ'(z) = % (—1)P9%(ga, ..., gni) + Z(*l)jf(gh 9595115 Gnar) F (1) (g1, gn)
X ~ = (A33)
= 5 (=17 = 1) (g2, ., gnsr) + Sq' ()
=SQ'(1) Uz + S¢'(x) mod 2.
|
For example, for Z1 with nontrivial action on U(1) or Z, we have,
SQ( Ty =0,  SQN(#*) =, (A34)

where t € H'(Z1',Z5) is the generator of the Zy cohomology ring of Z1'. We see that in the presence of nontrivial
p, the operation SQ' is not distributive with respect to the cup product. Note that S Ql( 1) is nonzero and equals
t, which when pulled back to the spacetime manifold M equals w; as well, i.e., the first Stiefel-Whitney class of
M. In contrast, for Zy with trivial action on U(1) or Z, we have

SQl(Ain) — O, SQl(A(Q:n+1) — Agn+2, (A35)

where A. € H'(Z2,7Z>) is the generator of the Zs cohomology ring of Z, as well.

As another example, consider O(5) with 5 : O(5) — Zy the determinant, i.e., an O(5) element complex
conjugates an U(1) element or multiplies a Z element by —1 if and only if the determinant of the O(5) element
is —1. From Lemma A.l we immediately have,

SQ! (wf(s)) = wd®, (A36)

as suggested by the calculation in the context of DQCP in Refs. [19, 104].
Moreover, even if SQ! is not distriutive with respect to the cup product, from Lemma A.1 SQ' is still dis-
tributive with respect to the cross product involving two different groups, i.e., we have

Lemma A.2. For z € H™(G,Z2) and y € H"(H,Zs), we have x x y € H™ " (G x H,Zs) and
SO (z xy) =S (z) x y + = x SQ*(y). (A37)

This lemma is also important when calculating SQ' because it decomposes the calculation into different pieces
corresponding to different groups. For example, with the help of Egs. (A34) and (A35), the lemma tells us how
to calculate SQ' for the group (Z,)* with every Zs piece acting trivially or nontrivially on U(1) or Z.

Finally, from the fact that

Apn Zker [i : HX(G., Zo) — HX(G.,U(1),)] , (A38)

as argued in Section IIB, for LSM anomaly written as exp (imAn) where A € H%(G,,Z2) and n € H*(Gint, Z2),
we have

SQ'(\) =0. (A39)

This can also be mathematically checked by considering different representations p : G; — O(n). For example,
consider G5 = p4dm. Then Ary is spanned by A1 = By + Apyy(Apty + Am) + Be2, Ao = Byy, A3 = Apiy (Apyy +
A,,) in H?(pdm, Zs) (see Appendix E), corresponding to LSM anomaly associated to DOF at the site a, plaquette
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center b, and bond center ¢ as in Fig. 3, repectively. Consider the following three representations of pdm. The
first one is

-1 0 0 ~10 0 100 100
.- o0 -10]), T, 010 |, ca=|00 1], M=|01 0 (A40)
0 0 1 0 0 —1 0-10 00 —1

The pullback of wg) 3) equals B,, + B> while the pullback of wg@) is zero (see sub-Section III B and especially
Eq. (35)). From SQ! (w20(3)) = wg(s), we establish that

SQ!(Byy + B2) = 0. (A41)

The second representation is

10 10 0 1 1 0
ra(D0) o (10) e (01) we(D0). e

The pullback of w20(2) equals Bz, and from SQ! (wS(Z)) = 0, we establish that

SQ'(B.2) =0 (A43)

The third representation is

-1 0 -1 0 10 10
Tz—><0 _1), Ty—><0 _1>, C’4—><01), M—><0_1), (A44)

and we have
SQ (Auty(Auty + Am)) = 0. (A45)

Since By + Be2, Be2, Apiy(Apty + Ap) span Apy as well, indeed we mathematically show that SQ'(\) =0 for
A € Apg in pdm. Then according to Lemma A.2 we also have

SQ' (M) =8Q'(\) x n+Ax 8Q' () = A x SQ'(n), (A46)
Note that this equation holds for LSM constraints on lattices with any wallpaper group.

B. Topological partition function corresponding to LSM

In this appendix, we provide a more rigorous argument that the cocycle corresponding to the topological
partition function (TPF) of the (3 + 1)-d G5 X Gt SPT, whose boundary has some LSM constraint, can indeed
be written in the form of Eq. (1).

To start, first recall that the lattice homotopy picture indicates that all LSM constraints for a given wallpaper
group G are classified by a group Arg = Z5 with some integer k. This means that the sought-for cocycle in
H*(Gs x Gint,U(1),) can be written as

Q(g1, 92,93, 94) = eimr(91,92,93,94) (B1)

with # taking values in {0,1}. This allows us to view (g1, 92,93,94) as a representative cochain in H*(G x
Gint, Z32), where the multiplication between two elements is implemented by the mod 2 addition of their corre-
sponding representative cochains. Since H*(Gs X Gint, Z2) ~ @} oH (G5, Z2) @ H* {(Gint, Z2), we can always
write {2 as
4
Ug1,92,93, 92) = [[ el e (B2)
i=0

™ Since the (3 4 1)-d Gs X Gint SPT is captured by an ele-
ment in H4(Gs X Gint,U(1),), one may attempt to show the
validity of Eq. (1) by combining the Kunneth decomposition
HY(Gs X Gint, U(1)p) = @F_oH (Gs, H*""(Gint,U(1),)) and
the fact that the relevant (1 4+ 1)-d G+ SPT is captured by
H?(Gint,U(1),), which suggests that in the Kunneth decom-
position only the term H?(Gs, H?(Gint,U(1),)) is relevant to

the LSM constraints. Although intuitively appealing, this ar-
gument is flawed, because there is generically no unambiguous
way to determine whether an element in H*(Gs X Gint, U(1),)
is in H2(Gs, H?(Gint,U(1)p)). Our argument below does not
suffer from this ambiguity. Furthermore, even if we know that
the relevant cocycle is in H2(Gs, H?(Gint, U(1)p)), it requires
an explanation why its representative cochain can necessarily
be written as Eq. (1).
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where each g; € Gs X G is again written as g; = [; ® a;, with [; € G5 and a; € G;pe. Both A; and n4_;
take values in {0,1}, and they can be viewed as representative cochains in H*(Gy,Zs) and H*~(Gint, Za),
respectively. Furthermore, we can view e!™4-i(¢i+1,7,04) a5 a representative cochain in H*~*(Gy, U(1) ), which
can be physically interpreted as a Gy, SPT living in 3 — 4 spatial dimensions.

Previous studies of G5 X Gy SPTs indicate that all these SPTs have a real-space construction, in which
various lower dimensional SPTs (or invertible states) are decorated into various submanifolds of the entire crystal
[9, 105, 106]. Indeed, the SPT relevant to LSM constraints can be constructed by putting copies of (1+1)-d Gipe
SPTs at various IWP of the wallpaper group Gs. Combining these two observations together, we conclude that
in Eq. (B2) only the factor with i = 2 can possibly be related to LSM constraints, because only that factor can
possibly be related to putting (1 + 1)-d G,y SPTs at various positions, while other factors involve SPTs living
in the wrong dimension (e.g., the i = 1 term means that some (2+ 1)-d G;,,; SPT is decorated into the system in
some way). Moreover, for a given PR type of the system, e™2(43,04) should be the cocycle corresponding to the
(14 1)-d Gipnt SPT whose boundary hosts this particular PR.

Therefore, the cocycle related to LSM constraints can always be written in a form given by Eq. (1), and A(ly, l3),
which is written as A2(l1,l2) in Eq. (B2), can be viewed as a representative cochain in H2(Gy,Zs). Furthermore,
according to the lattice homotopy picture, A or Ag should just encode the information of which IWP host (14 1)-d
Gint SPTs, so it should be completely determined by G and the lattice homotopy class corresponding to each
LSM constraint, and be the same for all G;,; and all PR types of the system.

We remark that the above argument does not show that all cocycles in the form of Eq. (1) must be related to
LSM constraints. In fact, in Sec. IIB we have found that some of them are not. Those SPTs can be constructed
by inserting a (2 + 1)-d Zs X Gjin: SPT on the mirror plane, such that the Z; domain wall is decorated with a
(14 1)-d Gipnt SPT. See Appendix D for more detail.

We also remark that although we have assumed that the projective representations of Gj,; are Z5-classified
with k some integer in the above argument, we expect that the topological partition functions corresponding to
LSM constraints can always be written in a form similar to Eq. (1), for any G;,:. Specially, if a PR type of Gjp:
has order n, then the LSM-related cocycle takes the form

Qg1, 92, 93, ga) = et ZE A l2)n(as,a4) (B3)

where A and 7 take integral values, and e*nn(as,a4) g the cocycle corresponding to the relevant (1 4+ 1)-d Gy
SPT. This statement has been shown for the special cases where G4 contains only translation or only point group,
using equivariant homology [10], and we expect the method in Ref. [10] can be generalized to an arbitrary lattice
symmetry group Gs. A systematic proof of this statement is beyond the scope of this paper and we leave it for
future work.

C. Fractionalization pattern involving both translation and glide symmetries

Among all 17 wallpaper groups, there is only one group, pg, in which the fractionalization pattern has to be
specified in a way that necessarily invokes the glide symmetry. In this appendix, we present its corresponding
physical picture.

The group pg is generated by 77 and G, a translation and a glide reflection. The translation vector of T} is
flipped under G, and G? is another translation along a direction perpendicular to the translation vector of Tj.
These generators satisfy G~'TyGT; = 1.

Figure 4. Acting G™'T1GT; on an SO(3) monopole. The first 71 action is marked in blue, the following G action is
marked in red, the next T} action is marked in green, and the last G~! action is marked in purple. The dashed line is the
reflection axis of G. This figure shows that the operation G~'T1GT; moves an SO((3) monopole along a trajectory that
encloses a fundamental domain.

Consider the case where G,y = SO(3). Just as in the main text, we gauge the SO(3) symmetry and examine
the fractionalization pattern of pg on the SO(3) monopole by applying the operation G~!T1GT; to an SO(3)
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monopole, which moves the monopole around the fundamental domain (see Fig. 4). If the fundamental domain
contains an odd (even) number of Haldane chains, this process results in a —1 (1) phase factor, which is a signature
of nontrivial (trivial) PR of the pg symmetry carried by the SO(3) monopole. Because H?(pg,Zs) = Z2, there
is only one nontrivial PR. A topological invariant detecting the nontrivial element in H?(pg,Zs) is given in Eq.
(F4), so this must be the topological invariant that diagnoses the fractionalization pattern of the pg symmetry
on an SO(3) monopole.

D. Non-LSM fractionalization patterns

w(M,M) -1

w(1,1) ’
which has TPF exp(ir [(w M2 30(3)) In particular, we will show that this SPT can be constructed by inserting
into the mirror plane of M a (2 + 1)-d Zs x SO(3) SPT, whose Zs domain walls are decorated with Haldane
chains. Moreover, we will show that for any G;,: with Zg—classiﬁed PR, the (34 1)-d M X G;,: SPTs with
Onon—LsM = —1 can always be constructed by inserting into the mirror plane of M a (2 4 1)-d Zg x Gyt SPT,
whose Zy domain walls are decorated with the relevant nontrivial (1 4+ 1)-d Gy, SPT.

Focusing on the case with G, = SO(3), let us enumerate all (3 + 1)-d M x SO(3) SPTs. According to the
crystalline equivalence principle [41], the classification of these SPTs is the same as the classification of (3 4 1)-
d Z¥ x SO(3) SPTs, where Z1 is a time reversal symmetry. It is known that the latter are classified by Z3
(e.g., see Appendix F of Ref. [45] for the descriptions of the physical properties of these SPTs). So (3 + 1)-d
M x SO(3) SPTs are Zj-classified. According to Ref. [107], these SPTs can all be constructed by putting on
the mirror plane of M some (2 + 1)-d invertible states that have at most a Zy x SO(3) symmetry (note that
this Zy symmetry does not reverse the spacetime orientation). The (2 + 1)-d Zs x SO(3) SPTs are classified by
H3(Zs x SO(3),U(1)) = Zg x Z x Z3, where the Kunneth formula is used in calculating this classification. It is
easy to read off the physical meaning of the root states of these (2 + 1)-d SPTs: one Zsy factor represents SPTs
protected purely by the Zs symmetry, the Z factor represents spin quantum Hall states [108], which are SPTs
protected purely by the SO(3) symmetry and has a TPF given by SO(3) Chern-Simons theories, and the other
Zs factor must represent an SPT protected by both Zs and SO(3). How can this SPT be constructed? The
decorated-domain-wall method allows us to construct it, by decorating the Zo domain walls with a Haldane chain
[109].

All the (2+1)-d Zs x SO(3) SPTs can be inserted into the mirror plane of M to construct a (34+1)-d M x .SO(3)
SPT, and one can also insert an Eg state to the mirror plane. In total, these give the Z3 classification of (3 +1)-d
M x 50(3) SPTs. Note inserting a Zs SPT or an Ej state to the mirror plane results in a (3+1)-d SPT protected

by M only, so these states will not have a TPF exp(im [(w T2 SO( )), which shows that this SPT requires
both M and SO(3) for protection. Now we are only left Wlth the cases where the bosonic spin quantum Hall
state and/or the state constructed from decorated domain wall is inserted into the mirror plane. To understand
the physical properties of these states, we can refer to the corresponding (3 + 1)-d ZZ x SO(3) SPTs. If a spin
quantum Hall state is decorated into the time reversal domain wall, the resulting state will have fermionic SO(3)
monopoles. Using the correspondence between Z1 x SO(3) SPTs and M x SO(3) SPTs, this indicates that if the
spin quantum Hall state is inserted into the mirror plane, the SO(3) monopole will also be fermionic. However, the

In this appendix, we discuss in more detail the M x SO(3) SPT corresponding to apon—rsM =

TPF exp(in [(w])? SO(S)) means that the SO(3) monopole is a boson (but carries nontrivial fractionalization
pattern of the M Symmetry) This means that the (3 4 1)-d SPT of interest must be obtained from inserting to
the mirror plane the (2 4+ 1)-d SPT constructed from decorated domain wall.

In fact, one can explicitly demonstrate that a (3 4+ 1)-d M x SO(3) SPT constructed in this way indeed has
an SO(3) monopole carring the nontrivial fractionalization pattern of the M symmetry. To this end, it suffices
to show a simpler version of this statement: suppose we break the SO(3) symmetry in this SPT to U(1), the
U(1) monopole in the resulting state will carry the nontrivial fractionalization pattern of M. This statement
can be explicitly shown using the method in Ref. [46] (see Appendix B therein). This also means that upon
this symmetry breaking, the resulting M x U(1) symmetric state is a nontrivial SPT. According to the general
discussion in Sec. IIB, this implies that apon_rsm is unrelated to LSM constraints of interest.

The above discussion concerns about the case where G,y = SO(3). Now we argue that for any G, with
Zlg—classiﬁed PR, anon—rsm can be triggered in a (3 + 1)-d M x Gy, SPT constructed in a way similar to the
above, and all we need to modify is to replace the Haldane chain decorated into the Zy domain wall by a (1+1)-d

Gint SPT. To this end, it suffices to show that the TPF of this (3 + 1)-d M X Gt SPT is e“’f(wlTM)Z", where
n € H?(Gint, 7o) and e'™ /' is the TPF of the (14 1)-d Gy SPT. This can be shown by noting i) this SPT is its
own inverse, and ii) this construction works for all such G;,;. Then an argument very similar to that in Appendix
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B suggests that the TPF of this SPT can indeed be written as eim [ (wi™)’n,

E. Group Cohomology and Z; Cohomology ring of wallpaper groups

In this appendix, we list the Z, cohomology rings of all 17 wallpaper groups. The calculation is done with the
help of spectral sequence. See Appendix A 3 for some brief mathematical introduction of the relevant concepts,
and Refs. [98-100] for more details. It turns out that for all wallpaper groups G, except pdg, the cohomology
ring can be written as

H*(G4,Z2) = Zs[As," - , Be, - - -] /relations (E1)

with A, and B, the generators belonging to H!(Gy,Zs2) and H?(Gy,Zs), respectively. Subscripts “e” are the
names of generators which differ for different G, and their meanings will often be clear in the context. As a
result, all elements of the cohomology ring H*(Gs,Z2) can be written as cup product of the generators A, and
B,, but there are some relations that dictate that certain sums of cup products actually yield a trivial cohomology
element. We will present all elements of H'(Gy,Zs) and H?(G, Z2) together with their representative cochains,
as well as the complete set of the relations. This encodes the full information of the cohomology ring H* (G5, Zs).
The situation for p4g is similar, but we need an extra degree-3 generator C € H?(p4g, Zs), which, together with
the generators in H'(pdg, Zs) and H?(p4g, Zs), forms a complete set of generators of H*(pdg, Zs).
For later usage, we define a set of functions that take integers as their arguments:

_J 1, zisodd _ _ z
P(z) = { 0. is even P.(x) =1- P(x), Q(x) = (-1)%,
1 b (mod a) (E2)
, =>b (mod a
o =ty =2 (o )0 <y < ab. Pale) = { =000
e Wallpaper group 1: pl
This group is generated by T and 75, two independent translations which are commutative,
T\Ty =TT (E3)

An arbitrary group element in pl can be written as g = T¥Ty, with z,y € Z. For g = T{'TY" and
g2 = T7?T3?, the group multiplication rule gives

gig2 =T T, (B4)

The Zs cohomology ring of pl is
Zo[Az, Ay] /(AL =0, A2 =0). (E5)

Here H'(pl,Z,) = Z3, with generators & = A, & = A,, which have representative cochains,

H?(pl,Zs) = Zs, with generators \; = A, A,,, which have representative cochains,

A(91,92) = y122 (E7)
Indeed A; generates the LSM constraint.

e Wallpaper group 2: p2

This group is generated by T7, 75 and C5, two independent translations and a C5 rotational symmetry, with
the following relations among generators

C2 =1, CoThCy =T, 1, CoTyCy =Ty !, Ty = ToTh. (ES)
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An arbitrary group element in p2 can be written as g = T7¥7T5CS, with z,y € Z and ¢ € {0,1}. For
=TP T CSt and go = T72Ty?C5?, the group multiplication rule gives

G1ga = T{C1+Q(C1)$2T2yl +Q(c1)y2 C2P(C1 +C2). (E9)
The Zy cohomology ring of p2 is

ZolAs, Ay, A (A2 = AL A, A?! =A,A.) (E10)

Here H'(p2,7Z2) = Z3, with generators & = A,, & = A,, & = A., which have representative cochains,

i(g) ==, §2(9) = v, €3(9) =c. (E11)
H?(p2,7Zs) = Z3, with generators \; = (A, +A)(Ay+Ac), A=A (A,+4:), A3=(A,+A)A, =
Az A, Wthh have representative cochains,
A(91,92) = 122 + c1(z2 + Y2 + ¢2)
A2(g1,
2(91,92) = (y1 + c1)z2 (E12)
A3(91,92) = Y172 + 12
(g1, 92) =

The generators are chosen so that they have a 1-1 correspondence with topological invariants presented in
Appendix F. There we will also see that all of them, A1, Ao, A3, A4, generate LSM constraints.

Wallpaper group 3: pm

This group is generated by T, To and M, where T} and T5 are translations with perpendicular translation
vectors, and M is a mirror symmetry such that

M?>=1, MT,M=T;', MDLM=T,  T\T)="TT. (E13)

An arbitrary element in pm can be written as g = T{¥Ty M™, with z,y € Z and m € {0,1}. For g1 =
TP Ty M™ and go = T72T3? M™2, the group multiplication rule gives

9192 — T1$1+Q(M1)12T2y1+y2 MP(mlJr’Ing). (E14)
The Zs cohomology ring of pm is
Zo[Az, Ay, Ap] (AL = Ag A, A2 =0) (E15)

Here H'(pm,Z>) = Z3, with generators & = A,, & = Ay, &3 = A,,, which have representative cochains,

§i(g) ==z, &)=y, &g =m. (E16)

H?(pm,Z>) = Z3, with generators A\; = (A, + An)Ay, A=A, Ay, As=(As+An)Am, M= A AL,
which have representative cochains,

A1(91,92) = Y122 + Mm1y2

/\2(91,92) = Y1T2 (El?)
A3(91,92) = mi(x2 +ma)

Aa(g1,92) = mizo

In Appendix F, we will see that A, \a generate LSM constraints, while A3, Ay correspond to non-LSM
fractionalization patterns.
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e Wallpaper group 4: pg
This group is generated by 77 and G, where T7 is a translation and G is a glide reflection, such that

GG =17t (E18)
Note that G? is a translation along the direction perpendicular to the translation vector of Ty. An arbitrary

element in pg can be written as g = T¥G®, with z,s € Z. For g1 = T7*G** and g5 = T"*G*2, the group
multiplication rule gives

Grgs = Tf1+Q(Sl)I2G51+82~ (E].g)

The Zs cohomology ring of pg is
ZolAs, AJ)) (A2 = A A, A2 =0) (E20)
Here H'(pg, Zs) = 73, with generators & = A,, & = A,, which have representative cochains,

§ilg) =z,  &(g) =s. (E21)

H?(pg, 7o) = Zs, with generators \; = A, A, which have representative cochains,

A1(g1,92) = s122 (E22)

In Appendix F, we will see that A\; generates LSM constraints.

e Wallpaper group 5: cm

This group is generated by 77, To and M, two independent translations and a mirror symmetry whose
mirror axis bisects the translation vectors of T and T5. They satisfy

M2=1, MT,M=T,, MTM=T, T.To="TT,. (E23)

An arbitrary element of ¢cm can be written as g = TFTy M™, with z,y € Z and m € {0,1}. For g1 =
TP Ty M™ and go = T72T3? M™2, the group multiplication rule gives

9102 = T1I1+Pc(m1)x2+P(m1)y2T2y1+Pc(m1)y2+P(m1)o:zMP(m1+m2). (E24)

The Zs cohomology ring of c¢m is

ZQ [A:r+y» Ama Bmy]/(A2

2y =0, AgyyAp =0, ByyAyyy, =0, B2 =0) (E25)

Here H'(em,Zy) = 73, with two generators & = A,4y, & = A, which have representative cochains
&ilg) =z +vy, £2(g) = m. (E26)
H?(cm, Zs) = 73, with generators Ay = By, A2 = AZ, which have representative cochains

(91, 92) = Pe(ma)yize + P(ma)ya(x2 + y1)

E27
X2(91,92) = mima (E27)

In Appendix F, we will see that A; generates LSM constraints, while Ao corresponds to non-LSM fraction-
alization patterns.
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Wallpaper group 6: pmm

This group is generated by T7, Ty, Cy and M, two translations with perpendicular translation vectors, a Cs
rotation and a mirror symmetry such that

M? =1, MCyM = Cs, MT\M =T, MToM =T,

) - 2 (E28)
CQ = 1, CQTlCQ == Tl , CQTQCQ = T2 B T1T2 = T2T1.

Note that CoyM is another mirror symmetry that flips the translation vector of T5. An arbitrary element in
pmm can be written as g = T¥TYCSM™, with x,y € Z and ¢,m € {0,1}. For g1 = T T C2M™ and
g2 = T72TY?C52 M™2, the group multiplication rule gives

G192 = T111+Q(C1+m1)12 T2yl+Q(Cl)yz CQF)(CIJFCZ)MP('NLlerQ). (E29)

The Zs cohomology ring of pmm is
LAy, Ay, A, Al /(A2 = A (A, + AL, AZ =A,A.) (E30)

Here H'(pmm, Zs) = Z3, with generators &, = A,, &= Ay, &= A, & = A, which have represen-
tative cochains,

&ilg) =2z, &g =y, &g =c  &lg)=m. (E31)

H%(pmm,Zy) = 78§, with generators \; = (A, + A + An)(Ay + A), Ao = Az A, X3 = A (A, +
Ac); )\4 = (Am + Ac + Am)Ay7 )\5 = (Aw + Ac + Am)Ama AG = (Ay + Ac)Arru )\7 = AwAm7 )\8 =
AyA,,, which have representative cochains,

A1(g1,92) = (y1 + c1)w2 + (c1 +ma)(y2 + c2)

>\2(91,92) = Y122

A3(91,92) = (11 + c1)x2

Aa(g1, 92) = 172 + (1 +m1)y2 (E32)
As(g1, 92) = mi(x2 + c2 +ma)

X6(g1,92) = m1(y2 + ¢2)

A7(91,92) = miz2

>\8(91792) = miy2

In Appendix F, we will see that A1, Aa, A3, Ay generate LSM constraints, while A5, A\g, A7, Ag correspond to
non-LSM fractionalization patterns.

Wallpaper group 7: pmg

This group is generated by Ti, To, Cy and M, two translations with perpendicular translation vectors, a
2-fold rotation and a mirror symmetry with mirror axis parallel to the translation vector of Ts, and displaced
from the Cy rotation center by a quarter of the unit translation vector of 77. They satisfy

M? =1, MCyM = T,C,, MT\M =T, MToM =Ty,

2 —1 -1 (E33)
02 =1, CQTlcQ = Tl s CQTQCQ = T2 s ThTy =T5T.

An arbitrary element in pmg can be written as g = T¥TyCSM™, with z,y € Z and ¢,m € {0,1}. For
g1 =TT CSEM™ and go = T2 Ty? C5> M™2, the group multiplication rule gives

gigs = T{IJ1+Q(C1+m1)Z2+Q(Cl)sz1TZyl+Q(61)y20213(01+62)MP(m1+m2). (E34)

The Zs cohomology ring of pmyg is

ZalAy, Ac, Am}/(AZ =AA,, AA, =0) (E35)
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Here H'(pmg,Zs) = Z3, with generators {&; = A,, & = A., & = A, which have representative
cochains,

§&i(g) =y, &lg)=c¢ &g =m. (E36)

H?(pmg, 7o) = 73, with generators \; = A(Ay+ AL, X =AA, d=A4,4A, M= A2? | which
have representative cochains,

A1(g1,92) = c1(y2 + c2)

A2(g1,92) = c1y2 (E37)
/\3(91, 92) miy2

Aa(g1, 92) = mimz

In Appendix F, we will see that A, \s generate LSM constraints, while A3, Ay correspond to non-LSM
fractionalization patterns.

Wallpaper group 8: pgg

This group is generated by 17, T, Cy and G, two translations with perpendicular translation vectors, a Cs
rotation, and a glide reflection whose reflection axis is parallel to the translation vector of T, and displaced
from the Cy center by a quarter of the unit translation vector of T7. They satisfy

c2=1, G10,GT = TV T»Cy, CyTCy = Ty, GGt =T, G2 =T. (E38)

An arbitrary element in pgg can be written as g = T{¥TyCSGS, with z,y € Z and ¢,s € {0,1}. For
=TP TS CSE G and gy = T2 T2 C52 G2, the group multiplication rule gives

G1gs = Tf1+Q(Cl+S1)12+Q(C1)6251 T2y1+Q(Cl)y2+Q(C1)6251+Q(c1+62)5132 C§(C1+62)Gf(81+52). (E39)

The Zs cohomology ring of pgg is
ZolAc, As, Be(oyy)l/ (A2 = AgAr = 0, ABi(aty) =0, BZ,1y = AZBe(aty)) (E40)
Here H'(pgg, Zo) = 73, with generators & = A., & = A, which have representative cochains,

§i(g) =c,  &(g) =s. (E41)

H?(pgg,Zsy) = 73, with generators \; = Be(oty) + A2 wy = Be(244), which have representative cochains,

A(g1,92) = ci(xa +y2 +c2) + (c1 + c2)5152 + s122

E42
A2(g1,92) = c1(x2 + y2) + (€1 + c2)s182 + s122 ( )

In Appendix F, we will see that A1, Ay generate LSM constraints.

Wallpaper group 9: cmm

This group is generated by T7, T, Co and M, two translations with translation vectors not perpendicular
to each other, a C5 rotation, and a mirror symmetry whose mirror axis bisects the translation vectors of T;
and T5. They satisfy

M? =1, MCyM = Cs, MT\M = Ty, MT,M =T,

) . . (E43)

c5 =1, CoThCy =177, CoToCo = T4 7, Ty = ToT.
Note that CoM is another mirror symmetry whose mirror axis bisects the translation vectors of T and
Ty . An arbitrary element in cmm can be written as g = TPTYCSM™, with 2,y € Z and ¢,m € {0,1}.
For gy = T T CS* M™ and go = T7?T5*C5? M™2, the group multplication rule gives

gigs = Tlxl+Q(c1)XT2yl+Q(c1)YCéJ(CHTQ)MP(ml -l—mg)7 (E44)
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where X and Y are defined as

X = P.(m1)ze + P(my)y2,

Y = Pc(ml)yg + P(ml)xg (E45)

The Zs cohomology ring of cmm is

Zo[Astys Acy A, By /(A2

Py = AcAury, ApryAm =0, ByyAyy, =0, Bﬁy = (A2 + A.A,,)B.,) (E46)

Here H'(cmm,Zs) = Z3, with generators & = Aziy, & = A., & = Ay, which have representative
cochains,

§i(g) =z +y, 2(9) = ¢, €3(g) = m. (E4T7)

H?(cmm, Zy) = 73, with generators \; = By +AcAsty + A2+ AL A, A= By, A3 =AcAzyy, M=
(Ac + An)Am, A5 = AcA,,, which have representative cochains,

A1(g1,92) = Pe(mi)yrzz + P(ma)ya(we + y1) + c1(@2 + y2 + c2 + ma)

A2(91,92) = Pe(ma)y1ze + P(m1)yz(w2 + y1)

A3(91,92) = c1(22 + o) (E48)
A4(g1,92) = ma(c2 + mo)

As(g1, 92) = micy

In Appendix F, we will that Aj, A2, A3 generate LSM constraints, while A4, A5 correspond to non-LSM
fractionalization pattern.

Wallpaper group 10: p4
This group is generated by 77, T and Cy, two translations with perpendicular translation vectors that have
equal length, and a 4-fold rotational symmetry, such that

Ci=1, CNC'=T, OLC'=T7" T\T,="TT. (E49)

An arbitrary element in p4d can be written as g = TyTyC§, with x,y € Z and ¢ € {0,1,2,3}. For
=T7 TS Cft and go = 172152 C52, the group multiplication rule gives

gigs = lel+AE(I2»Z/2761)TQZ/1+Ay(z2,y2,61)0£01+62]4 (E50)
where
z, c¢=0 y, ¢=0
_ )y, c=1 )z, c=1
AZ‘(Z‘, yvc) - -z, c= 2 Ay(xaya C) - —y, ¢c= 2 (E51)
Yy, c¢=3 -z, c=3

The Zy cohomology ring of p4 is
Zo[Ac, Ayty, Be2, Byyl/ (A2 = A Apyy =0,

, ) (E52)
BuyAsiy = BayAc, BisAyyy = A3, + ByyAysy, B2, = BpByy)
Here H'(p4,Z,) = Z3, with generators & = Ay, &2 = A, which have representative cochains,
Glg)=z+y, &l =c (E53)
H?(p4,Zy) = 73, with generators Ay = By, + A2, + Be2, X2 = Bay, A3 = A2, which have represen-

tative cochains,

[c1]a + [c2]a — [e1 + cala
4

A1(g1,92) = X291, 92) + A3(91, 92) +

X2(91,92) = Pe(c1)yr1za + P(c1)y2(z2 + 1)
A3(91,92) = Pu(c1)ze + Paa(cr)(x2 + y2) + Pas(c1)y2

(E54)

In Appendix F, we will see that A1, A2, A3 generate LSM constraints.
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e Wallpaper group 11: pdm
This group is generated by T, Ts, C4 and M, where the first three generators have the same properties as
those in p4, and the last generator M is a mirror symmetry that flips the translation vector of T3, such that

M*=1, MCM=C;', MTIM=T7' MM =T,

4 -1 —1 —1 (E55)
C; =1, Cy/hCf ™ =Ty, CyCp =177, TV, =T15T.

An arbitrary element in p4dm can be written as g = T7TyC{M™, with z,y € Z, ¢ € {0,1,2,3} and
m € {0,1}. For gy = T*TY'C3M™ and go = T72TY*C{2 M™2, the group multiplication rule gives

915 = T1931+A93(Q(m1)z2»y2,CI)T2?JI+Ay(Q(m1)5172’92’01)04[1‘31"’62(”11)52]4 NP (mitma) (E56)

where Az(z,y,c) and Ay(z,y,c) are defined in Eq. (E51).
The Zs cohomology ring of pdm is

Zo|Ac, Apty, Am, B2, B_Ty]/(AC(Ac +A,) =444+, =0,
BmyAx+y = Bmy<Ac + Am)a B2 Aachy = Ai+y + AmAi.t,_y + BmyAerya (E57)
B2, = B.2By,)

Here H'(pdm,Zo) = Z3, with generators & = A4, & = A, & = A, which have representative
cochains,

§ilg)=x+y,  &lg)=c &g =m. (E58)

H?(pdm, Zs) = Z§, with generators A\; = Byy + Apiy(Aziy + Am)+Be2, Ao = Bay, A3 = Apyy(Asiy+
An), M=An(An +Asry +A), s =AnArry, ¢ = AnAc, which have representative cochains,

[c1]s + Q(my)[eals — [e1 + Q(ma)ca)s

( ) 1
A2(g1, 92) = Pe(c1)yazz + Pler)ya(z2 + y1)
A3(91,92) = Par(c1)x2 + Paa(cr) (22 + y2) + Paz(c1)y2 + maye (E59)
Ai(91,92) = ma(x2 + Y2 + c2 +m2)
As5(91, 92) = ma(x2 +y2)
>\6(91,gz) = mic2

In Appendix F, we will see that A1, Aa, A3 generate LSM constraints, while Ay, A5, Ag correspond to non-LSM
fractionalization patterns.

e Wallpaper group 12: pdg

This group is generated by 71, T3, Cy and G. The first three generators have the same properties as those
in p4, and the last generator G is a glide reflection whose reflection axis passes through the rotation center
of C4 and bisects the translation vectors of 77 and 715, such that

Ci=1, OO =Ty, CLO*=T7" T =TT, (E60)
G? = T\ Ty, GTlGil = TQ, GT2G71 =1Ti, GC4G71 = TQCZl. (EGl)
Note that there is also a mirror symmetry M = T, 1_1G. An arbitrary element in p4g can be written as g =

TETyCGe, with o,y € Z, ¢ € {0,1,2,3} and s € {0,1}. For g1 = T/ T C{*G** and g = T2 Ty C2 G2,
the group multiplication rule gives

g1g2 = T1961+Az(X,Y,C1)T2y1+Ay(X,Y,61)C£01+Q(s1)02]4GP(31+32) (E62)

where Ax(z,y,c) and Ay(x,y,c) are defined in Eq. (E51), and

X = P.(s1)x2 + P(s1)y2 + (Pa2(c2) + Puz(c2)) s1 + Ax(s152, 5152, [Q(51)c2]a)

Y = Py(sa)ys + Pls1)ra + (Pun(e2) + Paalea)) s1 + Ay(s15, 5152, [Q(s1)e2)a) (£63)
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The Zs cohomology ring of pdg is

L [Am Am Bc23 Bc(;c+y)a Ccz(ac—&-y)]/(Az =AA; = 0, Ach(a:+y) =0, AsBc(ac+y) = AsBcz,
B?(z+y) = BczBC(I_,_y), ACCC2(z+y) =0, (E64)
Cex(aty) Betaty) = Coraay) Bers Coruory) = Bllory)

Here H'(p4g, 7o) = 73, with generators £, = A., & = A, which have representative cochains,

§i1(9) = ¢, §2(9) = s. (E65)

H?(pdg,Zsy) = 73, with generators \; = Be(zyy) + B2, Ao = Bgy, 3= A?

<, which have representative
cochains,

M(g1.92) = Aol go) + (1T QEDIz Z e+ Q)ezl

A2(g1,92) = Paolc1)s1(Pas(c2) + (c1 — c2)s2) + Pyi(c1)[Pe(s1)y2 + s1(x2 + 1 — Pyo(c2) + (c1 — ¢2)52)]
+ Pya(c1)[Pe(s1) (22 4 y2) + s1(22 + y2 + Pui(c2) + (c1 — ¢2)s2)]
+ Pyz(c1)[Pe(s1)x2 + s1(y2 + Paz(c2) + (c1 — c2)s2)]

/\3(91,92) = 5182

(E66)

In Appendix F, we will see that A1, Ao generate LSM constraints, while A3 corresponds to non-LSM frac-
tionalization patterns.

Pay attention that there is also the degree-3 generator Ce2(;4,) € H3(pdg,Zs).
Wallpaper group 13: p3
This group is generated by 77, T and Cj, two translations with translation vectors that have the same
length and an angle of 27/3, and a 3-fold rotational symmetry, such that
Ci=1, CNC3'=Ty, OO =TTy, T =TT. (E67)

An arbitrary element in p3 can be written as g = T775CS, with 2,y € Z and ¢ € {0,1,2}. For ¢g; =
TPTY OS5t and go = TY2Ty*CS?, the group multiplication rule gives

9192 =T +A$(I2vy2701)T2111+Ay(w27y2,01)Olgq +ez]s (E68)
where
z, c=0 Y, c=0
AJ?(.’E, Y, C) = -Y c=1, Ay(.’L’, Y, C) = =Yy, ¢= (E69)
—r+y, c=2 -z, c¢=2
The Zs cohomology ring of p3 is
Ly [Bwy]/(Bgy =0) (E70)

Here H'(p3,7Z5) = 0, while H?(p3,Zs) = Zs, with generator A; = B,,, which have representative cochain,

y2(y2 — 1)

A(g1,92) =Pso(c1)yize + Psi(c1) ( 5

+y2(z2 + y1)>
oy — 1) (ET1)

+ Pso(c1) ( )

+ y122 + yo(z2 + y1)>

In Appendix F, we will see that A\; generates LSM constraints.
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e Wallpaper group 14: p3ml

This group is generated by T, Ts, C3 and M, where the first three generators have the same properties as
those in p3, and the last one is a mirror symmetry whose mirror axis passes through the C5 center, and is
perpendicular to the angle that bisects the two translation vectors of Ty and 75, such that

M?=1, MCsM = Cyt, MT\M =T, *, MToM =T, 1,

3 —1 —1 —1p—1 (E72)
C3=1, CsTC; =Ty, CsTCy' =TTy, T =TT,

An arbitrary element in p3m1 can be written as g = Ty Ty CSM™, with z,y € Z, ¢ € {0,1,2} and M € {0, 1}.
For gy = T{'TY' C5* M™ and go = T72T5*C5? M™2, the group multiplication rule gives

G192 = T1331+A3'3(X1Y7C1)T2yl +Ay(X7Y701)C£C1+Q(m1)02]3 M P (matmz) (E73)

where Ax(z,y,c) and Ay(x,y,c) are defined in Eq. (E69), and

X = Pc(m1)$2 - P(ml)yz

Y = Pe(m1)y2 — P(m1)zs (E74)
The Zy cohomology ring of p3ml is
Zo[Am, B,/ (B3, = 0) (E75)
Here H'(p3m1,Zs) = 0, with generator £; = A,,, which have representative cochain,
&i(g) =m. (E76)
H?(p3ml,Zy) = 73, with generators Ay = By, A2 = A2, which have representative cochains,
A1(91, 92) = Pso(c1)[Pe(ma)yiza + maya(z2 + 1))
+ P31(c1) |:Pc(m1) (yg(y22—1) +y2 (72 + y1)) +my (552(3622—’—1) + y1332>:|
(E77)

+ Psa(c1) |:Pc(m1) (xz(:v;—l) + Y122 + ya(z2 + yl)) +mq <yz(y22+1) +y1(z2 + 312))}

/\2(91, 92) = mima

In Appendix F, we will see that A; generates LSM constraints, while Ao corresponds to non-LSM fraction-
alization pattern.
e Wallpaper group 15: p31lm

This group is generated by 711, T, C5 and M, where the first three generators have the same properties
as those in p3 and p3m1, and the last one is a mirror symmetry whose mirror axis passes through the Cs
center and bisects the translation vectors of 77 and T3, such that

M? =1, MCsM = Cy ', MT\M =Ty, MToM =Ty,

3 —1 —1 —1p—1 (E78)
C3=1, CsTC; =Ty, CsTC3'=T7'Ty Y, T =TT,

An arbitrary element in p31m can be written as g = Ty Ty CSM™, with z,y € Z, ¢ € {0,1,2} and M € {0, 1}.
For gy = T7' T C5* M™ and go = T72T5*C5? M™2, the group multiplication rule gives

g1g2 = Tim+A-T(X7Y761)T2y1+Ay(X7Y7C1)C£C1+Q(m1)02]3 M P (mitma) (E79)

where Ax(z,y,c) and Ay(x,y, c) are defined in Eq. (E69), and

X = P.(mq)z2 + P(m1)y2

Y = Pc(ml)yQ —+ P(ml).’ﬂg (E80)
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The Zs cohomology ring of p31m is
Lo[Am, Byy)/ (B, = 0) (E81)
Here H!(p31m,Zs) = 0, with generator £&; = A,,, which have representative cochain,

&i(g) =m. (E82)

H?(p31lm,Zy) = 73, with generator \; = B,,, A2 = A2 which have representative cochains,

A1(g1,92) = Pao(c1) [Pe(ma)yiw2 + maya (w2 + y1)]

y2 + 1)

+ Psi(c1) {Pc(mﬁ (yQ( 5 T2z +1)

9 + y2 + m@)]

+ T2 + ya(z2 + yl)) +my (

(E83)
+ Ps5(cq) |:Pc(m1) (CBQ(JUZ_D +y2 + Y122 + ya (w2 + y1)) +mq (yz(y22—1) + @2 +y1(z2 + yzBT

X2(g1,92) = mima

In Appendix F, we will see that \; generates LSM constraints while Ay corresponds to non-LSM fraction-
alization pattern.

e Wallpaper group 16: p6

This group is generated by 77, Tb and Cg, two translations with translation vectors that have the same
length and an angle of 27/3, and a 6-fold rotational symmetry, such that

Ccé=1, CeT1Cqt = T\ Ty, CeToCqt =T 1, Ty = ToT,. (E84)

An arbitrary element in p6 can be written as g = T7¥7T5C§, with z,y € Z and ¢ € {0,1,2,3,4,5}. For
g1 =T TYCE and go = T2 Ty Cg?, the group multiplication rule gives

gigs = Tf1+A$($27y2701)Tle+Ay(w2,y2,01)0([361+02]6 (E85)
where
x, c=0 Y, c=10
r—y, Cc= z, c=1
) = _ ey =2
Am(x7y,c) - —x, c= 3 9 Ay(x,y,c) - -y, c= 3 (E86)
—rz+y, c=4 -z, c=4
Y, c=5 —x+y, c=5
The Zy cohomology ring of p6 is
Zo[Ac, Bry)/ (B3, = AZBuy) (EST)

Here H!(p6,Zs) = Zs, with generator &; = A., which have representative cochain,

&ilg) =c. (E88)

H?(p6,Zs) = 73, with generators \; = B,y + A%, \a = B,,, which have representative cochains,

[c1]6 + [c2]6 — [e1 + cals
6
.1‘2(332 — 1)
2

A1(91,92) = A2(91,92) + +
X2(91,92) = Peo(c1)yi1xa + Psi(c1) ( + y122 + Yo (z2 + yl))
(E89)

+1
+ Psa(c1) (y2(y22) + o+ yo(22 + y1)> + Pos(c1)(x2 + y2 + y122)

(EQ(éEQ — ].)

+1
+ Poa(e1) (2 + Y2 + Y122 + ya(z2 + yl)) + Pgs(c1) <y2(?/2)

5 + ya(z2 + yl)>

In Appendix F, we will see that A1, Ay generate LSM constraints.



43

e Wallpaper group 17: p6m

This group is generated by 17, T, Cs and M, where the first three generators have the same properties
as those in p6, and the last one is a mirror symmetry whose mirror axis passes through the Cg center and
bisects T7 and T5, such that

M? =1, MCsM = Cyt, MT\M =Ty, MToM =Ty,

6 -1 -1 -1 (EQO)
Cg =1, CeT1 Cy =TT, CelnCy =17 7, Ty =T5Th.

An arbitrary element in p6m can be written as g = T¥TYCSM™, with z,y € Z, ¢ € {0,1,2,3,4,5} and
m € {0,1}. For g; = T\ Ty Cg* M™ and go = T7*T8?Cg? M™2, the group multiplication rule gives

g1g2 = Tlac1+Az(X,Y,cl)Tle+Ay(x,y,c1)Céc1+Q(m1)cg]s M P(mitma) (E91)

where Az (z,y,c) and Ay(z,y,c) are defined in Eq. (E86), and X and Y are defined in Eq. (E80).
The Zs cohomology ring of p6m is

Here H'(p6m,Zz) = 73, with generator £&; = A., & = A,,, which have representative cochains,

Glg)=c, &g =m (E93)

H2(pbm,Zs) = 73, with generators \; = Byy + A2+ A.Ap, Xa = Byy, A3 = (Ac+ Ap)Am, M\ =
A.A,,, which have representative cochains,

[c1]e + Q(ma)lea]s — [e1 + Q(ma)eale
6
X2(91,92) = Pso(c1) [Pe(ma)yiza + maye(xe + 1))

A1(g1,92) = Xa(g1,92) +

+ Per(c1) | Pe(ma) (362(35221) + 122 + Y2 (22 + y1)> +my <Z/2(y221) +y1 (w2 + y2))]

xg(l‘g + 1)
2

+ Pga(c1) | P.(my) (yQ(yéH) + @2 + Y2 (T2 +y1)) +my (

+ Ps3(cr) [Pe(ma)(z2 + y2 + y122) + ma(z2 + y2 + y2 (22 + 1))

+ y2 + m@)]

(E94)

+ Psa(c1) | Pe(my) (W_l) +y2 + Y172 + Yo (w2 + y1)> +my <y2(y2—1) + 22 + y1(r2 + m))]

I 2 2
+ Pgs(c1) :Pc(ml) (yQ(yQ;l) + yo(z2 +y1)> +my (932(1’22” +y1z2)]

A3(91,92) = mi(ca + ma)
)\4(91792) =mic2

In Appendix F, we will see that A;, Ao generate LSM constraints, while Az, Ay correspond to non-LSM
fractionalization patterns.

F. Topological invariants for all LSM constraints

In this appendix, for each of the 17 wallpaper groups, we present the topological invariants for all LSM
constraints and topological invariants for all non-LSM fractionalization patterns. These topological invariants
can all be written down by simply inspecting the IWP and/or the mirror axes of the relevant wallpaper groups,
and they correspond to various (3 + 1)-d G5 X Gip: SPTs that can be constructed in a manner described in
Sec. IIB. This physics-based reasoning implies that the topological invariants we present here are complete and
independent. In Appendix E, we also provide explicit expressions of the representative cochains that correspond
to each of the topological invariants, which show mathematically that the topological invariants here are indeed
complete and independent.
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e Wallpaper group 1: pl
All points in space correspond to the same IWP for pl. The fractionalization patterns of pl are classified

by H?(pl,Zs) = Zs. There is only one nontrivial fractionalization pattern TyT» = —T»T}, detected by the
topological invariant

U.}(Tl, TQ)

7w(T2,T1)' (F1)

afw] =
This fractionalization pattern is related to the first of the 3 basic no-go theorems in Sec. II A, so it

corresponds to an LSM constraint, and the classification of LSM constraints is Zs. It is straightforward to
check that a;[(—1)*] = —1, where \; is defined in Appendix E.

e Wallpaper group 2: p2

There are 4 different IWP for p2, which are rotation centers for Cy, T1Cs, ToCy and T1T>C5, respectively.
The fractionalization patterns of p2 are classified by H?(p2,Z,) = Z3. All fractionalization patterns are
generated by 4 root patterns, detected by the topological invariants,

_w(C'g,Cg)
alw] = ="
_ w(ThCy, T1Cs)
anlw] = w(1,1)
w(TCo, ToCs) (F2)
aslw] = w(1,1)
W(T1TCo, Ty TC)
aulw] = w(1,1)

corresponding to C3 = —1, (T1C2)? = —1, (TxC2)? = —1 and (1172C3)?* = —1 respectively. All these
topological invariants are related to the third of the 3 basic no-go theorems in Sec. ITA, so they all
correspond to LSM constraints, and the classification of LSM constraints is Z3. It is straightforward to
check that a;[(—1)%] = (—=1)% for 4,5 = 1,...,4, where ); is defined in Appendix E.

e Wallpaper group 3: pm

There are 2 different IWP for pm, which are the mirror axes for M and T M, respectively. The fractional-
ization patterns of pm are classified by H?(pm,Zy) = Z3. All fractionalization patterns are generated by 4
root, patterns, detected by the topological invariants

onlw] = w(Ty, M)

LLJ(M TQ)

LU(TQ,Tl )
aglw] = ===+

LLJ(T M TQ)

w(M, M) (F3)
043[0.1] - (1 1)

- w(TlM, TlM)

aalw] = w(1,1)

The first two topological invariants are related to the second of the 3 basic no-go theorems, so they cor-
respond to LSM constraints, and the classification of LSM constraints is Z3. The last two are non-LSM
fractionalization patterns. It is straightforward to check that a;[(—1)*] = (—1)% for 4,5 = 1,...,4, where
A; is defined in Appendix E.

e Wallpaper group 4: pg

All points in space belong to one IWP of pg. The fractionalization patterns of pg are classified by
H?(pg,Zs) = Zo. There is only one nontrivial fractionalization pattern, detected by the topological in-
variant

WG, T1G)w(Th, G)
W(G717 G)W(Tla Gil)

o fw] = (F4)
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corresponding to the symmetry fractionalization pattern G~'T1GTy = —1. This topological invariant
is related to the first of the 3 basic no-go theorems, so it corresponds to an LSM constraint, and the
classification of LSM constraints is Zy. It is straightforward to check that a;[(—1)*] = —1, where \; is
defined in Appendix E.

e Wallpaper group 5: cm

The group c¢m has one IWP, which includes points along the mirror axis of M. The fractionalization patterns
of cm are classified by H?(cm,Zy) = Z3. All fractionalization patterns are generated by 2 root patterns,
detected by the topological invariants

o [w] W(TlTQ, )
! w(M Tng)
w(M, M) (F5)
asw] =

(1 1)

The first topological invariant is related to the second of the 3 basic no-go theorems, so it corresponds
to an LSM constraint, and the classification of LSM constraints is Z,. The second one is a non-LSM
fractionalization pattern. It is straightforward to check that a;[(—1)*] = (—1)% for 4,5 = 1,2, where ); is
defined in Appendix E.

e Wallpaper group 6: pmm

There are 4 different IWP for pmm, which are the intersecting point of M and CyM, the intersecting
point of T3 M and Co M, the intersecting point of M and T5C2M, and the intersecting point of T3 M and
ToCyM. Note that these 4 IWP can also be respectively viewed as the rotation centers for the following
four Cy rotations: Cy, T1Co, ToCs and T1T15C5. The fractionalization patterns of pmm are classified
by H?(pmm,Zy) = Z§. All fractionalization patterns are generated by 8 root patterns, detected by the
topological invariants

w(CQ,Cg)
all ==0 71
w(T1ToCo, T ToCo)
azlw] = w(1,1)
- w(Tng,Tng)
aslel == 0 1)
w(TyCs, ToCs)
cale] = —=24 9
w(M, M) (F6)
asll = = A 1
O[G[OJ} _ w(CgM, CQM)
w(1,1)
w(Ty M, Ty M)
arlel = =201
w(ToCo M, ToCoy M)
aslw] = w(1,1)

The first four topological invariants are related to the third of the 3 basic no-go theorems, so they cor-
respond to LSM constraints, and the classification of LSM constraints is Z3. The last four are non-LSM
fractionalization patterns. It is straightforward to check that o;[(—1)*] = (=1)% for i,j = 1,...,8, where
A; is defined in Appendix E.

e Wallpaper group 7: pmg

There are 3 different IWP for pmg. The first includes the rotation centers of Cy and T1C5, the second
includes the rotation centers of ToC5 and T1T5C5, and the third includes the mirror axes of M and T7 M.



The fractionalization patterns of pmg are classified by H?(pmg, Z>)
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= Z3. All fractionalization patterns are

generated by 4 root patterns, detected by the topological invariants

afw] =

azw] =

aslw] =

aglw] =

OJ(CQ, CQ)
w(1,1)
W(TlTQCQ, T]_TQCQ)
w(1,1)

(F7)

E

T2a

a
E@E

w(Ty, M)
(M, T5)
w(M, M)

E

b

w(l 1)

—_

)

The first two topological invariants are related to the third of the 3 basic no-go theorems, and the third
is related to the second of the 3 basic no-go theorems, so they correspond to LSM constraints, and the

classification of LSM constraints is Z3.

pattern. It is straightforward to check that a;[(—1)V] = (—1

Appendix E.

e Wallpaper group 8: pgg

The fourth topological invariant is a non-LSM fractionalization

Y% for 4,5 = 1,...,4, where \; is defined in

There are 2 different IWP for pgg. The first includes the rotation centers of Cy and T175C5, and the
second includes the rotation centers of T7C5 and T>Cy. The fractionalization patterns of pgg are classified

by H?(pgg,Zs) = Zs.
topological invariants

_ w(T1C, T1Cs)

All fractionalization patterns are generated by 2 root patterns, detected by the

_ w(CQ, Cg)

w(1,1) (FS)

w(1,1)

Both topological invariants are related to the third of the 3 basic no-go theorems, so they both correspond

to LSM constraints, and the classification of LSM constraints is Z3.
1)% for 4,5 = 1,2, where ); is defined in Appendix E.

ail(—1N] = (-

e Wallpaper group 9: cmm

It is straightforward to check that

There are 3 different IWP for e¢mm. The first is the 2-fold rotation center of Cs, the second is the 2-fold
rotation center of T775C5, and the third inlcudes the 2-fold rotation centers of T7Cs and T5C5.

The fractionalization patterns of cmm are classified by H?(cmm, Zz)

= Z3. All fractionalization patterns

are generated by 5 root patterns, detected by the topological invariants

a[w] =
aslw] =

aszlw] =

OJ(CQ, CQ)

w(1,1)
w(Ti ToCy, Th T5C5)

w(T1C2, T1Cs)

w(1,1)

w(l,1)

:w(M7M)

w(1,1)

o OJ(C2M, CQM)

w(1,1)

The first three topological invariants are related to the third of the 3 basic no-go theorems, so they cor-

respond to LSM constraints, and the classification of LSM constraints is Z3.
fractionalization patterns. It is straightforward to check that a;[(—1)*] = (—

A; is defined in Appendix E.

The last two are non-LSM
1)% fori,j=1,...,5, where
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e Wallpaper group 10: p4
There are 3 different IWP for p4. The first is the 2-fold rotation center of C%, the second is the 2-fold
rotation center of Ty7,C%, and the third includes the 2-fold rotation centers of T;C% and T>C3Z. Note
that the first two IWP are also 4-fold rotation centers. The fractionalization patterns of p4 are classfied by
H?(p4,Zsy) = Z3. All fractionalization patterns are generated by 3 root patterns, detected by the topological
invariants

w(C?,C?
crle] = Eum))
T\T>C3, T\ T>C?
agfw] = 20 Z(‘i 1)1 2C1) (F10)
w(T 02, T,C%
043[(4)] = ( L(i 1)1 4)

All these topological invariants are related to the third of the 3 basic no-go theorems, so they all correspond
to LSM constraints, and the classification of LSM constraints is Z3. It is straightforward to check that
a;[(=1)%] = (=1)%i for i,5 = 1,...,3, where ); is defined in Appendix E.

e Wallpaper group 11: pdm
There are 3 different IWP for p4m, just like p4. The first is the 2-fold rotation center of C%, the second
is the 2-fold rotation center of T3T>C3, and the third includes the 2-fold rotation centers for 77C% and
T,C3. All these IWP are also on some mirror axes, and the first two are also 4-fold rotation centers. The
fractionalization patterns of p4m are classified by H?(pdm,Zs) = Z§. All fractionalization patterns are
genereated by 6 root patterns, detected by the topological invariants

o] = #CRC)
! w(1,1)
a [w] - W(TlTQCZ,TlTQCE)
SR w(1,1)
ag[w] _ w(TlCZ,Tle)
w(1, 1) (F11)
_ w(M, M)
aalel = =05
- W(T1M7 TlM)
asll = =20 1)
046[(.0] _ W(C4M, C4M)
w(1,1)

The first three topological invariants are related to the third of the 3 basic no-go theorems, so they correspond
to LSM constraints, and the classification of LSM constraints is Z3. The last three are non-LSM constraints.
It is straightforward to check that a;[(—1)] = (=1)% for 4,j = 1,...,6, where ); is defined in Appendix
E.

e Wallpaper group 12: pdg
There are 2 different IWP for pdg. The first includes the 2-fold rotation centers of C§ and T1T2C?%, and
the second includes the 2-fold rotation centers of TlC’Z and TQCZ. Note that the first IWP are also 4-
fold rotation centers, and they do not lie on any mirror axis. The second IWP lies on some mirror axes.
The fractionalization patterns of pdg are classified by H?(pdg, Zo) = Z3. All fractionalization patterns are
generated by 3 root patterns, detected by the topological invariants

_w(C}CY)
abl ="
e (F12)
w(TyG, TG
aglw] = LTl

w(1,1)
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The first two topological invariants are related to the third of the 3 basic no-go theorems, so they cor-
respond to LSM constraints, and the classification of LSM constraints is Z3. The last one is a non-LSM
fractionalization pattern. It is straightforward to check that a;[(—1)%] = (—1)% for i,j = 1,...,3, where
A is defined in Appendix E.

e Wallpaper group 13: p3
There are 3 IWP for p3, and they are all 3-fold rotation centers. The fractionalization patterns of p3 are

classified by H?(p3,Zs) = Zy. All fractionalization patterns are generated by a root pattern, detected by
the topological invariant

a[w] . W(Tl, Tg)

= oD T (F13)

This topological invariant is related to the first of 3 basic no-go theorems, so it corresponds to an LSM
constraint, and the classification of LSM constraints is Zy. It is straightforward to check that a;[(—1)*] =
—1fori,j=1,...,8, where A\ is defined in Appendix E.

e Wallpaper group 14: p3ml

There are 3 different IWP for p3ml, and they are all 3-fold rotation centers, just as in p3, but they also
lie on the mirror axes. The fractionalization patterns of p3m1 are classified by H?(p3ml1,Zs) = Z3. All
fractionalization patterns are generated by 2 root patterns, detected by the topological invariants

o [w] _ w(Tl,TQ)

! W(TQ,Tl)
w0, 1) (F14)

b=y

The first topological invariant is related to the first of the 3 basic no-go theorems, so it corresponds to an LSM
constraint, and the classification of LSM constraints is Zo. The second one is a non-LSM fractionalization
pattern. It is straightforward to check that a;[(—1)%] = (=1)% for i,5 = 1,2, where )\; is defined in
Appendix E.

e Wallpaper group 15: p3lm

There are 3 different IWP for p31m, and they are all 3-fold rotation centers, just as in p3, but only one of them
also lies on the mirror axes. The fractionalization patterns of p31lm are classified by H?(p31m,Zy) = Z3.
All fractionalization patterns are generated by 2 root patterns, detected by the topological invariants

o [w] _ w(Tsz,M)
b=

The first topological invariant is related to the second of the 3 basic no-go theorems, so it corresponds to an
LSM constraint, and the classification of LSM constraints is Zs. The second is a non-LSM fractionalization
pattern. It is straightforward to check that a;[(—1)%] = (=1)% for 4,5 = 1,2, where ); is defined in
Appendix E.

e Wallpaper group 16: p6

There are 3 different IWP for p6, and they are centers of 6-fold, 3-fold and 2-fold rotations, respectively.
The fractionalization patterns of p6 are classified by H?(p6,Z,) = Z3. All fractionalization patterns are
generated by 2 root patterns, detected by the topological invariants

w(l,1)
o [w] o w(Tng’,Tng’) (F16)
T LD

Both topological invariants are related to the third of the 3 basic no-go theorems, so they both correspond
to LSM constraints, and the classification of LSM constraints is Z3. It is straightforward to check that
a;[(=1)M] = (=1)% for 4,5 = 1,2, where ); is defined in Appendix E.
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e Wallpaper group 17: p6m

There are 3 different IWP for p6m. Just as p6, they are 6-fold, 3-fold and 2-fold rotation centers, respec-
tively. Here all IWP also lie on some mirror axes. The fractionalization patterns of p6m are classified by
H?(pbm,Zy) = Z35. All fractionalization patterns are generated by 4 root patterns, detected by topological

invariants
o = LD
w(l,1)
a [ } . w(Tng,Tng)
2= )
(M M) (F17)
asl] ==
] = HLCRM.CRM)
w(1,1)

The first two topological invariants are related to the third of the 3 basic no-go theorems, and they cor-
respond to LSM constraints, and the classification of LSM constraints is Z3. The last two are non-LSM
fractionalization patterns. It is straightforward to check that a;[(—1)*] = (—1)% for 4,5 = 1,...,4, where
A; is defined in Appendix E.

G. Topological characterization of LSM constraints in (1 + 1)-d

In this appendix, we present the derivation of the topological characterization of the LSM constraints for
(14 1)-d Gs x Gy symmetric spin systems, where the results are already given in Sec. IIB 3.

First, we note that an argument similar to the one in Appendix B for the (2 + 1)-d case shows that in this case
the relevant cocycle can be written as

9(91792793) = eiWA(ll)n(a%aB) (Gl)

where g; € G X Gy 1s written as g; = [; ® a;, with [; € G4 and a; € Gyt The cocycle for the nontrivial (14 1)-d
Gint SPT is precisely 6“”7(‘“"12)7 and A can be viewed as a cocycle in H' (Gs,Z3). Furthermore, A is determined
completely by G, and the lattice homotopy class, and it is the same for all G;,,; with Z5-classified PR and for all
PR type of the system.

When G = pl, the line group that only contains translation generated by 7', the lattice homotopy picture im-
plies that the LSM constraints in this case are classified by Zs, and the only nontrivial LSM constraint corresponds
to the case where the total PR inside each translation unit cell is nontrivial. On the other hand, H!(p1,Zy) = Zs,
so there is also only one nontrivial cocycle. Writing an elment in pl as 7% with € Z, A(T") = [z]2 is a rep-
resentative cochain of the nontrivial element in H!(p1,Z,). So we can identify the cocycle corresponding to the
nontrivial LSM constraint as

g1, g2, g3) = 7o) (G2)

When G4 = plm, the line group that contains a translation generated by T and a mirror symmetry generated
by M, with commutation relation MTM = T~!, there are two IWP in each translation unit cell, which are the
mirror centers of M and T'M, respectively. The lattice homotopy picture implies that the LSM constraints in this
case are classified by Z2, and the two root LSM constraints can be taken to correspond to the cases where the
total PR at one of the two IWP is nontrivial. On the other hand, H'(plm,Zz) = Z3, so all nontrivial cocycles
in H'(plm,Zs) must correspond to some nontrivial LSM constraint. These cocycles can be generated by two
roots represented by A (T*M™) = x + m and A\(T*M™) = x, with z € Z and m € {0,1}. So the cocycles
corresponding to the LSM constraints can also be generated by

im(z1+m1)n(az,az)

01(91792,93) =€

(G3)
QZ(gla 92, 93) =€

irzin(az,a3)

where g; € G5 X Gy is written as g; = T M™i ® a;, with a; € Gipng.
Now our task is just to identify €2; and Qs with the distributions of DOF that trigger the LSM constraint. To
this end, first note that if M is broken while T is preserved, both Q; and Qs reduces to Eq. (G2), which implies
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that both of them correspond to a distribution of DOF with a net nontrivial PR inside each translation unit
cell. So one of them must correspond to the case where the mirror center of M hosts a nontrivial PR, while the
other corresponds to the case where the mirror center of T'M hosts a nontrivial PR. Suppose the mirror center of
T M hosts a nontrivial PR, then after breaking the translation symmetry while keeping M unbroken, the system
should have no LSM constraint. Only 2 satisfies this condition, so this distribution of DOF is identified with
Qs, and 2y corresponds to the case where the mirror center of M hosts a nontrivial PR.

H. More details of the Stiefel liquids

In this appendix, we discuss more details of Stiefel liquids, some of which do not appear in Ref. [15].

First we present some suggestive argument, but not rigorous proof, supporting that SL(N>6) are non-Lagrangian,
i.e., they cannot be described by any weakly-coupled renormalizable Lagrangian in the UV. The key observation
is that it appears unlikely for such Lagrangians to realize the SO(N), SO(N — 4) and reflection symmetries of
SL(V). To see it, let us start with even N. Usually in such a Lagrangian, symmetries like SO(N) and SO(N — 4)
are flavor symmetries, and there is a reflection symmetry that commutes with flavor symmetries. However, due
to the locking between spacetime orientation reversals and improper rotations of O(N) and O(N — 4), SL(V)
has no such a reflection symmetry. This suggests that SO(N) and SO(N — 4) cannot be simultaneously flavor
symmetries. In the special case of N = 6, which does have a renormalizable Lagrangian description, indeed
only SO(6) but not SO(2) can be identified as a flavor symmetry. In this example, the SO(2) is realized as the
flux conservation symmetry in the gauge theoretic formulation. For N > 6, there is no known generalization of
the flux conservation symmetry that can give rise to symmetries like SO(N — 4). This indicates SL(V>6) with
an even N may be non-Lagrangian. Due to the cascade structure of SLs [15], it also suggests all SLV>6) are
non-Lagrangian.

We emphasize that the above is just a suggestive argument, but not a rigorous proof. There can be ways to
get around the above obstruction, by, e.g., implementing some symmetries via dualities, considering Lagrangians
in very complicated forms, showing that Lagrangians with smaller symmetries can have emergent symmetries
of the SLs, etc. After finding a Lagrangian that can realize the symmetries of a SL, one still needs to make
sure that its anomaly and low-energy dynamics match with the SL, which appears also challenging. If all these
nontrivial challenges can be overcome and a renormalizable Lagrangian can be found to describe the SL at the
end, we believe this process can generate new insights and teach us some valuable general lessons of quantum
field theories.

Next we discuss the anomalies of SLs, which should be captured by g, an element in H*(Gigr,U(1),), where
Gir = (O(N)T x O(N — 4)T)/Zy. Consider the projection: pgr, : Gir = O(N)T x O(N — 4)T — Gir, which
induces a pullback pZ; : H*(Gir,U(1),) — H4(C~¥IR, U(1),). The pullback of (g, Qr = péLSur, is given by
Eq. (21), in a form Qg = e8| with Lig € H*(Gir,Z2) [15]. For even N, the structure of Qg is still not
completely understood, but it is known that Qg misses some important information. In particular, the form of
Qg suggests that two copies of SL(Y) would be anomaly-free. However, only four copies of SLV) is anomaly-free,
while two copies is still anomalous [15].

For odd N, because O(N)T = SO(N)xZI, H*(Gir,U(1),) has the structure of Z% with some k € N, and there
exists Lig € H*(G1r,Zy) such that Qg = e’"L=. Now notice that the pullback from H*(Gigr,Zs) to H*(G1r, Zs)
induced by pgy, is injective, and hence we can uniquely identify Lig from Lir. The result is

w%wgo(N), N =1 (mod 8)
9 SO(N-—4)
_SO(N) SO(N—4) SO(N) SO(N—-4)\  SO(N—4) WiWy , N =3 (mod 8
Lig=w +w + (w +w ) w + H1
e * * ? 2 2 w%(wgo(N) +w?}), N =5 (mod8 )
w%(wgo(N_‘l) +w?), N =7 (mod 8)

where wa(N) and wa(N%) are the i-th Stiefel-Whitney (SW) class of the SO(N) and SO(N —4) gauge bundles.
Considering enlarging SO(N) and SO(N —4) to O(N) and O(N — 4), w; is sum of the first SW classes of the
O(N) and O(N — 4) gauge bundles. Due to the locking between spacetime orientation reversals and improper
rotations of O(N) and O(N —4), wy can also be viewed as the first SW class of the tangent bundle of the spacetime
manifold.

Finally, we discuss the effects of relevant operators on the DQCP (SL®)), DSL (SL(®)) and SL("). Because
the low-energy dynamics of these states are not fully settled down, this discussion is also conjectural, and it is
important to study these issues in a more rigorous manner in the future. However, given our understanding of

these states, we believe the expectations below are reasonable.
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For all SLs, the (Vr,, V) operator (or the SO(5) vector for DQCP) should change the emergent order of the
state. Due to the cascade structure among SLs [15], it is natural that this operator will just drive SL(Y) to
SLV-1) (for DQCP, it simply gaps out the state). The time-reversal breaking operator that is a flavor singlet is
likely to drive the state into a semion topological order, and this expectation is supported by the gauge-theoretic
formulations of DQCP and DSL, as well as the fact that the semion topological order can match the anomaly of
SL(V) if time reversal is broken (for all N > 5) [15]. The (AL, Ag) operator (for all N > 6) is expected to convert
SL™) into certain spontaneous-symmetry-breaking state, as supported from the gauge-theoretic formulation of
DSL [18, 57, 58]. For DQCP, the traceless symmetric rank-2 tensor of SO(5) drives the state into a spontaneous-
symmetry-breaking state, and this operator is the tuning operator of the Neel-VBS transition in the standard
realization of DQCP [16, 17]. All these operators change the emergent order of the states.

The remaining relevant operators to be discussed are the conserved current operators, whose effects on various
states are complicated. It turns out that some of them can change the emergent order of the states, while others
only shift the “zero momenta”.

The simplest way to discuss it is perhaps to start from DSL, which has a relatively simple gauge-theoretic
formulation in terms of Ny =4 QEDs:

4
L= il — oy ™ (12)
i=1

There are conserved currents due to the SO(6) and SO(2) symmetries, where a natural basis of the SO(6) currents
is QZW#TS“(4)¢, with -y, the Dirac matrices and T(su(4) the generators of su(4) in its fundamental representation,
and the SO(2) currents are €,,,0”a*/(27), with a the emergent U(1) gauge field. If the time component of the
SO(6) currents is added as a pertubation to the DSL, the Dirac fermions will be doped and acquire a finite Fermi
surface, so the emergent order of the state changes. If the time component of the SO(2) currents is added, the
Dirac fermions will experience magnetic fields, Landau levels will form, and the emergent order of the state also
changes. Below we discuss the effect of the spatial components of the currents.

For the SO(6) spatial currents, depending on the choice of T’ (su(4) and Yu, various effects can be triggered. For
example, the current ¢y,030t) merely shifts the positions of the Dirac cones in the momentum space in a flavor-
dependent way, which does not really change the emergent order of DSL (here 0;; = 0; ® 0, where 0;=0.1,2,3 are
the identity and standard Pauli matrices). The same is true for 1 (7,030 +7,003)%. However, as another example,
Y (V2003 +,033)% actually converts the 4 Dirac cones into 2 pairs of quadratic band touching (and another 2 pairs
of gapped bands), which does change the emergent order of the state. By examining the effect of different spatial
currents, one can see more complicated patterns. Although a systematic description of the effects of these spatial
currents is lacking, it can be analyzed in a case-by-case manner. These spatial currents can all be converted into
the language of SL(6)Lin terms of the 6 x 2 matrix n. For example, using Appendix E of Ref. [15], we see that
YY20300 ~ N3i0xM45, V(Y2030 + Vy003)Y ~ N3i0xn4i + N1i0ynai, and (V023 + 7y033)Y ~ N4i0:N6i + 150y M-

Next we turn to the SO(2) spatial current, which in the language of SL(®) is n;; Oz.yMi2, and in the gauge theory
is the electric field of the emergent U(1) gauge field. It is not obvious what this perturbation does to the DSL.
However, we argue that its effect is also to shift the zero momenta. To see it, we consider Ny = 2 QEDj3, with
Lagrangian

2
L= bbb~ oy ™ (113)

i=1

This theory is argued to describe the easy-plane DQCP, which has an emergent O(4) unitary symmetry (not to
be confused with the DQCP we have been discussing, which has an emergent SO(5) unitary symmetry) [19]. In
this theory, @Z’ym,yagw clearly only shifts the zero momenta without changing the emergent order of the state. On
the other hand, the improper Zs rotation of the O(4) symmetry maps this operator into the electric fields of the
emergent U (1) gauge fields [19], which means that the electric fields also play the role of shifting the zero momenta
without changing the emergent order. So we propose that in DSL (i.e., SL(®), the SO(2) spatial currents also
only shift the zero momenta, but maintain the emergent order.

Now we turn to DQCP (SL(®)), which has a couple of gauge-theoretic formulations [19]. From any of these
formulations, one can see that the time component of the SO(5) currents changes the emergent order of the state.
The formulation that has a manifest O(5)7 symmetry is an SU(2) gauge theory with 2 flavors of Dirac fermions,
where the SO(5) symmetry is the flavor symmetry of these Dirac fermions. Under similar consideration of the
SO(6) spatial currents in DSL, we see that the effects of the SO(5) spatial currents in DQCP are also complicated
and need to be analysed in a case-by-case manner: some of them changes the emergent order of the states, while
others only shift the zero momenta without changing the emergent order.
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We remark that the effects of the spatial currents actually impose very strong constraints on the possible results
of our anomaly-based framework of emergibility. Within this framework, it is easy to see that all realizations of
DQCP and DSL on p6m x O(3)T and p4m x O(3)T symmetric lattice spin systems must have all entries of n
locating at some high-symmetry momenta in the Brillouin zone, because all possile symmetry embedding patterns
satisfy this condition. This means that in all realizations, it is impossible to have a spatial current operator that
is allowed by the microscopic symmetries and can shift the zero momenta. As we have explicitly checked, this
is indeed true for all realizations obtained in our anomaly-based framework, which can be viewed as a highly
nontrivial sanity check of this framework — It nicely corroborates the validity of the hypothesis of emergibility,
the proposal that DSL can indeed be described by SL(®, and the dynamics of DSL.

Finally, we turn to SL(7)| whose low-energy dynamics is poorly understood so far. It is still likely that the time
component of the SO(7) and SO(3) currents will change the emergent order. For the spatial currents, we propose
the following rule. Writing an SO(7) spatial current operator as a sum of terms of the form n;,;0; ,n,;, then we
consider the effect of the same operator in DSL (it turns out that all such operators allowed by our microscopic
symmetries only involve at most 4 rows of n, so its corresponding operator in DSL can always be found). If this
operator changes the emergent order of DSL, then it also changes the emergent order of SL(7), and if it only shifts
the zero momenta of DSL, it also only shifts the zero momenta of SL(7). For the SO(3) spatial currents, it can
be expanded as a sum as ~ a1n10, M2 + a2M310:Mi3 + a3Ni20, M3 + b1ni1Oynio + bang1Oynis + banpdynis. We
propose to first convert it into an SO(7) spatial current ~ a1n1;0;n2; + a2n1;0,N3; + a3N2;OyNz; + b1n1;0yna; +
bani;Oyns; + bsng;Oyng;. If this SO(7) spatial current changes the emergent order (only shifts zero momenta)
using the the above criterion, then the original SO(3) spatial current also changes the emergent order (only shifts
zero momenta).

The above proposal is of course conjectural, and more rigorous work is needed to fully settle it down. However,
this proposal is supported by our results of anomaly-matching. We have checked all realizations of SL() obtained
from the anomaly-based framework of emergibility, and found that the current operators that can shift zero
momenta (according to the above proposal) are allowed by microscopic symmetries in a realization if and only if
this realization belongs to a family where the momenta of some entries of n can change continuously.

I. More examples of the calculation of pullback

In this appendix, we give three more examples of the analysis of anomaly matching, for SU(2);, DSL and
SL(. In Appendix 14, we also provide relevant formula for the calculation of pullback involving 5-dimensional
representation of SO(3).

1. SU(2): and emergent anomaly

First let us consider a representative (1 + 1)-d quantum critical state, i.e., the (1 4+ 1)-d SU(2); conformal
field theory, which describes the spin-1/2 antiferromagnetic Heisenberg chain at low energies [110-112]. The IR
symmetry of the theory is %;%(2) x 73 = O(4).

Ref. [104] works out the anomaly term of SU(2); after gauging the SO(4) part of Gir = O(4), which corre-
sponds to the interger Euler class of SO(4), e € H*(SO(4),7Z). The bulk topological partition function capturing
this anomaly is the Chern-Simons theory at level (+1,—1) for the two su(2) factors of so(4) =2 su(2) x su(2),
which can be written in terms of two su(2) gauge fields A1), A) as follows

S = 4i /tr <A1 AdAWY + %A(l) AAD A A(1>> —tr (A(Z) ANdA® 4 §A<2> AA® A A(2)> . (11)
i

It is straightforward to inspect that after gauging the ZI part of Gir, the anomaly term should correspond to the
twisted Euler class of O(4), and we denote it by é € H*(O(4),Z,). Note that this anomaly does not correspond to
any element in H3(Grr,U(1),), i.e., the group cohomology (not the Borel cohomology in Ref. [39]) of Gir acting
nontrivially on the U(1) coeffficient — this is the only example in this paper where the Bockstein homomorphism
in Eq. (A18) is not an isomorphism. Hence we need some special care to write down the TPF of the bulk SPT
theory. 1°

15 In this footnote we briefly review how to write down the TPF worked out in Ref. [38]. Suppose a (24+1)-d IR theory has
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Consider the following homomorphism ¢ from Guy = plm x O(3) to Gir = O(4),

T%<_I3 1), M%(I?’ 1), 0(3)%(0(3)T1) (I5)

The LSM anomaly of a 1D chain has been worked out in Appendix G, i.e.,
_ . 7 . o3)7T
Quv = exp(irLyy) = exp (177(:17 + m)ws ) . (16)

We aim to prove that under the homomorphism ¢, the pullback of the IR theory is the UV theory. Specifically,
we need to prove that 6

BQuv) = ¢*(e), (I7)

where § is the Bockstein homomorphism associated to the short exact sequence 1 - Z — R — U(1) — 1.
From the commutativity of the square in the diagram below

H4(GIR, Zp) L H4(GIR, Zg)

I+ £ e
B

H3(GU\/,Z2) *Z> HS(GUv,U(l)p) E— H4(GUV7Zp) L) H4<GU\/,ZQ>
we just need to prove that

SO (Luv) = ¢*(B(€)). (19)

In particular, on the left hand side we have
T
SO (Lyy) = (z + m)wd® (110)

T
according to Appendix A 4, where w30(3) = w50(3) + tng(s) + 3 and t € H(ZI,Z5) corresponds to the gauge

field of time-reversal symmetry when pulled back to the spacetime manifold M3. On the right hand side we have

0(4)

p(é) =w, ", and

o* (w40<4>) = (z+m) (w50<3> +(t+2)wd%® 4+ (¢ + x)3) (111)
Finally, using the cohomology relation z? = xm, we see that both sides are equal to each other. Hence we
establish that the pullback of the anomaly of IR CFT SU(2); under the homomorphism ¢ as in Eq. (I5) is the
LSM anomaly of (1+1)-d spin chain.

Below we discuss the phenomenon of emergent anomalies. Following Ref. [8], by imposing an extra constraint
T? = 1, we can factorize ¢ acting on plm into two pieces, i.e., a projection p on Zy x Z;y generated by T or M,

gauge symmmetry G and is defined on the manifold M3, which
serves as the base space of some principal bundle of G. Given
an element w € H*4(G,Z), it is possible to define a 3d topo-
logical gauge theory of G as follows

where (8 is the Bockstein homomorphism associated to the
short exact sequence 1 -+ Z — R — U(1) — 1. In particular,
when G = SO(4) and a corresponds to the Euler class e, Q
can be explicitly written as follows,

1 1 1 2 2
S:%(/ Q—('\/*w,[34]>) mod 1, (12) ngﬁ(tr(ﬂ)AF())_“(F()AF()))' (14)
By
In the presence of anti-unitary symmetries, the manifold M3y
is assumed to be non-orientable. Then we have to choose By
to be non-orientable as well, and demand [B4] € H*(B4,Zq)
to be the fundamental class of the non-orientable manifold By
twisted by the orientation character w [100].
There are two terms in Eq. (I12). The first term will become
0 when pulled back to Gyv, which can be explicitly checked
by considering the diagonal embedding of the Lie-algebra of
s0(3) = su(2) into so(4) = su(2) x su(2). Then we just need
S = (v (/3—1@)))7 [Ma]), (13) to consider the pullback of the second term.

where 2 is the de Rham representative of the image of w in
H*(BG,R), [B4] € H4(B4,Z) is the fundamental class of the
manifold B4 that bounds n copies of the manifold M3 with

some extension of the principle bundle of G, and = is the clas- 16
sifying map of the extension. When w is a torsion element,

) = 0, and we retrieve the more familiar form of TPF
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where T acts trivially on U(1) or Z while M acts nontrivially on U(1) or Z, composed with an embedding ¢ of
the Zy X Zg into O(4).

p=¢op:  plm=17ZxZy —L Ty x Ly —2 O(4) (112)
With slight abuse of notation, we denote the gauge field of T as z as well. Then we have
T
o (wg(4)> =(z+m) (w?o(?’) +(t+ z)wfo( )4 (t+ 1:)3) =59t ((x + m)wg@) + (z+ m)xQ) (113)
T
in H*(Za x Zs x O(3)T, Z3). According to the terminology in Ref. [8], the first term (x + m)wQO(g) as in Eq. (I6)
is the intrinsic anomaly, while the second term (x + m)z? is identified as the emergent anomaly. The emergent
anomaly should be absent when pulled back to plm, which is guaranteed by the relation (z + m)xz = 0 present
in plm. As a sanity check, in the absence of mirror symmetry, i.e., in the line group pl, the intrinsic anomaly
T
becomes .Z"LU;) " and the emergent anomaly becomes 23, consistent with the example in Ref. [8].
We envision that similar emergent anomaly will be present in IR theories emerging from a 2d lattice system
with wallpaper group G, because a lot of cohomology relations of G5 will be absent when projected to a finite

group by imposing 77" = T4 = 1 for some integer n. More precisely, write G5 = (Z x Z) x Oy, if we can find an
integer n such that ¢ : Gy — Gir factorizes as the composition of projection and another embedding

p=pop:  Gy=(ZxZ)x0y —L Gy=(Zp x Zp) x Oy —2— G, (114)

then ¢*(Qr) € H*(Gs X Gint, U(1),) will generically not be in the form of exp(imAn) with A € H?(Gy,Zs) and
n € H%(Gint, Z2), but contains a nonzero piece that nevertheless vanishes when pulled back to Gy, using certain
cohomology relations of G that is not present in G,. Specifically, when n = 2, of the 3 important relations
displayed in Appendix E, the first two relations, i.e., 22 = 0 in pl and 22 = zm in plm, will be absent when
projected to G5, while the third relation, i.e., Az4yAn = 0 in cm, will still be present when projected to Gj.

For example, when the IR effective theory is the DQCP emergent from a square lattice spin-1/2 system with
wallpaper group pdm, we can choose n = 2 and G, = = (Zo X Z3) x Dy. The Zy cohomology ring of G, is

Zo|Agsy, Am, Ac, Byy, Be2,B,. w+y]/(Ax+yA =0, (Am+ Ac)A:c =0, Beay)Ac =0,

(115)
Be(wty) (Betwy) + Awty(Am + Ac)) = (A7, + A2) Bay + ALy, Be2),

with the pullback of By, equal to Azyy(Aziy + Ay) in H*(pdm,Zp), and the pullback of
Apty, Am, Ac, Byy, Be2 their namesake. Then from the fact that the IR anomaly of DQCP corresponds to

wl®) € H5(0(5),Z,), we have

" (0)?) = (Bay + Begery) + Bea) (05°% + (£ + Ap)us OF + (0 + 4,.4,)%)
(116)
= SQ" ((Bay + Beery) + Bea) g™ + (Bay + Bugory) + Bea) AZ,,,)

o\ T
The first term (Ba:y+BC(x +y)+Bcz)w20 @7 s again the intrinsic anomaly, while the second term

(Bzy + Be(aty) + BC2) Aiﬂ/ is the emergent anomaly that vanishes when pulled back to G5 = p4m. This is
a slight generalization of the result in Ref. [8] to the whole group p4m.

2. DSL

Next consider DSL [15, 57, 113], whose IR symmetry Gig is %20(2), where an improper rotation of either

O(6) or O(2) complex conjugates the U(1) coefficient of H*(Gir,U(1),). The precise form of the anomaly
term for Gir is unknown, yet it is possible to write down its pullback to O(6) x O(2) under the projection

p:O(6) x 0(2) — AOXCE [15]
QR = exp(inIR)

= exp [m <w40(6) +w§)(6) ( 0(2) ¥ (w 0(2)) ) i (<w;)(2))2 +w20(2) (w?(2))2 n (w?(g)f))} (I17)
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where Lig € H*(O(6) x O(2),Z3). On a triangular lattice, we consider the following example embedding ¢ of
GUV = p6m X O(3)T into GIR,

I3
1 _1 _V3
T :n — 1 n \/g %
1 2 T2
I
’ —1 _1 _ 3
Ty :n — . n é _i
1 2 2
I3
1 1 (118)
Ceg:n— 1 n( _1>
-1
I3
-1
M:n— . n
1

0B)T :n— ( o@)" N ) n

Note that ¢ factorizes into an embedding ¢ into O(6) x O(2) composed with the projection p, i.e., ¢ = po @.
In fact, for Guy = G5 x O(3)T with any G, if ¢ satisfies the condition that some but not all entries of n are
left invariant under SO(3), then ¢ can always factorize into p o ¢, where ¢ is a homomorphism from Gyy to
0(6) x O(2). Therefore, we can think of the IR symmetry as O(6) x O(2) for simplicity in the calculation of
pullback. Moreover, we can always choose ¢ such that G acts as identity and ZI acts as minus identity in the
block where SO(3) acts.

The LSM anomaly of a triangular lattice spin-1/2 system has been obtained in Appendix E, and we repeat it
here

Quv = exp(inLuy) = exp (m (Bay + Ac(Ae + A)) w§<3>T) : (119)

where Lyy € H*(Guv,Z). We wish to prove that Quy = ¢*Qr, which amounts to proving Quy = @*QIR.
Again, from the commuting diagram Eq. (24) (with Gir changed to O(6) x O(2) and ¢ changed to @), we just
need to prove that

SQ'(Lyy) = ¢* (591@11%)) . (120)

According to Lemma A.1, we have
S Fn) =+ Ouf 4 uf (a4 @) g ) )
+ w10(6) ((w;)(?))2 + w20(2) (wlo(Q))z + (wlo(Q))4) + ((wZO(Q))Qw?(Q) + (w10(2))5) )

On the other hand,
1 oB)T
SQ (Lyv) = ((Bay + Ac(Ac + Ap)) wg , (122)

T
where wg(?’) = ng(B)) +tw§o(3) +t3and t € H(ZYL, Zy) corresponds to the gauge field of time-reversal symmetry
when pulled back to the spacetime manifold M.

What remains is the calculation of the pullback ¢* (S Ql(EIR)), which is a straightforward application of the
Whitney product formula. In particular, considering the O(2) block, the pullback gives

@* (w?(2)> — AC

o (w20(2)> =0 (129)
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On the other hand, O(6) factorizes into two 3 x 3 blocks, and for the lower 3 x 3 block we have

7 (wP®) = A+ A,
& (w)®) = Byy + A2 (124)

7" (w§<3>) = AcBay + A2(Ac+ Ap)

Assembling the Stiefel-Whitney class of the lower O(3) and upper O(3)7 into the Stiefel-Whitney class of O(6),
we have

7 (0@) = wf " (Buy + 42) + w0 @ (AByy + A2(A + Ay))

7 (0 ) = 0§ (Ao + An) + 0§ (Bay + AZ) + UABuy + A2(A + Ap))

& (09©) = 0" L uf D (A4 A,) 1By + A2) + (AcBey + A2(Ac + A,)) (125)
7 (0§ @) = wf®" 4 t(Ac+ Ap) + (AcBay + A2(Ac+ An)

7 (w?) = t+ (Ac + An)

Combining Eqs. (I21), (I22), (123) and (I25), indeed we get Eq. (120). Hence we establish that Quyv = ¢*Qug.

3. SL®™

The next examples we want to consider are two realizations of N = 7 Stiefel liquid, i.e. SL("), proposed in
Ref. [15] (see Sec. VII D therein). The IR symmetry Gg of the theory is %20(3), and the precise form of the
anomaly is given in Eq. (H1) for N = 7. However, following the example in Appendix 12, for the sake of the

analysis of anomaly-matching, we can again think of the IR symmetry as O(7) x O(3) and consider the pullback
of the anomaly under the projection p : O(7) x O(3) — %20(3),

QIR = exp(z'ﬂ'im) (126)
126
— exp (m (wff(” T w20(7> (w20<3) i (w?(i%))z) i ((w20<3))2 i w;)(:s) (w10<3>)2 n (w10(3>)4>)>

where Lig € H*(O(7) x O(3),Z3). We will omit the tilde symbol in the following calculation.
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On a triangular lattice, we consider the following embedding ¢ of Gyy = pbm x O(3)T into O(7) x O(3),

I3
1 V3
2 2 1
Ty :n— 7@ f% n -1
_1 V3 -1
2 2
_¥3 1
2 2
I3
1 V3
2 2 -1
T :n — 7@ f% n 1
_1 V3 -1
2 2
_¥3 1
2 2
I3 (127)
1 1
Cﬁ n— —1 n 1
1 1
-1
I3
-1 1
M:n— -1 nl 1
1 1
1
T o))"
013)" :n— < )"
Again, the LSM anomaly of a triangular lattice spin-1/2 system is
_ . _ . o®B)7T
Quy = exp(itLuy) = exp (i (Bay + Ac(Ae + Ap)) 0@ )| (128)

where Lyyv € H*(Guv,Zz). We wish to prove that Quy = ¢*Qir. From the commuting diagram Eq. (24), we
just need to prove that

SQ' (Luv) = ¢* (SQ'(Lr)) - (129)
According to Lemma A.1, we have

SO (Lin) =P 4+ wfMwO® 4,0 (wgw) +(w§3(3>)2> +wl® (w§<3> +(w?(3))3)

(130)
o(7 O(3 O(3 O(3 O(3 O(3 O(3 O(3 O(3 O(3
+ @ ()2 4 wf @) 4 (@) + (0)P WD) + ()2 + (@)
Also,

SO (Luv) = ((Buy + Ac(Ac + A)) w®" (131)

T -
where w??(s) = w:fo(?’) +tw25 443 andt € H (Z%,Zs) corresponds to the gauge field of time-reversal symmetry

when pulled back to the spacetime manifold M.

ol

What remains is the calculation of the pullback ¢* (S Ql(LIR)), which is a straightforward application of the
Whitney product formula. In particular, O(7) factorizes into one 3 x 3 block and two 2 x 2 block, and for the
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O(3) part and the O(7) part seperately, the pullback gives

o (w?) = A,

- <w33>):

o (w5®) =0

ot (wf ™) =1

o (w)") = SO(3)+t2+A2+A2 + A A, 152
@ (W) ) = (wOF + 1w ) A2+ AL+ A A) + AcAm(Ae + Ap),

o* (09 D) = §OF +)(A2 + A2, + A A) + EAAR(Ac + Ap),

o (08T = (5P + 1w 4 19) (42 4+ A2, + A A) + (w50 + 1) AA (A + Ap),

Substituting them back into Eq. (I30), and using the cohomology relation Bgy = B2 By, indeed we get Eq.
(I31) as promised. Hence we establish that Quy = ¢p*Qig.

On a Kagome lattice spin-1/2 system, we consider the following embedding ¢ of Guyy = pém x O(3)T into
0(7) x 0(3),

1
Ti:n—n -1
-1
-1
To:n—n 1
-1
I3
-1 -1
Cs:n— 1 nl 1
I
1 1 (133)
-1
I3
—1 -1
M:n— -1 n| —1
1 1

The LSM anomaly of a Kagome lattice spin-1/2 system is
Quv = exp(inrLyy) = exp (mbwQ " ) . (134)

Again, we wish to prove that Quy = ¢*Qir by proving SQl(LUV) = * (SQl(LIR)). SQl(LIR) is given in Eq.
(130), while for SQ'(Lyy) we have

SO (Luv) = Byyuwl™". (135)
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It is now straightforward to calculate the pullback of various Stiefel-Whitney classes in Eq. (130),

w (136)
— w12 4 A 4 A2+ A A, + A2,

_ (w§0(3) + w0 4 t3) + (wfo(?’) + t2> Ap+t (A2 + A A, + A2) + A2,
= (w50 + 4050 ) At (w50 42 (A2 AAp + AZ) + AT+ A2 A (A + Ap),
" (w§<7 ) - (w§0<3) + w0 4 t3) (A2 4 A A, + A2) + (w§o<3) + t2) AP+t A2 A (Ao + Ap).

Substituting them into (I30) and using the cohomology relation Bgy = B.2B,,, indeed we get Eq. (I35), and
thus establish that SQ' (Lyv) = ¢* (SQI(LIR)).

4. Five dimensional representation of SO(3)

In all previous examples presented in this appendix, the SO(3) spin rotation symmetry is embedded into
the IR symmetry Gir as a 3 dimensional representation. It is natural to consider embedding involving other
representations of SO(3), whose physical relevance is illustrated in Section V. In this sub-appendix, we present
formula relevant to mapping SO(3) into Gir as a 5 dimensional representation of SO(3).

First consider the 5 dimensional representation 5 : SO(3) — O(5) of SO(3) alone, which can be thought of as
a symmetric traceless tensor V5, whose 5 basis are

1 1 1

ﬁ(m ®@ng +ng @n1), ﬁ(m@ng—kng@ng), ﬁ(n3®nl+n1®n3), .
1 1

— (e ®ny —n3®@ng), —= (2n1 ® N1 — N2 ® Ny — n3 @ ng),

V2 V6

where ny 5 3 form an SO(3) vector. Consider the Z3 subgroup of SO(3), generated by m-rotations around the z-
and y-axes, respectively. Using the above 5 basis, these two m-rotations are mapped into diag(—1,1,—1,1,1) and
diag(—1,—-1,1,1, 1), respectively, from which (or from the splitting principle [102]) we see that

* O(5 SO(3 * O(5 SO(3 * O(5 * O(5 * o5
<p5(w2()):w2 (), %05(7113()):1”3 ()> %05('“’1()):07 905(1”4()):07 @5(“’5()):0 (138)

Now go back to Guy = SO(3) x G and consider a 5 dimensional representation o5 : Guy — O(5) that can be
written as V5 ® V1, where V5 denotes the 5 dimensional representation of SO(3) while V; denotes a 1 dimensional
real representation of G correponding to z € H 1(@, Zs). Again from inspecting the action of the diagonal Z32
subgroup, we have

5 (w10(5)) =,

ot (459) =520

i (w?)o(‘r’)) = wﬁa(‘” + waSO(B), (139)
o (w40<5)> = 2205 4 o4,

7o (w50(5)> = J;nggo(g) + x?’wgo(?’) +2°.
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J. Strategy of exhaustive search of SEP and results

In this appendix, we briefly review our strategy of the exhaustive search of SEP. We also illustrate how to
check all the SEPs from the csv data files we provide in the Data_and_Codes folder and the mathematica file
embedding.m, which transforms the data in csv files into matrices representing generators Cs/Cy, M, Ty, Tz and
T. Some interesting realizations have been shown in Sections IV and V.

In order to enumerate all SEPs that match LSM constraints with IR anomaly, we just need to enumerate all
embeddings from Gyy to Gir and, following Section IIT and Appendix I, calculate the pullback ¢*(Qr) to see if it
is identical to Quvy corresponding to a particular LSM constraint. Motivated by quantum magnetism, we assume
that the IR theory will emerge as a consequence of the competition between a magnetic state and a non-magnetic
state. Therefore, we only consider embeddings such that, in terms of the N x (N — 4) matrix n for SLN) | some
but not all entries of n transform under the SO(3) symmetry.

For DQCP, since the IR symmetry is O(5), all embeddings are just composed of representations of Gyy. For
DSL and SL("), even though the IR symmetry is 0(6)220(2) and 0(7)20(3)
on the embeddings, it suffices to only consider embeddings into and which can be respectively
lifted to an embedding into O(6) x O(2) or O(7) x O(3), as discussed below Eq. (118) Therefore, all embeddings
we consider are just composed of real representations of Gyy. In other words, our task to specify an embedding
becomes finding appropriate irreducible representations of Gyy, and fill them into the O(N) and O(N — 4)
matrices in a block diagonal form.

Hence let us make a detour and discuss representations of Guyy = G x SO(3) x ZL. For any two groups
G2, an irreducible representation V' of G x G is V1 ® Vi, where Vj 5 is an irreducible representation of G »,

V2n+l

respectively. So any irreducible representation V of Gyy takes the form of V = 50(3) ® Vs ® Vp, where VSQggl)

is a (2n + 1)-dimensional irreducible representation of SO(3) with n € N, V; is an irreducible representation of
G, and Vp = 41 is an irreducible representation of ZZ. The complete list of irreducible representations V; of G
can be found using the method of induced representations [114-116], and we provide complete lists of irreducible
representations of pdm and p6m in the Mathematica file Representation.nb.

To figure out which representations of Gyy are relevant to our discussions, it is useful to analyze in which
blocks the SO(3) can act nontrivially, with the assumption that some but not all entries of n transform under
the SO(3) symmetry. For DQCP, SO(3) must act nontrivially in a 3-d block, while the rest 2-d block should be
a reducible or irreducible representation of G, x ZI. That is, the relevant representation V of Gyy schematically
takes the form

, respectively, because of the constraints
O(7)><O(3)

O(6)x0(2)
Z

3x3

Viom VI VE
Vbqep = ( 506 ) (J1)

(Vslocs) DVE, sz)ZXZ |

where V! and Vi are 1-d representations of G and Z3 respectively, and V2 - is a 2-d (reducible or irreducible)
s XZ3

representation of G, x ZZ.
For DSL, the block involving nontrivial SO(3) actions can be 3-d or 5-d, and it has to lie in O(6). For SL(7),
the block involving SO( ) should embed into O(7) and can be 3-d, 5-d or 6-d. The 6-d representation takes

the form of Vgo(3) ® VG 7T where Vgo(3) is the 3-d representation of SO(3), and Vé 7 involves either two
s Xbp

1-d representations of Gy x ZI or one irreducible 2-d representation of G x ZI. However, it turns out that
it is impossible to match the anomaly with any LSM constraint in the presence of some 6-d block involving
SO(3). Therefore, for DSL and SL(), we consider two cases, i.e., either SO(3) embeds as a 3-d representation,
corresponding to deconfined quantum criticle points or quantum critical spin liquids in Section IV, or as a 5-d
representation, corresponding to quantum critical spin-quadrupolar liquids in Section V.

For DSL and SL("), we still have freedom to choose the lifting to O(6) x O(2) or O(7) x O(3), and different
O(6)><O(2) O(7)><O(3)
2

embeddings into O(6) x O(2) or O(7) x O(3) may correspond to the same embedding into
For embeddings involving 3-d representation of SO(3), we choose such that only 7 acts in the 3 x 3 block as
—I3, while G, acts trivially in that block. That is, for DSL and SL(7), the relevant representations V of Gyy
schematically take the form as follows

3 3x3
(Vso(g) Rl ® (—1T))

VpsL = )
(VSO(3) ® VG xZT

1 9 2X2
)3><3 X (VSO(B) ® VGSXZ§> (J2)
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and

3x3

(VSSO ®R1s® (*1T)> 3x3
Vs = . )4X4 % (Vslo(:%) ®V§SXZ§> (J3)

1 4
<V50(3) ® Ve, xzr

where 14 is the 1-d trivial representation of G4, and —1p is the 1-d non-trivial representation of Zg. For
embeddings involving 5-d representation of SO(3), we choose such that both ZI" and G act trivially in the 5 x 5
block. That is, the relevant representations V' of Gyy schematically take the form

5X5
(VS{)O(S) ® 1s @ 1T)

VpsL = . )
(VSO(3) ® VGSxZZT

1 9 2X2
>1><1 X (VSO(S) ® VGstQT) (J4)

and

3x3

5X5
(Vow @1 @17)
@ X (V§O(3) ® VGixZE) (J5)

VsLon = L ) 2x2
(VSO(S) ® Vcsng)

where 1, and 17 are 1-d trivial representations of Gy and Z1', respectively.

Having identified all possible embeddings, it is a striaghtforward exercise to calculate the pullback in each
case following Section IIT and Appendix I. We use Mathematica to automate the computation and store results
in csv files in the ancillary folder [59]. For example, data.csv contains data for matching LSM constraints with
IR anomaly of SL(N=%6") wwhen SO(3) embeds into O(6) as a 3-d representaion, while dataSL5Rep.csv contains
data for matching LSM constraints of p4m with IR anomaly of SL(") when SO(3) embeds into O(7) as a 5-d
representaion. Moreover, for both pdm and p6m, there is a single embedding involving 5-d representation of
SO(3) that can match IR anomaly of DSL, shown in Eq. (41), which actually matches IR anomaly with zero
LSM constraint.

To read the embeddings, i.e., to read the explicit image of the generators Cy/Cs, M, Ty, To and T in Gig,
we provide a wrapper file Embedding.m. When SO(3) embeds into Gig as a 3-d representation, it provides two
functions

pdmPrint Embedding|n_Integer, lsm_Integer, p_Integer]

pbm Print Embedding[n_Integer, lsm_Integer, p_Integer]

The arguments are n = 5,6, 7 corresponding to DQCP, DSL and SL(") respectively, Ism = 1,...,8 in pdm or lsm =
1,...,4 corresponding to a particular LSM constraint with the order shown in Table I, and p corresponding to a
position in the array for a particular embedding/realization. When SO(3) embeds into Gy as a 5-d representation
and the IR theory is SL(") it also provides two functions

pdmbdPrint Embedding[lsm_Integer, p_Integer]

p6mbd Print Embedding[lsm_Integer, p_Integer]

with similar arguments and output. Note that in this scenario for DQCP there is no realization, and for DSL
there is a single realization in pdm or p6m shown in Eq. (41). For p4m and SL(M | it also provides a function

Incommensurate Print Embedding[lsm_Integer, p_Integer]

to check whether some embedding corresponds to an incommensurate order, and if it does, output the corre-
sponding incommensurate embedding. An illustration of how to use these functions is provided in ReadMe.nb.
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K. Stable realizations on various lattice spin systems

In this appendix, we list all stable realizations of DQCP, DSL and SL(") on triangular, kagome, and square
lattice half-integer spin systems, as well as those on p6m-anomaly-free systems (including honeycomb lattice
half-integer spin systems and all integer-spin systems with p6m lattice symmetry) and p4dm-anomaly-free systems
(including all integer-spin systems with pdm lattice symmetry). For square lattice, we only list the realizations
in lattice homotopy class with PR at the type-a IWP, from which the ones with PR at the type-b IWP can
be obtained by redefining the C4 center. As in the main text, here a stable DQCP means a realization with
only a single relevant perturbation allowed by microscopic symmetries, so that it can be realized as a generic
(pseudo-)critical point. A stable DSL means a realization with no relevant perturbation allowed by microscopic
symmetries, so that it can be realized as a stable phase. A stable SL(") means a realization with either no relevant
perturbation allowed by microscopic symmetries, or a single symmetry-allowed relevant perturbation that does
not change the emergent order but only shifts the “zero momenta”, so that this realization can still be viewed as
a stable phase. All stable realizations of these states, including those on lattice systems discussed here and also
those on other lattice systems, are explicitly documented in ReadMe.nb.

1. Stable realizations of DQCP

On all these systems, there is a single new stable realization of DQCP, given by Eq. (36), adjacent to ferromag-
netic order on triangular lattice, kagome lattice integer spin systems or honeycomb lattice half-integer/integer
spin systems. There is a known stable realization of DQCP on the square lattice half-integer spin system, given
by Eq. (29), adjacent to anti-ferromagnetic (Neel) order. There is another known stable realization of DQCP
on p6m-anomaly-free system [17], adjacent to anti-ferromagnetic order on honeycomb lattice half-integer/integer
spin systems, given by

IS —13
Tio:n— f% @ n, Cg:n— 1 n,
_¥3 _1 -1
2 2 (K1)
—1I3 T
M:n— 1 n, O(3)7 n_)(O(?)) I )n
1 2

These three are all stable realizations of DQCP.

2. Stable realizations of DSL

On p6m-anomaly-free systems, there is a single stable realization of DSL where the most relevant spin fluctua-
tions carry spin-1, given by Eq. (37). On both p6m-anomaly-free systems and p4dm-anomaly-free systems, there
is also a single stable realization of DSL where the most relevant spinful fluctuations carry spin-2, given by Eq.
(41). Below we discuss the other systems.

Triangular lattice half-integer spin systems

On triangular lattice half-integer spin systems, there are 3 stable realizations of DSL. One of them is known
[15, 57, 58, 69-73], given by Eq. (43), adjacent to 120° order. The other two have identical actions of T} 3, Cs
and O(3)T:

Ig I3

T :n — 1 n, Tr:n— -1

-1
-1 -1

Coinos 111 n(—11>7 O(S)T:n_><0(3)T 13)”



63
The action of the mirror symmetry M in these two realizations are respectively

I3
M:n— n (K3)

and

M:in— - n<11) (K4)

Kagome lattice half-integer spin systems

On kagome lattice half-integer spin systems, there are 3 stable realizations of DSL. One of them is known
[15, 22, 57, 58, 65—68], adjacent to ¢ = 0 order, given by

I3 I3 I3
1 -1 1 N A
T :n — 1 n, To:n— 1 n, Cg:n— K L% _i ,
-1 -1 1 2 (5)
I
-1 -1 0(3)T
M:n— 1 n< 1),0(3)T:n%( (3) Ig)n
-1
The other two have the same actions of T} 2, Cs and O(3)7:
1 1
Ce:n— 1™ T :n— _q n,
1 —1 (K6)
I3
-1 0(3)"
Ty :n— 1 n, 0O(@3)T n—>( (3) Ig)n
-1
And the action of M in the two realizations are respectively
I3
M:n— 1 1 n (K7)
1
and
I3
-1 -1
M:n— 1 n ( 1 ) (K8)
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Square lattice half-integer spin systems

On square lattice half-integer spin systems, there are 3 stable realizations of DSLs. One of them is given by
Eq. (38). The other two have the same actions of T} 2, Cy and O(3)7:

I3 I3
-1 -1 1 -1
Ti :n — 1 n( 1>, Ty :n — 1 n( 1>
1 1 (K9)
I3
1 -1 o(3)T
Cy:n— 1 n( 1), O(3)T:n—>< (3) 13)71
—1
The action of M on these two realizations are respectively
I3
M:n— L 1 n (K10)
1
and
I3
-1 -1
M:n— 1 n ( 1 ) (K11)
-1

3. Stable realizations of SL(”

Below we list the stable realizations of SL(") on various systems.

pbm-anomaly-free systems

On p6m-anomaly-free systems, there are two stable realizations of SL("), both of which have the most relevant
spinful fluctuations carrying spin-2. The symmetry actions of one of them is given by Eq. (42). The other one
has symmetry actions:

15 -1 15

SO(3):n%(@5(SO(3)) I )n, T:n— -1 n 1 , Tha:in— _1 @ n,
2 1
T2

I -1 Is -1
Ce:n— 1 n 1 , M:n— -1 n 1
—1 1 —1 1

Triangular lattice half-integer spin systems

On triangular lattice half-integer spin systems, there are 8 stable realizations of SL(7). The first has appeared
in Ref. [15], given by Eq. (I27).



The second has symmetry actions:

1 -1
T :n—n -1 , To:n—n 1 ,
-1 -1
I3 I3
-1 1 -1
Ce:n— 1 nl 1 , M:n— -1
-1 1
1
T o)"
O3)" :n— ( L )"
The third has symmetry actions:
I3 I3
_1 V3 1 _1 3
2 2 2 2
T :n— _V3 1 n -1 , Th:n— V3 _1
2 2 2 2
1 -1
1
13 IS
1 1 -1
Ce:n— -1 n| 1 , M:n— -1
-1 1 1
1 1
T oB)”
O3)" :n— ( )"
The fourth has symmetry actions:
I3 I3
_1 3 1 _1 3
2 2 2 2
T :n— _V3 _1 n -1 , To:n— _v3 _1
2 2 2 2
1 -1
1
I3 I3
1 1 1
Cs:n — -1 nl 1 , M:n— 1
-1 1 -1
1 -1
T o))"
OB3)" :n— ( )"
The first to the fourth realization are all adjacent to tetrahedral order.
The fifth has symmetry actions:
1 -1
T :n—n -1 , Th:n—>n 1 ,
-1 -1
.[3 Id
-1 1 -1
Ce:n — 1 n| 1 , M:n— -1
1 1 -1
-1

65

. (1)
1
-1
n 1 ,
-1
1
K14
1 (K14)
1 ;
1
-1
n 1 ,
-1
1
K15
1 (K15)
1 ;
1
-1
nl —1 (K16)
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The sixth has symmetry actions:

Ig IS
_1 V3 1 _1 V3 1
2 2 2 2
T :n— _¥3 _1 n -1 , Th:n— _¥3 _1 n 1 ,
2 2 2 2
1 -1 1 -1
1 1
13 13 (K17)
1 1 -1 -1
Ce:n— -1 n| 1 , M:n— -1 n| —1 ,
1 1 -1 -1
-1 1
T
03)" :n <0(3) ; > n
4
The seventh has symmetry actions:
1 1
’ 1 _1 V3 ’ 1 1 V3
2 2 2 2
T :n— 1 n| ¥8 _1 , Tp:n— -1 n| ¥ _1 ,
2 2 2 2
-1 1 1 1
—1 -1
13 I3
-1 1 1 1 (K18)
Ce:n— 1 n -1 , M:n— 1 n 1 ,
1 -1 1 -1
-1 -1
T o3)"
OB3)" :n— ( L))"
The eighth has symmetry actions:
I 1.
’ 1 _1 _ V3 ’ 1 _1 V3
2 2 2 2
T, :n — 1 n| ¥3 _1 , Th:n— -1 n| ¥3 _1 ,
2 2 2 2
—1 1 1 1
-1 -1
I3 I3
1 1 -1 -1 (K19)
Ce:n— 1 n -1 , M:n— 1 n -1 ,
1 1 1 1
-1 -1

Kagome lattice half-integer spin systems

On kagome lattice half-integer spin systems, there are 9 stable realizations of SL(7). The first has appeared in

Ref. [15] and is given by Eq. (I33). The second is given by Eq. (39). Both realizations are adjacent to cubocl
order.
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The third has symmetry actions

1 -1
T :n—n -1 , Th:n—>n 1 ,
-1 -1
I3 I3
-1 -1 -1 1
Ce:n — -1 n| 1 , M:n— -1 n| 1 ,(KQO)
1 1 -1 -1
-1 1
T oB)"
013)" :n— < I
The fourth has symmetry actions
I3 I3
_1 V3 1 1 3 1
2 2 2 2
T :n— _v3 _1 n -1 , Tp:n— _v3 _1 n 1 ,
2 2 2 2
1 -1 1 -1
1 1
I3 I3 (K21)
1 -1 -1 1
Ce:n— -1 n| 1 , M:n— -1 n| 1 ,
-1 1 -1 -1
-1 1
T
o037 :n— ( o) ) n,
1y
The fifth has symmetry actions
I3 I3
1 1 1 -1
T :n— 1 n —1 , Ty :n— 1 n 1 ,
_1 3 1 _1 3 -1
2 2 2 2
_¥3 1 V3 1
2 2 2 2
I3 I
% ? . 3 . ) (K22)
Ce:n— _V3 1 nl 1 , M:n— 1 n| 1 ,
2 2
1 1 -1 -1
-1 -1
o))"
T.
O3)" :n— ( )"
The third to the fifth realization are all adjacent to cuboc2 order.
The sixth has symmetry actions:
I3 I3
1 1
T :n — 1 n, To:n— -1 n,
-1 1
-1 -1
I3 I3
1 _% _§ _1 _1 (K23)
Cs:n— 1 n| ¥ _1 , M:n— 1 n 1 ,
2 2
1 1 1 1
1 1
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The sixth realization is adjacent to ¢ = 0 umbrella order.
The seventh has symmetry actions:

Ig 13
1 _1 V3 1 1 V3
2 2 2 2
T :n— 1 n| 8 _1 , To:n— -1 n| 8 _1 ,
2 2 2 2
-1 1 1 1
—1 -1
13 I3
1 1 1 (K24)
Ce:n— 1 n -1 , M:n— 1 n,
1 1 1
1 1
T o3)"
OB3)" :n— ( )"
The seventh realization is adjacent to ¢ = V3 x /3 umbrella order.
The eighth has symmetry actions:
1 I
’ 1 1 V3 ’ 1 1 V3
2 2 2 2
Ty :n — 1 n| 3 _1 , Th:n— -1 n| ¥ _1 ,
2 2 2 2
-1 1 1 1
~1 -1
I3 IS
-1 1 1 1 (K25)
Ce:n— 1 n -1 , M:n— -1 n 1 ,
1 1 -1 -1
1 -1
T o3)"
OB3)" :n— ( )"
The ninth has symmetry actions:
1 I
’ 1 _1 _V3 ’ 1 _1 _V3
2 2 2 2
T :n— 1 n| 3 _1 , Th:n— -1 n| ¥ _1 ,
2 2 2 2
-1 1 1 1
—1 -1
13 13
-1 1 1 1 (K26)
Co:n— 1 n -1 , M:n— -1 n -1 ,
1 1 -1 1
1 -1

pdm-anomaly-free systems

On pdm-anomaly-free systems, there are 4 stable realizations of SL("), all of which has the most relevant spinful
fluctuations carrying spin-2.
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The first has symmetry actions:

SO(3):n— <¢5(SO(3)) I )n, T:n— -1 n, Tio:n— 1 n 1 )
2
1 -1 1
(K27)
I 1 I5
Cy:in— 1 n -1 , M:n— -1 n
-1 1 1
The second has symmetry actions:
I I -1
SO(3):n— <(‘05(SO(3)) I )n, T:n— -1 n, Tis:n— 1 n 1 ,
) :
1 -1 1
(K28)
~1 Is 1
Cy:n—n -1 , M:n— -1 n 1
1 -1 1
The third has symmetry actions:
I -1
SO3):n — (905(50(3)) I )n, T:n— -1 n 1 ,
2 -1 1
(K29)
I -1 I I
Tio:n— —1 n 1 , Cyin— —1 n, M:n— 1 n
1 1 -1 -1
The fourth has symmetry actions:
I5 -1
SO(3) :n — ( #5(50(3)) I ) n, T:n— -1 n 1 )
2
-1 1
I5 -1
T172 n— -1 n 1 y (K30)
1 1
I5 -1 I -1
Cy:n— 1 n 1 , M:n— -1 n 1
-1 1 -1 1

Square lattice half-integer spin systems

On square lattice half-integer spin systems, there are 2 stable realizations of SL(") where the most relevant
spinful fluctuations have spin-1 and all n modes are at high-symmetry momenta in the Brillouin zone. There are
also three realizations where some n modes can have continuously changing momenta, among which two of them
have only a single symmetric relevant perturbation that shifts the momenta of the n modes, as long as these

momenta are not tuned to high-symmetry point. This is the case for the third family of realizations for most

non-high-symmetry momenta, except at two special momentum points (see below). Furthermore, there is also one
stable realization where the most relevant spinful fluctuations have spin-2 and all n modes are at high-symmetry

momenta.

We start with the 2 realizations with the most relevant spinful fluctuations carrying spin-1 and all n modes
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locating at high-symmetry momenta. The first has symmetry actions:

I3 I3
-1 -1 1 -1
T :n— 1 n 1 , Th:in— -1 n 1 ,
1 1 1 1
1 1
I3 I3
1 1 -1 -1 (K31)
Cy:n— -1 n -1 M :n— 1 n -1 ,
1 -1 -1 1
1 -1
T o3)T
0B3)" :n— ( )"
The second has symmetry actions:
I3 I3
-1 -1 1 -1
T :n— 1 n —1 , Ty :n— —1 n —1 ,
-1 1 -1 1
1 1
I I3
1 -1 -1 -1 (K32)
Cy:in— -1 n -1 M :n— 1 n 1 ,
1 1 1 1
1 -1

O@Ln%(OQTh>n

Next, we turn to the three realizations with some n modes at continuously changing momenta. The first has
symmetry actions given by Eq. (40), adjacent to tetrahedral umbrella order, and the second has symmetry actions

.[3 I3
1 1 -1 -1
Cyin— 1 |nl1 , M:n— -1 n -1 ,
1 1 -1 1
1 -1
I3 I3 33)
cosk sink -1 I 1
. . 2 _
Liin— —sink cosk n 1 , Tain— cosk —sink | " 1 ’
-1 . —1
I sink cosk

mmﬂn%<O®Th>n

where k € (—m,7) is a generic momentum. In both of these two realizations, the only relevant perturbation that
is allowed by microscopic symmetries is the one that shifts the momenta of the n modes.
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71

I3 I3
1 1 -1 1
Cyin— 1 [n|1 , n— -1 n 1 ,
1 1 -1 -1
1 —1
I3
cosk sink -1
Ty :n — —sink cosk 1 ,
cosk sink -1 (K34)
—sink cosk
I3
cosk sink 1
T :n — —sink cosk n -1 ,
cosk —sink -1
sink cosk

0B)T :n ( 0@d)" L ) n

where k € (—m,7) is a generic momentum. For this family of realizations, as long as k # £n/2, the only
symmetric relevant perturbation is the one that shifts the momenta of the n modes. When k = 47/2, besides
this symmetric relevant perturbation, there is an additional one that can change the emergent order of SL(") and
make it unstable.

Finally, there is one realization where all n modes are at high-symmetry momentum, and the most spinful
fluctuations have spin-2. It has symmetry actions:

I —1
SO@3):n— <(‘05(SO(3)) I )n, T:n— -1 n 1
2
—1 1

I -1 I5 -1

T :n— -1 n 1 , Th:n— 1 n 1 , (K35)
1 1 -1 1

I5 I

Cy:n— 1 |n, M:n— 1 n
-1 —1

L. Classical regular magnetic orders

Ref. [60] studied regular magnetic orders, i.e., magnetic orders that respect all the lattice symmetries modulo
global O(3)7 spin transformations (rotations and/or spin flips). In particular, on triangular, kagome, honeycomb
and square lattices, all classical regular magnetic orders are classified. These classical orders can all be realized by
a product state, where each spin moment on the lattice can be assigned a definite orientation. In this appendix, we
explicitly write down the spin configurations of these classical regular magnetic orders, and the lattice symmetry
actions on the order parameters.

In terms of the symmetry breaking pattern of the spin O(3)” symmetry, there are three types of magnetic orders:
collinear, coplanar and non-coplanar. The order parameter of a collinear magnetic order is a three-component
vector, n, which transforms in the spin-1 representation of the O(3)7 spin symmetry. The order parameters
of a coplanar magnetic order consists of two orthonormal three-component vectors, m; 2, both transforming in
the spin-1 representation of the O(3)” spin symmetry. The order parameters of a non-coplanar magnetic order
consists of three orthonormal three-component vectors, 11 3 3, all transforming in the spin-1 representation of the
O(3)T spin symmetry.

We start from the triangular lattice. We will denote the position 7 of a site on a triangular lattice by its
coordinates in the basis of translation vectors of T o (see Fig. 2), such that r = 2T + yT%, where T 5 is the
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translation vector of T3 5. Under the p6m symmetry,

Ty : (z,y) = (x+1,y)

Ty: (z,y) = (z,y+1)

CG : (x,y) — (.1‘ - y,x) (Ll)
M : (z,y) = (y,2)

1. There is a single collinear classical regular magnetic order, the ferromagnetic order, where S(z,y) = n.
Under the p6m symmetry, n is invariant.

2. There is a single coplanar classical regular magnetic order, the 120° order, where S(z,y) =
(—1)*%Y cos (Tﬂ’)n + (—1)*"¥sin 7rVH_y)n Under the p6m symmetry,

1 V3 V3 1

T12:n1—>—7n1——n2 Nng — —MN1 — —Ny
’ 2 2 ’ 2 2

CG:n1—>n1, g — —MNgo
M : Ni2 — N2

3. There are two non-coplanar classical regular magnetic order. The first is the tetrahedral order, where
S(z,y) = (-1)*n1 + (—1)Yngy + (—1)*"¥ng. Under the p6m symmetry,

T1 nmy — —MNny, N9 — N2, N3 — —N3
T2 ‘my — Mny, N2 — —MN2, N3 — —N3 (L3)
CG:n1—>n27 ng — N3, N3 — N

M:nlﬁng, ng — Ny, N3 — N3

4. The second non-coplanar classical regular magnetic order is the F-umbrella order, where S(z,y) =

(—1)*%¥ cos @ sinfnq + (—=1)**¥sin @ sin fng + cos Ong, with 0 a free parameter. Under the p6m
symmetry,

1
T172 tny — —5’1’!1 + 777,2, Ng — ———MnN1 — §n2, n3 — N3

Cg my —ny, Mo — —N2, T3 — N3

V3 V3 1
2

M : n123 — n123

Next we turn to the kagome lattice. Each unit cell in a kagome lattice includes three sites, so the spin
configuration will be written as S;(x,y), where (z,y) labels the position of the unit cell in the same way as
the triangular lattice, and ¢ = 1,2, 3 represents the site obtained by applying a half translation T4 /2, T5/2 and
(Ty + T»)/2 to the Cg center of the unit cell, respectively.

1. There is a single collinear classical regular magnetic order, the ferromagnetic order, where S;(z,y) = n for
1 =1,2,3. Under the p6m symmetry, n is invariant.

2. There are two coplanar classical regular magnetic orders. The first is the g = 0 order, where S1(z,y) = ny,

So(z,y) = —7n1 + fng, and S3(z.y) = —%nl — ?ng. Under the p6m symmetry,

Ti2:mi2— M2

1 V3 V3 1

Cﬁ ny — 751’7,1 777,2, Ny — 77’1/1 — 5712 (L5)

V3 V3 1

M:n1—>—§n1+7n2, n2—>7n1+§n2



73

3. The second coplanar classical regular magnetic order is the ¢ = /3 x /3 order, where Si(z,y) =
(1) cos "5 ny 4 (~1)7V sin "5, Sy (x,y) = Sy (x,y), and Ss(z,y) = (~1)7Y cos Ty, 4
(—1)**¥sin ﬂ(%y'ﬂ)ng. Under the p6m symmetry,

T s L V3 . V3 1
1,2 - M1 2n1 B N2, "2 B n; 2”2
1 3 3 1 L6
Cs:mq —>—§n1+§n2, n2—>§711+§n2 ( )

M N2 — Ni2

4. There are five non-coplanar classical regular magnetic orders. The first is the octahedral order, where
Si(z,y) = (=1)¥nq, So(z,y) = (—1)*ny and S3(x,y) = (=1)¥ns3. Under the p6m symmetry,
T :ny —mnq, Ng— —Ng, N3z — (71)w+yn3
T5:ny — —n1, N2 —> N2, N3 — —N
211 1 2 2 3 3 (L7)
062111—)713, ng — Ny, N3 — N2
]\42"’L1—>’I’L27 ng — Ny, N3 — N3

5. The second non-coplanar classical regular magnetic order is the cubocl order, where Si(x,y) = (—=1)"nq +
(—1)*"¥ng, So(z,y) = (—1)Yny + (—1)*t¥ng3 and S3(x,y) = —(—1)*ny — (—1)¥n;. Under the p6m sym-
metry,

T ny —mniy, Mg — —MNg, N3 — —MN3
Ty :ny = —ny, Ng — N9, N3 — —Ng (L8)
CG ny — —MN3, N2 — —Ni, N3 — —N2

M:nlﬁng, ng — Ny, N3 — N3

6. The third non-coplanar classical regular magnetic order is the cuboc2 order, where Si(z,y) = (—1)*ng —

(—=1)""¥ng, So(z,y) = (—1)Yn1+(—1)""¥ng and S3(z,y) = (—1)*na+(—1)Yny. Under the p6m symmetry,
T ‘my — Mny, N2 — —MN2, N3 — —N3

T5 :np — -1y, MNg — N2, N3 — —N3 (Lg)

06 nyp —mn3g, N2 —> N1, N3 — —N9y

M:n1—>n2, ng — Ny, N3 — —N3

7. The fourth non-coplanar is the ¢ = 0 umbrella order, where Si(z,y) = sinfn; + cosfns, Ss(z,y) =

f% sin Onq + § sin Ons +cos Ong, and Ss(z,y) = f% sinfnq — @ sin Ony +cos Ong, with 0 a free parameter.

Under the p6m symmetry,

Ti2:m123 > MN123

61 M1 g™ — 5 M M2 5 1T pM2, My Mg (L10)
1 3 1
M : ny — —5711 + 7712, ny — %nl + 5712, n3 — N3
8. The last non-coplanar classical regular magnetic order is the q = V3 x /3 umbrella order, where
Si(z,y) = (—1)*tv cos@sin@nl + (=1)*tv sin@sin@ng + cosfng, Sa(x,y) = Si(z,y), and
Ss(z,y) = —(—1)**¥ cos % sinfn; — (—1)**¥Ysin % sinfng + cosfng. Under the p6m sym-
metry,
V3 V3 1
Tl’g ‘ny — —§n1 — 7’)’1,2, ny — 771.1 — 5”2, n3g — N3

1 3 3 1 L11
Cs:n1 — —577,1 + g’I’LQ, Ny — %nl + 571;2, nsg — N3 ( )

M : n123 — MN123
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Now we turn to the honeycomb lattice. Each unit cell of a honeycomb lattice includes two sites, so the spin
configuration will be written in terms of Sa(z,y) and Sp(x,y), where the A and B sublattice can be obtained

by translating by

QTlgr L and TlgTQ from the Cg center, respectively.

1. There are two collinear classical regular magnetic orders. The first is the ferromagnetic order, where
Sa(z,y) = Sp(x,y) = n. Under the pbm symmetry, n is invariant.

. The second collinear classical regular magnetic order is the anti-ferromagnetic order, where Sa(z,y) =
—Sg(z,y) = n. Under the p6m symmetry,

T17257l4)n
Cs:mn— —n
M:n— —n

(L12)

. There is a single coplanar classical regular magnetic order, the V order, where S4(x,y) = cosfn; —sinfngy
and Sp(z,y) = cosfn; + sinOn,y, with 0 a free parameter. Under the p6m symmetry,

Ti2:m12— N2

C6 My — Mny, MNg — —MNo (L].?))

M:nlénl, Nnyg — —Ng

. There are two non-coplanar classical regular magnetic orders. The first is the cubic order, where S, (z,y) =
(—=1)*n1+(=1)Yng+(—1)*"¥ng and Sp(z,y) = (=1)*n1—(—1)Yny+(—1)*t¥ns3. Under the p6m symmetry,

T nmy — —MNny, MNg — N2, N3 — —N3

Ty :ny — ny, Mg — —Ty, N3 — —N3 L4
Ce:mny —ng, Ng— —n3, N3z— Ny (L14)
M:’I’Zl‘)ng, ng — Ny, N3 — —N3

. The second non-coplanar classical regular magnetic order is the tetrahedral order, where Sa(z,y) =
(—=1)"n; + (=1)Yny + (=1)*"¥ng and Sp(z,y) = —(=1)"n; + (=1)Yny — (=1)*"¥n3. Under the p6m
symmetry,

T :np — —ny, Ng — N9, N3 — —Ng

T2 ny —mniy, Mg — —MNgz, N3 — —N3 L1
Ce:my — —ng, M9 — N3, N3 — —Ny (L13)
M : ny — —nNg, N9 — —MN1, T3 — N3

Finally, we discuss the square lattice. We will denote the position of a site by its coordinates in the basis of
translation vectors of 712 (see Fig. 3). such that r = Ty + yT5, where Ti o is the translation vector of T7 o.

Under the pdm symmetry,

Tl : (‘Tvy) - ($+ Ly)

Ty (z,y) = (z,y+1)

C4 : (mvy) - (7ya (L16)
M : (‘T7y) - (_I7y)

1. There are two collinear classical regular magnetic orders.

S(z,y) = n. Under the p4m symmetry, n is invariant.

The first is the ferromagnetic order, where

2. The second collinear classical regular magnetic order is the anti-ferromagnetic order, where S(z,y) =

(—1)**¥n. Under the pdm symmetry,

TLQZTL—>—’",
Ciin——n
M:n—n

(L17)



(6]

3. There are two coplanar classical regular magnetic orders. The first is the orthogonal order, where S(z,y) =
(*1)”;(*1)?’”1 + *(*1)“’;(*1)*’

ns. Under the pdm symmetry,

lenlﬁng, o — Ny

T2 nyp — —MNg, N9 — —Nj

L18
C4zn1—>n1, Mg — —Ty ( )
M : N2 —>MNi2
4. The second coplanar classical regular magnetic order is the V order, where S(z,y) = cosfn; —

(—1)*%Y sin Ono, where 0 a free parameter. Under the pdm symmetry,

Tl’g ‘Mnyp — Ny, MNg — —MNa
Ciimip = myp (L19)
M Ni2 — N2

5. There are two non-coplanar classical regular magnetic orders. The first is the tetrahedral umbrealla order

(also known as the AF umbrella order), where S(z,y) = S sl U sind,  (_1)2+V cosfng, with

V2 ! V2

0 a free parameter. Under the pdm symmetry,

Tl ny; — —Nng, ng — N, ns — —ng
T :nq,y — ny, mNg— —MNg, N3 — —N3 (LQO)
C'4:n1—>—n2, ng — —mnyi, N3 — N3

M : N123 > MN123

6. The second non-coplanar classical regular magnetic order is the umbrella order (also known as the F umbrella

order), where S(z,y) = cosfni + (71)\‘};1“01@ + (71)11\/;“9713. Under the p4m symmetry,

T1 nyp —mniy, Mg — —MNg, N3 — N3
T2 ‘nyp —mni, Nz — Ny, N3— —N3 (L21)
C4ITL1—>TL1, Mo — N3, N3 — N9

M N123—>MN123

M. Stability of DSL realizations on NaYbO; and twisted bilayer WSe>

In this appendix, we discuss the stability of a few more examples of DSL realizations on systems with spin-orbit
coupling (SOC). The specific systems we have in mind are NaYbOs and twisted bilayer WSes (tWSez). Recently,
it was pointed out that tWSes is a good quantum simulator of triangular lattice Hubbard model, which can be
effectively described by a triangular lattice spin-1/2 system in the strong coupling regime [85-87].

The symmetries of NaYbOy are given in Eq. (44). The symmetries of tWSes are

Tio, C3=C3, SO2), T (M1)

where SO(2) is a reduced spin rotational symmetry 7.

On triangular lattice spin-1/2 systems with the full p6m x O(3)7 symmetry, our exhaustive search finds 3
realizations of DSL, given by Egs. (43), (K2) and (K3). Using these symmetry actions, it is straightforward
to see that for all three realizations, the remaining symmetries of NaYbO, are sufficient to forbid all relevant
operators of DSL listed in Sec. IIT A. However, for the symmetry setting of tWSes and for all three realizations,
the (A, Ar) operator (the fermion mass that transforms in the adjoint representation of the flavor symmetry)
is always symmetry-allowed and will destablize the DSL. This means if a DSL is stably realized in tWSes, that
realization cannot be compatible with a full p6m x O(3)T symmetry.

17 These are the symmetries of tWSesz in the presence of a dis-

S, ] ; : : setting. If there is no displacement field, there is an extra
placement field, which is satisfied in the generic experimental

mirror symmetry.



76

[1] E. Lieb, T. Schultz, and D. Mattis, Two soluble mod-

[2

7

[9

10

[11

12

13

[14

15

]

]

]

]

]

]

]

els of an antiferromagnetic chain, Annals of Physics
16, 407 (1961).

M. Oshikawa, Commensurability, Excitation Gap,
and Topology in Quantum Many-Particle Systems on
a Periodic Lattice, Phys. Rev. Lett. 84, 1535 (2000),
arXiv:cond-mat /9911137 [cond-mat.str-el].

M. B. Hastings, Lieb-Schultz-Mattis in higher dimen-
sions, Phys. Rev. B 69, 104431 (2004), arXiv:cond-
mat/0305505 [cond-mat.str-el].

M. Cheng, M. Zaletel, M. Barkeshli, A. Vishwanath,
and P. Bonderson, Translational Symmetry and Mi-
croscopic Constraints on Symmetry-Enriched Topo-
logical Phases: A View from the Surface, Physical
Review X 6, 041068 (2016), arXiv:1511.02263 [cond-
mat.str-el].

H. C. Po, H. Watanabe, C.-M. Jian, and M. P. Zaletel,
Lattice Homotopy Constraints on Phases of Quan-
tum Magnets, Phys. Rev. Lett. 119, 127202 (2017),
arXiv:1703.06882 [cond-mat.str-el].

C.-M. Jian, Z. Bi, and C. Xu, Lieb-Schultz-Mattis
theorem and its generalizations from the perspective
of the symmetry-protected topological phase, Phys.
Rev. B 97, 054412 (2018), arXiv:1705.00012 [cond-
mat.str-el].

G. Y. Cho, C.-T. Hsieh, and S. Ryu, Anomaly man-
ifestation of Lieb-Schultz-Mattis theorem and topo-
logical phases, Phys. Rev. B 96, 195105 (2017),
arXiv:1705.03892 [cond-mat.str-el].

M. A. Metlitski and R. Thorngren, Intrinsic and emer-
gent anomalies at deconfined critical points, Phys.
Rev. B 98, 085140 (2018), arXiv:1707.07686 [cond-
mat.str-el].

S.-J. Huang, H. Song, Y.-P. Huang, and M. Hermele,
Building crystalline topological phases from lower-
dimensional states, Phys. Rev. B 96, 205106 (2017),
arXiv:1705.09243 [cond-mat.str-el].

D. V. Else and R. Thorngren, Topological the-
ory of Lieb-Schultz-Mattis theorems in quantum
spin systems, Phys. Rev. B 101, 224437 (2020),
arXiv:1907.08204 [cond-mat.str-el].

M. P. Zaletel and A. Vishwanath, Constraints on
Topological Order in Mott Insulators, Phys. Rev.
Lett. 114, 077201 (2015), arXiv:1410.2894 [cond-
mat.str-el].

Y. Qi, M. Cheng, and C. Fang, Symmetry fraction-
alization of visons in Zo spin liquids, arXiv e-prints
, arXiv:1509.02927 (2015), arXiv:1509.02927 [cond-
mat.str-el].

Y. Qi and M. Cheng, Classification of symmetry frac-
tionalization in gapped Z2 spin liquids, Phys. Rev. B
97, 115138 (2018), arXiv:1606.04544 [cond-mat.str-
el].

S.-Q. Ning, L. Zou, and M. Cheng, Fractionalization
and anomalies in symmetry-enriched U(1) gauge the-
ories, Physical Review Research 2, 043043 (2020),
arXiv:1905.03276 [cond-mat.str-el].

L. Zou, Y .-C. He, and C. Wang, Stiefel Liquids: Possi-
ble Non-Lagrangian Quantum Criticality from Inter-
twined Orders, Physical Review X 11, 031043 (2021),
arXiv:2101.07805 [cond-mat.str-el].

[16]

[17]

18]

[19]

[20]

[21]

22]

23]

24]

[25]

[26]

[27]

28]

T. Senthil, A. Vishwanath, L. Balents, S. Sachdev,
and M. P. A. Fisher, Deconfined Quantum Criti-
cal Points, Science 303, 1490 (2004), arXiv:cond-
mat /0311326 [cond-mat.str-el].

T. Senthil, L. Balents, S. Sachdev, A. Vishwanath,
and M. P. A. Fisher, Quantum criticality beyond
the Landau-Ginzburg-Wilson paradigm, Phys. Rev.
B 70, 144407 (2004), arXiv:cond-mat /0312617 [cond-
mat.str-el].

T. Senthil and M. P. A. Fisher, Competing orders,
nonlinear sigma models, and topological terms in
quantum magnets, Phys. Rev. B 74, 064405 (2006),
arXiv:cond-mat/0510459 [cond-mat.str-el].

C. Wang, A. Nahum, M. A. Metlitski, C. Xu,
and T. Senthil, Deconfined Quantum Critical Points:
Symmetries and Dualities, Physical Review X 7,
031051 (2017), arXiv:1703.02426 [cond-mat.str-el].

I. Affleck and J. B. Marston, Large-n limit of the
heisenberg-hubbard model: Implications for high-T.
superconductors, Phys. Rev. B 37, 3774 (1988).
X.-G. Wen and P. A. Lee, Theory of Under-
doped Cuprates, Phys. Rev. Lett. 76, 503 (1996),
arXiv:cond-mat /9506065 [cond-mat].

M. B. Hastings, Dirac structure, rvb, and goldstone
modes in the kagomé antiferromagnet, Phys. Rev. B
63, 014413 (2000).

W. Liu, Z. Zhang, J. Ji, Y. Liu, J. Li, X. Wang, H. Lei,
G. Chen, and Q. Zhang, Rare-Earth Chalcogenides:
A Large Family of Triangular Lattice Spin Liqg-
uid Candidates, Chinese Physics Letters 35, 117501
(2018), arXiv:1809.03025 [cond-mat.str-el].

K. M. Ranjith, D. Dmytriieva, S. Khim,
J. Sichelschmidt, S. Luther, D. Ehlers, H. Ya-
suoka, J. Wosnitza, A. A. Tsirlin, H. Kiihne, and
M. Baenitz, Field-induced instability of the quantum
spin liquid ground state in the Jesf=1/2 triangular-
lattice compound NaYbOg, Phys. Rev. B 99, 180401
(2019), arXiv:1901.07760 [cond-mat.str-el].

L. Ding, P. Manuel, S. Bachus, F. Grufiler, P. Gegen-
wart, J. Singleton, R. D. Johnson, H. C. Walker, D. T.
Adroja, A. D. Hillier, and A. A. Tsirlin, Gapless spin-
liquid state in the structurally disorder-free triangular
antiferromagnet NaYbOgz, Phys. Rev. B 100, 144432
(2019), arXiv:1901.07810 [cond-mat.str-el].

M. M. Bordelon, E. Kenney, C. Liu, T. Hogan,
L. Posthuma, M. Kavand, Y. Lyu, M. Sherwin,
N. P. Butch, C. Brown, M. J. Graf, L. Balents,
and S. D. Wilson, Field-tunable quantum disor-
dered ground state in the triangular-lattice antifer-
romagnet NaYbOs, Nature Physics 15, 1058 (2019),
arXiv:1901.09408 [cond-mat.str-el].

M. M. Bordelon, C. Liu, L. Posthuma, P. M. Sarte,
N. P. Butch, D. M. Pajerowski, A. Banerjee, L. Ba-
lents, and S. D. Wilson, Spin excitations in the frus-
trated triangular lattice antiferromagnet NaYbOo,
Phys. Rev. B 101, 224427 (2020), arXiv:2005.10375
[cond-mat.str-el].

M. Baenitz, P. Schlender, J. Sichelschmidt, Y. A.
Onykiienko, Z. Zangeneh, K. M. Ranjith, R. Sarkar,
L. Hozoi, H. C. Walker, J. C. Orain, H. Yasuoka,
J. van den Brink, H. H. Klauss, D. S. Inosov, and


https://doi.org/https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/10.1103/PhysRevLett.84.1535
https://arxiv.org/abs/cond-mat/9911137
https://doi.org/10.1103/PhysRevB.69.104431
https://arxiv.org/abs/cond-mat/0305505
https://arxiv.org/abs/cond-mat/0305505
https://doi.org/10.1103/PhysRevX.6.041068
https://doi.org/10.1103/PhysRevX.6.041068
https://arxiv.org/abs/1511.02263
https://arxiv.org/abs/1511.02263
https://doi.org/10.1103/PhysRevLett.119.127202
https://arxiv.org/abs/1703.06882
https://doi.org/10.1103/PhysRevB.97.054412
https://doi.org/10.1103/PhysRevB.97.054412
https://arxiv.org/abs/1705.00012
https://arxiv.org/abs/1705.00012
https://doi.org/10.1103/PhysRevB.96.195105
https://arxiv.org/abs/1705.03892
https://doi.org/10.1103/PhysRevB.98.085140
https://doi.org/10.1103/PhysRevB.98.085140
https://arxiv.org/abs/1707.07686
https://arxiv.org/abs/1707.07686
https://doi.org/10.1103/PhysRevB.96.205106
https://arxiv.org/abs/1705.09243
https://doi.org/10.1103/PhysRevB.101.224437
https://arxiv.org/abs/1907.08204
https://doi.org/10.1103/PhysRevLett.114.077201
https://doi.org/10.1103/PhysRevLett.114.077201
https://arxiv.org/abs/1410.2894
https://arxiv.org/abs/1410.2894
https://arxiv.org/abs/1509.02927
https://arxiv.org/abs/1509.02927
https://doi.org/10.1103/PhysRevB.97.115138
https://doi.org/10.1103/PhysRevB.97.115138
https://arxiv.org/abs/1606.04544
https://arxiv.org/abs/1606.04544
https://doi.org/10.1103/PhysRevResearch.2.043043
https://arxiv.org/abs/1905.03276
https://doi.org/10.1103/PhysRevX.11.031043
https://arxiv.org/abs/2101.07805
https://doi.org/10.1126/science.1091806
https://arxiv.org/abs/cond-mat/0311326
https://arxiv.org/abs/cond-mat/0311326
https://doi.org/10.1103/PhysRevB.70.144407
https://doi.org/10.1103/PhysRevB.70.144407
https://arxiv.org/abs/cond-mat/0312617
https://arxiv.org/abs/cond-mat/0312617
https://doi.org/10.1103/PhysRevB.74.064405
https://arxiv.org/abs/cond-mat/0510459
https://doi.org/10.1103/PhysRevX.7.031051
https://doi.org/10.1103/PhysRevX.7.031051
https://arxiv.org/abs/1703.02426
https://doi.org/10.1103/PhysRevB.37.3774
https://doi.org/10.1103/PhysRevLett.76.503
https://arxiv.org/abs/cond-mat/9506065
https://doi.org/10.1103/PhysRevB.63.014413
https://doi.org/10.1103/PhysRevB.63.014413
https://doi.org/10.1088/0256-307X/35/11/117501
https://doi.org/10.1088/0256-307X/35/11/117501
https://arxiv.org/abs/1809.03025
https://doi.org/10.1103/PhysRevB.99.180401
https://doi.org/10.1103/PhysRevB.99.180401
https://arxiv.org/abs/1901.07760
https://doi.org/10.1103/PhysRevB.100.144432
https://doi.org/10.1103/PhysRevB.100.144432
https://arxiv.org/abs/1901.07810
https://doi.org/10.1038/s41567-019-0594-5
https://arxiv.org/abs/1901.09408
https://doi.org/10.1103/PhysRevB.101.224427
https://arxiv.org/abs/2005.10375
https://arxiv.org/abs/2005.10375

T. Doert, NaYbSz: A planar spin-1/2 triangular-

lattice magnet and putative spin liquid, Phys. Rev.

B 98, 220409 (2018), arXiv:1809.01947 [cond-mat.str-

el].

J. Sichelschmidt, P. Schlender, B. Schmidt,

M. Baenitz, and T. Doert, Electron spin reso-

nance on the spin-1/2 triangular magnet NaYbS,,

Journal of Physics Condensed Matter 31, 205601

(2019), arXiv:1812.07871 [cond-mat.str-el].

[30] K. M. Ranjith, S. Luther, T. Reimann, B. Schmidt,
P. Schlender, J. Sichelschmidt, H. Yasuoka, A. M.
Strydom, Y. Skourski, J. Wosnitza, H. Kiihne, T. Do-
ert, and M. Baenitz, Anisotropic field-induced or-
dering in the triangular-lattice quantum spin lig-
uid NaYbSez, Phys. Rev. B 100, 224417 (2019),
arXiv:1911.12712 [cond-mat.str-el].

[31] J. Ma, J. Li, Y. Hao Gao, C. Liu, y. Qingy-
ong Ren, Z. Zhang, Z. Wang, R. Chen, J. Embs,
E. Feng, F. Zhu, Q. Huang, Z. Xiang, L. Chen,
E. S. Choi, Z. Qu, L. Li, J. Wang, H. Zhou, Y. Su,
X. Wang, Q. Zhang, and G. Chen, Spin-orbit-coupled
triangular-lattice spin liquid in rare-earth chalco-
genides, arXiv e-prints , arXiv:2002.09224 (2020),
arXiv:2002.09224 [cond-mat.str-el].

[32] P.-L. Dai, G. Zhang, Y. Xie, C. Duan, Y. Gao, Z. Zhu,
E. Feng, Z. Tao, C.-L. Huang, H. Cao, A. Podlesnyak,
G. E. Granroth, M. S. Everett, J. C. Neuefeind,
D. Voneshen, S. Wang, G. Tan, E. Morosan, X. Wang,
H.-Q. Lin, L. Shu, G. Chen, Y. Guo, X. Lu, and
P. Dai, Spinon Fermi Surface Spin Liquid in a Tri-
angular Lattice Antiferromagnet NaYbSe2, Physical
Review X 11, 021044 (2021), arXiv:2004.06867 [cond-
mat.str-el].

[33] H. Watanabe, H. C. Po, A. Vishwanath, and M. Za-
letel, Filling constraints for spin-orbit coupled insu-
lators in symmorphic and nonsymmorphic crystals,
Proceedings of the National Academy of Science 112,
14551 (2015), arXiv:1505.04193 [cond-mat.str-el].

[34] I. Kimchi, S. A. Parameswaran, A. M. Turner,
F. Wang, and A. Vishwanath, Featureless and non-
fractionalized Mott insulators on the honeycomb
lattice at 1/2 site filling, Proceedings of the Na-
tional Academy of Science 110, 16378 (2013),
arXiv:1207.0498 [cond-mat.str-el].

[35] C.-M. Jian and M. Zaletel, Existence of featureless
paramagnets on the square and the honeycomb lat-
tices in 241 dimensions, Phys. Rev. B 93, 035114
(2016), arXiv:1507.00361 [cond-mat.str-el].

[36] P. Kim, H. Lee, S. Jiang, B. Ware, C.-M. Jian, M. Za-
letel, J. H. Han, and Y. Ran, Featureless quantum
insulator on the honeycomb lattice, Phys. Rev. B 94,
064432 (2016), arXiv:1509.04358 [cond-mat.str-el].

[37] K. Latimer and C. Wang, Correlated fragile topology:
A parton approach, Phys. Rev. B 103, 045128 (2021),
arXiv:2007.15605 [cond-mat.str-el].

[38] R. Dijkgraaf and E. Witten, Topological gauge the-
ories and group cohomology, Communications in
Mathematical Physics 129, 393 (1990).

[39] X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Sym-
metry protected topological orders and the group co-
homology of their symmetry group, Phys. Rev. B 87,
155114 (2013), arXiv:1106.4772 [cond-mat.str-el].

[40] C. Wang and M. Levin, Braiding Statistics of Loop
Excitations in Three Dimensions, Phys. Rev. Lett.

29

7

113, 080403 (2014), arXiv:1403.7437 [cond-mat.str-
el].

[41] R. Thorngren and D. V. Else, Gauging spatial sym-
metries and the classification of topological crystalline
phases, Phys. Rev. X 8, 011040 (2018).

[42] C. Wang and T. Senthil, Boson topological insulators:
A window into highly entangled quantum phases,
Phys. Rev. B 87, 235122 (2013), arXiv:1302.6234
[cond-mat.str-el].

[43] C. Wang and T. Senthil, Interacting fermionic
topological insulators/superconductors in three di-
mensions, Phys. Rev. B 89, 195124 (2014),
arXiv:1401.1142 [cond-mat.str-el].

[44] C. Wang and T. Senthil, Time-Reversal Symmetric
U(1) Quantum Spin Liquids, Physical Review X 6,
011034 (2016), arXiv:1505.03520 [cond-mat.str-el].

[45] L. Zou, C. Wang, and T. Senthil, Symmetry enriched
U(1) quantum spin liquids, Phys. Rev. B 97, 195126
(2018), arXiv:1710.00743 [cond-mat.str-el].

[46] L. Zou, Bulk characterization of topological crys-
talline insulators: Stability under interactions and
relations to symmetry enriched U (1) quantum
spin liquids, Phys. Rev. B 97, 045130 (2018),
arXiv:1711.03090 [cond-mat.str-el].

[47] P.-S. Hsin and A. Turzillo, Symmetry-enriched quan-
tum spin liquids in (3 + 1)d, Journal of High Energy
Physics 2020, 22 (2020), arXiv:1904.11550 [cond-
mat.str-el].

[48] T. T. Wu and C. N. Yang, Concept of nonintegrable
phase factors and global formulation of gauge fields,
Phys. Rev. D 12, 3845 (1975).

[49] M. Barkeshli, P. Bonderson, M. Cheng, and Z. Wang,
Symmetry Fractionalization, Defects, and Gauging of
Topological Phases, Phys. Rev. B 100, 115147 (2019),
arXiv:1410.4540 [cond-mat.str-el].

[50] N. Tarantino, N. H. Lindner, and L. Fidkowski, Sym-
metry fractionalization and twist defects, New Jour-
nal of Physics 18, 035006 (2016), arXiv:1506.06754
[cond-mat.str-el].

[61] V. Gorbenko, S. Rychkov, and B. Zan, Walking,
weak first-order transitions, and complex CFTs,
Journal of High Energy Physics 2018, 108 (2018),
arXiv:1807.11512 [hep-th].

[52] R. Ma and C. Wang, Theory of deconfined pseu-
docriticality, Phys. Rev. B 102, 020407 (2020),
arXiv:1912.12315 [cond-mat.str-el].

[63] A. Nahum, Note on Wess-Zumino-Witten models and
quasiuniversality in 2 +1 dimensions, Phys. Rev. B
102, 201116 (2020), arXiv:1912.13468 [cond-mat.str-
ell.

[54] Y.-C. He, J. Rong, and N. Su, Non-Wilson-Fisher
kinks of O(N) numerical bootstrap: from the de-
confined phase transition to a putative new fam-
ily of CFTs, SciPost Physics 10, 115 (2021),
arXiv:2005.04250 [hep-th].

[55] Y.-C. He, J. Rong, and N. Su, Conformal boot-
strap bounds for the U(1) Dirac spin liquid and
N = 7 Stiefel liquid, arXiv e-prints , arXiv:2107.14637
(2021), arXiv:2107.14637 [cond-mat.str-el].

[56] V. Borokhov, A. Kapustin, and X. Wu, Topological
Disorder Operators in Three-Dimensional Conformal
Field Theory, Journal of High Energy Physics 11, 049
(2002), hep-th/0206054.

[67] X.-Y. Song, Y.-C. He, A. Vishwanath, and C. Wang,


https://doi.org/10.1103/PhysRevB.98.220409
https://doi.org/10.1103/PhysRevB.98.220409
https://arxiv.org/abs/1809.01947
https://arxiv.org/abs/1809.01947
https://doi.org/10.1088/1361-648X/ab071d
https://doi.org/10.1088/1361-648X/ab071d
https://arxiv.org/abs/1812.07871
https://doi.org/10.1103/PhysRevB.100.224417
https://arxiv.org/abs/1911.12712
https://arxiv.org/abs/2002.09224
https://doi.org/10.1103/PhysRevX.11.021044
https://doi.org/10.1103/PhysRevX.11.021044
https://arxiv.org/abs/2004.06867
https://arxiv.org/abs/2004.06867
https://doi.org/10.1073/pnas.1514665112
https://doi.org/10.1073/pnas.1514665112
https://arxiv.org/abs/1505.04193
https://doi.org/10.1073/pnas.1307245110
https://doi.org/10.1073/pnas.1307245110
https://arxiv.org/abs/1207.0498
https://doi.org/10.1103/PhysRevB.93.035114
https://doi.org/10.1103/PhysRevB.93.035114
https://arxiv.org/abs/1507.00361
https://doi.org/10.1103/PhysRevB.94.064432
https://doi.org/10.1103/PhysRevB.94.064432
https://arxiv.org/abs/1509.04358
https://doi.org/10.1103/PhysRevB.103.045128
https://arxiv.org/abs/2007.15605
https://doi.org/cmp/1104180750
https://doi.org/cmp/1104180750
https://doi.org/10.1103/PhysRevB.87.155114
https://doi.org/10.1103/PhysRevB.87.155114
https://arxiv.org/abs/1106.4772
https://doi.org/10.1103/PhysRevLett.113.080403
https://doi.org/10.1103/PhysRevLett.113.080403
https://arxiv.org/abs/1403.7437
https://arxiv.org/abs/1403.7437
https://doi.org/10.1103/PhysRevX.8.011040
https://doi.org/10.1103/PhysRevB.87.235122
https://arxiv.org/abs/1302.6234
https://arxiv.org/abs/1302.6234
https://doi.org/10.1103/PhysRevB.89.195124
https://arxiv.org/abs/1401.1142
https://doi.org/10.1103/PhysRevX.6.011034
https://doi.org/10.1103/PhysRevX.6.011034
https://arxiv.org/abs/1505.03520
https://doi.org/10.1103/PhysRevB.97.195126
https://doi.org/10.1103/PhysRevB.97.195126
https://arxiv.org/abs/1710.00743
https://doi.org/10.1103/PhysRevB.97.045130
https://arxiv.org/abs/1711.03090
https://doi.org/10.1007/JHEP09(2020)022
https://doi.org/10.1007/JHEP09(2020)022
https://arxiv.org/abs/1904.11550
https://arxiv.org/abs/1904.11550
https://doi.org/10.1103/PhysRevD.12.3845
https://doi.org/10.1103/PhysRevB.100.115147
https://arxiv.org/abs/1410.4540
https://doi.org/10.1088/1367-2630/18/3/035006
https://doi.org/10.1088/1367-2630/18/3/035006
https://arxiv.org/abs/1506.06754
https://arxiv.org/abs/1506.06754
https://doi.org/10.1007/JHEP10(2018)108
https://arxiv.org/abs/1807.11512
https://doi.org/10.1103/PhysRevB.102.020407
https://arxiv.org/abs/1912.12315
https://doi.org/10.1103/PhysRevB.102.201116
https://doi.org/10.1103/PhysRevB.102.201116
https://arxiv.org/abs/1912.13468
https://arxiv.org/abs/1912.13468
https://doi.org/10.21468/SciPostPhys.10.5.115
https://arxiv.org/abs/2005.04250
https://arxiv.org/abs/2107.14637
https://doi.org/10.1088/1126-6708/2002/11/049
https://doi.org/10.1088/1126-6708/2002/11/049
https://arxiv.org/abs/hep-th/0206054

From spinon band topology to the symmetry quan-
tum numbers of monopoles in dirac spin liquids, Phys.
Rev. X 10, 011033 (2020).

[58] X.-Y. Song, C. Wang, A. Vishwanath, and Y.-C.
He, Unifying description of competing orders in two-
dimensional quantum magnets, Nature Communi-
cations 10, 4254 (2019), arXiv:1811.11186 [cond-
mat.str-el].

[59] Codes and data available at
https://arxiv.org/src/2111.12097v2/anc.

[60] L. Messio, C. Lhuillier, and G. Misguich, Lattice sym-
metries and regular magnetic orders in classical frus-
trated antiferromagnets, Phys. Rev. B 83, 184401
(2011), arXiv:1101.1212 [cond-mat.str-el].

[61] A. W. Sandvik, Evidence for Deconfined Quan-
tum Criticality in a Two-Dimensional Heisenberg
Model with Four-Spin Interactions, Phys. Rev. Lett.
98, 227202 (2007), arXiv:cond-mat/0611343 [cond-
mat.str-el].

[62] A. W. Sandvik, Continuous Quantum Phase Transi-
tion between an Antiferromagnet and a Valence-Bond
Solid in Two Dimensions: Evidence for Logarithmic
Corrections to Scaling, Phys. Rev. Lett. 104, 177201
(2010), arXiv:1001.4296 [cond-mat.str-el].

[63] S. Pujari, K. Damle, and F. Alet, Néel-State to
Valence-Bond-Solid Transition on the Honeycomb
Lattice: Evidence for Deconfined Criticality, Phys.
Rev. Lett. 111, 087203 (2013), arXiv:1302.1408
[cond-mat.str-el].

[64] X.-G. Wen, Quantum field theory of many-body sys-
tems (Oxford University Press, Oxford, 2004).

[65] Y. Ran, M. Hermele, P. A. Lee, and X.-G. Wen,
Projected-wave-function study of the spin-1/2 heisen-
berg model on the kagomé lattice, Physical review
letters 98, 117205 (2007).

[66] M. Hermele, Y. Ran, P. A. Lee, and X.-G. Wen, Prop-
erties of an algebraic spin liquid on the kagome lat-
tice, Phys. Rev. B 77, 224413 (2008), arXiv:0803.1150
[cond-mat.str-el].

[67] Y. Igbal, F. Becca, S. Sorella, and D. Poilblanc, Gap-
less spin-liquid phase in the kagome spin—% heisenberg
antiferromagnet, Phys. Rev. B 87, 060405 (2013).

[68] Y.-C. He, M. P. Zaletel, M. Oshikawa, and F. Poll-
mann, Signatures of dirac cones in a dmrg study of
the kagome heisenberg model, Phys. Rev. X 7, 031020
(2017).

[69] Y. Zhou and X.-G. Wen, Quantum Orders and
Spin Liquids in Cs2CuCly, arXiv e-prints , cond-
mat,/0210662 (2002), arXiv:cond-mat/0210662 [cond-
mat.str-el].

[70] Y.-M. Lu, Symmetric Zs spin liquids and their neigh-
boring phases on triangular lattice, Phys. Rev. B 93,
165113 (2016), arXiv:1505.06495 [cond-mat.str-el].

[71] Y. Igbal, W.-J. Hu, R. Thomale, D. Poilblanc, and
F. Becca, Spin liquid nature in the Heisenberg Ji-J2
triangular antiferromagnet, Phys. Rev. B 93, 144411
(2016), arXiv:1601.06018 [cond-mat.str-el].

[72] S. Hu, W. Zhu, S. Eggert, and Y.-C. He, Dirac Spin
Liquid on the Spin-1 /2 Triangular Heisenberg An-
tiferromagnet, Phys. Rev. Lett. 123, 207203 (2019),
arXiv:1905.09837 [cond-mat.str-el].

[73] C.-M. Jian, A. Thomson, A. Rasmussen, Z. Bi, and
C. Xu, Deconfined quantum critical point on the
triangular lattice, Phys. Rev. B 97, 195115 (2018),

78

arXiv:1710.04668 [cond-mat.str-el].

[74] J. Alicea, Monopole quantum numbers in the stag-
gered flux spin liquid, Phys. Rev. B 78, 035126 (2008).

[75] Y. Ran, A. Vishwanath, and D.-H. Lee, A direct tran-
sition between a Neel ordered Mott insulator and a
d,2_,2 superconductor on the square lattice, ArXiv
e-prints (2008), arXiv:0806.2321 [cond-mat.str-el].

[76] S.-S. Gong, W. Zhu, L. Balents, and D. N. Sheng,
Global phase diagram of competing ordered and
quantum spin-liquid phases on the kagome lattice,
Phys. Rev. B 91, 075112 (2015), arXiv:1412.1571
[cond-mat.str-el].

[77] E. Eichten and J. Preskill, Chiral gauge theories on
the lattice, Nuclear Physics B 268, 179 (1986).

[78] R. Narayanan and H. Neuberger, Chiral fermions on
the lattice, Phys. Rev. Lett. 71, 3251 (1993).

[79] S. Randjbar-Daemi and J. Strathdee, Chiral fermions
on the lattice, Nuclear Physics B 443, 386 (1995).

[80] H. Neuberger, Chiral fermions on the lattice, Nuclear
Physics B Proceedings Supplements 83, 67 (2000),
arXiv:hep-lat /9909042 [hep-lat].

[81] X.-G. Wen, A Lattice Non-Perturbative Definition
of an SO(10) Chiral Gauge Theory and Its Induced
Standard Model, Chinese Physics Letters 30, 111101
(2013), arXiv:1305.1045 [hep-lat].

[82] Y. Kikukawa, On the gauge invariant path-integral
measure for the overlap Weyl fermions in 16 of
SO(10), arXiv e-prints , arXiv:1710.11618 (2017),
arXiv:1710.11618 [hep-lat].

[83] J. Wang and X.-G. Wen, A Non-Perturbative Defini-
tion of the Standard Models, Phys. Rev. Research 2,
023356 (2020), arXiv:1809.11171 [hep-th].

[84] S. S. Razamat and D. Tong, Gapped Chiral
Fermions, Physical Review X 11, 011063 (2021),
arXiv:2009.05037 [hep-th].

[85] L. Wang, E.-M. Shih, A. Ghiotto, L. Xian, D. A.
Rhodes, C. Tan, M. Claassen, D. M. Kennes, Y. Bai,
B. Kim, K. Watanabe, T. Taniguchi, X. Zhu, J. Hone,
A. Rubio, A. N. Pasupathy, and C. R. Dean, Cor-
related electronic phases in twisted bilayer transi-
tion metal dichalcogenides, Nature Materials 19, 861
(2020).

[86] H. Pan, F. Wu, and S. Das Sarma, Band
topology, Hubbard model, Heisenberg model, and
Dzyaloshinskii-Moriya interaction in twisted bilayer
WSes, Physical Review Research 2, 033087 (2020),
arXiv:2004.04168 [cond-mat.str-el].

[87] Z. Zhang, Y. Wang, K. Watanabe, T. Taniguchi,
K. Ueno, E. Tutuc, and B. J. LeRoy, Flat bands in
twisted bilayer transition metal dichalcogenides, Na-
ture Physics 16, 1093 (2020), arXiv:1910.13068 [cond-
mat.str-el].

[88] J. Iaconis, C. Liu, G. Haldsz, and L. Balents, Spin Liq-
uid versus Spin Orbit Coupling on the Triangular Lat-
tice, SciPost Physics 4, 003 (2018), arXiv:1708.07856
[cond-mat.str-el].

[89] A. M. Essin and M. Hermele, Classifying fractional-
ization: Symmetry classification of gapped Zs spin
liquids in two dimensions, Phys. Rev. B 87, 104406
(2013), arXiv:1212.0593 [cond-mat.str-el].

[90] A. Keselman and E. Berg, Gapless symmetry-
protected topological phase of fermions in one
dimension, Phys. Rev. B 91, 235309 (2015),
arXiv:1502.02037 [cond-mat.mes-hall].


https://doi.org/10.1103/PhysRevX.10.011033
https://doi.org/10.1103/PhysRevX.10.011033
https://doi.org/10.1038/s41467-019-11727-3
https://doi.org/10.1038/s41467-019-11727-3
https://arxiv.org/abs/1811.11186
https://arxiv.org/abs/1811.11186
https://doi.org/10.1103/PhysRevB.83.184401
https://doi.org/10.1103/PhysRevB.83.184401
https://arxiv.org/abs/1101.1212
https://doi.org/10.1103/PhysRevLett.98.227202
https://doi.org/10.1103/PhysRevLett.98.227202
https://arxiv.org/abs/cond-mat/0611343
https://arxiv.org/abs/cond-mat/0611343
https://doi.org/10.1103/PhysRevLett.104.177201
https://doi.org/10.1103/PhysRevLett.104.177201
https://arxiv.org/abs/1001.4296
https://doi.org/10.1103/PhysRevLett.111.087203
https://doi.org/10.1103/PhysRevLett.111.087203
https://arxiv.org/abs/1302.1408
https://arxiv.org/abs/1302.1408
https://doi.org/10.1103/PhysRevB.77.224413
https://arxiv.org/abs/0803.1150
https://arxiv.org/abs/0803.1150
https://doi.org/10.1103/PhysRevB.87.060405
https://doi.org/10.1103/PhysRevX.7.031020
https://doi.org/10.1103/PhysRevX.7.031020
https://arxiv.org/abs/cond-mat/0210662
https://arxiv.org/abs/cond-mat/0210662
https://doi.org/10.1103/PhysRevB.93.165113
https://doi.org/10.1103/PhysRevB.93.165113
https://arxiv.org/abs/1505.06495
https://doi.org/10.1103/PhysRevB.93.144411
https://doi.org/10.1103/PhysRevB.93.144411
https://arxiv.org/abs/1601.06018
https://doi.org/10.1103/PhysRevLett.123.207203
https://arxiv.org/abs/1905.09837
https://doi.org/10.1103/PhysRevB.97.195115
https://arxiv.org/abs/1710.04668
https://doi.org/10.1103/PhysRevB.78.035126
https://arxiv.org/abs/0806.2321
https://doi.org/10.1103/PhysRevB.91.075112
https://arxiv.org/abs/1412.1571
https://arxiv.org/abs/1412.1571
https://doi.org/https://doi.org/10.1016/0550-3213(86)90207-5
https://doi.org/10.1103/PhysRevLett.71.3251
https://doi.org/https://doi.org/10.1016/0550-3213(95)00118-C
https://doi.org/10.1016/S0920-5632(00)91596-2
https://doi.org/10.1016/S0920-5632(00)91596-2
https://arxiv.org/abs/hep-lat/9909042
https://doi.org/10.1088/0256-307X/30/11/111101
https://doi.org/10.1088/0256-307X/30/11/111101
https://arxiv.org/abs/1305.1045
https://arxiv.org/abs/1710.11618
https://doi.org/10.1103/PhysRevResearch.2.023356
https://doi.org/10.1103/PhysRevResearch.2.023356
https://arxiv.org/abs/1809.11171
https://doi.org/10.1103/PhysRevX.11.011063
https://arxiv.org/abs/2009.05037
https://doi.org/10.1038/s41563-020-0708-6
https://doi.org/10.1038/s41563-020-0708-6
https://doi.org/10.1103/PhysRevResearch.2.033087
https://arxiv.org/abs/2004.04168
https://doi.org/10.1038/s41567-020-0958-x
https://doi.org/10.1038/s41567-020-0958-x
https://arxiv.org/abs/1910.13068
https://arxiv.org/abs/1910.13068
https://doi.org/10.21468/SciPostPhys.4.1.003
https://arxiv.org/abs/1708.07856
https://arxiv.org/abs/1708.07856
https://doi.org/10.1103/PhysRevB.87.104406
https://doi.org/10.1103/PhysRevB.87.104406
https://arxiv.org/abs/1212.0593
https://doi.org/10.1103/PhysRevB.91.235309
https://arxiv.org/abs/1502.02037

[91] T. Scaffidi, D. E. Parker, and R. Vasseur, Gapless
Symmetry-Protected Topological Order, Physical Re-
view X 7, 041048 (2017), arXiv:1705.01557 [cond-
mat.str-el].

[92] H.-C. Jiang, Z.-X. Li, A. Seidel, and D.-H. Lee, Sym-
metry protected topological Luttinger liquids and the
phase transition between them, Science Bulletin 63,
753 (2018), arXiv:1704.02997 [cond-mat.str-el].

[93] R. Verresen, N. G. Jones, and F. Pollmann, Topology
and Edge Modes in Quantum Critical Chains, Phys.
Rev. Lett. 120, 057001 (2018), arXiv:1709.03508
[cond-mat.mes-hall].

[94] D. E. Parker, T. Scaffidi, and R. Vasseur, Topological
Luttinger liquids from decorated domain walls, Phys.
Rev. B 97, 165114 (2018), arXiv:1711.09106 [cond-
mat.str-el].

[95] R. Verresen, R. Thorngren, N. G. Jones, and F. Poll-
mann, Gapless topological phases and symmetry-
enriched quantum criticality, arXiv e-prints |,
arXiv:1905.06969 (2019), arXiv:1905.06969 [cond-
mat.str-el].

[96] R. Thorngren, A. Vishwanath, and R. Verresen, In-
trinsically gapless topological phases, Phys. Rev. B
104, 075132 (2021), arXiv:2008.06638 [cond-mat.str-
el].

[97] R. Ma, L. Zou, and C. Wang, Edge physics at
the deconfined transition between a quantum spin
Hall insulator and a superconductor, arXiv e-prints
, arXiv:2110.08280 (2021), arXiv:2110.08280 [cond-
mat.str-el].

[98] K. S. Brown, Cohomology of groups, Vol. 87 (Springer
Science & Business Media, 2012).

[99] C. A. Weibel, An introduction to homological algebra,
38 (Cambridge university press, 1995).

[100] J. F. Davis and P. Kirk, Lecture notes in alge-
braic topology, Vol. 35 (American Mathematical Soc.,
2001).

[101] A. Hatcher, Algebraic topology (2005).

[102] R. Bott, L. W. Tu, et al., Differential forms in alge-
braic topology, Vol. 82 (Springer, 1982).

[103] J. CARLSON, Cohomology and representation the-
ory, Group representation theory, EPFL Press, Lau-
sanne , 3 (2007).

[104] I. Hason, Z. Komargodski, and R. Thorngren,
Anomaly matching in the symmetry broken phase:
Domain walls, CPT, and the Smith isomorphism, Sci-

79

Post Physics 8, 062 (2020), arXiv:1910.14039 [hep-th].

[105] Z. Song, C. Fang, and Y. Qi, Real-space recipes for
general topological crystalline states, Nature Com-
munications 11, 4197 (2020), arXiv:1810.11013 [cond-
mat.str-el].

[106] J.-H. Zhang, S. Yang, Y. Qi, and Z.-C. Gu, Real-
space construction of crystalline topological super-
conductors and insulators in 2D interacting fermionic
systems, arXiv e-prints , arXiv:2012.15657 (2020),
arXiv:2012.15657 [cond-mat.str-el].

[107] H. Song, S.-J. Huang, L. Fu, and M. Hermele, Topo-
logical phases protected by point group symmetry,
Phys. Rev. X 7, 011020 (2017).

[108] T. Senthil, J. B. Marston, and M. P. A. Fisher,
Spin quantum Hall effect in unconventional supercon-
ductors, Phys. Rev. B 60, 4245 (1999), arXiv:cond-
mat /9902062 [cond-mat.supr-con].

[109] X. Chen, Y.-M. Lu, and A. Vishwanath, Symmetry-
protected topological phases from decorated do-
main walls, Nature Communications 5, 3507 (2014),
arXiv:1303.4301 [cond-mat.str-el].

[110] D. Sénéchal, An introduction to bosonization, arXiv
e-prints , cond-mat/9908262 (1999), arXiv:cond-
mat /9908262 [cond-mat.str-el].

[111] E. Witten, Nonabelian Bosonization in Two-
Dimensions, Commun. Math. Phys. 92, 455 (1984).

[112] M. Lajké, K. Wamer, F. Mila, and I. Affleck, Gener-
alization of the Haldane conjecture to SU(3) chains,
Nuclear Physics B 924, 508 (2017), arXiv:1706.06598
[cond-mat.str-el].

[113] V. Calvera and C. Wang, Theory of Dirac Spin-
Orbital Liquids: monopoles, anomalies, and appli-
cations to SU(4) honeycomb models, arXiv e-prints
, arXiv:2103.13405 (2021), arXiv:2103.13405 [cond-
mat.str-el].

[114] C. Bradley and A. Cracknell, The mathematical the-
ory of symmetry in solids: representation theory for
point groups and space groups (Oxford University
Press, 2009).

[115] S. Weinberg, The Quantum theory of fields. Vol. 1:
Foundations (Cambridge University Press, 2005).

[116] P. Etingof, O. Golberg, S. Hensel, T. Liu, A. Schwend-
ner, D. Vaintrob, and E. Yudovina, Introduc-
tion to representation theory, arXiv e-prints |,
arXiv:0901.0827 (2009), arXiv:0901.0827 [math.RT].


https://doi.org/10.1103/PhysRevX.7.041048
https://doi.org/10.1103/PhysRevX.7.041048
https://arxiv.org/abs/1705.01557
https://arxiv.org/abs/1705.01557
https://doi.org/10.1016/j.scib.2018.05.010
https://doi.org/10.1016/j.scib.2018.05.010
https://arxiv.org/abs/1704.02997
https://doi.org/10.1103/PhysRevLett.120.057001
https://doi.org/10.1103/PhysRevLett.120.057001
https://arxiv.org/abs/1709.03508
https://arxiv.org/abs/1709.03508
https://doi.org/10.1103/PhysRevB.97.165114
https://doi.org/10.1103/PhysRevB.97.165114
https://arxiv.org/abs/1711.09106
https://arxiv.org/abs/1711.09106
https://arxiv.org/abs/1905.06969
https://arxiv.org/abs/1905.06969
https://doi.org/10.1103/PhysRevB.104.075132
https://doi.org/10.1103/PhysRevB.104.075132
https://arxiv.org/abs/2008.06638
https://arxiv.org/abs/2008.06638
https://arxiv.org/abs/2110.08280
https://arxiv.org/abs/2110.08280
http://pi.math.cornell.edu/~hatcher/
https://doi.org/10.21468/SciPostPhys.8.4.062
https://doi.org/10.21468/SciPostPhys.8.4.062
https://arxiv.org/abs/1910.14039
https://doi.org/10.1038/s41467-020-17685-5
https://doi.org/10.1038/s41467-020-17685-5
https://arxiv.org/abs/1810.11013
https://arxiv.org/abs/1810.11013
https://arxiv.org/abs/2012.15657
https://doi.org/10.1103/PhysRevX.7.011020
https://doi.org/10.1103/PhysRevB.60.4245
https://arxiv.org/abs/cond-mat/9902062
https://arxiv.org/abs/cond-mat/9902062
https://doi.org/10.1038/ncomms4507
https://arxiv.org/abs/1303.4301
https://arxiv.org/abs/cond-mat/9908262
https://arxiv.org/abs/cond-mat/9908262
https://doi.org/10.1007/BF01215276
https://doi.org/10.1016/j.nuclphysb.2017.09.015
https://arxiv.org/abs/1706.06598
https://arxiv.org/abs/1706.06598
https://arxiv.org/abs/2103.13405
https://arxiv.org/abs/2103.13405
https://arxiv.org/abs/0901.0827

	Topological characterization of Lieb-Schultz-Mattis constraints and applications to symmetry-enriched quantum criticality
	Abstract
	Introduction
	Topological characterization of LSM constraints
	Review of lattice homotopy and the connection to SPT
	Gs=p6m
	Gs=p4m

	Topological characterization of the LSM constraints
	Gs=p6m
	Gs=p4m
	Topological characterization of the LSM constraints in (1+1)-d


	Applications to symmetry-enriched quantum criticality
	Review of Stiefel liquids
	Method for anomaly-matching
	Example: anomaly matching for DQCP

	Deconfined quantum critical point and quantum critical spin liquids
	DQCP
	DSL
	SL(7)

	Quantum critical spin-quadrupolar liquids
	Stability under symmetry breaking
	Discussion
	Review of mathematical background
	Group cohomology
	Maps of group Cohomology
	Cup product and Z2 cohomology ring
	SQ1

	Topological partition function corresponding to LSM
	Fractionalization pattern involving both translation and glide symmetries
	Non-LSM fractionalization patterns
	Group Cohomology and Z2 Cohomology ring of wallpaper groups
	Topological invariants for all LSM constraints
	Topological characterization of LSM constraints in (1+1)-d
	More details of the Stiefel liquids
	More examples of the calculation of pullback
	SU(2)1 and emergent anomaly
	DSL
	SL(7)
	Five dimensional representation of SO(3)

	Strategy of exhaustive search of SEP and results
	Stable realizations on various lattice spin systems
	Stable realizations of DQCP
	Stable realizations of DSL
	Stable realizations of SL(7)

	Classical regular magnetic orders
	Stability of DSL realizations on NaYbO2 and twisted bilayer WSe2
	References


